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—— Abstract

We prove a strengthening of the trickle down theorem for partite complexes. Given a (d + 1)-partite
d-dimensional simplicial complex, we show that if “on average” the links of faces of co-dimension 2
are %—(one—sided) spectral expanders, then the link of any face of co-dimension k is an O(lk;(;s)—
(one-sided) spectral expander, for all 3 < k < d + 1. For an application, using our theorem as
a black-box, we show that links of faces of co-dimension k in recent constructions of bounded
degree high dimensional expanders have spectral expansion at most O(1/k) fraction of the spectral

expansion of the links of the worst faces of co-dimension 2.
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1 Introduction

A simplicial complex X on a finite ground set [n] = {0,...,n} is a downwards closed collection
of subsets of [n], i.e. if 7 € X and ¢ C 7, then ¢ € X. The eclements of X are called faces,
and the maximal faces are called facets. We say that a face 7 is of dimension k if |7| = k + 1
and write dim(7) = k. A simplicial complex X is a pure d-dimensional complex if every facet
has dimension d. In this paper, all simplicial complexes are assumed to be pure. Given a
d-dimensional complex X, for any 0 < 4 < d, define X (i) = {7 € X : dim(7) = i}. Moreover,
the co-dimension of a face 7 € X is defined as codim(7) = d — dim(7). For a face 7 € X,
define the link of T as the simplicial complex X, = {o\7:0 € X,0 D 7}. Note that X is a
(codim(7) — 1)- dimensional complex.

A (d+ 1)-partite complex is a a d-dimensional complex such that X (0) can be (uniquely)
partitioned into sets To U - - - U Ty such that for every facet 7 € X (d), we have |[TNT;| =1
for all ¢ € [d]. The type of any face 7 € X is defined as type(r) = {i € [d] : |[TNT;| = 1}.
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We equip X with a probability distribution 7 supported on all facets of X and we denote
this pair by (X, 7). For a face 7 € X, 7 induces a conditional distribution 7, on facets of
X, where for each facet 0 € X,

B m(ocUT)
Zfacct o'eX, 77(0’ U T) )

For each face 7 of co-dimension at least 2 the 1-skeleton of (X,, ;) is a weighted graph
with vertices X, (0), edges X, (1), and edge weights given by P, [{x,y} C o] for each edge
{z,y}. Note that when 7 is of co-dimension 2, the complex (X, ;) is itself a weighted
graph. We say that a complex X is totally connected if the 1-skeleton of the link of any face
7 of co-dimension at least 2 is connected.

(o)

» Definition 1 (Local Spectral High Dimensional Expander). We say that the link of a face T
of co-dimension at least 2 of a d-dimensional (weighted) complex (X, 7) is a A-(one sided)
spectral expander if the second largest eigenvalue of the simple random walk on the 1-skeleton
of (X, m;) is at most A. We say that (X, 7) s a (y2,73, - .., Va+1)-local spectral expander if
the link of any face T of co-dimension at least 2 is a Yeodim(r)-spectral expander. When the
complex (X, 7) is clear in the context, for an integer 2 < k < d+ 1, we write v to denote
the largest 2nd eigenvalue of the simple random walk on the 1-skeleton of all links of faces of
co-dimension k of the complex.

Over the last few years, the study of local spectral high dimensional expanders (HDX) has
revolutionized several areas of Math and theoretical computer science, namely in analysis of
Markov chains [4, 3, 6, 1], coding theory [9], and elsewhere [2, 11, 10]. One can generally divide
the family of HDXes studied in recent works into two groups: (i) Dense Complexes. Here, we
have a HDX with exponentially large number of facets, i.e., | X (0)|¢
these objects in studying Markov Chain Monte Carlo technique where we use a Markov
Chain to sample from an exponentially large probability distribution. Perhaps the simplest
such family is the complex of all independent sets of a matroid. (ii) Sparse/Ramanujan
Complexes. Here we have a HDX where every vertex (of X (0)) only appear in constant
number of facets, independent of | X (0)|. See, [15, 13, 17] for explicit constructions. These
objects have been useful in constructing double samplers [11], agreement testers [8, 7], or
locally testable codes [9].

One of the main aspects of local spectral expanders is their “local to global phenomenon”,
often referred to as the Garland’s method or the trickle down theorem [18].

