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appropriate version of the Hardy–Littlewood–Paley inequality 
‖f̂‖Lp′,q � ‖f‖Lp,q

.
© 2022 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

1.1. Fourier inequalities in Lebesgue spaces

For the multi-dimensional Fourier transform f̂ , the following Hardy-Littlewood theo-
rem is a counterpart of the Hausdorff–Young inequality

∥∥f̂∥∥
p′ � ‖f‖p , 1 < p � 2, 1

p
+ 1

p′
= 1,

and reads as follows (see [23, Th. 2.2] and [32, Th.2]):

⎛⎝∫
Rd

(|t1| . . . |td|)p−2
∣∣∣f̂(t)
∣∣∣p dt

⎞⎠1/p

� ‖f‖p , 1 < p � 2, (1)

where t = (t1, . . . , td) ∈ Rd. In particular, (1) sharpens the well-known inequality (see, 
e.g., [5, (5.19)] and [7, p.17])

⎛⎝∫
Rd

|t|d(p−2)
∣∣∣f̂(t)
∣∣∣p dt
⎞⎠1/p

� ‖f‖p , 1 < p � 2, (2)

where |t| denotes the Euclidean norm of t. Throughout the paper, by C and Cp we denote 
positive constants, which may depend on nonessential parameters and on the dimension. 
As usual, F � G stands for F � CG. If F � G � F , we write F � G.

As it is well known, the case p > 2 requires special attention. By QN define a cube 
centered at the origin with the edge length N . For f ∈ Lp(Rd) we define

(FNf)(ξ) :=
∫

QN

f(x)e−i(ξ,x)dx. (3)

As it is well known, if f ∈ Lp(Rd), 1 � p � 2, the limit lim
N→+∞

(FNf) exists in Lp′ and 

is called the Fourier transform of f . There are many examples in the literature showing 
that the Fourier transform of f ∈ Lp(Rd), 2 < p < ∞, is not well-defined in the usual 
sense; see, e.g., [42, Ch. XVI, §3]. Moreover, one can construct a Carleman-type function 

http://creativecommons.org/licenses/by-nc-nd/4.0/
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[4, Ch. IV, §16] so that even in the case when the Fourier transform exists, neither 
inequality (1) nor Hausdorff–Young inequality hold; see Appendix A.

In order to derive the corresponding analogues of inequality (1) in the case p � 2, 
we define the Hardy-Cesàro and Hardy-Bellman operators. First, let E consist of all 
n-tuples containing only 0 and 1. Set Hε := Hεd,d . . .Hε2,2Hε1,1, where ε ∈ E and

(Hεi,if) (t) :=

⎧⎪⎪⎨⎪⎪⎩
1
ti

ti∫
0
f(x1, . . . , xi, . . . , xd) dxi, if εi = 0

∞∫
|ti|

f(x1, . . . , sign (ti)xi, . . . , xd) dxi

xi
, if εi = 1.

One of the main goals of the paper is to show that certain natural averages of the 
Fourier transforms, namely Hardy–Cesàro and Hardy–Bellman operators, are not only 
well-defined for Lp-functions with any 1 < p < ∞ but the inequalities corresponding to 
estimates (1) and (2) hold true. We formulate our main result as a Pitt-type inequality 
with power weights. Let us recall the known Pitt inequality ([23, Th. 2.2]; see also [5,11]).

For 1 < r � q < ∞ and f ∈
⋃

1�s�2 Ls,

⎛⎝∫
Rd

(
(|t1| . . . |td|)β

∣∣∣f̂(t)
∣∣∣)q dt

⎞⎠1/q

�

⎛⎝∫
Rd

(
(|x1| . . . |xd|)α |f(x)|

)r
dx

⎞⎠1/r

(4)

provided that

0 � α = 1
r′

− 1
q
− β <

1
r′

(5)

and, additionally,

β � 0, (6)

which is equivalent to 1
r′ −

1
q � α. For optimality of these conditions see [23, Th. 2.2], 

[6, Sect. 4], [13, Sects. 2,3].
Now we point out three well-known special cases. For α = β = 0, q = r′, 1 < r � 2,∥∥f̂∥∥

r′
� ‖f‖r (7)

which is the Hausdorff-Young inequality; for α = 0, β = 1 − 2/r, 1 < r = q � 2, we 
obtain (1), and for β = 0, α = 1 − 2/r, 2 � r = q < ∞, we establish the dual to (1), 
that is,

∥∥f̂∥∥
r
�

⎛⎝∫
Rd

(|x1| . . . |xd|)r−2 |f(x)|r dx

⎞⎠1/r

. (8)
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The latter inequality was also proved in the recent paper [34] provided that f ∈ L1.
Let ∗ = (j1, j2, ..., jd) be a permutation of (1, 2, ..., d). By L∗

p,q we denote the 
Lorentz space defined by the iterative non-increasing rearrangement f∗j1 ,...,∗jd :=(
(f∗j1 )∗j2 . . .

)∗jd taken coordinate-wise; see Section 2 for the precise definition and prop-
erties. In the next theorem, we extend inequality (4) not assuming the condition β � 0.

Theorem 1. Let 1 < r � q < ∞ and condition (5) hold. Let ∗ = (j1, j2, ..., jd) be a 
permutation of (1, 2, ..., d). If a measurable function f is such that⎛⎝∫

Rd

(
(|x1| . . . |xd|)α |f∗j1 ...∗jd (x)|

)r
dx

⎞⎠1/r

< ∞, (9)

then, for any ε ∈ E, t ∈ Rd, the limit

Tεf(t) := lim
N→+∞

(HεFNf)(t)

does exist. Moreover, for any ε ∈ E,⎛⎝∫
Rd

(
(|t1| . . . |td|)β |Tεf(t)|

)q
dt

⎞⎠1/q

�

⎛⎝∫
Rd

(
(|x1| . . . |xd|)α |f∗j1 ...∗jd (x)|

)r
dx

⎞⎠1/r

.

(10)

If, additionally, ⎛⎝∫
Rd

(
(|x1| . . . |xd|)α|f(x)|

)r
dx

⎞⎠1/r

< ∞, (11)

then ⎛⎝∫
Rd

(
(|t1| . . . |td|)β |Tεf(t)|

)q
dt

⎞⎠1/q

�

⎛⎝∫
Rd

(
(|x1| . . . |xd|)α |f(x)|

)r
dx

⎞⎠1/r

. (12)

In particular, if α = 0, β = 1 − 2/r, 1 < r = q < ∞, then⎛⎝∫
Rd

(|t1| . . . |td|)r−2 |Tεf(t)|r dt

⎞⎠1/r

� ‖f‖r. (13)

Note that the right hand side of (10) is ‖f‖L∗
p,r

with 1/p = α + 1/r.
A counterpart of Theorem 1 – now the condition 0 � α is not assumed but the 

condition β � 0 is fulfilled – is given in the next theorem.
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Theorem 2. Let 1 < r � q < ∞ and

1
r′

− 1
q
� α = 1

r′
− 1

q
− β <

1
r′
. (14)

Suppose that ∫
Rd

(
(|x1| . . . |xd|)α |f(x)|

)r
dx < ∞. (15)

Then for any ε ∈ E the sequence (HεFNf)N converges to Tεf in the weighted Lebesgue 
norm, i.e.,

lim
n→∞

⎛⎝∫
Rd

(
(|t1| . . . |td|)β |Tεf(t) −HεFNf(t)|

)q
dt

⎞⎠1/q

= 0.

