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Known as a branch of Discrete Mathematics (DM), the Graph Theory (GT) 
describes and solves problems of discrete nature through nodes (i.e., vertices) 
and arcs (i.e., edges). In this regard, a prominent problem is to find the 
Eulerian circuits. This paper indicates that the problem can be analyzed 
through operations research methods. In more general terms, finding the 
Eulerian circuits could be considered a pathfinding problem. Hence, this paper 
proposes a pure binary mathematical model to describe the relationship 
between the variables employed to find the Eulerian circuits. All the analyses 
in this paper were performed in MATLAB. The proposed model can be 
solved by many optimization software applications. Finally, several numerical 
examples are presented and solved through the proposed method. All the 
analyses in this paper were performed in MATLAB. This paper indicated that 
the problem(Eulerian Circuits in Complete Graphs) could be studied and 
solved from the perspective of operations research. 
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1. Introduction 

The graph theory (GT) is a branch of discrete mathematics that analyzes graphs [1]. It is a branch of 

topology associated closely with algebra and the matrix theory [2]. Unlike other branches of 

mathematics, the GT has a specific beginning, i.e., the publication of Leonard Euler’s paper on how to 

solve the Seven Bridges of Königsberg in 1736 [3]. Recent advances in mathematics, particularly in 

its application, have substantially developed the GT [4].It is now a potent research tool in various 

fields such as coding, operation research, statistics, electrical circuits, computer science, chemistry, 

biology, and sociology [5]. Euler introduced his theorem for planar graphs (PGs) in 1752. However, 

the field became fairly dormant for the next hundred years [6]. Gustav Kirchhoff studied trees, a 

special type of graphs, in 1847. He used that concept to generalize Ohm’s current law in electrical 

circuits [7]. Ten years later, Arthur Cale applied the same kind of graph to count the number of 

distinct isomers in saturated hydrocarbons [8]. Two other significant ideas came into view around the 

same time. The four-color theorem (FCT) was first studied by Francis Guthrie around 1850 [9]. It was 

finally proved by Kenneth Oppel and Wolfgang Haken through a sophisticated computer analysis 

[10]. The Hamiltonian cycle (HC) was named after Sir William Rowan Hamilton [11]. He came up 

with the idea (i.e., the Hamiltonian graph) while solving an interesting puzzle involving the edges of a 

dodecahedron. Finding a solution to that puzzle is not particularly difficult Nevertheless, 

mathematicians have not yet found necessary and sufficient conditions that identify undirected graphs 

with Hamiltonian paths (cycles) [12]. No noteworthy breakthroughs had been made in the field until 

1920. Kazimir Kuratovsky, a Polish mathematician, solved the problem of the characterization of PGs 

in 1930 [13].The first book on the GT was published in 1936. The author was Dénes Kőnig, an 

outstanding researcher in the field. A myriad of relevant activities followed. In the last four decades, 

the research became computer-assisted [14]. 

Many situations and states in the world around us can be described by diagrams consisting of points 

and lines. A graph is a set of vertices (nodes) and their connections [15].More specifically, a graph 

includes some vertices connected through some ordered pairs (edges) [16]. Edges are either simple or 

directed. Each type has its specific applications [17]. As mentioned earlier, the GT began in the 

eighteenth century. Euler, the eminent mathematician, invented the concept of the graph to solve the 

Königsberg bridges problem. However, the current growth and vibrancy in the GT are due to the 

growth of informatics in the last half century [18]. The problem has now evolved into what is called 

finding the Eulerian circuit. Simply put, it means finding the Eulerian circuits in an existing complete 

graph. There are different approaches to solving this problem. It is analyzed here from the perspective 

of operations research. In other words, the problem is modeled mathematically and then solved in 

relevant software applications. 

Pure binary linear programming (PBLP) is a branch of mathematical optimization. Unlike similar 

linear optimization problems, the values of all its variables are equal to either zero or one [19].The 

approach is described later. 

