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Adaptive Modified RISE-based Quadrotor Trajectory Tracking with

Actuator Uncertainty Compensation

Krishna Bhavithavya Kidambi1, Madhur Tiwari2, Emmanuel Ogbanje Ijoga3 and William MacKunis4

Abstract— This paper presents an adaptive robust nonlinear
control method, which achieves reliable trajectory tracking
control for a quadrotor unmanned aerial vehicle in the
presence of gyroscopic effects, rotor dynamics, and external
disturbances. Through novel mathematical manipulation in
the error system development, the quadrotor dynamics are
expressed in a control-oriented form, which explicitly incor-
porates the uncertainty in the gyroscopic term and control
actuation term. An adaptive robust nonlinear control law is
then designed to stabilize both the position and attitude loops
of the quadrotor system. A rigorous Lyapunov-based analysis
is utilized to prove asymptotic trajectory tracking, where the
region of convergence can be made arbitrarily large through
judicious control gain selection. Moreover, the stability analysis
formally addresses gyroscopic effects and actuator uncertainty.
To illustrate the performance of the control law, comparative
numerical simulation results are provided, which demonstrate
the improved closed-loop performance achieved under varying
levels of parametric uncertainty and disturbance magnitudes.

I. INTRODUCTION

Unmanned aerial vehicles (UAVs) (or Quadrotors) have

the potential to transport people and things to locations not

traditionally served by current modes of air transportation.

The UAV market can potentially proliferate, and one can

sense that the lack of regulation is currently preventing

this. Hundreds of exciting and promising applications in

various domains such as air delivery, surveying, agriculture,

architecture, security, and video entertainment are being

developed [1], [2].

Developing reliable and safe control algorithms is still a

challenging task in a myraid of quadrotor control applications

[3]. Over the last decade several methods have been pro-

posed to compensate for uncertain and time-varying external

operating conditions; however, there remain numerous open

challenges in the design of robust and adaptive nonlinear

quadrotor UAV control systems, which are rigorously proven

to simultaneously compensate for external disturbances (e.g.,

due wind gusts and aerodynamic anomalies) and internal

anomalies, disturbances, and unmodeled effects in the UAV

actuation dynamics (e.g., due to electromechanical propeller

motor dynamics and/or actuator faults).
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Numerous recent approaches to quadrotor control are

based on classical control methods applied to linearized mod-

els of the UAV dynamics [4], [5], [6], [7]. Popular linear con-

trol methods include proportional-integral-derivative (PID)

control [6] and linear quadratic regulators (LQR) [7]. While

PID and LQR methods benefit from simple implementation

and intuitive control gain-tuning, they have limited capability

to compensate for the inherent nonlinearities in the quadrotor

dynamics; and they tend to have low robustness to external

disturbances.

In an effort to overcome the limitations of linear control

methods, nonlinear control techniques have been widely

shown to achieve an increased level of reliability in quadro-

tor flight under various uncertain and adversarial operating

conditions. Common nonlinear control design approaches in-

clude feedback linearization [8], [9], backstepping [10], [11],

[12], adaptive control [13], [14] and robust control [15], [16],

[17]. Advantages to feedback linearization include mathe-

matical simplicity and easy implementation; however, they

often incur reduced robustness to disturbances and sensitivity

to model uncertainty. To address this, feedback linearization-

based linear control designs often employ robust nonlinear

compensators to achieve the desired disturbance-rejection

objectives [9]. The authors in [12] present an adaptive back-

stepping controller to track time-varying trajectories with

parameter uncertainties and under-actuation. The control

algorithm is extended to include velocity input and motor

coefficients, and geometric parameters are handled by the

adaptive laws.

In [15], a robust control scheme based on nonlinear dy-

namic inversion (NDI) for disturbance rejection is proposed.

However, to achieve performance in agile quadcopters, ac-

counting for actuator uncertainty is vital. The authors in [18]

develop an agile control subjected to aerodynamic drag, the

center of gravity shift, and motor dynamics. It is shown

that accounting for uncertainties in the actuator dynamics

is essential to achieve the desired trajectory-tracking perfor-

mance.