Moreover,

⎛⎝∫
Rd

(
(|t1| . . . |td|)β |Tεf(t)|

)q
dt

⎞⎠1/q

�

⎛⎝∫
Rd

(
(|x1| . . . |xd|)α |f(x)|

)r
dx

⎞⎠1/r

. (16)

In particular, if β = 0, α = 1 − 2/r and 1 < r = q < ∞, then the sequence (HεFNf)N
converges to Tεf in the Lr norm and

‖Tεf‖r �

⎛⎝∫
Rd

(|x1| . . . |xd|)r−2 |f(x)|r dx

⎞⎠1/r

. (17)

Remark 1. (i) If α < 1/r′ as in (5) and (14), then Hölder’s inequality and (9) (respec-
tively, (15)) imply that f ∈ Lloc

s for all 1 � s < r. Thus HεFNf is well defined.
(ii) Note that the boundedness of Hardy’s operator in Lp (see (23) below) and Hausdorff-
Young inequality (7) imply that

Tεf = Hεf̂ if f ∈ Lp, 1 < p � 2, or f ∈ S, (18)

where S denotes the Schwartz class S(Rd). So Tε is an extension of the operator f �→ Hεf̂ . 
Under the conditions (5), β � 0, and (18), we always see that inequality (12) is weaker 
than (4). This follows from Hardy’s inequality for averages (see, e.g., [25])

∞∫
−∞

|t|βq
⎛⎝ 1
|t|

t∫
0

g(s)ds

⎞⎠q

dt +
∞∫

−∞

|t|βq

⎛⎜⎝ ∞∫
g(s)
s

ds

⎞⎟⎠
q

dt �
∞∫

−∞

|t|βqg(t)q dt,

|t|
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where g � 0 and −1
q < β < 1 − 1

q , q > 1.
(iii) On the other hand, for β > 0, inequality (12) is an extension of (4). Moreover, (13)
extends (1) for the case p > 2 while inequality (17) extends (8) for the case 1 < p < 2
and for wider function spaces. Inequality (17) has been obtained in the one-dimensional 
case in [12].
(iv) We note that if 1 < r � 2 and (15) holds, then f ∈ Lloc

r . Assuming β = 0, α = 1 −2/r
and q = r in (12), we obtain (17) for 2 � r < ∞. On the other hand, letting α = 0, 
β = 1 − 2/r, r = q in (16), we obtain (13) for 1 < r � 2.

The proofs of Theorems 1 and 2 are based on the next result, which is an extension of 
the celebrated Hardy–Littlewood–Paley inequality [36, Ch. V] and it is interesting in its 
own right. Recall that the Hardy–Littlewood–Paley estimate for classical Lorentz spaces 
states that

∥∥f̂ ∥∥
p′,q

�
∥∥f∥∥

p,q
, 1 < p < 2, 0 < q � ∞.

Let Np,q denote the net space; see Section 2 for the precise definition.

Theorem 3. Let ∗ = (j1, j2, ..., jd) be a permutation of (1, 2, ..., d). If 1 < p < ∞, 0 < q �
∞, and f ∈ L∗

p,q, then FNf ∈ Np′,q and there holds

∥∥FNf
∥∥
Np′,q

�
∥∥f∥∥

L∗
p,q

uniformly in N ∈ N.

1.2. Fourier inequalities in Hardy spaces

The generalization of (2) to Hardy spaces is known (see Taibleson and Weiss [37] and 
Garcia-Cuerva and Rubio de Francia [18, Corollary 7.23] and also Bownik and Wang 
[9]):

⎛⎝∫
Rd

|t|d(p−2)
∣∣∣f̂(t)
∣∣∣p dt
⎞⎠1/p

� ‖f‖Hp(Rd) , 0 < p � 1. (19)

The case p = 1 is called Hardy’s inequality.
Our second goal is to generalize (1) to Hardy spaces. Here we consider the so called 

product Hardy spaces Hp = Hp(R × · · · × R), that is different from Hp(Rn). See, e.g., 
[41].
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Theorem 4. If 0 < p � 1 and f ∈ Hp, then

⎛⎝∫
Rd

(|t1| · · · |td|)p−2
∣∣∣f̂(t)
∣∣∣p dt

⎞⎠1/p

� ‖f‖Hp
. (20)

Since f̂ is a locally integrable function if f ∈ Hp with 0 < p � 1, the integral in 
Theorem 4 is well defined. Note that Hp is equivalent to Lp if 1 < p < ∞. We also 
extend the inequality of Theorem 1 to Hardy spaces. Let

Hf := H0f = 1
t1 · · · td

t1∫
0

. . .

td∫
0

f(x1, . . . , xd) dx1 . . . dxd

be the Hardy–Cesàro operator.

Theorem 5. If 0 < p � 1 and f ∈ Hp

⋂⋃
1�q�2 Lq, then

⎛⎝∫
Rd

(|t1| · · · |td|)p−2
∣∣∣Hf̂(t)

∣∣∣p dt

⎞⎠1/p

� ‖f‖Hp
. (21)

Remark 2. (i) For p = 1, Theorem 5 holds for all f ∈ H1.
(ii) Comparing the left-hand sides in (20) and (21), we first recall the classical reverse 
Hardy inequality (see [22, Theorem 347]): for any non-negative g,∫

Rd

(|t1| · · · |td|)p−2gp(t) dt �
∫
Rd

(|t1| · · · |td|)p−2 (Hg(t))p dt, 0 < p � 1. (22)

Moreover, the direct Hardy inequality, which is the reverse inequality to (22), holds for 
p = 1 (see [22, Theorem 330]) but does not hold in general for 0 < p < 1. To show this, 
consider

g(x) =
{

an, bn < x < bn + dn,
0, otherwise.

Then

I1 =
∞∫
0

tp−2 |g(t)|p dt = apn

bn+dn∫
bn

tp−2 dt

and
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I2 =
∞∫
0

tp−2 |Hg(t)|p dt �
∞∫

bn+dn

t−2 dt

⎛⎝ bn+dn∫
0

g(z)dz

⎞⎠p

dt = apnd
p
n

bn + dn
.

Letting now bn + dn � bn ↗ ∞, bndn
↗ ∞, and

apn =

⎛⎝ bn+dn∫
bn

tp−2 dt

⎞⎠−1

,

we arrive at apn � b2−p
n

dn
and I1 � 1 but I2 � ( bn

dn
)1−p ↗ ∞. In particular, g can be defined 

by g(x) = 2n( 2
p−1)n− 1

p for 2n < x < 2n + n and zero otherwise.
Thus, in the case f̂ is nonnegative, (21) yields (20) for 0 < p < 1, while for p = 1 they 

are equivalent. Without this condition on the Fourier transform, the left-hand sides of 
(20) and (21) are not comparable.
(iii) It is easy to see that inequality (22) is no longer true without the condition g � 0. 
For example, let

g(x) =

⎧⎪⎨⎪⎩
0, 0 < x < 1;
an, 2n− 1 < x < 2n;
−an, 2n < x < 2n + 1.

Then

I1 =
∞∫
0

tp−2 |g(t)|p dt �
∑
n

apnn
p−2

but

I2 =
∞∫
0

tp−2 |Hg(t)|p dt �
∑
n

apnn
−2.

Taking now an = n(1−p)/p for n < N and an = 0 otherwise, we have I2 � 1 and 
I1 � lnN .

Theorem 4 is known in the one-dimensional case, cf. (19) while Theorem 5 is new even 
in the one-dimensional case. We note that the proof of Theorem 4 was sketched in [24]. 
However, since we believe it contains some gaps, we present it in Section 6. The dual 
results to Theorems 4 and 5 are also proved, see Corollary 1 in Section 6.
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1.3. Hardy’s inequalities for averages

Let us recall the classical Hardy’s inequalities. First,

‖Hεf‖p � ‖f‖p , 1 < p < ∞. (23)

If all εi = 0 or all εi = 1, then even more is true. We just introduced the Hardy–Cesàro 
operator Hf and now we define the Hardy–Bellman operator by

Bf := H1f =
∞∫

|t1|

. . .

∞∫
|td|

f(sign (t1)x1, . . . , sign (td)xd)
dx1

x1
. . .

dxd

xd
.

Then

‖Hf‖p � ‖f‖p (1 < p � ∞) and ‖Bf‖p � ‖f‖p (1 � p < ∞). (24)

The inequalities in (23) and (24) can be proved by iteration using the corresponding 
one-dimensional results.

Remark 3. If f̂ ∈ Lr for some 1 < r � 2 (say f ∈ S), then the following estimates 
sharpen (23) for 1 < p � 2:

‖Hεf‖p �

⎛⎝∫
Rd

(|t1| . . . |td|)p−2
∣∣∣f̂(t)
∣∣∣p dt

⎞⎠1/p

� ‖f‖p.

Here the first inequality follows from (17) and the second one from (1). In particular, if∣∣f(x)
∣∣ �∑

ε∈E

∣∣Hεf(x)
∣∣, xi 
= 0 (25)

or, more generally, if for some 1 < p � 2⎛⎝(|x1| . . . |xd|)−1
2x∫
x

. . .

2x∫
x

|f(t)|p dt

⎞⎠1/p

�
∑
ε∈E

∣∣Hεf(x)
∣∣, xi 
= 0, (26)

then

‖f‖p �

⎛⎝∫
Rd

(|t1| . . . |td|)p−2
∣∣∣f̂(t)
∣∣∣p dt

⎞⎠1/p

.