. One typically encounters

» Theorem 2 (Trickle Down Theorem). Given a totally connected complex (X, ), if o < 1%5

for some 0 < § <1, then’ykgdf(k%mg%forall2§k§d.

The trickle down theorem has found numerous applications in proving bounds on local
spectral expansion of simplicial complexes. To invoke the theorem one needs to inspect all
faces of co-dimension 2 to find the worst 2nd eigenvalue. If we get lucky and this number
is below 1/d, then, the trickle down theorem kicks in and inductively bounds the spectral
expansion of all links of the complex.

There are, however, two pitfalls for the theorem: i) The required bound on 7, is too
small and often not satisfiable. In particular, for many dense complexes in counting and
sampling applications that satisfy v, = O(1/k) for k > Q(d) (see e.g., [3, 6]), the links of
faces of co-dimension 2 are only ©(1)-spectral expanders. ii) Even if 75 < 1/d, the trickle
down theorem only implies v ~ s, i.e., 7, does not increase too much as k increases. This
is in contrast with the fact that, for many dense complexes, one can observe a steep decrease
in spectral expansion as the co-dimension increases, i.e., 1, < 72/k.
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Such a decrease has not been known for any sparse complex. This led some experts to
conjecture that, perhaps, dense and sparse complexes exhibit a different pattern of local
spectral expansion; in particular, unlike dense HDX, local spectral expansion does not decay
for sparse complexes.

In this paper, we prove a generalization of the trickle down theorem for partite complexes
that shows that even if 75 = ©(1), but “on average” the links of faces of co-dimension 2 are
< 1/d-spectral expanders, then we have v, < O(1/k) for all 3 < k < d+ 1. Surprising to us,
our average condition is satisfied by some recent construction of (sparse) bounded degree
high dimensional expanders [13, 17]. In particular, as we explain below, one can use our
theorem to prove a significantly better local spectral expansion for the Kaufman-Opennheim
construction in a black-box manner.

1.1 Main Contribution

We start by stating two special cases of our theorem. We need the following definition.
» Definition 3. Given a (d+ 1)-partite complex (X, ) with parts [d], for every i € [d], define
Ax,m (i) = [{je[d\i: 37 of type(r) = [d] \ {i,j} s.t. Ao(Pr) > 0},

i.e. Ax,x (i) is the number of parts j # i for which there exists a face of type [d] \ {1, j}
whose link is not a 0-spectral expander. Moreover, define A(x ) = maX;eq A(x,x)(i). We
drop the subscripts (X, m) when the complex is clear in the context.

» Theorem 4. Let (X, m) be a (d + 1)-partite (weighted) totally connected complex. For
some 0 < 6 < 1, assume that

<L d <1;5
=100 +ma) M PEATmA

Then, the link of any face T of co-dimension k of X has spectral expansion

1—§) etlnk ]
AOAHS k<A,

{C(;@ ifk> A,

for some constant ¢ < 2 that depends on §. .

Note that, for A = d, this theorem retrieves Theorem 2 up to a lower order term in the
condition on 7, and a constant in the bounds on local spectral expansions.

When A « d, this theorem is a significant improvement over Theorem 2. Roughly
speaking, this theorem says that, if the complex has many faces of co-dimension 2 whose links
are 0-expanders, one needs to satisfy a much weaker condition on v, to get O(1/k)-spectral
expansion for faces of co-dimension k. In other words, the faces of co-dimension 2 that have
perfect spectral expansion can compensate for faces of co-dimension 2 that have bad spectral
expansion.

Next, we state the second special case of our theorem. For every integers 1 < n,
let H,, = E?:l% be the n-th harmonic number. Moreover, for any 1 < ¢ < n define
H,(i)=>"_ 1 and let H,(0) = H,(1).

J=ij
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» Theorem 5. Let (X, 7) be a (d+ 1)-partite (weighted) totally connected complex. For any
distinct 1,7 € [d], let €f; j1 = MaX1.pype(r)=[d)\{i,;} A2(Pr) be the 2nd largest eigenvalue of the
simple random walk matrices on (X, ) for all 7 of type [d] \ {4,j}. For some 0 < <1,
assume that for every i € [d],

2
E{i,j} . Hd < TO,VJ 7é i and

d

Hy(l-1) 1-9
Do —g S i
=1
where jo...,ja is an ordering of [d] \ i such that eg; ;v < --- < €5,y Then, X is
(6(15_5) . C(zgé) )-local spectral expander for some constant ¢ < 2 that depends on §.