While standard sliding mode control approaches are

widely known for their disturbance-rejection capabilities,

their implementation can be challenging due to the use

of high-bandwidth switching [19], [20]. Motivated by this,

robust integral of the sign of the error (RISE)-based control

can be used to achieve reliable disturbance rejection using

continuous control [21]. RISE has been widely shown to

achieve superior rejection of norm-bounded disturbances in

various recent results [22], [23], [24]. In addition, our recent

result in [25] presents a modified RISE (MRISE)-based
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quadrotor control design, which is proven to reject external

disturbances of varying magnitudes and compensate for vary-

ing levels of parametric uncertainty in the UAV dynamics.

While the MRISE result achieved significant performance

improvement in trajectory tracking compared to traditional

RISE, the work does not formally incorporate the effects of

actuator uncertainty and gyroscopic effects in the quadrotor

dynamic model.

Motivated by this and future demands of building robust

and agile quadrotors, we propose an adaptive MRISE-based

trajectory tracking control method for a quadrotor system

subjected to parametric uncertainty and unmodeled gyro-

scopic effects and uncertainties in the actuator dynamics

in addition to external disturbances. The result is achieved

through a non-trivial reworking of the error system devel-

opment and stability analysis in [25], which now formally

incorporates unmodeled effects in the actuation dynamic

model. The primary contributions of this result can be

summarized as follows:

1) An augmented adaptive MRISE control design for both

the inner and outer loop of the quadrotor tracking

control system, which formally incorporates feedback

compensators for the actuator uncertainty, gyroscopic

effects, model uncertainties and external disturbances.

The control algorithm accounts for varying magnitudes

of uncertainty (± 15%) with little or no gain tuning.

2) A rigorous closed-loop stability analysis using a

Lyapunov-based approach, which provides a detailed

derivation of semi-global asymptotic tracking and the

specific control gain conditions under which conver-

gence can be guaranteed.

3) A detailed comparative numerical simulation study to

demonstrate the performance of the proposed control

design.

The rest of the paper is organized as follows: Section II de-

scribes the nonlinear dynamic model of the quadrotor, espe-

cially Section II-C describes a detailed model incorporating

the gyroscopic effects and the actuator dynamics. The open-

loop and closed-loop error systems are described in Section

III-A and III-B, respectively. In Section IV, the closed-loop

stability analysis is presented. Finally, Section V presents the

numerical simulations to demonstrate the effectiveness of the

proposed method, followed by conclusions in Section VI.

II. MATHEMATICAL MODEL

A. Quad Dynamics

The mathematical model of quadrotor dynamics is well

studied in the literature [26], [27]. The explicit form of the

dynamics by using the Newton–Euler method with position

and orientation can be written as [28]

mV̇ = Fg + FT + Fd + d1(t) (1a)

IΩ̇ = −Ω×IΩ+ τ − τa + τg + d2(t) (1b)

where m ∈ R
+ is the mass of the quadrotor, V =

[Vx, Vy , Vz]
T and Ω = [p, q, r]T denote the translational

and angular velocity defined in the inertial frame and body

frame, respectively. I = diag(Ix, Iy, Iz) ∈ R
3×3 is a positive

definite diagonal moment of inertia matrix, and d1(t), d2(t)
are the external disturbances in the translation and rotational

dynamics respectively.

The remaining forces in the translational dynamics are

given as Fg = [0, 0,−mg]T , where g = 9.81 m
s2

is the grav-

itational acceleration. Fd is the drag due to the translational

motion and is given by

Fd = −diag(Kdx,Kdy ,Kdz)V (2)

where Kdx ,Kdy ,Kdz are translational drag coefficients. The

control input FT ∈ R is the total thrust generated by all four

motors and is given as

FT = R1

4
∑

i=1

Fi (3)

where Fi = KTu
2
i , and KT is the thrust coefficient and ui

is the speed of ith motor. The term R1 is given as

R1 =





cos(ψ) sin(θ) cos(φ) + sin(ψ) sin(φ)
sin(φ) sin(θ) sin(ψ)− cos(ψ) sin(φ)

cos(θ) cos(φ)



 (4)

The gyroscopic torque τg is given as

τg =

4
∑

i=1

Ω×Ir





0
0

(−1)i−1ui



 (5)

where Ir is the rotor inertia. The aerodynamic frictional

torque τa is given as

τa = −diag(Kax ,Kay ,Kaz)‖Ω2‖ (6)

where Kax ,Kay ,Kaz are the coefficients of aerodynamic

friction. The torque τ applied on the quadrotor is given by

τ =





τφ
τθ
τψ



 =





0 −lKT 0 lKT

lKT 0 −lKT 0
KD −KD KD −KD













u21
u22
u23
u24









(7)

where τφ, τθ, τψ denotes the torque along x, y, z axis respec-

tively, l is the distance between each rotor to the quadrotor

center of mass, and KD is the drag coefficient.