2. Literature Review  

Somme et al. [20] employed a Voronoi dual graph (VDG) to approximate the shortest-path algorithms 

based on the distance criterion. They demonstrated that an approximate solution to the distance-based 

shortest path problem could be computed in VDG as the resultant graph had fewer nodes than the 

initial graph [20]. AmirTeimori [21] tried to find the shortest path (SP) in accordance with different 

indices for routing in a network in 2012. He proposed integrating indices through the data 
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envelopment analysis (DEA) mathematical method. His results indicated the success of his method in 

determining optimal efficient paths. Xu et al. [22] analyzed counting the number of spanning trees 

(STs) in directed graphs in 2015.Their proposed mathematical approach was really powerful. 

Bach et al. [23] studied pathfinding in a graph subject to the contrast of limited arch movement in 

2016.They proposed a mixed integer linear programming (MILP) and used a branch and price 

algorithm (BCA) algorithm as the solution. According to their results, the proposed approach solved 

the small-scale problems properly. Yaghobi and Akrami [24] modeled and solved the pathfinding 

problem for transporting perishable raw materials in 2019. Due to the high complexity of the problem, 

they used ant colony optimization (ACO) and particle swarm optimization (PSO) algorithms. Adamo 

et al. [25] developed a method to determine the lower bound for the time-dependent traveling 

salesman problem (TSP) in 2020.The time-based TSP is a generalization of TSP that depends on 

anode’s position in the Hamiltonian path. Computational results indicated that the new mechanism in 

the branch and bound algorithm (BBA) improved outcomes. Jafari and Sheykhan [26] studied the 

transport path for semi-finished goods under fuzzy conditions in 2021.They employed a genetic 

algorithm (GA) to optimize machinery layouts in different stations. Optimizing the layout reduced the 

path costs to a bare minimum. Mohammadi et al. [27] analyzed the shortest Hamiltonian cycle (SHC) 

problem in the same year. They believed that the large-scale SHC problem had no precise solutions in 

2021. Hence, they recommended using meta-heuristic algorithms such as particle swarm optimization 

(PSO) to solve the problem. Their evaluation outcomes indicated that PSO was highly effective in 

solving that problem. Pourasghar et al. [28] analyzed the clustering problem in 2022. They proposed a 

partitioning-based algorithm to cluster large-scale software systems. For this purpose, they employed 

the GA to deal with the complexity of the problem.  

Operations research (OR) gained in popularity in Iran first in 1973 when it was taught in a 

management program at Tehran University. It is now taught in thirty-five doctoral, postgraduate, and 

undergraduate programs. Despite its fairly long history in human sciences, OR has not found its due 

place as opposed to other academic fields. Industry, agriculture, and the service sector do not 

practically use OR as they should. The demand for analysis in this field is roping in the Iranian higher 

education community [29]. This necessitates new studies in this area. The authors believe in the 

significance of such studies. 

Optimization is the constant human quest to find the best solutions to both natural and engineering 

problems [30, 31]. Mathematical modeling was employed in this paper to find the Eulerian circuits in 

complete graphs. This is the first study of its kind. For this purpose, a method is proposed to turn 

“finding the Eulerian circuit” into an optimization mathematical model (MM).The model uses a 

pathfinding approach (i.e., the longest spanning path) to solve the problem. 

3. Methodology 

This study adopts mathematical modeling methodology. In this method, the relationships of variables 

are expressed through mathematical rules. This gives more precise control over decision variables. 

Using such control will lead to the optimization of dependent variables in decision-making [32].The 

optimization occurs because the variables could be connected as a chain, a hierarchy, or a network. 

Understanding and processing all those relationships might be difficult [33]. Mathematical modeling 

is a well-known method to handle such studies. If the designed models are assumed to be appropriate 

and efficient, they can typically be processed by most of the standard relevant software applications. 
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3.1. Eulerian Circuit 

The GT defines the Eulerian Circuit (EC) as a path that begins from a vertex, visits all the edges (only 

once), and returns to the same vertex [34]. An EC exist when the graph is connected and the degree of 

each vertex, that is the total number of its connected edges connected, is even. A graph is Eulerian if 

and only if it is connected and the degrees of all its vertices are even [35]. 

