
http://www.aimspress.com/journal/Math

AIMS Mathematics, 8(9): 21406–21438.
DOI: 10.3934/math.20231091
Received: 24 May 2023
Revised: 19 June 2023
Accepted: 28 June 2023
Published: 05 July 2023

Research article

A stabilized multiple time step method for coupled Stokes-Darcy flows and
transport model

Jingyuan Zhang*, Ruikun Zhang and Xue Lin

School of Mathematics and Physics, Qingdao University of Science and Technology, Qingdao,
Shandong, 266061, China

* Correspondence: Email: iamzjy00@126.com; Tel: +8617669609598.
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1. Introduction

The models for the coupling of fluid flows in a porous medium domain and a free flow domain
have a wide applications in environment science [15] and biofluid dynamics [18]. The fluid flow in the
porous medium domain is described by Darcy equation, and the fluid flow in the free flow domain is
modeled by Stokes equation. The two equations are coupled through the interface conditions, which
connects the porous domain and the free flow domain.

For past years, stable and convergent numerical methods for the coupled Stokes and Darcy
flows system can be found in many references, which have been deeply studied. For example,
the coupled finite element methods [7, 23, 28], the domain decomposition methods [2, 6, 9, 37], the
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conforming finite volume element method [25], the non-conforming finite element methods [32, 41],
the mortar finite element methods [1, 12, 21], the Lagrange multiplier methods [5, 19, 24], the mixed
finite element method combining with the DG method [30, 31], the DG method combining with
mimetic finite difference method [26], the staggered DG method [42], the pseudospectral least squares
method [22], the spectral method [39], the weak Galerkin methods [11], and many other numerical
methods [10, 17, 27, 29, 36].

The aim of this paper is to construct an efficient numerical algorithm for the Stokes-Darcy flows
system coupled with the transport of a chemical. This kind of model can describe solute transport in
the coupled flow region and porous media flow region, which appear in the research of human health
and the environment. For example, the groundwater contamination, the pollution of groundwater
by transport of contaminants through rivers. Cesmelioglu and Riviére study the existence and
stability bounds of the weak solution with the fluid viscosity depending on the concentration for
this model in [8]. For numerical methods, Vassilev and Yotov solve the flow equations through the
domain decomposition method, and solve the transport equation by using local discontinuous Galerkin
method [38]. The viscosity of the fluid in this study is assumed to be independent of the concentration.
In [33], the authors study the numerical methods for the model with concentration-dependent viscosity,
they propose a mixed weak formulation for the coupled flow problem, and use conforming piecewise
linear finite element to approximate concentration.

In this paper, as an extended research of [33], we study the numerical methods for the Stokes-Darcy-
Transport system with different time steps on coupled Stokes-Darcy flows system and the transport
system. The viscosity in this study is assumed to depend on concentration. Since the Stokes-Darcy-
Transport system is a multi-physics problem, the partial differential equations have different time scale
reflected by the corresponding physical parameters, so it reminds us that we can use larger time step in
the region with slower velocity. By using the multiple time step discrete finite element scheme, we can
obtain the same optimal error estimation order as [33], and reduce computation, effectively improve
computational efficiency. The multiple time step technique for the Stokes-Darcy was studied in [34,35].
In this study, we construct a stabilized mixed finite element method for the coupled Stokes-Darcy
flows system by using the nonconforming piecewise linear Crouzeix-Raviart element for velocity and
using piecewise constant function for pressure, and propose classical piecewise linear finite element
method for the transport system. Under no assumption on the restriction about the time-step and
spatial meshsize, we obtain the existence and uniqueness of the numerical solutions, and a prior error
estimates. From the error analysis, we also derive the ratio of different time step sizes which should be
proportional to the ratio of the physical parameters.

The rest of the article is organized as follows. In Section 2, we introduce the model problem and
present the mixed weak formulation. In Section 3, we propose the multiple time step scheme with
different time steps on Stokes-Darcy flows system and solute transport, and give the existence and
uniqueness of the scheme by adding a stabilization term, which derive the discrete inf-sup condition.
The error estimates for fluid velocity and concentration, and the relationship formula between physical
parameters and the ratio of different time steps are presented in Section 4. In Section 5, we present some
numerical examples to verify that the numerical results are in agreement with the theoretical analysis.

Throughout this paper we use C, with or without subscription, to denote a generic constant, which
should have different values in different appearances.
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2. Model problem and weak formulation

Consider the model of a flow in a bounded domain Ω ⊂ RL(L=2 or 3), consisting of a free region Ωs,
where the flow is governed by the Stokes equations, and a porous medium domain Ωd = Ω\Ωs, where
the flow is governed by Darcy’s law. The two regions are separated by a interface ΓI = ∂Ωs ∩ ∂Ωd.
Let Γl = ∂Ωl\ΓI(l = s, d). Each interface and boundary is assumed to be polygonal. We denote by
nl(l = s, d) the unit outward normal direction on ∂Ωl(l = s, d), and on the interface ns = −nd.

Figure 1 gives a schematic representation of the geometry with L = 2.

Figure 1. The model problem.

In all of Ω, denote the fluid velocity by u(x, t), the pressure by p(x, t) and the concentration by
c(x, t). For any vector and scalar functions v, q defined in Ω, it often plays different mathematical roles
in Ωs and Ωd, we will often need to distinguish them, especially their traces on ΓI , thus define

vs = v|Ωs , vd = v|Ωd , qs = q|Ωs , and qd = q|Ωd .

Let J = [0,T1] be the time interval, and ∂t denotes the usual partial derivative ∂/∂t, then in the free
region Ωs, the equations of motion, continuity and mass transport can be written as

∂tu − ∇ · (2µ(c)S(u)) + ∇p = f (c), x ∈ Ωs, t ∈ J, (2.1)
∇ · u = 0, x ∈ Ωs, t ∈ J, (2.2)

∂tc − ∇ · (d∇c) + u · ∇c = 0, x ∈ Ωs, t ∈ J. (2.3)

In the porous medium Ωd, the equations of motion, continuity and mass transport can be written as

λ−1(c)u = −∇p, x ∈ Ωd, t ∈ J, (2.4)
∇ · u = qI − qP, x ∈ Ωd, t ∈ J, (2.5)

φ∂tc − ∇ · (D(u)∇c) + u · ∇c = (cI − c)qI , x ∈ Ωd, t ∈ J. (2.6)

where µ(c) is the concentration-dependent fluid viscosity, we will assume it by the quarter-power
rule, see Eq (2.20). S is the deformation rate tensor and defined by S(v) = 1

2 (∇v + ∇vT ), f ∈
(L2(Ω))L(L = 2 or 3) is a term related to body forces, d is the molecular diffusion coefficient, D is
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the diffusion-dispersion cofficient, λ(c) =
K(x)
µ(c)

, K = diag k j ∈ L∞(Ωd)L×L is the permeability of the

medium, qI represents a source term, qP represents a sink term, φ ∈ L∞(Ωd) is the porosity of the
medium, and cI is the injected concentration.

On the interface ΓI , the conditions are imposed

us · ns + ud · nd = 0, (2.7)
ps − ns · 2µ(cs)S(us) · ns = pd, (2.8)

2ns · S(us) · τ j + γ jus · τ j = 0, j = 1, · · · , L − 1, (2.9)
cs = cd, (2.10)

d∇cs · ns + D(ud)∇cd · nd = 0. (2.11)

Here γ j = α1/
√

k j, α1 is a parameter determined by experimental evidence. Equations (2.7), (2.10)
and (2.11) represent continuity of mass flux and concentration, Eq (2.8) represents the balance of
normal forces, Eq (2.9) is the Beavers-Joseph-Saffman condition. Moreover, τ j denote a orthonormal
system of tangent vectors on ΓI .

To complete the system, we give the following boundary conditions

us = 0, x ∈ Γs, t ∈ J, (2.12)
ud · nd = 0, x ∈ Γd, t ∈ J, (2.13)

D(u)∇c · n = 0, x ∈ ∂Ω, t ∈ J, (2.14)

and initial conditions

us(x, 0) = us,0(x), x ∈ Ωs, (2.15)
c(x, 0) = c0(x), x ∈ Ω. (2.16)

Here

D =

{
dI, x ∈ Ωs,

D(u), x ∈ Ωd,
(2.17)

where I is the identity matrix.
Equations (2.1)–(2.16) consist of the coupled Stokes and Darcy flows system with an advection-

diffusion equation that models transport of a chemical in which the viscosity is dependent on the
concentration c.