¢ Hg(e-1
We remark that for every any i € [d], 1 < 2o dd( ) <1+ %. So, roughly speaking, the
latter condition can be seen as Ej[eg; j1] < 122 for every i € [d], where the expectation is
weighted according to HdT('). This is an improvement over the stronger condition in Theorem 2.

Now, we state the main theorem.

» Theorem 6 (Main). Let (X, 7) be a (d+1)-partite (weighted) totally connected complex. For
any distinct i, j € [d], let €f; j3 = MaXr.type(r)=[d]\{i,j} A2(Pr) be the 2nd largest eigenvalue of
the simple random walk matrices on (X, ;) for all T of type [d]\ {i,j}. For some 0 < < 1,
assume that for every i € [d],

52

E’W #1 and (1)

€rigy Ha1 <
A(1)

Z €ligey " Haw-1(0—1)
=1

IN

1-94, (2)

where jo ..., jq is an ordering of [d] \ i such that ef; jo3 < --- < €g; ;3. Then, (the link of the

(1— 22
emptyset of) X is a °(1d§5) -expander for ¢ = 2((111%3)).

» Remark 7. If, for some 6 > 0, the conditions of the above theorem hold for a complex (X, 7),
then the conditions also hold for the same ¢ for all links (X,,7,) (of faces of co-dimension

at least 2). Therefore; this theorem implies that X is (C(lgé),...,c(ldg‘s))—local spectral
52
expander for ¢ = 2((111;)’ ). One can prove tighter bounds if they apply this theorem to any

link (X, 7,) individually and possibly use better bounds on Ax_  )(4).

Proof of Theorem 4. Fix a face 7 of co-dimension k. For brevity we abuse notation and
write A, denote A(x ). If & > A the statement follows from the above remark. In
particular, for any 4, j € [d]

62
€fijy Ha,—1 <72 Ha1 <92 - (1+InA) < —

— 107
AL (7)
Z E{iJz} . HAT(i)—l(g — 1) S ’}/Q(A + IHA) S 1 — 5
(=1

So, we can apply Theorem 6.
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Otherwise, to bound the spectral expansion of (X,,7,), let dpy =1 — (1 —9) fﬂﬁz > 9.
For 4,5 € [d]

62 Hy_y o
Ha 1 <79 - H — A S T
€y Ha, 1S 72 Hir < 101 +1nA) 55, 107

pay (1—8)(k + Ink)

et Ha - < k+lnk) < TR0 g
; A lei,uS727AT<i)§k%( ) A+InA g

Therefore, applying Theorem 6 to (X, 7, ), we obtain that (X, 7,) is a C(ll;;s’“)-expander. <

Applications to Graph Coloring

Consider a graph G = ([n], E) with degree function A : [n] — Z>¢ and maximum degree
A, paired with a collection of color lists {L(i)};c[n satisfying L(i) > A(i) + (1 4 n)A for
all i € [n] < T;’. We define the (n + 1)-partite
coloring complex X (G, L) specified by the following facets: {i,0(i)}ie[n) is a facet if and
only if ¢ is a proper L-coloring of G, i.e. o(i) € L(i) for each i € [n] and o(i) # o(j) if
{i,j} € E. It is not hard to see that if {i,7j} ¢ E, then ey; j; = 0. Moreover, if {i, j} € E,
then eg; j; < (1+177)A + (1+771)2A2 (see Theorem 4.4 in [1]). Once can verify that if we apply
the above theorem to the coloring complex X (G, L) with 6 = 3, we get that X (G, L) is a

(%, %, cee W)—local spectral expander, and thus the Glauber dynamics for sampling a
random proper coloring mixes in polynomial time. This retrieves (up to constants) a theorem

proved in [1].