3.2. Complete Graph 

A complete graph is a simple graph where each vertex is connected to all other vertices by one edge. 

Usually, a complete graph with   vertices is denoted by     [36]. 

3.3. Adjacency Matrix 

The adjacency matrix of a graph   with   vertices (named    to      respectively) is an   matrix of 

zeros and ones denoted by     . Its      element is 1 if there is an edge from    to    and zero if there 

is none [37]. 

4. Proposed Mathematical Model for Finding EC 

Assume matrix   (    )   
 to be the adjacency matrix of a complete and Eulerian graph with 

distinct vertices. The EC beginning at   can be found through the following mathematical model: 

       ∑ ∑     
 
   

 
                                                                                                                          (1) 

Subject to: 

∑     
 
    ∑     

 
                                                                                                                  (2) 

                                                                                                                            (3) 

                                                                                                         (4) 

     {
 
 
                                                                                                                     (5) 

In the above mathematical model, the objective function is to cover maximum number of edges in 

designing a path from the vertex   to the vertex   . 

The first constraint means that the number of  outgoing and ingoing edges connected to the vertex   

must be the same. 

The second one states that vertex    can connect to vertex    only if       . 

Constraint three expresses that each edge must be traversed exactly once. 

The fourth constraint means         if we visit vertex    after vertex    otherwise       . 

This is a pure binary linear programming mathematical model. 

4.1. Traversing the Solution Matrix Found by the Proposed Mathematical Model 

Let us regard the current vertex as the source ( ) and start traversing edges from this vertex. Select 

one of the edges to connect (postpone selecting the source vertex ( ) as much as possible).Once the 

edge is traversed, delete it from the graph (set the corresponding element in the solution matrix 
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(    ) to zero). Replace the current vertex with the one at the end of the traversed edge. Repeat until 

all the elements of      matrix become zero. 

Here are some numerical examples to demonstrate the efficacy of the proposed method. 

 Numerical Example (1) 

Consider graph    shown in Figure 1. The EC discovered by our method in MATLAB is 

demonstrated in Figure 2. 

 

Fig. 1. Graph   . 

 

Figure 2 depicts that the traversing of graph    begins at vertice one. It traverses all the graph edges 

and returns to the source vertex in the end. 

 

Fig. 2. Eulerian circuit for graph   . 

 

The solution matrix is      [
   
   
   

].  

The following sequence is a more accurate presentation of the EC. 

1-->2-->3-->1 
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 Numerical Example (2) 

Consider graph    shown in Figure 3. The EC discovered by our method in MATLAB is 

demonstrated in Figure 3. 

 

Fig. 3. Graph   . 

Figure 4 depicts that the traversing of graph    begins at vertice one. It traverses all the graph edges 

and returns to the source vertex in the end. 

 

Fig. 4. Eulerian circuit for graph   . 

 

The solution matrix is      

[
 
 
 
 
     
     
     
     
     ]

 
 
 
 

. 

The following sequence is a more accurate presentation of the EC. 

1-->2-->3-->1-->4-->2-->5-->3-->4-->5-->1 



58 

 

 Numerical Example (3) 

Consider graph    shown in Figure 5. The EC discovered by our method in MATLAB is 

demonstrated in Figure 5. 

 

Fig.  5. Graph   . 

Figure 6 depicts that the traversing of graph    begins at vertice one. It traverses all the graph edges 

and returns to the source vertex in the end. 

 

Fig.  6. Eulerian circuit for graph   . 

 

The solution matrix is      

[
 
 
 
 
 
 
 
 
         
         
         
         
         
         
         
         
         ]

 
 
 
 
 
 
 
 

.  

The following sequence is a more accurate presentation of the EC. 