To facilitate the subsequent discussion, we now make the following assumptions about some
physical quantities in the system.
(1) The porosity of the medium φ(x) and the permeability of the medium K(x) are uniformly bounded
and positive defined in Ωd. There exists positive constants φmax, φmin, kmax and kmin such that

φmin ≤ φ(x) ≤ φmax, ∀x ∈ Ωd, (2.18)

kmin|x|2 ≤ Kx · x ≤ kmax|x|2, ∀x ∈ Ωd. (2.19)

(2) The form of µ is assumed by the quarter-power rule

µ(c) = µ(0)
[(µ(0)
µ(1)

) 1
4 c + (1 − c)

]−4

, c ∈ [0, 1]. (2.20)
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From (2.20), we know that µ(c) is bounded and monotone for concentration c ∈ [0, 1]

µmin ≤ µ(c) ≤ µmax, ∀c ∈ [0, 1], (2.21)

where µmin = min{µ(1), µ(0)}, µmax = max{µ(1), µ(0)}.
What’s more, µ(c) is a Lipschitz continuous function for concentration c ∈ [0, 1] with Lipschitz

constant µL.
Thus, from the assumptions (1) and (2), λ is also bounded, monotone and Lipschitz continuous for

concentration c ∈ [0, 1], we can get the estimate inequality of λ directly

kmin

µmax
|x|2 ≤ λ(c)x · x ≤

kmax

µmin
|x|2, ∀c ∈ [0, 1], x ∈ Ωd. (2.22)

(3) The source term and sink term qI , qP ≥ 0 satisfy the compatibility condition∫
Ωd

(qI − qP)dx = 0,

and qI , qP ∈ L∞(J; L2(Ωd)). cI satisfies 0 ≤ cI ≤ 1 a.e. in ΩT
d .

(4) f (c) is a Lipschitz continuous function for concentration c ∈ [0, 1] with Lipschitz constant fL.
(5) The diffusion-dispersion coefficient D (refer to [16]) is taken to be

D(u) = φdτ̃I + |u|(dlE(u) + dtE⊥), (2.23)

where τ̃ is a positive constant in (0, 1), and represents the tortuosity of the porous medium, dl and dt

are the longitudinal and transverse dispersion coefficients, respectively. For u = (u1, · · · , uL), |u| =√
u2

1 + · · · + u2
L and the matrices E, E⊥ are given by

E(u) =
(uiu j

|u|2
)

L×L
, E⊥ = I − E.

Usually dl is considerably larger than dt, hence we assume dl > dt.
From the analysis of [16], the definitions (2.17) and (2.23), we know that for u, v ∈ C(Ωd)L, there

holds

Dmin|ξ|
2 ≤ D(u)ξ · ξ ≤ Dmax|ξ|

2, ξ ∈ RL, (2.24)
(D(u) − D(v))(i, j) ≤ (3dl − 2dt)|u − v|, 1 ≤ i, j ≤ 2. (2.25)

Before giving the suitable weak formulations of the problems (2.1)−(2.16), we introduce some
useful notations.

The Sobolev space Wm,n and Lq(J; Wm,n(Ω)) are defined in the usual way with the usual norm ‖·‖Wm,n

and ‖ · ‖Lq(J;Wm,n(Ω)), where 0 ≤ m < ∞, 0 ≤ n ≤ ∞, 0 ≤ q ≤ ∞. When n = 2, we simply substitute
Hm(Ω) for Wm,2(Ω) with ‖ · ‖m,Ω = ‖ · ‖Wm,2(Ω), | · |m,Ω = | · |Wm,2(Ω). In particular, when m = 0, we have
L2(Ω) = H0(Ω), with ‖ · ‖ for ‖ · ‖0,Ω. Let (·, ·)Ω denote L2(Ω), L2(Ω)L or L2(Ω)L×L inner product or
duality pairing. Also, ‖ · ‖l, | · |l, l = s, d, will be the same with Ω replaced by Ωl, l = s, d. The L2(ΓI)
inner product or duality pairing is denoted by 〈·, ·〉ΓI .
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The special vector-function space is defined by

H(div; Ω) = {v ∈ (L2(Ω))L,∇ · v ∈ L2(Ω)}.

To present a variational form of the coupled problem, the spaces for the velocity, pressure and
concentration are defined as follows

V = {v ∈ H(div; Ω) : v ∈ (H1(Ωs))L, v = 0 on Γs, v · nd = 0 on Γd}

equipped with the norm
‖v‖V =

(
|v|21,s + ‖v‖20,d + ‖∇ · v‖20,d

)1/2
,

Q = {q ∈ L2(Ω) :
∫

Ω
qdx = 0}, with the norm ‖ · ‖Q = ‖ · ‖, and W = H1(Ω) with the norm ‖ · ‖W = ‖ · ‖1.

Note that the vector valued functions in V have (weakly) continuous normal components on ΓI [4].
We also consider the convection term of the concentration equation as in [33]. For z ∈ W it is clear

that

(u · ∇c, z) = −(uc,∇z) − (∇ · uc, z)
= −(uc,∇z) − ((qI − qP)c, z)d.

So we have

(u · ∇c, z) + (qIc, z)d =
1
2

(u · ∇c, z) +
1
2

(u · ∇c, z) + (qIc, z)d

=
1
2

(u · ∇c, z) −
1
2

(uc,∇z) +
1
2

((qI + qP)c, z)d. (2.26)

Using (2.26), we now propose the following weak formulation of the coupled problems (2.1)–
(2.16): find u(t) ∈ V, p(t) ∈ Q, c(t) ∈ W such that for a.e. t ∈ J

(∂tu, v) + a(c; u, v) + b(v, p) = F(c; v), ∀v ∈ V, (2.27)
b(u, q) = H(q), ∀q ∈ Q, (2.28)

(∂tc, z)φ + d(u; c, z) = G(z), ∀z ∈ W, (2.29)
(u(0), v)s = (us,0, v)s, ∀v ∈ V, (2.30)
(c(0), z)φ = (c0, z)φ, z ∈ W, (2.31)

where

a(c; u, v) = (2µ(c)S(u),S(v))s +

L−1∑
j=1

〈γ jµ(c)us · τ j, vs · τ j〉ΓI + (λ−1(c)u, v)d, (2.32)

b(v, p) = −(p,∇ · v)Ω, (2.33)
F(c; v) = ( f (c), v)s, (2.34)

H(q) = −(qI − qP, q)d, (2.35)
(c, z)φ = (φc, z)Ω, (2.36)

d(u; c, z) = (D(u)∇c,∇z)Ω +
1
2

(u · ∇c, z) −
1
2

(uc,∇z) +
1
2

((qI + qP)c, z)d, (2.37)

G(z) = (qIcI , z)d, (2.38)
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φ =

{
1, in Ωs,

φ, in Ωd.

Interface conditions (2.7)–(2.9) and (2.11) are posed weakly in the above variational form,
while (2.10) is treated as an essential condition. Due to (2.18), (·, ·)φ is an equivalent scalar product on
L2(Ω) and ‖c‖φ = (c, c)1/2

φ
defines an equivalent norm on L2(Ω).

3. Finite element discretization and multiple time step method

In this section, we consider the finite element discretization of the coupled problem and propose a
multiple time step method. We will use the nonconforming Crouzeix-Raviart piecewise linear finite
element approximation for velocity, piecewise constant approximation for pressure, and continuous
piecewise linear polynomial approximation for concentration, the penalizing term is the same as [32].
It should be noted that, the time step for velocity and pressure is different from concentration, which
will increase the computing efficiency. The existence and uniqueness of a finite element solution of
the discrete problem will also be established in this section. It should be mentioned that the existence
and uniqueness is unconditionally satisfied, which benefit from using Crouzeix-Raviart finite element
method to solve coupling problems.

Let Th be a family of triangulations of Ω with nondegenerate elements, that means Ω is completely
triangulated into triangles(L = 2) or tetrahedron (L = 3). For any T ∈ Th, we denote the diameter of
T as hT , h = max

T∈Th

hT and the diameter of the sphere inscribed in T as ρT . Th is regular in the sense of

Ciarlet [13], that is, there exists a constant σ independent of h and T such that

σT =
hT

ρT
≤ σ, ∀T ∈ Th.

Remark 3.1. Ω is completely triangulated into triangles (L = 2) or tetrahedron (L = 3), so each
interface and boundary are assumed to be polygonal. This approximation makes it impossible for
the numerical discrete scheme to fully match Figure 1. Figure 1 is intended to demonstrate the
general model that satisfies the Eqs (2.1)−(2.16). Polygonal simplification was carried out during
discretization to facilitate approximate calculation and solution. Further research is needed on the
approximation of general smooth curves.

Assume each element T ∈ Th is in either Ωs or Ωd, denote T s
h and T d

h as the corresponding induced
triangulations of Ωs and Ωd. For any T ∈ Th, E(T ) is denoted as the set of its edges (L = 2) or face
(L = 3), and set Eh = ∪

T∈Th
E(T ). We split Eh into the following form

Eh = Eh(Ω+
s ) ∪ Eh(Ωd) ∪ Eh(∂Ωd), (3.1)

where Ω+
s = Ωs ∪ Γs, Eh(S ) = {E ∈ Eh : E ⊂ S }.