B. Actuator Dynamics

The control input commands to the quadrotor are applied

through a DC motor and when tracking aggressive trajec-

tories, actuator dynamics cannot be ignored for the sake of

precise tracking performance. The dynamics of the ith motor

speed is given as [18]

u̇i =
kτ

Ir
(uci − ui) (8)

where kτ is the motor coefficient and uci is the commanded

speed of the ith motor and ui is introduced in (3).



C. Uncertain Quadrotor Model

The dynamic equations in (1) are recast by incorporating

parametric and actuator uncertainties and are simplified as

Ṗ = V (9a)

V̇ = f1(V ) + FV +∆V FV + dV (t) (9b)

ω̇ = Ω (9c)

Ω̇ = f2(Ω) + τΩ +∆ΩτΩ + dΩ(t) (9d)

where P = [x, y, z]T , V = [Vx, Vy, Vz ]
T , ω = [φ, θ, ψ]T and

Ω = [p, q, r]T are the position, velocity, angular position and

angular velocity in 3-D; and the following definitions have

been made:

FV =
FT

m
; ∆V FV =

R1

m

4
∑

i=1

∆Fi

f1(V ) =
F̄g

m
+
F̄d

m

dV (t) = −∆mV̇

m
+

∆Fg
m

+
∆Fd
m

+
d1(t)

m

τΩ = R2 × [u21, u
2
2, u

2
3, u

2
4]
T

∆ΩτΩ = ∆R2 × [u21, u
2
2, u

2
3, u

2
4]
T

f2(Ω) = I−1
[

− Ω×IΩ− τ̄a + τ̄g

]

dΩ(t) = I−1
[

− Ω×∆IΩ−∆IΩ̇−∆τa +∆τg + d2(t)
]

III. CONTROL MODEL

The control objective is to design the control signal to

regulate the quadrotor states to a given desired time-varying

reference trajectory that is sufficiently smooth, despite the

presence of uncertainties in the dynamic and actuator model

respectively. Thus, the control objective can be mathemati-

cally stated as

‖ξ(t)‖ → 0 (10)

where ξ in (10) is the difference between the current state

and desired state of the quadrotor and ‖.‖ in (10) denotes

standard Euclidean norm.

Assumption 1: The desired trajectory profile Pd (t) and

its first three-time derivatives are bounded in the sense that

Pd (t) , Ṗd (t) , P̈d (t) ,
...
P d (t) ∈ L∞ ∀ t ≥ 0.

Assumption 2: The distrubances in the quadtrotor dynam-

ics in (9b) and (9d) are smooth enough such that

‖ḋV ‖ ≤ ǫ1, ‖ḋΩ‖ ≤ ǫ2 (11)

where ǫ1, ǫ2 are some unknown positive constants.

A. Open-loop Error System

1) Position Loop: To assess the controller performance

and to enable the subsequent stability analysis, the tracking

error ξ1(t) ∈ R
3 and auxiliary tracking errors ξ2(t), η1(t) ∈

R
3 for the position loop are defined as

ξ1 = P − Pd, (12)

ξ2 = ξ̇1 + k1ξ1 = V − V ∗

d (13)

V ∗

d = Vd − k1ξ1 (14)

η1 = ξ̇2 + k2ξ2 (15)

where Pd = [xd, yd, zd]
T ∈ R

3, Vd = [Vdx , Vdy , Vdz ]
T ∈ R

3

are the desired position and velocity; and k1, k2 ∈ R denote

positive control gains. Taking the derivative of (15) and using

the definition in (12) and (13) the open loop error dynamics

can be expressed as

η̇1 = V̈ − V̈d + k1(ξ̇2 − k1ξ̇1) + k2ξ̇2 (16)

By using the definition in (9b) the tracking error in (16) is

expanded as

η̇1 = ḟ1(V ) + ḞV (t) + ∆̇V FV (t) + ḋV (t)− V̈d

+ k1(ξ̇2 − k1ξ̇1) + k2ξ̇2. (17)