Applications to Sparse High Dimensional Expanders

Kaufman and Oppenheim [13] obtained a simple construction of sparse (d + 1)-partite
complexes with |X(0)| > p° for any integer s > d and prime power p such that every
z € X(0) is in at most po(d ) many facets (hence the degree is independent of s). They
argued that for any non-consecutive pair of parts 1,7 €[d],ie,j#i+1andi+# j+1 (mod
d+1), we have ef; ;3 = 0 but ef; ;413 < == 5 for any i € [d] (i + 1 is taken modulo d + 1).
Consequently, A(¢) = 2 for any i € [d]. Then using Theorem 2, they show that the complex
is a (\/ﬁi(d%) yeeny \/57d72) -local spectral expander for p > (d — 2)2. Simply plugging in

these values into the above theorem, for § =1 — % and p > 193 (independent of d) the

assumptions of the theorem are satisfied. The resulting complex is (-2 -local

f—pcé,..., v f{s)
spectral expander for ¢ &~ 1.15. In other words, not only does the Kaufman-Opennheim
construction give a HDX for constant values of p independent of d, but also its local spectral
expansion improves inverse linearly with the co-dimension.

O’Donnell and Pratt [17] constructed (d + 1)-partite (sparse) high-dimensional expanders,
with unbounded dimension d, via root systems of simple Lie Algebras, namely families A, for
d>1, By ford> 2, Cyfor d> 3 and Dy for d > 4. For explicit descriptions of these root
systems, see e.g. [5, Sec. 3.6]. O’Donnell and Pratt [17] showed that, similar to the Kaufman-
Oppenheim construction, the resulting d-dimensional complex X satisfies |X (0)| > pOtm)
whereas every vertex is only in pe(d ) many facets and for any 4, j € [d], €, < \/7 Then,
using Theorem 2 they concluded that the complex is a ( 1 )-local

\p/2—d+17 T \/p/2 d+1

spectral expander. Upon further inspection of the explicit set of roots, one can verify that
A < 2 for complexes based on Ay, By, C4 root systems and A < 3 for the Dy root system.
Plugging in these values in the above theorem and setting § = 1 — 24/2/p for Ay, By, Cy4

10:5
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complexes and § = 1 —3.54/2/p for the Dy complex, if p > 376 for Ay, By, Cy complexes and

p > 729 for the D, complex, we get that these complexes are (%7 RN d%/lw)—local spectral

expander for some constant ¢/ > 1.

The well known Ramanujan complexes, also known as LSV complexes, are generalizations
of Ramanujan graphs that were introduced by Lubotsky, Samuels, and Vishne in [14] and
explicitly constructed in [16]. Any d-dimenssional LSV complex X that is ¢-thick for some
fixed prime power ¢ and d > 2 has a bounded degree (the number of facets that contain each
2 € X(0) only deponents on ¢ and d, and is constant in the size of the ground set n which
can be arbitrarily large) (e.g. see [12]). Moreover, the link of every proper face of type S
is a spherical building complex in which A(i) = [{j # i : €f; ;3 > 0} is at most 2 for every
i € [d] \ S. Furthermore, the worst expansion among links co-dimension 2 is Lq, for some
constant ¢ independent of ¢, d,n. So, there is a constant gy such that if ¢ > gy, Theorem 6

implies that the link of any (proper) face of X of co-dimension k is a m—spectral
a(d)

expander for some constant ¢’ > 0 independent of ¢, d, n. This improves over the bound NG
proved in [12], where C(d) > 2¢(d + 1)!.

1.2 Proof Overview

At a high-level, our proof builds on the matrix trickle down framework introduced in the work
of the authors with Liu [1]. The Oppenheim’s trickle down theorem follows from an inductive
argument that derives a bound on the second eigenvalue of the simple walk on 1-skeleton of
each link (X, 7;) using the largest second eigenvalue of the simple walk on the 1-skeleton
of links (X, m,/) for all faces 7/ D 7 of size |7| + 1. The reason that one has to take the
largest 2nd eigenvalue as opposed to the average in each inductive step is that the eigenspaces
of these simple walks are very different. The matrix trickle down framework overcomes
this issue by substituting the scalar bounds on the second eigenvalues with matrices that
upper bound the transition probability matrices of the simple walks on the 1-skeletons of
links. However, as opposed to Oppenhiem’s trickle down theorem, the matrix trickle down
framework cannot be applied in a black-box manner to bound the spectral expansion of
the 1-skeletons of all links only by bounding the spectral expansion of the 1-skeletons of
links of faces of co-dimension 2. The main result of this paper can be seen as applying the
matrix trickle down framework with a carefully chosen set of upper-bound matrices to prove
an improved trickle down theorem for partite complexes that can be applied in the same
black-box fashion, just known an “average” second eigenvalue.