Note that the integral of the p-power of the left hand side of (26) is ‖f‖pp. For example, 
when f � 0 is non-increasing and even in each direction, then both (25) and (26)
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hold. Equivalences of this type are usually called Hardy–Littlewood theorems or Boas-
type results and they have been previously obtained for monotone or general monotone 
functions; see [20].

Our third aim in this paper is to investigate Hardy’s inequalities (24) for limiting 
cases. First, it is clear that

‖Hf‖BMO � C ‖Hf‖∞ � C ‖f‖∞ .

We also note that the operator H is bounded in BMO, i.e.,

‖Hf‖BMO � C ‖f‖BMO , f ∈ BMO
⋂ ⋃

1<q�∞
Lq. (27)

See [19,26] for one-dimensional functions. In the multivariate case, this follows from (28)
below by duality, cf. Corollary 3.

However, the expected fact that the operator H is bounded in Hp for p � 1 is not 
true. For p = 1 it is enough to consider the function

a(x) =

⎧⎪⎨⎪⎩
1
2 , if 0 � x � 1,
−1

2 , if 1 < x � 2,
0, if x /∈ [0, 2],

which is an atom (see Section 5) and note that 
∫
RHa(x) dx = ln 2 
= 0. Hence Ha /∈ H1

(see [19]). From this, H is not bounded in Hp, p < 1, since otherwise, by (24) and 
interpolation, we would obtain boundedness in H1.

Even though H is not bounded in Hp, we derive the following weaker result, which 
can be considered as a generalization of inequality (24).

Theorem 6. If 0 < p � 1 and f ∈ Hp

⋂⋃
1<q�2 Lq, then

‖Hf‖p � ‖f‖Hp
.

For the operator B the situation is symmetric. It is easy to see that B is trivially 
bounded from H1 to L1 since

‖Bf‖1 � C ‖f‖1 � C ‖f‖H1
.

In fact, it turns out that the operator B is bounded in Hp, i.e.,

‖Bf‖Hp
� ‖f‖Hp

, 0 < p � 1, f ∈ Hp

⋂ ⋃
1�q�2

Lq (28)

(see [16,19,28,29] for one-dimensional functions and [17,40] for the multivariate case) but 
it is not bounded from BMO to BMO [19]. We obtain the following weaker estimate
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‖Bf‖BMO � C ‖f‖∞ , f ∈ L∞
⋂ ⋃

1�q<∞
Lq;

see Corollary 2 below.

1.4. Structure of the paper

The paper is organized as follows. In Section 2 we introduce the Lorentz and net 
spaces. Section 3 contains the extension of the Hardy–Littlewood–Paley inequality to 
the range 1 < p < ∞ with the help of the net spaces. Here we prove Theorem 7 for the 
anisotropic Lorentz spaces, which implies Theorem 3. Section 4 is devoted to the proofs 
of Theorems 1 and 2. In Sections 5 and 6 we discuss the needed properties of the product 
Hardy spaces and prove Theorems 4–6, correspondingly.

2. Lorentz and net spaces

The Lp space is equipped with the quasi-norm

‖f‖p :=

⎛⎝∫
Rd

|f(x)|p dx

⎞⎠1/p

, 0 < p < ∞,

with the usual modification for p = ∞. Here we integrate with respect to the Lebesgue 
measure. For n quasi-normed spaces X1, . . . , Xd of one-dimensional functions, let us 
denote by (X1, . . . , Xd) the space consisting of n-dimensional measurable functions for 
which

‖f‖(X1,...,Xd) :=
∥∥. . . ‖f‖X1

. . .
∥∥
Xd

< ∞,

where the Xj norm is taken with respect the j-th variable.
The non-increasing rearrangement of a one-dimensional measurable function f is given 

by

f∗(t) := inf {ρ : |{|f | > ρ}| � t} .

For a multi-dimensional measurable function and for fixed variables y1, . . . , yi−1, yi+1, . . . ,
yd, by f∗i(y1, . . . , yi−1, ·, yi+1, . . . , yd), we denote the non-increasing rearrangement with 
respect to the i-th variable (i = 1, . . . , n). Let ∗ = (j1, j2, ..., jd) be a permutation of 
(1, 2, ..., d). Applying the non-increasing rearrangement in all variables consecutively, we 
obtain

f∗ = f∗j1 ,...,∗jd :=
(
(f∗j1 )∗j2 . . .

)∗jd .
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Various function spaces defined with the help of iterative rearrangements were con-
sidered in many papers, see e.g. [1–3,8,31].

Let p = (p1, . . . , pd) and q = (q1, . . . , qd) with 0 < pj < ∞ and 0 < qj � ∞, 
j = 1, 2 . . . n. Let ∗ = (j1, j2, ..., jd) be a permutation of (1, 2, ..., d). In this case we will 
write 0 < p < ∞ and 0 < q � ∞. The Lorentz space L∗

p,q(Rd) consists of all measurable 
functions f for which

‖f‖L∗
p,q

:=

⎛⎜⎝ ∞∫
0

. . .

⎛⎝ ∞∫
0

(
t

1
p1
1 . . . t

1
pd
2 f∗j1 ...∗jd (t1, . . . , td)

)q1 dt1
t1

⎞⎠
q2
q1

. . .
dtd
td

⎞⎟⎠
1
qd

< ∞,

where in the case qi = ∞ the integral 
(∫∞

0 |g(ti)|qi dtiti

) 1
qi is understood as supti>0 |g(ti)|.

In higher dimensions, this definition is different (see [38,31]) from the usual definition 
of Lorentz spaces, while, in the one-dimensional case, L∗

p,q is the same as the classical 
Lorentz spaces Lp,q. Note also that the space L∗

p,q with p = q does not coincide with 
the mixed Lebesgue space (Lp1 , ..., Lpd

). However, if pi = qi = p, i = 1, 2, ..., n, then 
L∗

p,q = Lp.
We now define the net spaces [33] (see also [30,31]). Let us denote by M the collection 

of all rectangles I = I1 × ... × Id of positive measure with sides parallel to the axes. For 
a measurable function f defined on Rd, we define the average function by

f(t1, ..., td) := sup
I∈M,|Ii|�ti

1
|I1| . . . |Id|

∣∣∣∣∣∣
∫
I

f(x) dx

∣∣∣∣∣∣ .
A measurable function belongs to the net space Np,q(M) if

‖f‖Np,q
=

⎛⎜⎝ ∞∫
0

. . .

⎛⎝ ∞∫
0

(
t

1
p1
1 . . . t

1
pd

d f(t1, . . . , td)
)q1 dt1

t1

⎞⎠
q2
q1

. . .
dtd
td

⎞⎟⎠
1
qd

< ∞

for 0 < p, q � ∞. Moreover, Np,q is a normed linear space.
For pi = p, qi = q, i = 1, 2, ..., n, we also use the notation

‖f‖Np,q
=

⎛⎝ ∞∫
0

. . .

∞∫
0

(
(t1 . . . td)

1
p f(t1, . . . , td)

)q dt1
t1

. . .
dtd
td

⎞⎠ 1
q

and, similarly,

‖f‖L∗
p,q

=

⎛⎝ ∞∫
. . .

∞∫ (
(t1 . . . td)

1
p f∗j1 ...∗jd (t1, . . . , td)

)q dt1
t1

. . .
dtd
td

⎞⎠ 1
q

.

0 0
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The next result follows easily from the monotonicity of f(t1, ..., td) and the following 
Hardy’s inequality: 

∑∞
k=1 2kα (

∑∞
m=k am)q �

∑∞
k=1 2kαaqk with ak � 0 and α, q > 0.

Lemma 1. Let 0 < p < ∞, 0 < q � ∞, then

‖f‖Np,q
�

⎛⎝∑
k∈Zd

(
2

k1+...kd
p f(2k1 , ..., 2kd)

)q⎞⎠ 1
q

�

⎛⎝∑
k∈Zd

(
2

k1+...kd
p

∞∑
md=kd

. . .
∞∑

m1=k1

f(2m1 , ..., 2md)
)q
⎞⎠ 1

q

.

3. Hardy–Littlewood–Paley inequality for 1 < p < ∞

We start with the following extension of the Hardy–Littlewood–Paley inequality. For 
the case pi = p, qi = q, i = 1, 2, ..., n, we recover Theorem 3.