The error dynamics in (17) can be expressed as

η̇1 = Γ̃1 + Γ1d + ḞV (t) + ∆̇V FV (t)− ξ2 (18)

where the unknown auxiliary functions, Γ̃1(t),Γ1d(t) ∈ R
3

are defined as

Γ̃1(t) = ḟ1(V ) + k1(ξ̇2 − k1ξ̇1) + k2ξ̇2 + ξ2 (19)

Γ1d = ḋV (t)− V̈d. (20)

Assumption 3: Approximate model knowledge is avail-

able such that ∆̇V (t) satisfies
∥

∥

∥
∆̇V (t)

∥

∥

∥

i∞
< δ1 < 1, (21)

where δ1 ∈ R
+ is a known bounding constant, and ‖·‖i∞

denotes the induced infinity norm.

The motivation for the separation of terms in (19) and (20)

is based on the fact that the following inequalities can be

developed

‖Γ̃1‖ ≤ ρ1 (‖µ1‖) ‖µ1‖ , ‖Γ1d‖ ≤ κΓ1d
, ‖Γ̇1d‖ ≤ κ

Γ̇1d
(22)

where κΓ1d
, κ

Γ̇1d
∈ R

+ are known bounding constants; ρ (·)
is a positive, globally invertible, non-decreasing function; and

µ1(t) ∈ R
9 is defined as

µ1 (t) ,
[

ξT1 (t) ξT2 (t) ηT1 (t)
]T
. (23)

2) Attitude Loop: The tracking error in the attitude loop

ξ3(t) ∈ R
3 and auxiliary tracking errors ξ4(t), η2(t) ∈ R

3

are defined as

ξ3 = ω − ωd, (24)

ξ4 = ξ̇3 + k3ξ3 = Ω− Ω∗

d (25)

Ω∗

d = Ωd − k3ξ3 (26)

η2 = ξ̇4 + k4ξ4 (27)

where ωd = [φd, θd, ψd]
T ∈ R

3, Ωd = [pd, qd, rd]
T ∈ R

3 are

the desired angular position and angular velocity, k3, k4 ∈ R

denote positive control gains.

Since the quadrotor is an underactuated system with

4 control inputs and 6 outputs and using the differential

flatness property, the control input can be obtained from four

flat outputs [xd, yd, zd, ψd]
T (user-defined). In addition, the

desired trajectories of roll (φd) and pitch (θd) depend on



these flat outputs and are defined according to the dynamics

(9a) and (9b) as [12], [24]:

φd = sin−1

[

m

U1

(U1 sin(ψd)− U2 cos(ψd))

]

, (28)

θd = tan−1

[

1

U3

(U1 cos(ψd) + U2 cos(ψd))

]

, (29)

where FV is the thrust force, which is defined as

FV = m

√

U2
1 + U2

2 + U2
3 (30)

where Ui = FV ×R1(i) for i = 1, 2, 3 and R1(i) is the ith

row of matrix R1 defined in (49).

By taking the derivative of (27) and using the definition

in (24) and (25) the open loop error dynamics in the attitude

loop can be expressed as

η̇2 = Ω̈− Ω̈d + k3(ξ̇4 − k3ξ̇3) + k4ξ̇4 (31)

By using the definition in (9d) the tracking error in (31)

is expanded as

η̇2 = ḟ2(Ω) + τ̇Ω(t) + ∆̇ΩτΩ(t) + ḋΩ(t)− Ω̈d

+ k3(ξ̇4 − k3ξ̇3) + k4ξ̇4. (32)

The error dynamics in (32) can be expressed as

η̇2 = Γ̃2 + Γ2d + τ̇Ω(t) + ∆̇ΩτΩ(t)− ξ4 (33)

where the unknown auxiliary functions, Γ̃2(t),Γ2d(t) ∈ R
3

are defined as

Γ̃2(t) = ḟ2(Ω) + k3(ξ̇4 − k3ξ̇3) + k4ξ̇4 + ξ4 (34)

Γ1d = ḋΩ(t)− Ω̈d. (35)

Assumption 4: Approximate model knowledge is avail-

able such that ∆̇Ω(t) satisfies

∥

∥

∥
∆̇Ω(t)

∥

∥

∥

i∞
< δ2 < 1, (36)

where δ2 ∈ R
+ is a known bounding constant, and ‖·‖i∞

denotes the induced infinity norm.