Our technical contribution in this paper are twofold: First, we observe that for any two
disjoint sets of parts S, T C [d], if the links of all faces of co-dimension 2 whose types intersect
with both S, T are O-spectral expanders, then for any o € X of type S and 7 of type T" we get

Pyrlo Cnlr Cnl =Pyurfoc Cnl  and  Ppux[r Cnlo C ] =Pyuxlr C1l,

namely, the conditional distributions on these types are independent (see Lemma 18 for
details). This observation significantly simplifies invoking the Matrix trickle down framework.
Armed with this tool, we invoke the matrix trickle down theorem using a carefully chosen
family of (diagonal) matrices as the matrix bounds. These matrices are recursively defined
based on an “average” of the spectral expansions of the links of all faces of co-dimension 2,
See the proof of Theorem 6 for the construction of these matrices.
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2 Preliminaries

For any integer n > 0, let [n] = {0,...,n}. When it is clear from context, we write x to
denote a singleton {x}. Given a set S, we write v € RS and M € R%*S to respectively
denote a vector and a matrix indexed by S. Given a probability distributions p over a set S,
we may view p as a vector in Rio‘ For a n x n matrix M with eigenvalues A1, ..., \,, define
p(A) = maxi<i<n |Ail-

Graphs

Given a graph G = (V, E), for any v € V, let Ag(v) be the degree of v in G, and let Ag
be the maximum degree of G. Moreover, given a subset S C V, G[S] denotes the induced
subgraph of G on the set of vertices S. For any S C V, define Gg = G[V \ S]. For simplicity
of notation, when G is clear from context, we denote Ag(v) by A(v) for any v € V, and
for any S C V, we denote Agg(v) by Ag(v) for any v € V'\ S. Similarly, we denote the
maximum degree of G and Gg by A and Ag respectively. Moreover, when G is clear from
context, we write u ~ v if u, v are adjacent vertices in G and u ~g v if u,v € V'\ S and
U~ .

We say that a graph G = (V, E) paired with a weight function w : E — Rxg is e
expander if A\y(P) < ¢, where P € RV*V is the transition probability matrix of the simple

random walk on (G,w) defined as P(z,y) = % for any z,y € V. For such a

graph we write dy(z) = >_, _, w({z,y}) to denote the weighted degree of a vertex z and
vol(S) = >, cg dw(x) to denote the volume of a set S C V.

2.1 Linear Algebra

» Lemma 8 (Cheeger's Inequality). For any graph G = (V, E) with weights w : E — R>¢ and
any S CV,

wESS) . sas

min{vol(S), vol(S)} ~

where X\ is the second largest eigenvalue of the simple random walk on G

» Lemma 9 (Expander Mixing Lemma). Given a (weighted) graph G = (V, E,w), for any set
SCV,

2
VOUS)T _ 5 vol(8),

w(B(S)) ~ | <

where Ao is the second largest eigenvalue of the simple random walk on G.

2.2 Simplicial Complexes

We say that a simplicial complex X is gallery connected if for any face 7 of co-dimension at least
2 and any pair of facets 0,0’ of X, there is a sequence of facets of X, o0 = 0¢,01,...,00 = 7,
such that for all 0 <4 < ¥, |0;A0;41| = 2. It is shown in [18, Prop 3.6] that if X is totally
connected, then it is gallery connected.

» Lemma 10. Consider a totally connected (d + 1)-partite complex X with parts indexed by
[d]. For any S C [d], The induced subgraph of the 1-skeleton of X on vertices of type S is
connected.

10:7
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Proof. Take z,y of type i,7 € S and facets n,n’ such that x € n, y € '. Total connectivity
implies that there is a sequence = 11, ...,n; = 1’ such that n; N1 # @ forall 1 <7 <t—1.
Let o1 C my,...,01 C 1 be faces of type {4,j}. Then oy, ..., oy gives a path between x,y. <

Given a (weighted) complex (X, ), for integer —1 < ¢ < dim(X) — 1, 7 induces a
distribution m; on X (7),
1 .
Proc C 7] Voe X(i).