With every edge E ∈ Eh we associate a unit vector nE such that nE is orthogonal to E. For any
E ∈ Eh and any piecewise continuous function ϕ, we denote by [ϕ]E the jump of ϕ across E in the
direction nE:

[ϕ]E(x) =

 lim
t→0+

ϕ(x + tnE) − lim
t→0+

ϕ(x − tnE), i f E 1 ∂Ω,

− lim
t→0+

ϕ(x − tnE), i f E ⊂ ∂Ω.
(3.2)
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Define the nonconforming Crouzeix-Raviart piecewise linear finite element space

Vh =
{
vh : vh|T ∈ (P1(T ))L, ∀T ∈ Th,∫
E
[vh]Eds = 0, ∀E ∈ Eh(Ω+

s ) ∪ Eh(Ωd),∫
E
[vE · nE]Eds = 0, ∀E ∈ Eh(∂Ωd)

}
, (3.3)

and piecewise constant function space

Qh =

{
qh : qh|T ∈ P0(T ), ∀T ∈ Th,

∫
Ω

qhdx = 0
}
, (3.4)

where Pm(T ) is the space of the restrictions to T of all polynomials of degree less than or equal to m.
And define the classical Galerkin finite element space

Wh = {zh : zh ∈ C0(Ω), zh|T ∈ P1(T ),∀T ∈ Th}, (3.5)

it is clear that Wh ⊂ W.
Denote the operator divh ∈ L (Vh,Qh) ∩L (V,Q) by divhv|T = ∇ · v|T , ∀T ∈ Th. Then define some

bilinear forms

ah(c; u, v) =
∑

T∈T s
h

(2µ(c)S(u),S(v))T +

L−1∑
j=1

〈γ jµ(c)us · τ j, vs · τ j〉ΓI

+
∑

T∈T d
h

(λ−1(c)u, v)T , ∀u, v ∈ V + Vh,

bh(v, p) = −(p, divhv)Ω, ∀v ∈ V + Vh, p ∈ Q,

and penalty term
j(u, v) = j

Ω+
s
(u, v) + j

Ωd
(u, v) + j

∂Ωd
(u, v) ∀u, v ∈ V + Vh, (3.6)

with 

j
Ω+

s
(u, v) = (1 + 2µmin)

∑
E∈Eh(Ω+

s )

∫
E

1
hE

[u]E · [v]Eds,

j
Ωd

(u, v) =
∑

E∈Eh(Ωd)

∫
E

1
hE

[u]E · [v]Eds,

j
∂Ωd

(u, v) =
∑

E∈Eh(∂Ωd)

∫
E

1
hE

[u · nE]E · [v · nE]Eds,

(3.7)

where (·, ·)T is L2(T ), (L2(T ))L or (L2(T ))L×L inner product or duality pairing, hE is the length (L = 2)
or the diameter (L = 3) of E. Note that each edge (L = 2) or face (L = 3) of Eh only correlates with
one jump term of j(u, v).

Now we give the numerical scheme with different time steps. Assume that to each time level τm

for concentration, there exists a time level tnm for velocity and pressure. For simplicity, define uniform
time levels as

tn = n∆t, n = 0, 1, 2, . . . ,N, τm = m∆τ, m = 0, 1, 2, . . . ,M, ∆τ = r · ∆t,

AIMS Mathematics Volume 8, Issue 9, 21406–21438.
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where ∆t =
T1

N
, ∆τ =

T1

M
, and N = r · M, which means nm = r · m. Here r is the ratio of the different

time steps, we will give the relationship between the value of the ratio and the physical parameters of
the equations in next section.

The relationship of the time steps is given in Figure 2.

Figure 2. Relationship of the time steps.

Let
un

h = uh(tn), pn
h = ph(tn), Cm

h = cnm
h = ch(tnm) = ch(τm),

dtun+1
h =

(un+1
h − un

h)
∆t

, dτCm+1
h =

(Cm+1
h −Cm

h )
∆τ

=
(cnm+1

h − cnm
h )

∆τ
,

and
Ah(Cm

h ; un+1
h , vh) = ah(Cm

h ; un+1
h , vh) + j(un+1

h , vh).

Set the initial approximations as

u0
h,s = un0

h,s = rhus,0, C0
h = c0

h = Ξhc0,

where the operators rh and Ξh will be defined in (3.16) and (4.3), the numerical algorithm of the fully
discrete finite element scheme with different time steps is proposed as follows:

Algorithm∗ : f or m = 0 : M

f or n = nm : nm+1 − 1
Find (un+1

h , pn+1
h ) ∈ Vh × Qh, such that

(dtun+1
h , vh)s + Ah(C

m
h ; un+1

h , vh)

+ bh(vh, pn+1
h ) = F(C

m
h ; vh), ∀vh ∈ Vh, (3.8)

bh(un+1
h , qh) = H(qh), ∀qh ∈ Qh, (3.9)

end

Take Um
h =

1
r

nm+1−1∑
i=nm

ui+1
h

Find Cm+1
h ∈ Wh, such that

(dτCm+1
h , zh)φ + d(Um

h ; Cm+1
h , zh) = G(zh), ∀zh ∈ Wh (3.10)

end

AIMS Mathematics Volume 8, Issue 9, 21406–21438.
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Here C
m
h = min{1,max{0,Cm

h }} ∈ [0, 1]. Since c ∈ [0, 1], so it is clear that

|C
m
h − cm| ≤ |Cm

h − cm|. (3.11)

Each algebraic system of numerical schemes (3.8)–(3.10) in the numerical algorithm is linear. And
the time step for velocity and pressure is different from concentration, which depending on the ratio r,
so we can choose appropriate r to improve computing efficiency.

Define the norm of Vh:

‖v‖h =

 ∑
T∈T s

h

|v|21,T +

L−1∑
j=1

〈vs · τ j, vs · τ j〉ΓI + ‖v‖20,d + ‖divhv‖20,d + j(v, v)


1/2

, (3.12)

and the space Qh is equipped with the norm ‖ · ‖.
Then giving the definition of Zh, which is the subspace of Vh:

Zh = {vh ∈ Vh : bh(vh, qh) = 0, ∀qh ∈ Qh},

we have the following lemma.

Lemma 3.1. if vh ∈ Zh, then divhvh = 0.

Proof. Since divhvh ∈ Qh for vh ∈ Vh, if vh ∈ Zh, take qh = divhvh, we have (divhvh, divhvh)Ω = 0, the
lemma follows. �

Lemma 3.2. The bilinear form Ah(·; ·, ·) is coercive on Zh: there is a positive constant α > 0 such that

Ah(ch; vh, vh) ≥ α‖vh‖
2
h, ∀vh ∈ Zh, (3.13)

where α ∝
µmin

kmax
depends on σ, and is independent of h, ∆t and ∆τ.

Proof. Follow Lemma 3.1, inequality (2.21) and the Korn’s inequality for piecewise H1 vector
fields [3], we have∑

T∈T s
h

(2µ(ch)S(vh),S(vh))T + j
Ω+

s
(vh, vh) ≥ 2µ∗

∑
T∈T s

h

(S(vh),S(vh))T + j
Ω+

s
(vh, vh)

≥ C
∑

T∈T s
h

|vh|
2
1,T ,

where C is a positive constant which depends only on σ and µmin. Since γ j = α1/
√

k j and follow

inequality (2.22), we have α ∝
µmin

kmax
. �

Lemma 3.3. The bilinear forms Ah(·; ·, ·) and bh(·, ·) are Bounded in Vh +V: there is a positive constant
A such that

|Ah(ch; uh, vh)| ≤ A‖uh‖h‖vh‖h, ∀uh, vh ∈ Vh + V, (3.14)

|bh(vh, qh)| ≤
√

L‖vh‖h‖qh‖, ∀vh ∈ Vh + V, ph ∈ Qh, (3.15)

where A ∝
µmax

kmin
+ µmax is independent of h, ∆t and ∆τ.
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Proof. The lemma follows from Hölder inequality. �

Define the space

X = {v ∈ V : vd ∈ (H1(Ωd))L},

we give the definition of the Crouzeix-Raviart interpolation operator rh : X → Vh, ∀t ∈ J∫
E
(rhv(t))lds =

∫
E

v(t)lds, ∀E ∈ Eh, E ⊂ Ωl, l = s or d. (3.16)

From the interpolation theory for rh [14], we have the standard Bramble-Hilbert estimation

‖rhv − v‖s1,T ≤ Rhs2−s1 |v|s2,T , 0 ≤ s1 ≤ 1 ≤ s2 ≤ 2, (3.17)

where R is independent of h.
From [20] and the definition of rhv, we know that the discrete inf-sup condition is satisfied. The

proof can be found in [33].

Lemma 3.4. There exists a constant β > 0 depending on σ, µmin such that

inf
ph∈Qh

sup
vh∈Vh

bh(vh, ph)
‖ph‖‖vh‖h

≥ β. (3.18)

Lemma 3.5. The nonlinear form d(·; ·, ·) is positive definite, that is

d(u; z, z) ≥ Dmin(∇z,∇z)Ω +
1
2

((qI + qP)z, z)d, ∀z ∈ W. (3.19)

Proof. From the definition (2.36), we have

d(u; z, z) = (D(u)∇z,∇z)Ω +
1
2

(u · ∇z, z) −
1
2

(uz,∇z) +
1
2

((qI + qP)z, z)d

= (D(u)∇z,∇z)Ω +
1
2

((qI + qP)z, z)d

≥ (Dmin∇z,∇z)Ω +
1
2

((qI + qP)z, z)d, ∀z ∈ W.

proof of positive definiteness of d(; , ). �

From Lemmas 3.2–3.4 and the abstract theory of mixed problem [4, 21], we derive the existence
and uniqueness of velocity u and pressure p in both free region Ωs and porous medium domain Ωd.
From Lemma 3.5 and the fact that the numerical scheme (3.10) is linear, we can also get the existence
and uniqueness of concentration c. Thus we drive the existence and uniqueness of the the fully discrete
finite element scheme with different time steps.