The motivation for the separation of terms in (34) and (35)

are based on the fact that the following inequalities can be

developed

‖Γ̃2‖ ≤ ρ2 (‖µ2‖) ‖µ2‖ , ‖Γ2d‖ ≤ κΓ2d
, ‖Γ̇2d‖ ≤ κ

Γ̇2d
(37)

where κΓ2d
, κ

Γ̇2d
∈ R

+ are known bounding constants; ρ (·)
is a positive, globally invertible, non-decreasing function; and

µ2(t) ∈ R
9 is defined as

µ2 (t) ,
[

ξT3 (t) ξT4 (t) ηT2 (t)
]T
. (38)

B. Closed-loop Error System

1) Position Loop: Based on the open-loop error system

dynamics in (18), the control term FV (t) is designed as:

ḞV (t) = −αF ‖FV (t)‖sgn(η1)− (α1 + 1)η1

−λ̂1sgn(η1), (39)

where αF , α1 ∈ R are positive, control gains. λ̂1 ∈ R
3 is a

adaptive nonlinear feedback gain, which is defined as

˙̂
λ1i = β1sgn(η1)η1 (40)

where i = 1, 2, 3, β1 is a positive adaptation gain.

Remark 1: Note that the theoretical design and stability

analysis in this paper are based on the discontinuous signum

function, i.e.,

sgn(σ) =

{

1 σ > 0
0 σ = 0
−1 σ < 0

∀σ ∈ R. (41)

After substituting (39) into (18), the closed-loop error dy-

namics is obtained as

η̇1 = Γ̃1 + Γ1d − αF ‖FV (t)‖sgn(η1)− (α1 + 1)η1

− λ̂1sgn(η1) + ∆̇V FV (t)− ξ2 (42)

2) Attitude Loop: Based on the open-loop error system

dynamics in (33), the control term τΩ(t) is designed as:

τ̇Ω(t) = −αΩ‖τΩ(t)‖sgn(η2)− (α2 + 1)η2

−λ̂2sgn(η2), (43)

where αΩ, α2 ∈ R are positive, control gains. λ̂2 ∈ R
3 is a

adaptive nonlinear feedback gain, which is defined as

˙̂
λ2i = β2sgn(η2)η2 (44)

where i = 1, 2, 3; β2 is a positive adaptation gain.

After substituting (43) into (33), the closed-loop error

dynamics is obtained as

η̇2 = Γ̃2 + Γ2d − αΩ‖τΩ(t)‖sgn(η2)− (α2 + 1)η2

− λ̂2sgn(η2) + ∆̇ΩτΩ(t)− ξ4 (45)

IV. STABILITY ANALYSIS

Before providing the stability analysis of the closed-loop

quadrotor system, the following conditions, definition and

lemma will be utilized in the proof of Theorem 1.

Condition 1 (λji-Gain): To facilitate the following stabil-

ity proof, the adaptive gain λji for j = 1, 2 and i = 1, 2, 3
must satisfy the following condition

λ1i = Γ1d +
1

k2
Γ̇1d; λ2i = Γ2d +

1

k4
Γ̇2d (46)

Definition 1: To facilitate the Lyapunov-based proof of

Theorem 1, two functions Q1(t) ∈ R and Q2(t) ∈ R are

defined as

Q1(t) , λ1 |ξ2(0)| − ξT2 (0)Γ1d(0)−
∫ t

0

R1(υ)dυ (47)

Q2(t) , λ2 |ξ4(0)| − ξT4 (0)Γ2d(0)−
∫ t

0

R2(υ)dυ (48)



where the auxiliary function R1(t) ∈ R and R2(t) ∈ R are

defined as

R1(t) = ηT1 (t)
[

Γ1d(t)− λ1sgn(η1)
]

(49)

R2(t) = ηT2 (t)
[

Γ2d(t)− λ2sgn(η2)
]

(50)

Lemma 1: Provided the sufficient conditions in (46) are

satisfied, the auxiliary functions in the translational and

rotational loop are defined as

∫ t

0

R1(υ)dυ ≤ λ1 |ξ2(0)| − ξT2 (0)Γ1d(0) (51)

∫ t

0

R2(υ)dυ ≤ λ2 |ξ4(0)| − ξT4 (0)Γ2d(0) (52)

Hence, (51) and (52) can be used to prove that Q1(t) ≥ 0
and Q1(t) ≥ 0. Proof of Lemma 1 can be found in [21] and

is omitted here for brevity.