(dimi(i(l)+1) T~

mi(o) =

Let Pix,m),r € RX(0)xX(0) denote the transition probability matrix of the simple random
walk on the 1-skeleton of (X, n,) padded with zeros outside the X,(0) x X,(0) block, i.e.
Pix ) r(x,y) = 5 Porn, {2y} Co] for z,y € X-(0), and P(z,y) = 0 otherwise. When

weu 10y Pomm {2k Co]

the weighted compleGX (((.)5)(, ) is clear from context, we write Py to denote P(x ) ,. For any
7 of co-dimension at least 2, we define the diagonal matrix Il x ), € RX(OxX(0) a5 follows:
O x ), (2,2) = mr0(x) for x € X;(0), and Il x ) ,(z,2) = 0 otherwise. When (X, 7) is
clear from context, we write Il to denote I x r) .. Note that Il P, is a symmetric matrix.

Given a (d + 1)-partite complex,

we say that an © € X (0) is of type ¢ and write type(z) = ¢ if € T;. Similarly, the type
of a face 7 € X is defined as type(r) = {i € [d] : |t NT;| = 1}. The following facts hold for
weighted partite complexes.

» Observation 11. Consider a weighted (d + 1) partite complez (X, 7) and a face T of
co-dimension k > 1. We have km; o(x) = Proor, [z € o] for all z € X,(0).

» Observation 12. Consider a weighted (d + 1) partite complex (X, ) with parts indexed by

[d] and a face T of co-dimension k > 1. For anyi € [d], }_, i pe(z)=i PTo~n, [€ € 0] = 1.

The following definition is useful for proving the main theorem.

» Definition 13. For any (d + 1)-partite complex (X, ) with parts indexed by [d], define a
graph G x ry on the set of vertices [d], where any distinct i,j € [d] are adjacent in G(x x) if
there exists T of type [d] \ {i,7} such that the second eigenvalue of (X,, ;) is positive.

» Remark 14. For any (d + 1)-partite complex (X, 7) with parts indexed by [d], for every
i € [d], A(i) (see Definition 3) is the degree of i in graph G(x ) and A is the maximum
degree of G'(x r)-

Note that if codim(7) = k, the link X, is a k-partite complex with parts indexed by [d] \ S.
One can verify that given a face 7 of type S, the set of edges of G(x_ r, ) is a subset of the
edges of (G(x,r))s, i.e., the induced subgraph of G x ) on [d] \ S. When (X, 7) is clear from
context, we write G for G(x ) and G for (G(x r))s-

Product of Weighted Complexes

Given weighted complexes (Y7, u1),. .., (Ye, pe) defined on disjoint ground sets and of di-
mensions dy, . .., dy respectively, and a weighted complexes (X, 7) of dimension d, we write
(X,m) = (Y1i,p10) % === x (Yo, pe) if X(d) = {Uiepqm : 71 € Yi(dr),..., 70 € Ye(de)} and
T(UieiqTi) = [Liepq ni(mi) for all 7 € Yi(dy),...,7¢ € Yi(de). We denote the generating
polynomial of (X, 7) by gx ), i.e. gx,x) = ZTGX(d) 7(7) [[er 22- One can verify that
(X,m) = (X1, 1) X -+ x (Xg, ) if and only if gix,r) = g(x,,01) X = X 9(xp.00)- Note
that this is true because we assume that for any weighted simplicial complex, the given
distribution on facets is non-zero on all facets.
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Matrix Trickle Down Theorem
We use the following theorem which is the main technical theorem in [1].

» Theorem 15 ([1, Thm I11.5]). Let (X, 7) be a totally connected weighted complex. Suppose
{M, € RX(O)XX(O)}TEX(Sd_Q) is a family of symmetric matrices satisfying the following:
1. Base Case: For every T of co-dimension 2, we have the spectral inequality

1
I, P — 2mom) g < M, =< =1L

2. Recursive Condition: For every 7 of co-dimension at least k > 3, at least one of the
following holds: M., satisfies

k-1 k-1

= 3k _ 11_-[7' and Emwﬂ'TMTU{ﬂC} j MT - k— 2M‘FHT M"" (3)
Or, (X, mrk—1) is a product of weighted simplicial complexes (Y1, 1), ..., (Ye, p) and
for everyn € X, (k—1),

dy. (dy =+ 1)
M, = Y MG
,@ k(k—1) -
1<i<t:dy, >1

where n_; = 1\ Y;(0).
Then for every T € X(< d — 2), we have the bound \o(I1. P;) < p(IL71M,).