1-->2-->3-->1-->4-->2-->5-->1-->6-->2-->7-->3-->4-->5-->3-->6-->4-->7-->5-->6-->7-->1 
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5. Conclusion 

Path finding has received great attention in operations research studies. It aims to optimize (i.e., 

optimally design) paths through existing techniques in operations research. Finding the Eulerian 

circuit as a graph theory problem can be formulated as an optimization problem. This paper indicated 

that the problem could be studied from the perspective of operations research. Broadly speaking, 

finding the Eulerian circuit is a path finding problem. This paper proposed a pure integer 

mathematical model to describe the relationships between the variables in finding the Eulerian circuit. 

Finally, the results indicated that the modeled problem could be readily solved in certain programs 

such as MATLAB. 

Funding 

This research received no specific grant from any funding agency in the public, commercial, or not-

for-profit sectors. 

Conflicts of Interest 

The authors declare no conflict of interest related to this publication. 

 

References 

[1] Dijkstra, E.W. (1959).A note on two problems in connexion with graphs.Numerische Mathematik, 1,269-271. 

[2] Murmu,  M.K., Firoz, A., Meena, S., and Jain, S.(2016). A Distributed Minimum Spanning Tree for 

Cognitive Radio Networks. Procedia Computer Science,89, 162-169. 

[3] Das, K.C. (2004).Maximizing the sum of squares of the degrees of a graph,Discrete Math,285,57-66. 

[4] Hoshino, R., and Kaearabayashi, K.(2011).A multi-round generalization of the traveling tournament 

problem and its application to Japanese baseball.European Journal of Operational Research,215,481-497. 

[5] Newman, M.(2010).Networks:An Introduction.Oxford University Press. 

[6] Biggs, N., Lloyd, E., and Wilson, R.(1986).Graph Theory.Oxford University Press,1736-1936.  

[7] Quintela, F., Redondo, R., Melchor, N., and Redondo, M.(2009).A General Approach to Kirchhoff's 

Laws.Education.IEEE Transactions on Communications,52,273-278. 

[8] Mashaghi, A.(2004).Investigation of a protein complex network.European Physical Journal,41(1): 113-121. 

[9] Tilley, J.A.(2017). The a-graph coloring problem.Discrete Applied Mathematics,217(2),304-317. 

[10] Fabrici, I., and Madaras, T.(2007). The structure of 1-planar graphs. Discrete Mathematics,307, (7-8),854-

865. 

[11] Kutnar, K., andMaru, D.(2009.).Hamilton cycles and paths in vertex-transitive graphs_Current 

directions.Discrete Mathematics,309(17),5491-5500. 

[12] Grandjean, M.(2016). A social network analysis of Twitter: Mapping the digital humanities 

community.Cogent Arts & Humanities,3(1),117-145. 

 



60 

 

[13] Alspach, B., Durnberger, E., and Parsons, T.D. (1985).Hamilton Cycles in Metacirculant Graphs with 

Prime Cardinality Blocks.North-Holland Mathematics,115,27-34 

[14] Biggs, N. L.(1981).Mathematician.The Bulletin of the London Mathematical Society,13(2),97-120. 

[15] Honiden, S., Houle, M.,  Sommer, C., and Wolff, M. (2009).Approximate Shortest Path Queries in Graphs 

Using Voronoi Duals. 6th International Symposium on Voronoi Diagrams in Science and Engineering, ISVD 

2009, 53-62. 

[16] Agarwal, P.K., and Aronov, B.(1997). Quasi-planar graphs have a linear number of edges. 

Combinatorica,17,1-9. 

[17] Watkins, J.J.(2004).Chapter 2: Knight's Tours. Across the Board: The Mathematics of Chessboard 

Problems.Princeton University Press,25-38. 

[18] Euler, L.(1736).Solutio problematis ad geometriam situs pertinentis.Comment. Acad. Sci. U. Petrop,8,128-40. 