Theorem 7. Let ∗ = (j1, j2, ..., jd) be a permutation of (1, 2, ..., d). If 1 < p < ∞, 0 <
q � ∞ and f ∈ L∗

p,q, then FNf ∈ Np′,q and there holds, uniformly in N ∈ N,∥∥FNf
∥∥
Np′,q

�
∥∥f∥∥

L∗
p,q

. (29)

In particular, for 1 < p < ∞,

⎛⎝ ∞∫
0

. . .

∞∫
0

(t1 . . . td)p−2 ∣∣FNf(t1, ..., td)
∣∣p dt

⎞⎠1/p

� ‖f‖Lp
. (30)

In order to prove this result, we obtain the following interpolation theorem, which, in 
turn, is based on Theorems 1 and 2 in [31].

Lemma 2. Let 0 < p0 = (p0
1, ..., p

0
d) < p1 = (p1

1, ..., p
1
d) < ∞, 0 < q0 = (q0

1 , ..., q
0
d), q1 =

(q1
1 , ..., q

1
d) < ∞, q0

i 
= q1
i , i = 1, ..., n, and 0 < r = (r1, ..., rd) � ∞. Let ∗ = (j1, j2, ..., jd)

be a permutation of (1, 2, ..., d). Suppose pε = (pε11 , ..., pεdd ) and qε = (qε11 , ..., qεdd ). If T
is a linear operator such that for all ε ∈ E,

T : (L
p
εj1
j1

,1, ..., Lp
εjd
jd

,1) → Nqε,∞,

then

T : L∗
p,r → Nq,r, (31)

where θ̄ = (θ1, ..., θd) ∈ (0, 1)d and
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1
p = 1 − θ̄

p0
+ θ̄

p1
,

1
q = 1 − θ̄

q0
+ θ̄

q1
.

Proof. By Lemma 4 (c) in [31], we have that

T : (A0,A1)∗θ̄,r → (B0,B1)∗θ̄,r ,

where

A0 = (Lp0
j1

,1, ..., Lp0
jd

,1), A1 = (Lp1
j1

,1, ..., Lp1
jd

,1),

and

B0 = N(q0
1 ,...,q

0
d),(∞,...,∞), B1 = N(q1

1 ,...,q
1
d),(∞,...,∞).

Taking into account [31, Theorem 1], we obtain(
N(q0

1 ,...,q
0
d),(∞,...,∞),N(q1

1 ,...,q
1
d),(∞,...,∞)

)∗
θ̄,r

↪→ Nq,r,

where 1
q = 1−θ̄

q0
+ θ̄

q1
, θ̄ = (θ1, ..., θd) with 0 < θi < 1. Finally, [31, Theorem 2] implies 

that

L∗
p,r ↪→ (A0,A1)∗θ̄,r .

Combining the above estimates, we arrive at (31). �
Proof of Theorem 7. We estimate the Np′,∞-norm of f̂ as follows:

‖FNf‖Np′,∞
� sup

I∈M
|I1|−1/p1 . . . |Id|−1/pd

∣∣∣∣∣∣
∫
I1

. . .

∫
Id

FNf(ξ1, ..., ξd) dξ

∣∣∣∣∣∣
� sup

I∈M

∫
QN

|f(x)|
d∏

i=1

⎛⎝|Ii|−1/pi

∣∣∣∣∣∣
∫
Ii

e−ıξixi dξi

∣∣∣∣∣∣
⎞⎠ dx

� sup
I∈M

∫
Rd

|f(x)|
d∏

i=1

⎛⎝|Ii|−1/pi

∣∣∣∣∣∣
∫
Ii

e−ıξixi dξi

∣∣∣∣∣∣
⎞⎠ dx.

Let

ϕi(x) = |Ii|−1/pi

∣∣∣∣∣∣
∫

e−ıξi·xi dξi

∣∣∣∣∣∣ , i = 1, . . . , n.

Ii
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If Ii = [ai, bi], then∣∣∣∣∣∣
∫
Ii

e−ıξi·xi dξi

∣∣∣∣∣∣ = 2
|xi|
∣∣ sin((bi − ai)xi/2)

∣∣ � 2 min
(
bi − ai

2 ,
1
|xi|

)

and so

ϕ∗
i (ti) �

4
(bi − ai)1/pi

min
(
bi − ai

2 ,
1
ti

)
� 2t−1/p′

i
i .

Using the Hardy–Littlewood–Pólya inequality for rearrangements (see, e.g., [5, p. 7])

∞∫
−∞

g(x)ϕ(x) dx �
∞∫
0

g∗(t)ϕ∗(t) dt

n-times, we conclude that

‖FNf‖Np′,∞
� 2d

∞∫
0

t
−1/p′

d

d

⎛⎝· · · ∞∫
0

t
−1/p′

j1
j1

f∗j1 (·, tj1 , ·)
dtj1
tj1

· · ·

⎞⎠∗jd

tjd

dtjd
tjd

= 2d ‖· · · ‖f‖Lpj1 ,1
· · · ‖Lpjd

,1 = 2d ‖f‖(Lpj1 ,1,...,Lpjd
,1) .

Using this inequality for 1 < p0 < p < p1 < ∞ and Lemma 2, we derive that

‖FNf‖Np′,q
� ‖f‖L∗

p,q
.

Setting p = pi = qi, i = 1, ..., n in (29), we immediately obtain inequality (30). �
4. Proofs of Theorems 1 and 2

First we prove the following lemmas.

Lemma 3. For a locally integrable function f and for I = I1 × ... × Id ∈ M with |Ii| � ti, 
we have

1
t1 · · · td

∣∣∣∣∣∣
∫
I

f(x) dx

∣∣∣∣∣∣ � Cd f
( t1

2 , · · · , td2 ).

Proof. Let I = I1 × ... × Id = I1 × I ′, where I ′ ⊂ Rn−1. Consider a corresponding 
rectangular parallelepiped J1 × I ′, where J1 is defined as follows.

If |I1| � t1
2 , then define J1 := I1. In other cases, let I1 = [a, b], |I1| = b − a < t1

2 and 
Q1 = [a, a + t1]. If
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∣∣∣∣∣∣
∫

I1×I′

f(x)dx

∣∣∣∣∣∣ � 2

∣∣∣∣∣∣
∫

Q1×I′

f(x)dx

∣∣∣∣∣∣ ,
then set J1 := Q1. If ∣∣∣∣∣∣

∫
I1×I′

f(x)dx

∣∣∣∣∣∣ > 2

∣∣∣∣∣∣
∫

Q1×I′

f(x)dx

∣∣∣∣∣∣ ,
then set J1 := [b, a + t1]. Hence,∣∣∣∣∣∣

∫
J1×I′

f(x)dx

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫

Q1×I′

f(x)dx−
∫

I1×I′

f(x)dx

∣∣∣∣∣∣
�

∣∣∣∣∣∣
∫

I1×I′

f(x)dx

∣∣∣∣∣∣−
∣∣∣∣∣∣
∫

Q1×I′

f(x)dx

∣∣∣∣∣∣ � 1
2

∣∣∣∣∣∣
∫

I1×I′

f(x)dx

∣∣∣∣∣∣ .
Taking into account that t � |J1| � t1

2 , we derive that

∣∣∣∣∣∣
∫

I1×I′

f(x)dx

∣∣∣∣∣∣ � 2

∣∣∣∣∣∣
∫

J1×I′

f(x)dx

∣∣∣∣∣∣ .
In this way, in n steps, we get the parallelepiped J = J1× ... ×Jd such that ti2 � |Ji| � ti
and ∣∣∣∣∣∣

∫
I

f(x)dx

∣∣∣∣∣∣ � 2d
∣∣∣∣∣∣
∫
J

f(x)dx

∣∣∣∣∣∣ .
Finally, we have

1
t1 · · · td

∣∣∣∣∣∣
∫
I

f(x) dx

∣∣∣∣∣∣ � 2d 1
t1 · · · td

∣∣∣∣∣∣
∫
J

f(x) dx

∣∣∣∣∣∣ � 2d f
( t1

2 , · · · , td2 )

which shows the lemma. �
Lemma 4. For a locally integrable function f satisfying

∞∑
. . .

∞∑
f(2m1 , . . . , 2md) < ∞,
md=1 m1=1
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for any k ∈ Zd and ε ∈ E, there holds

sup
2ki�|ti|�2ki+1

i=1,··· ,n

|Hεf(t)| � 2d
∞∑

md=kd

. . .
∞∑

m1=k1

f(2m1−1, . . . , 2md−1).

Proof. For t ∈ Rd, the operator Hε can be represented as

Hεf(t) =
∞∫
0

. . .