Condition 2 (Control Gain): The control gains defined in

(39) and (43) are selected according to the condition

α1 >
ρ2(‖µ1‖)

4min{(k1 − 1

2
), (k2 − 1

2
), 1} (53)

α2 >
ρ2(‖µ2‖)

4min{(k3 − 1

2
), (k4 − 1

2
), 1} (54)

αF ≥ δ1, ατ ≥ δ2. (55)

Theorem 1: For the quadrotor dynamics described in (9a)-

(9d) and for a given sufficiently smooth desired trajectory

[xd, yd, zd, ψd]
T , the robust nonlinear control law given in

(39) and (43) along with the adaptive parameters updated

based on (40) and (44) ensure the tracking error is asymptoti-

cally regulated and all the signals remain bounded throughout

the closed-loop operation in the sense that

‖ξ(t)‖ → 0 for t ≥ tn <∞, (56)

where tn ∈ L∞.

Proof: Let D ⊂ R
6n+6+2 be a domain containing

w (t) = 0, where w (t) ∈ R
6n+1 is defined as

w (t) ,
[

µT (t) λ̃T1 λ̃T2
√

Q1(t)
√

Q2(t)
]T

(57)

where λ̃i = λ̂i−λi, (i = 1, 2) in (57) represent the difference

between the estimated parameter and its true value defined

in Condition 1 and µ(t) ∈ R
6n is defined as

µ (t) ,
[

µT1 (t) µT2 (t)
]T
, (58)

Q1(t) and Q2(t) are defined in Definition 1. Let V (w, t) :
D × [0,∞) → R be a radially unbounded, positive definite

function defined as

V =
1

2
ξT1 ξ1 +

1

2
ξT2 ξ2 +

1

2
ξT3 ξ3 +

1

2
ξT4 ξ4 +

1

2
ηT1 η1

+
1

2
ηT2 η2 +Q1 +Q2 +

1

2β1
λ̃T1 λ̃1 +

1

2β2
λ̃T2 λ̃2(59)

which satisfies the inequalities

U1 (w) ≤ V (w, t) ≤ U2 (w) , (60)

provided the gain Condition 1 are satisfied. In (60), the

continuous positive definite functions U1 (w), U2 (w) ∈ R

are defined as

U1 (w) ,
1

2
‖w‖2 , U2 (w) , ‖w‖2 . (61)

After taking the time derivative of (59) and using (12),

(13), (24), (25), (42), (45), V̇ can be expressed as

V̇ = ξT1 [ξ2 − k1ξ1] + ξT2 [η1 − k2ξ2] + ξT3 [ξ4 − k3ξ3]

+ ξT4 [η2 − k4ξ4] + ηT1 [Γ̃1 + Γ1d − αF ‖FV ‖sgn(η1)
− (α1 + 1)η1 − λ̂1sgn(η1) + ∆̇V FV (t)− ξ2]

+ ηT2 [Γ̃2 + Γ2d − αΩ‖τΩ‖sgn(η2)− (α2 + 1)η2

− λ̂2sgn(η2) + ∆̇ΩτΩ(t)− ξ4] + Q̇1 + Q̇2

+
1

β1
λ̃T1

˙̂
λ1 +

1

β2
λ̃T2

˙̂
λ2. (62)

By using the bounding inequalities in (22), (37) and the

defition of Q1, Q2 from (47), (48), and the definition of
˙̂
λ1,

˙̂
λ2 from (40), (44), the expression in (62) can be upper

bounded as

V̇ ≤ ξT1 ξ2 + ξT3 ξ4 − k1‖ξ1‖2 − k2‖ξ2‖2 − k3‖ξ3‖2

− k4‖ξ4‖2 + ‖η1‖ρ(‖µ1‖)‖µ1‖+ ‖η1‖‖Γ1d‖
− ‖η1‖(αF )‖FV ‖ − (α1 + 1)‖η1‖2 − ‖η1‖λ̂1sgn(η1)
+ δ1‖η1‖‖FV ‖+ ‖η2‖ρ(‖µ2‖)‖µ2‖+ ‖η2‖‖Γ2d‖
− ‖η2‖(ατ )‖τΩ‖ − (α2 + 1)‖η2‖2 − ‖η2‖‖λ̂2sgn(η2)
+ δ2‖η2‖‖τΩ‖ − ‖η1‖‖Γ1d‖+ ‖η1‖λ1sgn(η1)
− ‖η2‖‖Γ2d‖+ ‖η2‖λ2sgn(η2) + λ̃T1 sgn(η1)η1

+ λ̃T2 sgn(η2)η2. (63)

But ξT1 ξ2 and ξT3 ξ4 can be upper bounded as

ξT1 ξ2 ≤ 1

2
‖ξ1‖2 +

1

2
‖ξ2‖2; ξT3 ξ4 ≤ 1

2
‖ξ3‖2 +

1

2
‖ξ4‖2.