Theorem 3.2. There exists unique solution (un
h, pn

h) ∈ Vh × Qh, n = 1, 2, . . . ,N, and Cm
h ∈ Wh, m =

1, 2, . . . ,M satisfying the numerical schemes (3.8)−(3.10) in Algorithm∗.
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4. Error estimates

In this section, we derive the error estimates for Algorithm∗ and the relationship between the value
of r and the physical parameters of the equations. We first define two projection operators and give
corresponding estimation.

Define the projection operator Πh : Q→ Qh, ∀t ∈ J by∫
T
(Πhq(t) − q(t))dx = 0, ∀T ∈ Th, (4.1)

then
‖p(t) − Πh p(t)‖0,T = min

q(t)∈Ph(T )
‖p(t) − q(t)‖0,T ≤ Ch|p(t)|1,T , ∀T ∈ Th,

with P depending only on σ and L, so that

‖p(t) − Πh p(t)‖ ≤ Ph(|p(t)|1,s + |p(t)|1,d). (4.2)

Define the elliptic projection operator Ξh : W → Wh, ∀t ∈ J by (one can also find similar definition
in [16, 40])

(D(u)∇(c(t) − Ξhc(t)),∇zh) +
1
2

(u · ∇(c(t) − Ξhc(t)), zh) −
1
2

(u(c(t) − Ξhc(t)),∇zh)

+
1
2

((1 + qI + qP)(c(t) − Ξhc(t)), zh)d = 0, ∀zh ∈ Wh. (4.3)

From the theory of finite element methods for elliptic problem, when c is sufficiently smooth,
there hold

‖c(t) − Ξhc(t)‖L2(Ω) + h‖∇(c(t) − Ξhc(t))‖L2(Ω) ≤ Ch‖c(t)‖H1(Ω), (4.4)

‖∂t(c(t) − Ξhc(t))‖L2(Ω) ≤ Ch
(
‖c(t)‖H1(Ω) + ‖∂tc(t)‖H1(Ω)

)
, (4.5)

‖Ξhc(t)‖W1,∞(Ω) ≤ Cc, (4.6)

where the constants C and Cc are independent of h.
From the trace theorem, we have

‖ϕ‖L2(ΓI ) ≤ C‖ϕ‖1,s ∀ϕ ∈ H1(Ωs), (4.7)

and from [13], the following approximation property satisfied

inf
z∈Wh
‖ϕ − z‖W1,n(Ω) ≤ Ch(‖ϕ‖W2,n(Ωs) + ‖ϕ‖W2,n(Ωd)), (4.8)

where n = 2,∞, ϕ ∈ U2,n =
{
ϕ ∈ W : ϕs ∈ W2,n(Ωs), ϕd ∈ W2,n(Ωd)

}
.

For estimating the approximation error, we assume that the exact solutions satisfy the following
smoothness conditions:

c ∈ L∞(J; H1(Ω)) ∩ H1(J; H1(Ω)) ∩ L∞(J; W1,∞(Ω)) ∩ H2(J; L2(Ω)), (4.9)
u ∈ W1,∞(J; H2(Ωs)L ∪ H2(Ωd)L) ∩ H2(J; L2(Ωs)L ∪ L2(Ωd)L) ∩ H1(J; H1(Ωs)L), (4.10)
p ∈ W1,∞(J; H1(Ωs) ∪ H1(Ωd)). (4.11)
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Remark 4.1. The assumptions (4.9)−(4.11) of smoothness for exact solutions may not be sufficient
for some special practical problems, but they are essential for error estimation analysis. Studying
error estimation analysis approach that satisfy low smoothness of exact solutions will be our future
research work.

The smoothness assumption of u implies j(u, vh) = 0, thus

Ah(u, vh) = ah(u, vh), vh ∈ Vh. (4.12)

At a certain time point n, n = 1, 2, . . . ,N, let Eqs (2.1) and (2.4) do inner product with vh ∈ Vh

respectively, and add up the results. By using Green’s formula on each T ∈ Th, the interface
conditions (2.8), (2.9) and Eq (4.12), we obtain

(∂tun+1, vh)s + Ah(cn+1; un+1, vh) + bh(vh, pn+1) − F(cn+1; vh)

= −
∑

E∈Eh(Ω+
s )

∫
E

2µ(cn+1)nE · S(un+1) · [vh]Eds +
∑

E∈Eh(Ω+
s ∪Ωd)

∫
E

pn+1[vh · nE]Eds

+
∑

E∈Eh(∂Ωd)

∫
E

pn+1
d [vh · nE]Eds, ∀vh ∈ Vh, (4.13)

and let Eqs (2.2) and (2.5) do inner product with qh ∈ Qh respectively, we obtain

bh(un+1, qh) = H(qh), ∀qh ∈ Qh. (4.14)

Split the error as
u − uh = u − rhu + rhu − uh = εu + eu,h,

c − ch = c − Ξhc + Ξhc − ch = εc + ec,h,

then subtract (4.13) and (4.14) from (3.8) and (3.9), respectively, we can obtain the following equations
by inserting rhu and Πh p

(dten+1
u,h , vh)s + Ah(C

m
h ; en+1

u,h , vh) + bh(vh,Πh pn+1 − pn+1
h )

= − (∂tun+1 − dtun+1, vh)s − (dtε
n+1
u , vh)s −

(
Ah(cn+1; un+1, vh) − Ah(C

m
h ; un+1, vh)

)
− Ah(C

m
h ; εn+1

u , vh) − bh(vh, pn+1 − Πh pn+1) +
(
F(cn+1; vh) − F(C

m
h ; vh)

)
+

(
−

∑
E∈Eh(Ω+

s )

∫
E

2µ(cn+1)nE · S(un+1) · [vh]Eds +
∑

E∈Eh(Ω+
s ∪Ωd)

∫
E

pn+1[vh · nE]Eds

+
∑

E∈Eh(∂Ωd)

∫
E

pn+1
d [vh · nE]Eds

)
, ∀vh ∈ Vh, (4.15)

bh(en+1
u,h , qh) = 0, ∀qh ∈ Qh, (4.16)

where (4.16) is obtained from the definition (3.16).

Lemma 4.1. Suppose that the analytical solution satisfies properties (4.9)−(4.11), then there exists a
positive constant Ĉ1 independent of h, ∆t and ∆τ, and exists a positive constant Ĉ2 independent of h,
∆t, ∆τ, and independent of physical parameters µmax, µmin, kmin and kmax, such that for 0 ≤ l ≤ M − 1,
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‖unl+1 − unl+1
h ‖

2
s + α∆t

nl+1−1∑
n=0

‖un+1 − un+1
h ‖

2
h ≤Ĉ1

(
h2 + ∆τ

l∑
m=0

(‖cnm −Cm
h ‖

2 + |cnm −Cm
h |

2
1,s)

)
+ Ĉ2(

1
α

+
1

αk2
min

)
(
(∆t)2 + (∆τ)2

)
. (4.17)

Proof. Taking vh = 2∆ten+1
u,h in (4.15), and combining with (4.16), we have

2(en+1
u,h − en

u,h, e
n+1
u,h )s + 2∆tAh(C

m
h ; en+1

u,h , e
n+1
u,h )

= − 2∆t(∂tun+1 − dtun+1, en+1
u,h )s − 2∆t(dtε

n+1
u , en+1

u,h )s

− 2∆t
(
Ah(cn+1; un+1, en+1

u,h ) − Ah(C
m
h ; un+1, en+1

u,h )
)
− Ah(C

m
h ; εn+1

u , 2∆ten+1
u,h )

− bh(2∆ten+1
u,h , pn+1 − Πh pn+1) + 2∆t

(
F(cn+1; en+1

u,h ) − F(C
m
h ; en+1

u,h )
)

+ 2∆t
(
−

∑
E∈Eh(Ω+

s )

∫
E

2µ(cn+1)nE · S(un+1) · [en+1
u,h ]Eds +

∑
E∈Eh(Ω+

s ∪Ωd)

∫
E

pn+1[en+1
u,h · nE]Eds

+
∑

E∈Eh(∂Ωd)

∫
E

pn+1
d [en+1

u,h · nE]Eds
)
. (4.18)

As inner product has the following property

2(γ1, γ1 − γ2) = (γ1, γ1) − (γ2, γ2) + (γ1 − γ2, γ1 − γ2) ≥ (γ1, γ1) − (γ2, γ2), (4.19)

using (3.13), (4.19) and summing over (4.18) with n = nm, nm + 1, . . . , nm+1 − 1, we obtain

‖enm+1
u,h ‖

2
s − ‖e

nm
u,h‖

2
s + 2α∆t

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h

≤ − 2∆t
nm+1−1∑
n=nm

(∂tun+1 − dtun+1, en+1
u,h )s − 2∆t

nm+1−1∑
n=nm

(dtε
n+1
u , en+1

u,h )s

− 2∆t
nm+1−1∑
n=nm

(
Ah(cn+1; un+1, en+1

u,h ) − Ah(C
m
h ; un+1, en+1

u,h )
)
−

nm+1−1∑
n=nm

Ah(C
m
h ; εn+1

u , 2∆ten+1
u,h )

−

nm+1−1∑
n=nm

bh(2∆ten+1
u,h , pn+1 − Πh pn+1) + 2∆t

nm+1−1∑
n=nm

(
F(cn+1; en+1

u,h ) − F(C
m
h ; en+1

u,h )
)

+ 2∆t
nm+1−1∑
n=nm

(
−

∑
E∈Eh(Ω+

s )

∫
E

2µ(cn+1)nE · S(un+1) · [en+1
u,h ]Eds

+
∑

E∈Eh(Ω+
s ∪Ωd)

∫
E

pn+1[en+1
u,h · nE]Eds +

∑
E∈Eh(∂Ωd)

∫
E

pn+1
d [en+1

u,h · nE]Eds
)
.