∞∫
0

f(t1ε1 + x1 sgn t1, . . . , tdεd + xd sgn td)
d∏

i=1
ψi,εi(xi)dx,

with

ψi,0(xi) =
{

1
ti
, if 0 � xi � |ti|,

0, if xi > |ti|,
and ψi,1(xi) = 1

|ti| + xi
.

Let 2ki � |ti| < 2ki+1, i = 1, . . . , n, then

Hεf(t) =
∞∑

md=kd

. . .

∞∑
m1=k1

2md+1−2kd∫
2md−2kd

. . .

2m1+1−2k1∫
2m1−2k1

f(t1ε1 + x1 sgn t1, . . . , tdεd + xd sgn td)
d∏

i=1
ψi,εi(xi)dx.

Then the mean value theorem gives

Hεf(t) =
∞∑

md=kd

. . .

∞∑
m1=k1

d∏
i=1

ψi,εi(2mi − 2ki)
∫
Im

f(x)dx,

where Im = Im1 × . . .× Imd
is a parallelepiped such that |Imi

| � 2mi . Since

ψi,εi(2mi − 2ki) � 2−mi (i = 1, . . . , n),

Lemma 3 completes the proof:

|Hεf(t)| =

∣∣∣∣∣∣
∞∑

md=kd

. . .

∞∑
m1=k1

d∏
i=1

ψi,εi(2mi − 2ki)
∫
Im

f(x)dx

∣∣∣∣∣∣
�

∞∑
md=kd

. . .

∞∑
m1=k1

2−m1−...−md

∣∣∣∣∣∣
∫
Im

f(x)dx

∣∣∣∣∣∣
� 2d

∞∑
. . .

∞∑
f(2m1−1, ..., 2md−1). �
md=kd m1=k1
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Lemma 5. Let 0 < p < ∞ and 0 < q � ∞. Then for any Cauchy sequence {fm}m from 
Np,q and any ε ∈ E there exists the limit

lim
m→∞

(Hεfm)(t), t ∈ Rd.

Proof. Let {fn}∞n=1 be a Cauchy sequence in Np,q. Let ε > 0, there exists N such that 
for m > N and r ∈ N one has

‖fm − fm+r‖Np,q
< ε. (32)

Then, by Np,q ↪→ Np,∞, we derive that

sup
e∈M

1
|e|

1
p′

∣∣∣∣∣∣
∫
e

(fm − fm+r) dμ

∣∣∣∣∣∣ � ε, m > N.

Thus, for any e ∈ M , 
{∫

e
fmdμ
}∞
m=1 is the Cauchy sequence, which implies that there 

exists

lim
n→∞

∫
e

fmdμ. (33)

Since fm ∈ Np,q, Lemma 1 yields that

∞∑
md=1

. . .
∞∑

m1=1
f(2m1 , ..., 2md) < ∞.

Let t ∈ Rd and 2ki � ti < 2ki+1. By Lemma 4, there is N such that

| (Hε(fm − fm+r)) (t)| � 2d+1
N∑

md=kd−1

. . .
N∑

m1=k1−1

(fm − fm+r)(2m1 , ..., 2md).

From the definition of f(t1, ..., td), there are Qm ∈ M satisfying

| (Hε(fm − fm+r)) (t)| � 2d+2
N∑

md=kd−1

. . .
N∑

m1=k1−1

1
|Qm|

∣∣∣∣∣∣
∫

Qm

fm(x) − fm+r(x)dx

∣∣∣∣∣∣ .
Finally, taking into account that the limit (33) exists, the sequence {(Hεfm) (t)}m is a 
Cauchy sequence and, therefore, convergent. �
Proof of Theorem 1. Denote 1

p = α + 1
r . Then we have that 1 < p � r and β = 1

p′ − 1
q . 

Let ∗ = (j1, j2, ..., jd) be a permutation of (1, 2, ..., d). Due to the embedding L∗
p,r ⊂ L∗

p,q, 
taking into account 1 − 1 � 0 and condition (9), we have
p r
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‖f‖L∗
p,q

� ‖f‖L∗
p,r

=

⎛⎝∫
Rd

(
(|t1| . . . |td|)

1
p− 1

r f∗j1 ...∗jd (t)
)r

dt

⎞⎠1/r

. (34)

By Theorem 3 and (34),

‖FNf − FN+rf‖Np′,q

�

⎛⎝∫
Rd

(
(|t1| . . . |td|)α|(fχQN+r\QN

)(t)|
)r

dt

⎞⎠1/r

→ 0 as N → +∞.

Thus, {FNf} is a Cauchy sequence in Np′,q, and using Lemma 5, there exists

lim
N→+∞

(HεFNf)(t).

Discretizing the integral yields∫
Rd

(
(|t1| . . . |td|)β |(HεFNf) (t)|

)q
dt

=
∑
δ∈E

∫
Rd

(
(|t1| . . . |td|)

1
p′ −

1
q
∣∣(HεFNf) ((−1)δ1t1, . . . , (−1)δdtd)

∣∣)q dt

=
∑
δ∈E

∞∑
kd=−∞

. . .

∞∑
k1=−∞

2kd+1∫
2kd

. . .

2k1+1∫
2k1

(
(|t1| . . . |td|)

1
p′ −

1
q
∣∣(HεFNf) ((−1)δ1t1, . . . , (−1)δdtd)

∣∣)q dt.

Using Lemmas 4, 1, Theorem 3 and (34), we continue as follows:∫
Rd

(
(|t1| . . . |td|)β |(HεFNf) (t)|

)q
dt

�
∞∑

kd=−∞
. . .

∞∑
k1=−∞

(
2

k1+...+kd
p′

∞∑
md=kd−1

. . .
∞∑

m1=k1−1

FNf(2m1 , . . . , 2md)
)q

� ‖FNf‖qNp′,q
� ‖f‖qL∗

p,q
.

Now (10) follows from (34) and from Fatou’s lemma.
If, additionally, (11) holds, then we can use the Hardy–Littlewood–Pólya inequality 

for rearrangements (see, e.g., [5, p. 7])
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∞∫
0

g∗(t) 1
(1/ϕ)∗(t) dt �

∞∫
−∞

g(x)ϕ(x) dx

to obtain⎛⎝∫
Rd

(
(|t1| . . . |td|)

1
p− 1

r f∗j1 ...∗jd (t)
)r

dt

⎞⎠1/r

�

⎛⎝∫
Rd

((|t1| . . . |td|)α|f(t)|)r dt

⎞⎠1/r

< ∞,

which completes the proof. �
Proof of Theorem 2. Since by (24), Hε in bounded on Ls for 1 < s < ∞, we have

〈Hεf, g〉 = 〈f,H1−εg〉 (35)

for f ∈ Ls and g ∈ S. Suppose now that f satisfies condition (15). Then, by Remark 1, 
f ∈ Lloc

s for some 1 < s < min(r, 2) and so FNf ∈ Ls′ . Thus (35) can be applied for 
FNf .

Let us introduce the weighted Lebesgue space Lq(Rd, β) by the norm

‖f‖Lq(β) :=

⎛⎝∫
Rd

(
(|t1| . . . |td|)β |f(t)|

)q
dt

⎞⎠1/q

.

Since the Schwartz space S is dense in Lq′(−β), we have

‖HεFNf‖Lq(β) = sup
‖g‖L

q′ (−β)�1
〈HεFNf, g〉

= sup
‖g‖L

q′ (−β)�1
〈FNf,H1−εg〉 = sup

‖g‖L
q′ (−β)�1

〈fχQN
, ̂H1−εg〉,

where g ∈ S. Now we show that ̂H1−εg = Hεĝ. It is enough to prove this for one 
dimension and for the operator H. Indeed, since Hg ∈ Ls for a given 1 < s � 2,

Ĥg(y) = lim
N→∞

FN (Hg)(y) = lim
N→∞

∫
QN

1
x

x∫
0

g(z) dz e−ixy dx

= lim
N→∞

∫
QN

1∫
0

g(ξx) dξ e−ixy dx

= lim
N→∞

1∫ ∫
g(ξx) e−ixy dx dξ
0 QN
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=
1∫

0

∫
R

g(ξx) e−ixy dx dξ, (36)

where the limit denotes the Ls′-limit. The last equation comes from∥∥∥∥∥∥
1∫

0

⎛⎝∫
R

−
∫

QN

⎞⎠ g(ξx) e−ix· dx dξ

∥∥∥∥∥∥
s′

�
1∫

0

∥∥∥∥∥∥
⎛⎝∫

R

−
∫

QN

⎞⎠ g(ξx) e−ix· dx

∥∥∥∥∥∥
s′

dξ → 0 (37)

as N → ∞. Indeed, by Hausdorff-Young inequality,∥∥∥∥∥∥
⎛⎝∫

R

−
∫

QN

⎞⎠ g(ξx) e−ix· dx

∥∥∥∥∥∥
s′

=
∥∥∥ ̂GχR\QN

∥∥∥
s′
�
∥∥GχR\QN

∥∥
s
→ 0

as N → ∞ and ξ ∈ (0, 1), where G(x) := g(ξx). On the other hand∥∥GχR\QN

∥∥
s
� ‖G‖s = ξ−1/q ‖g‖s

which is integrable on (0, 1) with respect to ξ. Now Lebesgue dominated convergence 
theorem implies (37). Changing the variables in (36), we get that

Ĥg(y) =
1∫

0

∫
R

g(s) e−iys/ξ ds
dξ

ξ
=

1∫
0

ĝ(y/ξ) dξ
ξ

= Bĝ(y).