(64)

By using (64), and the gains αF , ατ , α1 and α2 satisfy the

gain condition in Condition 2, the upper bound in (63) can

be further simplified as

V̇ ≤ −(k1 −
1

2
)‖ξ1‖2 − (k2 −

1

2
)‖ξ2‖2 − ‖η1‖2 (65)

− α1

[

‖η1‖ −
ρ(‖µ1‖)
2α1

‖µ1‖
]2

+
ρ2(‖µ1‖)

4α1

‖µ1‖2

− (k3 −
1

2
)‖ξ3‖2 − (k4 −

1

2
)‖ξ4‖2 − ‖η2‖2

− α2

[

‖η2‖ −
ρ(‖µ2‖)
2α2

‖µ2‖
]2

+
ρ2(‖µ2‖)

4α2

‖µ2‖2

V̇ ≤ −
[

c1 −
ρ2(‖µ‖)
4c2

]

‖µ‖2, (66)

where c1 , min
[

min{(k1 − 1

2
), (k2 − 1

2
), 1},min{(k3 −

1

2
), (k4 − 1

2
), 1}

]

and c2 , min{α1, α2}. The following

expression can be obtained from (66)

V̇ ≤ −U (w) , (67)



where U(w) = c ‖µ‖2, for some positive constant c ∈ R is a

continuous positive semi-definite function that is defined on

the domain

K ,
{

w (t) ∈ R
6n+2| ‖w‖ ≤ ρ−1 (2

√
c1c2)

}

. (68)

The expressions in (60) and (66), along with (53), (54)

can be used to prove that V (w, t) ∈ L∞ in K; hence,

ξ1(t), ξ2(t), ξ3(t), ξ4(t), η1 (t) , η2(t) ∈ L∞ in K. Given that

ξ1(t), ξ2(t), ξ3(t), ξ4(t), η1 (t) , η2(t) ∈ L∞, a standard lin-

ear analysis technique can be used along with (13), (15), (25),

(27) to show that ξ̇1(t), ξ̇2(t), ξ̇3(t), ξ̇4(t) ∈ L∞ in K. Since

ξ1(t), ξ2(t), ξ3(t), ξ4(t), ξ̇1(t), ξ̇2(t), ξ̇3(t), ξ̇4(t) ∈ L∞, (12)

and (24) can be used along with the Assumption 1 to prove

that P (t), V (t) ∈ L∞ in K. Given that P (t), V (t) ∈ L∞,

(9a)-(9d) along with Assumption 3 and 4 to prove that the

control input FV (t), τΩ(t) ∈ L∞ in K. Since η1 (t) , η2(t) ∈
L∞, can be used to prove that ḞV (t) , τ̇Ω ∈ L∞ in K.

Given that η1 (t) , η2(t), ξ1(t), ξ2(t), ξ3(t), ξ4(t) ∈ L∞, the

bounding inequalities in (22), (37) can be used to prove

that η̇1 (t) , η̇2(t) ∈ L∞ in D. Since ξ̇1(t), ξ̇2(t), ξ̇3(t), ξ̇4(t),
η̇1 (t) , η̇2(t) ∈ L∞, (23) and (38) can be used to prove that

µ (t) is uniformly continuous in K. Hence, the definitions of

U (w) and µ (t) can be used to prove that U (w) is uniformly

continuous in K.

Let S ⊂ K denote a set defined as follows:

S ,

{

w (t) ⊂ K|U (w (t)) ≤ 1

2

(

ρ−1
(

2
√
c1c2

))2
}

. (69)

Theorem 8.4 of [29] can now be invoked to state that

c ‖µ (t)‖2 → 0 as t→ ∞ ∀ w (0) ∈ S.

Based on the definition of µ (t), (69) can be used to show

that

‖ξ (t)‖ → 0 as t→ ∞ ∀ w (0) ∈ S. (70)

Hence, asymptotic regulation of the quadrotor states is

achieved, provided the initial conditions lie within the set

S, where S can be made arbitrarily large by increasing the

control gain α - a semi-global result.