=S 1 + S 2 + S 3 + S 4 + S 5 + S 6 + S 7. (4.20)

Now we estimate the terms S 1, S 2, . . . , S 7 individually by using Cauchy-Schwarz inequality.
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Integrating by parts about t, we obtain

|S 1| ≤2∆t
nm+1−1∑
n=nm

|(∂tun+1 − dtun+1, en+1
u,h )s|

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7∆t
α

nm+1−1∑
n=nm

1
(∆t)2

∫
Ωs

( ∫ tn+1

tn
(t − tn)∂2

t udt
)2dx

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7
α∆t

nm+1−1∑
n=nm

∫
Ωs

∫ tn+1

tn

(
∂2

t u
)2dt

∫ tn+1

tn

(
t − tn

)2dtdx

=
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7(∆t)2

3α

∫ tnm+1

tnm

‖∂2
t u‖2sdt, (4.21)

where ∂2
t u = ∂2u/∂t2, and combine with (3.17), we obtain

|S 2| ≤2∆t
nm+1−1∑
n=nm

|(dtε
n+1
u , en+1

u,h )|

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7∆t
α

nm+1−1∑
n=nm

1
(∆t)2

∫
Ωs

( ∫ tn+1

tn
∂tεudt

)2dx

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7
α∆t

nm+1−1∑
n=nm

∫
Ωs

( ∫ tn+1

tn
(∂tεu)2dt

∫ tn+1

tn
12dt

)
dx

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7R2h2

α

∫ tnm+1

tnm

|∂tu|21,sdt. (4.22)

From (3.11), (4.7), (4.12) and the assumption that µ is Lipschitz continuous, we obtain

|S 3| ≤2∆t
nm+1−1∑
n=nm

|
(
Ah(cn+1; un+1, en+1

u,h ) − Ah(C
m
h ; un+1, en+1

u,h )
)
|

=2∆t
nm+1−1∑
n=nm

|
(
ah(cn+1; un+1, en+1

u,h ) − ah(C
m
h ; un+1, en+1

u,h )
)
|

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

21C∆t
α

nm+1−1∑
n=nm

|µ(cn+1) − µ(C
m
h )|21,s

+
21C∆t
α

nm+1−1∑
n=nm

‖µ(cn+1) − µ(C
m
h )‖2s +

21C∆t
αk2

min

nm+1−1∑
n=nm

‖µ(cn+1) − µ(C
m
h )‖2d

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

21Cµ2
L∆t

α

nm+1−1∑
n=nm

|cn+1 − cnm
h |

2
1,s

+
21Cµ2

L∆t
α

nm+1−1∑
n=nm

‖cn+1 − cnm
h ‖

2
s +

21Cµ2
L∆t

αk2
min

nm+1−1∑
n=nm

‖cn+1 − cnm
h ‖

2
d, (4.23)

AIMS Mathematics Volume 8, Issue 9, 21406–21438.



21421

where C is independent of h, ∆t and independent of physical parameters µmax, µmin, kmin, kmax.
We estimate the last three items of (4.23) in turn, since for n = nm, . . . , nm+1 − 1,

‖cn+1 − cnm‖2 ≤
(
‖cn+1 − cn‖2 + ‖cn − cn−1‖2 + · · · + ‖cnm+1 − cnm‖2

)
≤

nm+1−1∑
n=nm

‖cn+1 − cn‖2,

and nm+1 − nm = r, we have
nm+1−1∑
n=nm

‖cn+1 − cnm‖2 ≤ r
nm+1−1∑
n=nm

‖cn+1 − cn‖2. (4.24)

Thus

21Cµ2
L∆t

α

nm+1−1∑
n=nm

|cn+1 − cnm
h |

2
1,s

≤
21Cµ2

L∆t
α

nm+1−1∑
n=nm

(
|cn+1 − cnm |21,s + |cnm − cnm

h |
2
1,s

)
≤

21Cµ2
L∆t

α

(
r

nm+1−1∑
n=nm

|cn+1 − cn|21,s + r|cnm − cnm
h |

2
1,s

)
≤

21Cµ2
L∆τ

α
|cnm − cnm

h |
2
1,s +

21Cµ2
L∆τ∆t
α

nm+1−1∑
n=nm

∫ tn+1

tn
|∂tc|21,sdt

≤
21Cµ2

L∆τ

α
|cnm − cnm

h |
2
1,s +

21Cµ2
L
(
(∆τ)2 + (∆t)2)

2α

∫ tnm+1

tnm

|∂tc|21,sdt, (4.25)

21Cµ2
L∆t

α

nm+1−1∑
n=nm

‖cn+1 − cnm
h ‖

2
s

≤
21Cµ2

L∆τ

α
‖cnm − cnm

h ‖
2
s +

21Cµ2
L
(
(∆τ)2 + (∆t)2)

2α

∫ tnm+1

tnm

‖∂tc‖2sdt, (4.26)

21Cµ2
L∆t

αk2
min

nm+1−1∑
n=nm

‖cn+1 − cnm
h ‖

2
d

≤
21Cµ2

L∆τ

αk2
min

‖cnm − cnm
h ‖

2
d +

21Cµ2
L
(
(∆τ)2 + (∆t)2)
2αk2

min

∫ tnm+1

tnm

‖∂tc‖2ddt. (4.27)

Take (4.25)−(4.27) back to (4.23), the estimate of T3 is

|S 3| ≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

21Cµ2
L∆τ

α

(
|cnm −Cm

h |
2
1,s + ‖cnm −Cm

h ‖
2
s +

1
k2

min

‖cnm −Cm
h ‖

2
d
)

+
21Cµ2

L
(
(∆τ)2 + (∆t)2)

2α

∫ tnm+1

tnm

(
|∂tc|21,s + ‖∂tc‖2s +

1
k2

min

‖∂tc‖2d
)
dt. (4.28)
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From (3.14) and (3.17), we obtain

|S 4| ≤2∆t
nm+1−1∑
n=nm

|Ah(C
m
h ; εn+1

u , en+1
u,h )| ≤ 2A∆t

nm+1−1∑
n=nm

‖εn+1
u ‖h‖e

n+1
u,h ‖h

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7A2∆t
α

nm+1−1∑
n=nm

‖εn+1
u ‖

2
h

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7A2R2h2∆t
α

nm+1−1∑
n=nm

(|un+1|22,s + |un+1|22,d). (4.29)

Similarly, from (3.15) and (4.2)

|S 5| ≤2∆t
nm+1−1∑
n=nm

|bh(en+1
u,h , pn+1 − Πh pn+1)| ≤ 2

√
L∆t

nm+1−1∑
n=nm

‖en+1
u,h ‖h‖p

n+1 − Πh pn+1‖

≤2
√

L∆tPh
nm+1−1∑
n=nm

‖en+1
u,h ‖h(|pn+1|1,s + |pn+1|1,d)

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

56LP2h2∆t
α

nm+1−1∑
n=nm

(|pn+1|21,s + |pn+1|21,d). (4.30)

In the same way as estimating T3, follow the the assumption that f (c) is Lipschitz continuous, we
obtain

|S 6| ≤2∆t
nm+1−1∑
n=nm

|F(cn+1; en+1
u,h ) − F(C

m
h ; en+1

u,h )| ≤ 2 fL∆t
nm+1−1∑
n=nm

‖cn+1 − cnm
h ‖s‖e

n+1
u,h ‖h

≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

7 f 2
L ∆τ

α
‖cnm −Cm

h ‖
2
s +

7 f 2
L
(
(∆τ)2 + (∆t)2)

2α

∫ tnm+1

tnm

‖∂tc‖2sdt. (4.31)

Using the proof of Lemma 5.3 in [37], we have

|S 7| ≤2∆t
nm+1−1∑
n=nm

(
2µmax

√
L(L + 1)Ch|un+1|2,s‖en+1

u,h ‖h

+
√

(L + 1)Ch
(
|pn+1|1,s + |pn+1|1,d

)
‖en+1

u,h ‖h +
√

(L + 1)Ch|pn+1|1,d‖en+1
u,h ‖h

)
≤
α∆t

7

nm+1−1∑
n=nm

‖en+1
u,h ‖

2
h +

nm+1−1∑
n=nm

(84µ2
maxL(L + 1)C2h2∆t

α
|un+1|22,s

+
21(L + 1)C2h2∆t

α
|pn+1|21,s +

84(L + 1)C2h2∆t
α

|pn+1|21,d
)
, (4.32)

where C is a constant depending only on σ.
Taking the estimates of S 1, S 2, . . . , S 7 back to (4.20) and summing over with m = 0, 1, . . . , l,

meanwhile, since n0 = 0, we obtain
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‖enl+1
u,h ‖