Using this and Hölder’s inequality, we arrive at

‖HεFNf‖Lq(β)

= sup
‖g‖L

q′ (−β)�1
〈fχQN

,Hεĝ〉

� sup
‖g‖L

q′ (−β)�1

∫
Rd

(|t1| . . . |td|)α |f(t)χQN
(t)| (|t1| . . . |td|)−α |Hεĝ(t)| dt

� sup
‖g‖L

q′ (−β)�1

⎛⎝∫
Rd

((|t1| . . . |td|)α |f(t)χQN
(t)|)r dt

⎞⎠1/r

⎛⎝∫
Rd

(
(|t1| . . . |td|)−α |Hεĝ(t)|

)r′
dt

⎞⎠1/r′

.

Now, by Theorem 1, there holds
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‖HεFNf‖Lq(β) �

⎛⎝∫
Rd

((|t1| . . . |td|)α |f(t)χQN
(t)|)r dt

⎞⎠1/r

.

Finally, the theorem follows from a density argument. �
5. Hardy spaces and atoms

Let us choose a one-dimensional Schwartz function φ such that 
∫
R φ dx 
= 0. Then we 

say that a tempered distribution f is in the product Hardy space Hp = Hp(R × · · · ×R)
(0 < p < ∞) if

‖f‖Hp
:=
∥∥∥∥ sup
t1>0,...,td>0

|(f ∗ (φt1 ⊗ · · · ⊗ φtd)|
∥∥∥∥
p

< ∞,

where ∗ denotes the convolution, φs(y) := s−1φ(y/s) (s > 0, y ∈ R) and

(φt1 ⊗ · · · ⊗ φtd) (x) :=
d∏

j=1
φtj (xj), x ∈ Rd.

It is known that different Schwartz functions yield equivalent norms. Moreover, Hp is 
equivalent to Lp for 1 < p < ∞. For more about Hardy spaces see [36,21].

By a dyadic interval we mean one of the form (k2−n, (k + 1)2−n). For each dyadic 
interval I let Ir (r ∈ N) be the dyadic interval for which I ⊂ Ir and |Ir| = 2r|I|. If 
R := I1 × · · · × Id is a dyadic rectangle, then set Rr := Ir1 × · · · × Ird .

For each dyadic interval I we define I :=
{
x ∈ R : |x| ∈

(
|I|−1,∞

)}
. Obviously, I ⊂ J

implies I ⊂ J . For a dyadic rectangle R = I1 × · · · × Id let R = I1 × · · · × Id. If F ⊂ Rd

is a measurable set, then let

F :=
⋃

R⊂F,R is dyadic
R.

It is clear that F1 ⊂ F2 implies F1 ⊂ F2.
Let us introduce the concept of simple p-atoms. A function a ∈ L2 is called a simple 

p-atom if there exist Ii ⊂ R dyadic intervals, i = 1, . . . , j for some 1 � j � d − 1, such 
that

(i) supp a ⊂ I1 × . . .× Ij ×A for some open bounded set A ⊂ Rd−j ,
(ii)

‖a‖2 � (|I1| · · · |Ij ||A|)1/2−1/p,
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(iii) ∫
R

a(x)xk
i dxi =

∫
A

a dλ = 0

for all i = 1, . . . , j, k = 0, . . . , N = �2/p − 3/2� and almost every fixed 
x1, . . . , xi−1, xi+1, . . . , xd.

If j = d − 1, we may suppose that A = Id is also a dyadic interval. Of course if a ∈ L2
satisfies these conditions for another subset of {1, . . . , d} than {1, . . . , j}, then it is also 
called simple p-atom.

Although not every function in Hp can be decomposed into simple p-atoms [10], the 
following result holds.

Lemma 6. Let η be a measure on the Lebesgue measurable sets of Rd satisfying

η(F ) � C|F | for all open bounded F ⊂ Rd. (38)

Let 0 < p � 1, V : Lq → Ls be a bounded linear operator for some 1 � q � 2, 1 � s � ∞
and

Tf(t) =

⎛⎝ d∏
j=1

tj

⎞⎠i

V f(t), t ∈ Rd, i = 0, 1.

Suppose that there exist η1, . . . , ηd > 0 such that for every simple p-atom a and for every 
r1 . . . , rd ∈ P , ∫

(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη � 2−η1r1 · · · 2−ηjrj , (39)

where I1 × . . .× Ij ×A is the support of a. If j = d − 1 and A = Id is a dyadic interval, 
then we also assume that∫

(
R\Ir1

1

)
×···×

(
R\Ird−1

d−1

)
∫
(
Id
)c |Ta|p dη � 2−η1r1 · · · 2−ηd−1rd−1 . (40)

If T is bounded from L2(Rd) to L2(Rd, η), then

‖Tf‖Lp(Rd,η) � ‖f‖Hp
, f ∈ Hp ∩ Lq. (41)

If limk→∞ fk = f in Hp-norm implies that limk→∞ V fk = V f in the sense of tempered 
distributions, then (41) holds for all f ∈ Hp.
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Note that Hp∩Lq is dense in Hp. We omit the proof because it is exactly the same as 
those of Theorems 3.6.12 and 1.8.1 in [41] (see also [39]). The only difference is that we 
have to apply (38). In [41], we supposed that F = F and η is the Lebesgue measure λ. For 
d = 2 and F = F , η = λ, the lemma was shown in Fefferman [14] in a different version. 
However, that version does not hold for higher dimensions. For d � 3, the present lemma 
is due to the last author [41]. Applying Lemma 6, we can prove Theorems 4 and 5.

6. Proofs of Theorems 4–6

Proof of Theorem 4. Let us introduce the measure

η(A) =
∫
A

d∏
j=1

t−2
j dt, A ⊂ Rd, (42)

and the operator

Tf(t) =

⎛⎝ d∏
j=1

tj

⎞⎠ f̂(t), t ∈ Rd.

We say that n = (n1, . . . , nd) ∈ Nd and m = (m1, . . . , md) ∈ Nd are incomparable if 
neither n � m nor m � n hold. Let us denote by Fn (n ∈ Zd) the set of all dyadic 
rectangles

I = (k12−n1 , (k1 + 1)2−n1) × · · · × (kd2−nd , (kd + 1)2−nd), k ∈ Nd.

For I ∈ Fn (n ∈ Zd), let

I0 = (0, 2−n1) × · · · × (0, 2−nd).

Since F is bounded, if I ⊂ F , I ∈ Fn is a dyadic rectangle, then n1, . . . , nd are bounded 
from below. Thus there are only finitely many dyadic rectangles I(j) ⊂ F , j = 1, . . . , N
such that I(j) ∈ Fn(j) and n(1), . . . , n(N) are incomparable vectors. It is easy to see that

I(j) = (2n
(j)
1 ,∞) × · · · × (2n

(j)
d ,∞), j = 1, . . . , N

and

F =
N⋃
j=1

I(j) =
N⋃
j=1

I
(j)
0 .