[19] Cezar, A.N.S., and Haroldo, G.S.(2017).Drawing graphs with mathematical programming and variable 

neighborhood search. Electronic Notes in Discrete Mathematics,58,207-214. 

[20] Sommer, C., Houle, M.E., Wolf, M. and Honiden, S.(2008).Approximate shortest path queries in graphs 

using Voronoi Duals.Tokyo, Japan,105-111. 

[21] Amirteimoori, A.R.(2012).An extended shortest path problem: A data envelopment analysis 

approach.Applied Mathematics Letters,25(11),1839-1843. 

[22] Xu, C., Zhang, S., Ning, B., and Li, B.(2015). A note on the number of spanning trees of line 

digraphs.Discrete Mathematics,338(5),688-694 

[23] Bach, L., Lysgaard, J., and Wøhlk, S.(2016).A branch-and-cut-and-price algorithm for the mixed 

capacitated general routing problem.Networks,68(3),161-184. 

[24] Yaghoubi, A., and Akrami, F. (2019).Proposing a new model for location-routing problem of perishable 

raw material suppliers with using meta-heuristic algorithms.Heliyon,5(12),20-30. 

[25] Adamo, T., Ghiani, G., and Guerriero, E.(2020).An enhanced lower bound for the time dependent 

travelling salesman problem.Computers and Operations Research,113(5),1-9. 

[26] Jafari, H., and Sheykhan, A.(2021). Integrating Developed Evolutionary Algorithm and Taguchi Method 

for Solving Fuzzy Facility’s Layout Problem. Fuzzy Optimization and Modeling Journal,2(3),24-35. 

[27] Mohammadi, H., Mirzaie, K., and Mollakhalili Meybodi, M.R.(2021).Finding the Shortest Hamiltonian 

Cycle Using the Combined Approach of Swarm Intelligence based on Complex Networks. Quarterly 

Journal of Transportation Engineering,12(4),973-997.  

[28] Pour Asghar, B., Izadkhah, H., Lotfi, S., and Salehi, K.(2022).A partition-based algorithm for clustering 

large-scale software systems. Journal Of Signal and Data Processing,18(4),37-48. 

[29] Mehregan, M.(1998).Operational research, linear planning and its applications.18th edition, University 

Publishing.Tehran. 

[30] Jafari, H., Ehsanifar, M., and Sheykhan, A.(2020). Finding optimum facility’s layout by developed 

simulated annealing algorithm. International Journal of Research in Industrial Engineering,9(2),172-182. 

[31] Jafari, H., and Jafari, M. (2017). Introduction A New Approach in Engineering Economics. Journal of 

System Management, 3(3), 41-50. 



61 

 

[32] Lyeme, H. A. (2021). Mathematical modeling of the impacts of the nanoparticle in River-Aquatic system 

with convective cooling.Mathematics and Computational Sciences,2(3),1-13. 

[33] Jafari, M. A., and Mousaviy, N (2022).An extension of stochastic differential models by using the 

Grunwald-Letnikov fractional derivative. Theory of Approximation and Applications,16(1),8-13. 

[34] Pevzner, P.A., Tang, H., and Waterman, M.S.(2001).An Eulerian trail approach to DNA fragment 

assembly.Proceedings of the National Academy of Sciences of the United States of America,98 (17),9748-9753. 

[35] Roy, K.(2007).Optimum Gate Ordering of CMOS Logic Gates Using Euler Path Approach: Some Insights 

and Explanations. Journal of Computing and Information Technology,15(1),85-92. 

[36] Knuth, D.E.(2013).Two thousand years of combinatorics.in Wilson, Robin; Watkins, John J. (eds.), 

Combinatorics: Ancient and Modern, Oxford University Press,7-37. 

[37] Bondy, J.A., and  Murty, U.S.R.(2008).Graph Theory.Graduate Texts in Mathematics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  International Journal of Innovation in Management Economics and Social science (IJIMES) 

IJIMES is licensed under a Creative Commons Attribution 4.0 International License 

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