2
s − ‖e

0
u,h‖

2
s + α∆t

nl+1−1∑
n=0

‖en+1
u,h ‖

2
h

≤
7(∆t)2

3α

∫ T1

0
‖∂2

t u‖2sdt +
7R2h2

α

∫ T1

0
|∂tu|21,sdt

+
21Cµ2

L∆τ

α

l∑
m=0

(
|cnm −Cm

h |
2
1,s + ‖cnm −Cm

h ‖
2
s +

1
k2

min

‖cnm −Cm
h ‖

2
d
)

+
21Cµ2

L
(
(∆τ)2 + (∆t)2)

2α

∫ T1

0

(
|∂tc|21,s + ‖∂tc‖2s +

1
k2

min

‖∂tc‖2d
)
dt

+
7A2R2h2∆t

α

nl+1−1∑
n=0

(|un+1|22,s + |un+1|22,d) +
56LP2h2∆t

α

nl+1−1∑
n=0

(|pn+1|21,s + |pn+1|21,d)

+
7 f 2

L ∆τ

α

l∑
m=0

‖cnm −Cm
h ‖

2
s +

7 f 2
L
(
(∆τ)2 + (∆t)2)

2α

∫ T1

0
‖∂tc‖2sdt

+

nl+1−1∑
n=0

(84µ2
maxL(L + 1)C2h2∆t

α
|un+1|22,s +

21(L + 1)C2h2∆t
α

|pn+1|21,s

+
84(L + 1)C2h2∆t

α
|pn+1|21,d

)
. (4.33)

Using the property u0
h,s = rhus,0 and applying (3.17), we complete the proof. �

Now we consider the error estimate for concentration. At a certain time point nm+1,m = 0, 1, . . . ,M,
subtracting (3.10) from (2.29) and using (4.3) and (2.37), we have

(dτe
nm+1
c,h , zh)φ + (D(Um

h )∇enm+1
c,h ,∇zh)

=(dτcnm+1 − ∂tcnm+1 , zh)φ − (dτεnm+1
c , zh)φ

− ((D(unm+1) − D(Um
h ))∇Ξhcnm+1 ,∇zh)

−
1
2

((unm+1 − Um
h ) · ∇Ξhcnm+1 , zh) −

1
2

(Um
h · ∇enm+1

c,h , zh)

+
1
2

((unm+1 − Um
h )Ξhcnm+1 ,∇zh) +

1
2

(Um
h enm+1

c,h ,∇zh)

−
1
2

((qI,nm+1 + qP,nm+1)(cnm+1 −Cm+1
h ), zh)d

+
1
2

((1 + qI,nm+1 + qP,nm+1)εnm+1
c , zh)d, ∀zh ∈ Wh. (4.34)

Lemma 4.2. Suppose that the analytical solution satisfies properties (4.9)−(4.11), if ∆t and ∆τ are
sufficiently small, then there exists a positive constant Ĉ3 independent of h, ∆t and ∆τ, and exists a
positive constant Ĉ4 independent of h, ∆t and ∆τ, and independent of physical parameters µmax, µmin,
kmin, kmax, Dmin and φmax, such that for 0 ≤ l ≤ M − 1

‖cnl+1 −Cl+1
h ‖

2 + Dmin∆τ

l∑
m=0

‖∇(cnm+1 −Cm+1
h )‖2
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≤ Ĉ3h2 + Ĉ4

( 1
Dmin

(∆t)2 + φmax(∆τ)2
)
. (4.35)

Proof. Taking zh = 2∆τenm+1
c,h in (4.34), we have

2∆τ(dτe
nm+1
c,h , enm+1

c,h )φ + 2∆τ(D(Um
h )∇enm+1

c,h ,∇enm+1
c,h )

=2∆τ(dτcnm+1 − ∂tcnm+1 , enm+1
c,h )φ − 2∆τ(dτεnm+1

c , enm+1
c,h )φ

− 2∆τ((D(unm+1) − D(Um
h ))∇Ξhcnm+1 ,∇enm+1

c,h )

− ∆τ((unm+1 − Um
h ) · ∇Ξhcnm+1 , enm+1

c,h )

+ ∆τ((unm+1 − Um
h )Ξhcnm+1 ,∇enm+1

c,h )

− ∆τ((qI,nm+1 + qP,nm+1)(cnm+1 −Cm+1
h ), enm+1

c,h )d

+ ∆τ((1 + qI,nm+1 + qP,nm+1)εnm+1
c , enm+1

c,h )d

=H1 + H2 + H3 + H4 + H5 + H6 + H7, (4.36)

using (2.24) and (4.19), we obtain

‖enm+1
c,h ‖

2
φ
− ‖enm

c,h‖
2
φ

+ 2∆τDmin‖∇enm+1
c,h ‖

2 ≤ H1 + H2 + H3 + H4 + H5 + H6 + H7. (4.37)

Using Cauchy-Schwarz inequality, now we estimate H1,H2, . . . ,H7 term by term.
Similarly as the estimates for S 1 and S 2, we have

|H1| =|2∆τ(dτcnm+1 − ∂tcnm+1 , enm+1
c,h )φ|

≤
φmax∆τ

(∆τ)2

∫
Ω

( ∫ τm+1

τm

(∂2
t c(t))2dt

∫ τm+1

τm

(t − τm)2dt
)
dx + ∆τ‖enm+1

c,h ‖
2
φ

=
φmax(∆τ)2

3

∫ τm+1

τm

‖∂tc‖2dt + ∆τ‖enm+1
c,h ‖

2
φ
, (4.38)

|H2| =|2∆τ(dτεnm+1
c , enm+1

c,h )φ|

≤
φmax∆τ

(∆τ)2

∫
Ω

( ∫ τm+1

τm

(∂tεc(t))2dt
∫ τm+1

τm

12dt
)
dx + ∆τ‖enm+1

c,h ‖
2
φ

=φmax

∫ τm+1

τm

‖∂tεc(t)‖2dt + ∆τ‖enm+1
c,h ‖

2
φ

≤φmaxh2
∫ τm+1

τm

‖∂tc‖2dt + ∆τ‖enm+1
c,h ‖

2
φ
. (4.39)

Using (4.6) and (2.25), we have

|H3| =|2∆τ((D(unm+1) − D(Um
h ))∇Ξhcnm+1 ,∇enm+1

c,h )|

≤2∆τCc‖D(unm+1) − D(Um
h )‖ · ‖∇enm+1

c,h ‖

≤
2C2

c∆τ

Dmin
(3dl − 2dt)‖unm+1 − Um

h ‖
2 +

Dmin∆τ

2
‖∇enm+1

c,h ‖
2. (4.40)
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Here

‖unm+1 − Um
h ‖

2 =
1
r2 ‖runm+1 −

nm+1−1∑
n=nm

un+1
h ‖

2

≤
1
r2

nm+1−1∑
n=nm

‖unm+1 − un+1
h ‖

2

≤
1
r2

nm+1−1∑
n=nm

‖un+1 − un+1
h ‖

2 +
1
r2

nm+1−1∑
n=nm

‖unm+1 − un+1‖2. (4.41)

From the discussion of (4.24), the second term of (4.41) can be estimated as follows

1
r2

nm+1−1∑
n=nm

‖unm+1 − un+1‖2 ≤
1
r

nm+1−1∑
n=nm

‖un+1 − un‖2. (4.42)

Taking (4.41) and (4.42) back to (4.40), we get the estimate of H3

|H3| ≤
2C2

c∆τ

Dminr
(3dl − 2dt)

nm+1−1∑
n=nm

‖un+1 − un‖2 +
2C2

c∆τ

Dminr2 (3dl − 2dt)
nm+1−1∑
n=nm

‖un+1 − un+1
h ‖

2

+
Dmin∆τ

2
‖∇enm+1

c,h ‖
2

≤
2C2

c (∆t)2

Dmin
(3dl − 2dt)

∫ tnm+1

tnm

‖∂tu‖2dt +
2C2

c∆t
Dminr

(3dl − 2dt)
nm+1−1∑
n=nm

‖un+1 − un+1
h ‖

2

+
Dmin∆τ

2
‖∇enm+1

c,h ‖
2. (4.43)