For I(j) ∈ Fn(j) , the union ∪N
j=1I

(j) has minimal measure if I(j) ∩ I(k) 
= ∅ for all j 
= k, 
more exactly,
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∣∣∣∣∣∣
N⋃
j=1

I
(j)
0

∣∣∣∣∣∣ �
∣∣∣∣∣∣
N⋃
j=1

I(j)

∣∣∣∣∣∣ .
Indeed, if I(j) ∩ I(k) 
= ∅, then the set I(j)

0 ∪ I
(k)
0 arises from the set I(j) ∪ I(k) (j 
= k) by 

a dyadic translation. By the same dyadic translation, we get I(j)
0 ∩ I

(k)
0 from I(j) ∩ I(k)

and the intersections have equal measures. If I(j)∩I(k) = ∅, then the set I(j)
0 ∪I

(k)
0 arises 

from the set I(j) ∪ I(k) (j 
= k) by two dyadic translations. The same holds for more 
than two dyadic rectangles. So the corresponding set to I(j)

0 ∩ I
(k)
0 is counted only once 

in the measure of the union ∪N
j=1I

(j)
0 and at most once in ∪N

j=1I
(j). By the substitution 

1/tj = xj ,

η(F ) = η

⎛⎝ N⋃
j=1

I
(j)
0

⎞⎠ =
∫

⋃N
j=1 I

(j)
0

d∏
j=1

t−2
j dt

=
∫

⋃N
j=1 I

(j)
0

1 dx =

∣∣∣∣∣∣
N⋃
j=1

I
(j)
0

∣∣∣∣∣∣ �
∣∣∣∣∣∣
N⋃
j=1

I(j)

∣∣∣∣∣∣ � |F |,

which is exactly (38).
Now we are going to prove (39). Choose a simple p-atom a with support R = I1 ×

. . .× Ij ×A for some open bounded set A ⊂ Rd−j and for some 1 � j � d − 1, where we 
may suppose that Ik = (0, 2−Kk) (Kk ∈ Z, k = 1, . . . , j). Note that

∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη =
2K1−r1∫

−2K1−r1

· · ·
2Kj−rj∫

−2Kj−rj

∫
A

(|t1| · · · |td|)p−2 |â(t)|p dt.

By the definition of the atom,

|â(t)| =

∣∣∣∣∣∣∣
∫
I1

· · ·
∫
Ij

∫
A

a(x)
d∏

k=1

e−ıtkxk dx

∣∣∣∣∣∣∣
=

∣∣∣∣∣
∫
I1

· · ·
∫
Ij

∫
A

a(x)

(
j∏

k=1

(
e−ıtkxk −

N∑
i=0

(−ıtkxk)i

i!

))⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dx

∣∣∣∣∣
�
∫

· · ·
∫ ⎛⎝ j∏

k=1

∣∣∣∣∣∣e−ıtkxk −
N∑
j=0

(−ıtkxk)i

i!

∣∣∣∣∣∣
⎞⎠
I1 Ij
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∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj ,

where N = �2/p − 3/2�. Using Taylor’s formula,

|â(t)| � C

∫
I1

· · ·
∫
Ij

(
j∏

k=1

|tkxk|
)N+1

(43)

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj

� C

(
j∏

k=1

2−Kk

)N+1( j∏
k=1

|tk|
)N+1

∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj .

Then Np + 2p − 1 > 0 and∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη

�
(

j∏
k=1

2−Kk

)(N+1)p 2K1−r1∫
−2K1−r1

· · ·
2Kj−rj∫

−2Kj−rj

(
j∏

k=1

|tk|
)(N+1)p+p−2 ∫

A

⎛⎝ d∏
k=j+1

|tk|

⎞⎠p−2

⎛⎜⎝∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj

⎞⎟⎠
p

dt

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1 ∫
A

⎛⎝ d∏
k=j+1

|tk|

⎞⎠p−2

⎛⎜⎝∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj

⎞⎟⎠
p

dtj+1 · · · dtd.

By Hölder’s inequality,∫
(
R\Ir1

1

)
×···×

(
R\Irj

)
∫
A

|Ta|p dη
j



M. Dyachenko et al. / Journal of Functional Analysis 284 (2023) 109776 27
�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1
⎛⎜⎝∫

A

⎛⎝ d∏
k=j+1

|tk|

⎞⎠−2

dtj+1 · · · dtd

⎞⎟⎠
(2−p)/2

⎛⎜⎝∫
A

⎛⎜⎝∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj

⎞⎟⎠
2

dtj+1 · · · dtd

⎞⎟⎠
p/2

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1

η
(
A
)(2−p)/2

⎛⎜⎝∫
A

⎛⎜⎝∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj

⎞⎟⎠
2

dtj+1 · · · dtd

⎞⎟⎠
p/2

.

In the next step, we use Hölder’s inequality and Plancherel’s theorem and (38) to obtain

∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1

|A|(2−p)/2

(
j∏

k=1

|Ik|
)p/2

⎛⎜⎝∫
A

∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣
2

dx1 · · · dxj dtj+1 · · · dtd

⎞⎟⎠
p/2

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p/2−1

|A|1−p/2

⎛⎜⎝∫
A

∫
I1

· · ·
∫
Ij

∣∣∣∣∣∣
∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıtkxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣
2

dx1 · · · dxj dtj+1 · · · dtd

⎞⎟⎠
p/2

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p/2−1

|A|1−p/2

⎛⎜⎝∫
I1

· · ·
∫
Ij

∫
A

|a(x)|2 dx

⎞⎟⎠
p/2

.

Taking into account (ii) of the definition of the atom, we conclude
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∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη �
(

j∏
k=1

2−rk

)Np+2p−1

.

Since Np + 2p − 1 > 0, (39) holds.
To prove (40), we obtain∫

(
R\Ir1

1

)
×···×

(
R\Ird−1

d−1

)
∫

R\Id

|Ta|p dη

=
2K1−r1∫

−2K1−r1

· · ·
2Kd−1−rd−1∫

−2Kd−1−rd−1

2Kd∫
−2Kd

(|t1| · · · |td|)p−2 |â(t)|p dt.

where Id = (0, 2−Kd) (Kd ∈ Z). Similarly to (43),

|â(t)| =

∣∣∣∣∣∣
∫
I1

· · ·
∫
Id

a(x)
d∏

k=1

(
e−ıtkxk −

N∑
i=0

(−ıtkxk)i

i!

)
dx

∣∣∣∣∣∣
� C

∫
I1

· · ·
∫
Id

(
d∏

k=1

|tkxk|
)N+1

|a(x)| dx

�
(

d∏
k=1

2−Kk

)N+1( d∏
k=1

|tk|
)N+1( d∏

k=1

|Ik|
)1/2⎛⎝∫

I1

· · ·
∫
Id

|a(x)|2 dx

⎞⎠1/2

�
(

d∏
k=1

|tk|
)N+1( d∏

k=1

2−Kk

)N+2−1/p

. (44)

Hence, ∫
(
R\Ir1

1

)
×···×

(
R\Ird−1

d−1

)
∫

R\Id

|Ta|p dη

�
(

d∏
k=1

2−Kk

)Np+2p−1 2K1−r1∫
−2K1−r1

· · ·
2Kd−1−rd−1∫

−2Kd−1−rd−1

2Kd∫
−2Kd

(
d∏

k=1

|tk|
)(N+1)p+p−2

dt

�
(

d−1∏
k=1

2−rk

)Np+2p−1

.
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If limk→∞ fk = f in Hp-norm, then the convergence holds also in the sense of tem-
pered distributions and then limk→∞ f̂k = f̂ in the sense of tempered distributions. By 
Lemma 6, this completes the proof of Theorem 4. �
Proof of Theorem 5. The proof is similar but slightly more advanced than that of The-
orem 4. We use the measure defined in (42) and introduce the operator

Tf(t) =

⎛⎝ d∏
j=1

tj

⎞⎠Hf̂(t), t ∈ Rd.