V. SIMULATION RESULTS

In this section, numerical examples are illustrated by

conducting extensive simulations to validate the efficiency

of the proposed adaptive modified RISE control algorithm

for both the position and attitude loop with varying magni-

tudes of the model, actuator uncertainties, and disturbances.

During the implementation of the control law in the current

numerical simulation, the discontinuous signum function is

replaced with the continuously differentiable tanh(·) function.

This is a standard approximation, which relates to the well-

accepted definition of an “equivalent value operator” of a

discontinuous function [30].

The reader is referred to [25] for a detailed description

of the physical parameters, uncertainties, and external dis-

turbance acting on the quadrotor. The simulation results

are summarized in Fig.1-6. The results show a comparison

between an MRISE-based control formulation in [25] and an

adaptive modified RISE formulation presented in this paper.

The comparison is for a specific case, with an uncertainty of

10% deviation from true values and a disturbance magnitude

of 5.
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Fig. 1. [Left] Time evolution of the position of the quadrotor, [right] Error
between the desired and current state

A minimum snap trajectory proposed in [31] can be

utilized to generate feasible trajectories for quadrotors, but

in this current work, the desired trajectories are generated

using the following definitions

[

xdes, ydes, zdes, ψdes
]T

=
[

3 sin(t), 3 cos(t), t, sin(t)
]T
. (71)

The control gains associated with the outer loop in (39)

are given as αF = 0.01, α1= 2, k1 = 5, k2= 2.5, and those

of the inner loop in (43) are given as ατ = 0.01, α2= 5, k3=

20, k4 = 9, respectively.

Fig. 1 shows the positional state x, y, z, φ, θ, ψ (blue) of

the quadrotor tracking using the control structure presented

in this paper, is compared with the quadrotor trajectory

(red) using modified RISE-based control in [25] with the

desired (black) trajectory defined in (71). The disturbance

is introduced at t = 15sec; the proposed adaptive control

structure reacted more robustly thereby reducing the error

between the current and desired states. Fig 2 shows the

corresponding errors associated with the positional states

x, y, z during the closed-loop control operation. Fig. 3 shows

the tracking error in the translational states of the quadrotor

φ, θ, ψ orientation during the closed-loop.

Fig. 4 shows the time evolution of the elements of the

adaptive parameter estimate λ̂1 and λ̂2 during closed-loop

controller operation. Fig. 5 shows the evolution of the control

magnitudes during closed-loop operation. The magnitude

of these control signals closely resembles the experimental
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Fig. 2. Time evolution of the error between the desired and measured
translational position during the closed loop operation

0 10 20 30

0
0.5

1
RISE
MRISE

0 10 20 30
-1
0
1

0 10 20 30
Time [sec]

0
0.5

1

Fig. 3. Time evolution of the error between the desired and measured
angular position during the closed loop operation

results presented in [18] for agile trajectory tracking. Fig.

6 shows the bar graph of the mean RMS error in the

states P, V, ω,Ω over varying uncertainty levels. The results

in Figs.2, 3 and 6 clearly demonstrate the improvement

in the closed-loop performance that is achieved by the

proposed adaptive modified RISE-based control formulation

that compensates under varying levels of model and actuator

uncertainties as well as disturbance magnitudes.
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Fig. 4. Time response of the adaptive parameter estimates λ̂1i and λ̂2i
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Fig. 5. Commnaded control inputs during the closed-loop operation

VI. CONCLUSION

In this paper, an adaptive MRISE state feedback controller

is proposed that achieves asymptotic trajectory tracking un-

der gyroscopic effects, model, and actuator uncertainties and

at the same time mitigates external disturbances acting on the

quadrotor. The proposed nonlinear control algorithms adapt

to varying magnitudes of uncertainties, disturbances and
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Fig. 6. A bar graph showing the mean RMS error during the closed-loop
operation for the states P, V, ω,Ω under varying uncertainty levels

track trajectories of varying speeds. A rigorous Lyapunov-

based analysis is utilized to prove asymptotic trajectory

tracking of both the position and attitude loops, where

the region of convergence can be made arbitrarily large

through judicious control gain selection. Detailed numerical

simulations are provided to evaluate the proposed control

design. Future work will focus on evaluating the proposed

robust control methods through real-time experiments on a

quadrotor.
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