Similarly, H4 and H5 can also be estimated as follows

|H4| =|∆τ((unm+1 − Um
h ) · ∇Ξhcnm+1 , enm+1

c,h )|

≤∆τCc‖unm+1 − Um
h ‖ · ‖e

nm+1
c,h ‖

≤
C2

c∆τ

4
‖unm+1 − Um

h ‖
2 + ∆τ‖enm+1

c,h ‖
2

≤
C2

c (∆t)2

4

∫ tnm+1

tnm

‖∂tu‖2dt +
C2

c∆t
4r

nm+1−1∑
n=nm

‖un+1 − un+1
h ‖

2 + ∆τ‖enm+1
c,h ‖

2, (4.44)

|H5| =|∆τ((unm+1 − Um
h )Ξhcnm+1 ,∇enm+1

c,h )|

≤∆τCc‖unm+1 − Um
h ‖ · ‖∇enm+1

c,h ‖

≤
C2

c∆τ

2Dmin
‖unm+1 − Um

h ‖
2 +

Dmin∆τ

2
‖∇enm+1

c,h ‖
2

≤
C2

c (∆t)2

2Dmin

∫ tnm+1

tnm

‖∂tu‖2dt +
C2

c∆t
2Dminr

nm+1−1∑
i=nm

‖un+1 − un+1
h ‖

2 +
Dmin∆τ

2
‖∇enm+1

c,h ‖
2. (4.45)
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The last two terms H6 and H7 can be estimated directly

|H6| =|∆τ((qI,nm+1 + qP,nm+1)(cnm+1 −Cm
h ), enm+1

c,h )d|

≤(qI
max + qP

max)∆τ‖cnm+1 −Cm
h ‖d · ‖e

nm+1
c,h ‖d

≤(qI
max + qP

max)∆τ(
1
2
‖cnm+1 − cnm+1

h ‖2d +
1
2
‖enm+1

c,h ‖
2
d)

≤
1
2

(qI
max + qP

max)∆τ‖εnm+1
c ‖2 + (qI

max + qP
max)∆τ‖enm+1

c,h ‖
2, (4.46)

|H7| =|∆τ((1 + qI,nm+1 + qP,nm+1)εnm+1
c , enm+1

c,h )d|

≤(1 + qI
max + qP

max)∆τ‖εnm+1
c ‖d · ‖e

nm+1
c,h ‖d

≤
1
2

(1 + qI
max + qP

max)∆τ‖εnm+1
c ‖2 +

1
2

(1 + qI
max + qP

max)∆τ‖enm+1
c,h ‖

2. (4.47)

Collecting each estimate above and summing over with m = 0, 1, . . . , l, due to the fact that en0
c,h = 0

and (·, ·)φ is an equivalent scalar product on L2(Ω), we have

‖enl+1
c,h ‖

2 + Dmin∆τ

l∑
m=0

‖∇enm+1
c,h ‖

2 ≤C̃1

(
h2

∫ T1

0
‖∂tc‖2dt + ∆τ

l∑
m=0

‖enm+1
c,h ‖

2

+ ∆t
nl+1−1∑

n=0

‖un+1 − un+1
h ‖

2 + ∆τ

l∑
m=0

‖εnm+1
c ‖2

)
+ Ĉ4

( 1
Dmin

(∆t)2 + φmax(∆τ)2
)
. (4.48)

If ∆t and ∆τ are sufficiently small, applying the discrete Gronwalll inequality and using (4.17) in
Lemma 4.1, we can obtain

‖enl+1
c,h ‖

2 + Dmin∆τ

l∑
m=0

‖∇enm+1
c,h ‖

2 ≤C̃2h2 + Ĉ4

( 1
Dmin

(∆t)2 + φmax(∆τ)2
)
. (4.49)

Here positive constants C̃1 and C̃2 are independent of h, ∆t and ∆τ. Combining with the estimate
for c − Ξhc in (4.4) and the setting Cm

h = cnm
h , we get (4.35). �

Combining the above two lemmas, we give the error estimate conclusion solely in terms of ∆t under
appropriate ratio r, which determine time steps for each equation.

Theorem 4.2. Suppose that the analytical solution satisfies properties (4.9)−(4.11). Let

r = Ĉ5

( kmaxk2
minDmin + kmaxDmin + µmink2

min

kmaxk2
minDmin + kmaxDmin + φmaxµmink2

minDmin

) 1
2
, (4.50)

where the positive constant Ĉ5 is independent of physical parameters µmax, µmin, kmin, kmax, Dmin and
φmax. If ∆t is sufficiently small, then there exists a positive constant Ĉ6 independent of h and ∆t, and
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exists a positive constant Ĉ7 independent of h and ∆t, and independent of physical parameters µmax,
µmin, kmin, kmax, Dmin and φmax, such that for 0 ≤ l ≤ M − 1

‖unl+1 − unl+1
h ‖

2
s + α∆t

nl+1−1∑
n=0

‖un+1 − un+1
h ‖

2
h

+ ‖cnl+1 −Cl+1
h ‖

2 + Dmin∆τ

l∑
m=0

‖∇(cnm+1 −Cm+1
h )‖2

≤Ĉ6h2 + Ĉ7(
kmax

µmin
+

kmax

µmink2
min

+
1

Dmin
)(∆t)2. (4.51)

Proof. From Lemmas 4.1 and 4.2, α ∝
µmin

kmax
in Lemma 3.2 and ∆τ = r · ∆t, we have

‖unl+1 − unl+1
h ‖

2
s + α∆t

nl+1−1∑
n=0

‖un+1 − un+1
h ‖

2
h

+ ‖cnl+1 −Cl+1
h ‖

2 + Dmin∆τ

l∑
m=0

‖∇(cnm+1 −Cm+1
h )‖2

≤Ĉ6h2 + Ĉ8

(
(
kmax

µmin
+

kmax

µmink2
min

+
1

Dmin
) + (

kmax

µmin
+

kmax

µmink2
min

+ φmax)r2
)
(∆t)2,

where Ĉ8 = max{Ĉ2, Ĉ4}. We derive the estimate (4.51) by taking Ĉ7 = Ĉ8(1 + (Ĉ5)2). �

5. Numerical experiments

In this section we give some numerical experiments to demonstrate the error estimates results
obtained in the previous section. For simplicity, take the unit square domain Ω = [0, 1] × [0, 1],
and choose Ωs = [0, 1/2] × [0, 1] and Ωd = [1/2, 1] × [0, 1] with the interface ΓI = {1/2} × (0, 1). The
time interval is J = [0, 2]. Unless specified otherwise, for all the numerical experiments the values of
the parameters are assigned as φ = 0.3, γ = d = qI = 1, K = 1

2 I, and

D(u) =

[
1 0
0 1 + u2

2

]
,

which can be obtained that Dmin = 1. Th is taken as a uniform grid. The upper and lower bounds
of µ in (2.20) are µ(1) = 1.2 and µ(0) = 0.1. Since it is difficult to construct the exact solutions
that satisfy the entire coupled Stokes and Darcy flows with mass transfer (2.1)−(2.16), especially the
interface conditions. To solve this, we generalize the interface conditions (2.8), (2.9) and (2.11) to
include nonhomogeneous terms.

ps − ns · 2µ(cs)S(us) · ns = pd + η1,

2ns · µ(cs)S(us) · τI + µ(cs)γus · τI = η2,

d∇cs · ns + D(ud)∇cd · nd = η3,
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where η1, η2 and η3 are given functions on ΓI according to the analytical solutions. The variational
form for this modified system will only include two additional terms −〈η1, vs · ns〉ΓI + 〈η2, vs · τI〉ΓI to
the right-hand side of (2.27), and one additional term −〈η3, z〉ΓI to the right-hand side of (2.29). All the
right-hand terms and boundary conditions are selected according to the analytical solution.

Notation wise, We define the following symbols to represent the computational errors.

‖eu
s‖l∞(L2) = max

n
‖un − un

h‖s, ‖eu
d‖l∞(L2) = max

n
‖un − un

h‖d,

‖eu‖l∞(L2) = max
n

(
‖un − un

h‖
2
s + ‖un − un

h‖
2
d

)1/2
, |eu

s |l∞(H1) = max
n
|un − un

h|1,s

‖ep
s ‖l∞(L2) = max

n
‖pn − pn

h‖s, ‖ep
d‖l∞(L2) = max

n
‖pn − pn

h‖d,

‖ep‖l∞(L2) = max
n

(
‖pn − pn

h‖
2
s + ‖pn − pn

h‖
2
d

)1/2
,

‖ec‖l∞(L2) = max
m
‖cnm −Cm

h ‖. (5.1)

With these notations, we compute the convergence rate of the approximate solutions by

rate =
log(‖Eh1‖/‖Eh2‖)

log(h1/h2)
, (5.2)

with meshsizes h1 and h2. Ehi , i = 1, 2 are any of the errors described in (5.1).
We will use two different numerical examples to verify the convergence rates of the multiple time

step discrete finite element schemes (3.8)−(3.10). In each example we also compare the errors,
convergence rates and CPU calculation time for concentration (unit:second) of the single time step
discrete finite element scheme (which means r = 1, M = N, ∆t = ∆τ) and the multiple time step
discrete finite element scheme.

We list and plot all the errors in (5.1) and calculate the corresponding convergence rates for h,
which is set to 2−m,m = 2, 3, 4, 5. The number of time steps is N = 100, and r in the multiple time step
discrete finite element scheme is set to be r = 20. To make this setting valid, we take Ĉ5 ≈ 19.73, so
that M = 5.

Example 5.1. In this example, the analytical velocity, pressure and concentration in Stokes domain
and Darcy domain are listed as follows

us = (sin(y2 + 6x + t), cos(4x2y)et)T , ps = 2(y − 1) cos2 xet,

ud = (sin(y2 + 6x + t), sin(2x) cos(3y)t2)T , pd = y cos y2 + 4x −
5
2

+ t,

cs = cd = x(1 − x)y(1 − y)e−t.