Inequality (43) implies that

|Hâ(t)| � C

(
j∏

k=1

2−Kk

)N+1( j∏
k=1

|tk|
)N+1⎛⎝ d∏

k=j+1

|tk|

⎞⎠−1 |tj+1|∫
0

· · ·
|td|∫
0

∫
I1

· · ·
∫
Ij∣∣∣∣∣∣

∫
A

a(x)

⎛⎝ d∏
k=j+1

e−ıukxk

⎞⎠ dxj+1 · · · dxd

∣∣∣∣∣∣ dx1 · · · dxj duj+1 · · · dud

= C

(
j∏

k=1

2−Kk

)N+1( j∏
k=1

|tk|
)N+1

∫
I1

· · ·
∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj ,

where

Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td) :=
∫

Rd−j

a(x)
d∏

k=j+1

e−ıtkxk dxj+1 . . . dxd

and

Hj+1,...,df(x1, . . . , xj , tj+1, . . . , td)

:= 1
tj+1 · · · td

tj+1∫
0

· · ·
td∫

0

f(x1, . . . , xj , uj+1, . . . , ud) duj+1 · · · dud,

(tk 
= 0, k = j + 1, . . . , d). Then∫
(
R\Ir1

1

)
×···×

(
R\Irj

)
∫
A

|Ta|p dη
j
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=
2K1−r1∫

−2K1−r1

· · ·
2Kj−rj∫

−2Kj−rj

∫
A

(|t1| · · · |td|)p−2 |Hâ(t)|p dt

�
(

j∏
k=1

2−Kk

)(N+1)p 2K1−r1∫
−2K1−r1

· · ·
2Kj−rj∫

−2Kj−rj

(
j∏

k=1

|tk|
)(N+1)p+p−2

∫
A

⎛⎝ d∏
k=j+1

|tk|

⎞⎠p−2

⎛⎜⎝∫
I1

· · ·
∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj

⎞⎟⎠
p

dt

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1 ∫
A

⎛⎝ d∏
k=j+1

|tk|

⎞⎠p−2

⎛⎜⎝∫
I1

· · ·
∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj

⎞⎟⎠
p

dtj+1 · · · dtd.

By Hölder’s inequality,

∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p−1⎛⎝∫
A

d∏
k=j+1

|tk|−2 dtj+1 · · · dtd

⎞⎠(2−p)/2

⎛⎝∫
A

⎛⎝∫
I1

· · ·

∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj

⎞⎟⎠
2

dtj+1 · · · dtd

⎞⎟⎠
p/2

�
(

j∏
2−rk

)Np+2p−1( j∏
2Kk

)p−1

η
(
A
)(2−p)/2
k=1 k=1
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⎛⎝∫
A

⎛⎝∫
I1

· · ·

∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj

⎞⎟⎠
2

dtj+1 · · · dtd

⎞⎟⎠
p/2

.

(45)

Taking into account (24) and Plancherel’s theorem, we conclude that

∫
A

⎛⎜⎝∫
I1

· · ·
∫
Ij

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)| dx1 · · · dxj

⎞⎟⎠
2

dtj+1 · · · dtd

� |I1| · · · |Ij |
∫
I1

· · ·
∫
Ij

∫
Rd−j(

Hj+1,...,d|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)|
)2

dtj+1 · · · dtd dx1 · · · dxj

� C|I1| · · · |Ij |
∫
I1

· · ·
∫
Ij

∫
Rd−j

|Fj+1,...,da(x1, . . . , xj , tj+1, . . . , td)|2 dtj+1 · · · dtd dx1 · · · dxj

� C|I1| · · · |Ij |
∫
I1

· · ·
∫
Ij

∫
A

|a(x)|2 dx.

Substituting this into (45) and using (38), we can see that∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη

�
(

j∏
k=1

2−rk

)Np+2p−1( j∏
k=1

2Kk

)p/2−1

|A|1−p/2

⎛⎜⎝∫
I1

· · ·
∫
Ij

∫
A

|a(x)|2 dx

⎞⎟⎠
p/2

� 2
(

j∏
k=1

2−rk

)Np+2p−1

.

Using (44), we remark that

|Hâ(t)| �
(

d∏
|tk|
)N+1( d∏

2−Kk

)N+2−1/p

.

k=1 k=1
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Hence, the estimate∫
(
R\Ir1

1

)
×···×

(
R\Irj

j

)
∫
A

|Ta|p dη

=
2K1−r1∫

−2K1−r1

· · ·
2Kd−1−rd−1∫

−2Kd−1−rd−1

2K3∫
−2K3

(|t1| · · · |td|)p−2 |Hâ(t)|p dt

�
(

d∏
k=1

2−Kk

)Np+2p−1 2K1−r1∫
−2K1−r1

· · ·
2Kd−1−rd−1∫

−2Kd−1−rd−1

2K3∫
−2K3

(|t1| · · · |td|)(N+1)p+p−2 dt

�
(

d−1∏
k=1

2−rk

)Np+2p−1

can be proved as in Theorem 4. Since V f := Hf̂ is bounded from Lq to Lq′ for all 
1 � q � 2, Lemma 6 finishes the proof. �

Let us denote by BMO the dual space of H1 (see [10]). Note that this space is 
different from the usual BMO(Rd) space, that is the dual of H1(Rd) (see Fefferman and 
Stein [15]). Similarly to Theorem 2, by a duality argument, one can obtain the following 
corollary.

Corollary 1. If f ∈ Lloc
1 and

sup
t∈Rn

(|t1| . . . |td| |f(t)|) < ∞,

then, for all N ∈ N,

‖FNf‖BMO � sup
t∈Rn

(|t1| . . . |td| |f(t)|), (46)

where FNf was defined in (3).

Note that inequality (27) implies that

‖HFNf‖BMO � sup
t∈Rn

(|t1| . . . |td| |f(t)|).

Note that the similar result to (46) for Walsh-Fourier coefficients of one-dimensional 
functions was proved by Ladhawala [27]. Moreover, for the Fourier series f(x) ∼∑∞

n=0 ade
ınx with non-negative coefficients an the corresponding result follows from a 

characterization of BMO due to Fefferman (see [35]).
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Proof of Theorem 6. We use the original version of Lemma 6, with i = 0, η the Lebesgue 
measure and F = F . It is easy to see that if a is a simple p-atom with support R (a 
dyadic rectangle), then suppHa ⊂ R. This means that the integrals in (39) and (40) are 
0. Since H is bounded on Lq for all 1 < q < ∞, Lemma 6 completes the proof. �

It is known that the operator B is not bounded from BMO to BMO (see Golubov 
[19]) but the following weaker result holds true.

Corollary 2. If f ∈ L∞
⋂⋃

1�q<∞ Lq, then

‖Bf‖BMO � C ‖f‖∞ .

Proof. Since B in bounded on Lq for 1 � q < ∞, we have

〈Bf, g〉 = 〈f,Hg〉,

where g ∈ S. We have by Theorem 6,

‖Bf‖BMO = sup
‖g‖H1

�1
〈Bf, g〉 = sup

‖g‖H1
�1

〈f,Hg〉

� sup
‖g‖H1

�1
‖f‖∞‖Hg‖1 � C‖f‖∞. �

However, the operator H is bounded on BMO.

Corollary 3. If f ∈ BMO
⋂⋃

1<q�∞ Lq, then

‖Hf‖BMO � C ‖f‖BMO .

Proof. Inequality (28) implies that

‖Hf‖BMO = sup
‖g‖H1

�1
〈Hf, g〉 = sup

‖g‖H1
�1

〈f,Bg〉

� sup
‖g‖H1

�1
‖f‖BMO‖Bg‖H1 � C‖f‖BMO,

where g ∈ S. In the second equality we used that H in bounded on Lq for 1 < q � ∞. �
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Appendix A. Carleman-type result for Fourier transform

Example. There is a continuous function F from ∩p>1Lp(R) such that F̂ /∈ Lp, p < 2
and ∫

R

|x|p−2|F̂ (x)|pdx = ∞, p > 2.

Indeed, define

g(x) =
∞∑

n=0

εn√
n + 1 ln2(n + 2)

χ(n− 1
2 ,n+ 1

2 )(x),

where {εn}∞n=0 is the Rudin–Shapiro sequence.
First, it is easy to see that g ∈ L2(R), g /∈ Lp(R), 1 < p < 2, and 

∫
R |x|p−2|g(x)|pdx =

∞, p > 2. Second,

n+ 1
2∫

−n− 1
2

e−itxg(x)dx =
2 sin t

2
t

n∑
k=0

e−iktεk√
k + 1 ln2(k + 2)

=: h(t)fn(t).

Applying Abel’s transformation, we obtain

fn(t) =
n−1∑
k=0

( 1√
k + 1 ln2(k + 2)

− 1√
k + 2 ln2(k + 3)

)
k∑

r=0
e−irtεr

+ 1√
n + 1 ln2(n + 2)

n∑
r=0

e−irtεr =:
n−1∑
k=0

akPk(t) + 1√
n + 1 ln2(n + 2)

Pn(t).

Since |Pk(t)| � 5
√
k + 1 and ak � C

(k+1)
√
k+1 ln2(k+2) , we have that fn → f uniformly, 

where f is continuous and bounded on R, and ĝ = hf ∈ Lp(R) for any 1 < p < ∞. 
Finally, we put F := ĝ.
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