The numerical results, convergence rates and CPU calculation time of Example 5.1 are listed
in Tables 1 and 2. The convergence rates are plotted with respect of nodes on each direction in
Figure 3. The numerical velocity quiver, numerical pressure distribution and numerical concentration
distribution of the multiple time step discrete finite element scheme with h = 1/32 are plotted in
Figures 4 and 5.
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Table 1. The convergence performance and CPU time of Example 5.1 by using single time
step discrete finite element scheme (r = 1).

h ‖eu
s‖l∞(L2) ‖eu

d‖l∞(L2) ‖eu‖l∞(L2) |eu
s |l∞(H1) ‖ec‖l∞(L2)

1/4 4.09e − 2 1.17e − 1 1.25e − 1 1.03e + 0 4.35e − 3
1/8 1.39e − 2 5.81e − 2 5.97e − 2 5.34e − 1 1.15e − 3

1/16 3.83e − 3 2.66e − 2 2.68e − 2 2.71e − 1 2.88e − 4
1/32 9.90e − 4 1.11e − 2 1.11e − 2 1.36e − 1 7.24e − 5
rate 1.95 1.26 1.27 0.99 1.99
h ‖ep

s ‖l∞(L2) ‖ep
d‖l∞(L2) ‖ep‖l∞(L2) CPU time (s)

1/4 1.39e − 1 1.61e − 1 2.13e − 1 0.07
1/8 8.15e − 2 8.67e − 2 1.19e − 1 0.88

1/16 4.28e − 2 4.52e − 2 6.23e − 2 36.77
1/32 2.18e − 2 2.31e − 2 3.17e − 2 1733.81
rate 0.97 0.97 0.97 -

Table 2. The convergence performance and CPU time of Example 5.1 by using multiple time
step discrete finite element scheme (r = 20).

h ‖eu
s‖l∞(L2) ‖eu

d‖l∞(L2) ‖eu‖l∞(L2) |eu
s |l∞(H1) ‖ec‖l∞(L2)

1/4 4.30e − 2 1.17e − 1 1.25e − 1 1.03e + 0 3.89e − 3
1/8 1.42e − 2 5.81e − 2 5.98e − 2 5.35e − 1 1.03e − 3

1/16 3.86e − 3 2.66e − 2 2.69e − 2 2.72e − 1 2.60e − 4
1/32 9.95e − 4 1.13e − 2 1.13e − 2 1.36e − 1 6.55e − 5
rate 1.96 1.24 1.25 1.00 1.99
h ‖ep

s ‖l∞(L2) ‖ep
d‖l∞(L2) ‖ep‖l∞(L2) CPU time (s)

1/4 1.40e − 1 1.61e − 1 2.14e − 1 0.005
1/8 8.17e − 2 8.68e − 2 1.19e − 1 0.046

1/16 4.28e − 2 4.53e − 2 6.23e − 2 1.83
1/32 2.19e − 2 2.31e − 2 3.18e − 2 86.82
rate 0.97 0.97 0.97 -
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r = 1 r = 20

Figure 3. Convergence rates of Example 5.1. The tangent of the triangle is 1.

Figure 4. Numerical velocity quiver (left figure) and numerical pressure distribution (right
figure) of Example 5.1 at time 2.0.
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(a) time 0.4 (b) time 0.8 (c) time 1.2

(d) time 1.6 (e) time 2.0

Figure 5. Numerical concentration of Example 5.1.

Example 5.2. In this example, the analytical velocity, pressure and concentration in Stokes domain
and Darcy domain are listed as follows

us = (e−(x+2y+t), exy sin(t))T , ps = 12x2ey sin(2t),
ud = (e−(x+2y+t), 2e−(x+2y+2t))T , pd = (16xy3 − 2) cos(2t),
cs = cd = sin(πx) sin(πy)e−t.

The numerical results, convergence rates and CPU calculation time of Example 5.2 are listed
in Tables 3 and 4. The convergence rates are plotted with respect of nodes on each direction in
Figure 6. The numerical velocity quiver, numerical pressure distribution and numerical concentration
distribution of the multiple time step discrete finite element scheme with h = 1/32 are plotted in
Figures 7 and 8.

AIMS Mathematics Volume 8, Issue 9, 21406–21438.



21432

Table 3. The convergence performance and CPU time of Example 5.2 by using single time
step discrete finite element scheme (r = 1).

h ‖eu
s‖l∞(L2) ‖eu

d‖l∞(L2) ‖eu‖l∞(L2) |eu
s |l∞(H1) ‖ec‖l∞(L2)

1/4 8.30e − 3 2.37e − 2 6.40e − 2 1.32e − 1 3.66e − 2
1/8 1.93e − 3 5.93e − 3 1.62e − 2 6.15e − 2 1.34e − 2

1/16 5.01e − 4 1.78e − 3 3.98e − 3 2.30e − 2 4.56e − 3
1/32 1.56e − 4 8.74e − 4 1.57e − 3 8.62e − 3 1.39e − 3
rate 1.68 1.03 1.34 1.42 1.71
h ‖ep

s ‖l∞(L2) ‖ep
d‖l∞(L2) ‖ep‖l∞(L2) CPU time (s)

1/4 1.96e − 1 4.57e − 1 5.81e − 1 0.09
1/8 1.17e − 1 2.59e − 1 2.93e − 1 0.92

1/16 6.03e − 2 1.34e − 1 1.47e − 1 38.58
1/32 3.02e − 2 6.73e − 2 7.38e − 2 1842.36
rate 1.00 0.99 0.99 -

Table 4. The convergence performance and CPU time of Example 5.2 by using multiple time
step discrete finite element scheme (r = 20).

h ‖eu
s‖l∞(L2) ‖eu

d‖l∞(L2) ‖eu‖l∞(L2) |eu
s |l∞(H1) ‖ec‖l∞(L2)

1/4 8.30e − 3 2.38e − 2 6.42e − 2 1.32e − 1 4.16e − 2
1/8 1.93e − 3 6.11e − 3 1.61e − 2 6.15e − 2 1.54e − 2

1/16 5.03e − 4 1.80e − 3 3.98e − 3 2.30e − 2 4.87e − 3
1/32 1.59e − 4 8.75e − 4 1.59e − 3 8.63e − 3 1.52e − 3
rate 1.66 1.04 1.32 1.41 1.68
h ‖ep

s ‖l∞(L2) ‖ep
d‖l∞(L2) ‖ep‖l∞(L2) CPU time (s)

1/4 1.96e − 1 4.57e − 1 5.81e − 1 0.008
1/8 1.17e − 1 2.59e − 1 2.93e − 1 0.055

1/16 6.03e − 2 1.34e − 1 1.47e − 1 2.01
1/32 3.02e − 2 6.73e − 2 7.38e − 2 99.11
rate 1.00 0.99 0.99 -
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r = 1 r = 20

Figure 6. Convergence rates of Example 5.2. The tangent of the triangle is 1.

Figure 7. Numerical velocity quiver (left figure) and numerical pressure distribution (right
figure) of Example 5.2 at time 2.0.
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(a) time 0.4 (b) time 0.8 (c) time 1.2

(d) time 1.6 (e) time 2.0

Figure 8. Numerical concentration of Example 5.2.

From Tables 1–4, Figures 3 and 4, we find that the numerical results are consistent with the
theoretical analysis. The convergence rates for the pressure and velocity on Ω in l∞(L2) norm and the
velocity on Ωs in l∞(H1) norm are first-order, and the convergence rate for the velocity on Ωs in l∞(L2)
norm and the concentration on Ω in l∞(L2) norm are at least first-order. All the convergence rates are
optimal. About the superconvergence for the velocity on Ωs in l∞(L2) norm and the concentration on
Ω in l∞(L2) norm, we have no approach to give the corresponding analysis temporarily, the theoretical
investigation of the phenomena will be our future work.

From the comparison of Tables 1 and 2, Tables 3 and 4, we find that, the errors are similar in every
discretization parameter, and the convergence rates are the same, but the multiple time step discrete
finite element scheme costs less CPU time. And from Figures 4 and 5 and Figures 7 and 8, we can see
that, it can clearly reflect the modification of velocity, pressure and concentration by using multiple
time step discrete finite element scheme with fewer time steps for concentration. The comparison
verify that the multiple time step method is useful to increase computational efficiency.
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6. Conclusions

This article presents a stabilized finite element algorithm with different time steps on
different physical variables for the coupled Stokes-Darcy flows system with the solution transport
(2.1)–(2.16). We use nonconforming piecewise linear Crouzeix-Raviart element and piecewise
constant to approximate velocity and pressure in the coupled Stokes-Darcy flows system, and use
conforming piecewise linear finite element to approximate concentration in the transport system. The
time derivatives are discretized with different step sizes in these two systems. The existence and
uniqueness of the approximate solution are proved unconditionally satisfied. The order of convergence
and error estimates are given, which also provide a guidance on the ratio of time step sizes with respect
to the ratio of the physical parameters. We present two numerical examples to verify that the numerical
results are in agreement with the theoretical analysis. The results obtained through our numerical
examples indicate that we can obtain optimal error estimation order by using the multiple time step
discrete finite element scheme provided in this article and reduce computation, effectively improve
computational efficiency.
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