3 Simplifying Matrix Trickle Down’s Conditions to Scalar Inequalities

In this section, given a (d + 1)-partite complex (X, 7), we apply the matrix trickle down

theorem to derive a set of conditions on a family of vectors {fs € R[d]}gc[deKd that will
max,;e[d]

guarantee that Ao(P;) < Tfs(l) for all £ > 2 and 7 of co-dimension k and type S. We
prove the following theorem.

» Theorem 16. Consider a totally connected (d+1)-partite complex (X, 7) with parts indexed
by [d] and graph G = G x ). Suppose we are given a family of vectors { fs € R[d]}sc[d],\SKd
such that for all S C [d] of size (d+ 1) — k, the support of fs is a subset of [d]\ S, and the
following holds:
If Ggs is disconnected, then fg = Zléiéf:lli\22 Jianz,» where Iy U---U Iy are the vertices
of the connected components of Gg. Note that if all connected components are of size 1,
then fs = 0.
Otherwise if Gs is connected, we have max;c(q) fs(i) < (51;1}2 and
(i) Base Case: If k = 2, then for every face T of type S, Xo(Pr) < max;c(ap g fs(4).
(ii) Recursive Condition: If k > 3, then

S Fsusl) < (k- 2)fs0) - £30),
JE[d\(SUi)

forallie[d\S.

Then, for all k > 2 and T of co-dimension k and type S, Aa(P;) < ml,i[fd]lfs(l)

The main sets of conditions in the above theorem are the inequalities in Item i and Item ii.
To get some intuition about these conditions, it is helpful to compare the above with the
standard trickle down theorem (Theorem 2). There, one shows that if Ao (Prygz)) < A for all
x € X-(0), then A2(P;) < «, where satisfies

A< a—a?(1-N). (4)

10:9
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Then, Theorem 2 follows by recursively applying this inequalities.

In the above theorem, instead of a single upper bound on Ao(P;) for faces 7 of co-
dimension 2, one bounds the expansion of the links of all faces of co-dimension 2 of each type
separately, allowing higher degrees of freedom. For any face 7 of type S and co-dimension
k =S|, the function ],;%(1) will serve as the digonal entries of a matrix upper-bound P;.

Then, the inequality Z]‘E[’”\%S_“; fu, ) < fs(i) — fs_() is the natural analogue of (4)
which requires fs to be at least “the average” of fgu; for all j € [d] \ S plus an square error
term.

Before proving the above theorem, we show that if Gg is disconnected with parts
G[I],...,G[I] for some S C [d] of size at most d — 1, then for any 7 of type S, (X;, 77 r—1)
can be written as a product of family of its links of types [d] \ I; for all 1 < ¢ < ¢. This
allows us to prove a better upper-bound on Ao (P;) for such faces 7 by simply “concatenating’
upper-bounds on each connected component of Gg.

)

» Lemma 17. Consider a 2-partite complex (X, ) with parts S,T. If (X, ) is 0-expander,
then (X, 7) = (X,,m;) x (Xy,my) foranyy € S and z € T.

Proof. Note that (X, ) is a weighted bipartite graph with parts S,T. Let A € RX(0)xX(0)
be the adjacency matrix of (X,m). Let Agr(y,2) = A(y,2) for y € S, z € T and 0 on
other entries. Moreover, let Ap ¢ = A — Ag . Then, for any vector v € RXO) | we get
A = Agrvr+Ar svg, where vg, vr are respectively supported on S, T and v = vg+vr. Thus,
if Av = Av, then Av' = —\v', for v’ = (—vg+ovr). Soif u is an eigenvalue of A, then —p is also
an eigenvalue of A. Thus, if (X, 7) is 0-expander, the rank of A is 2. This implies that there
are vectors wg € R® and wy € RT such that 7({y, z}) = A(y, 2) = A(2,9) = ws(y)wr(z)
fory € S, z € T. Without loss of generality, assume ||ws|[1 = ||wr|l1 = 1. Then, for any

ye Sand z €T, we have m,(y) = % = wg(y). Similarly m,(z) = wr(z). Thus
z€S 5

m({y, 2}) = my(2)m.(y). This finishes the proof. <

» Lemma 18. Consider a totally connected (d 4+ 1)-partite complex (X, ) with parts indezed
by [d] and its associated graph G = G (x ). Let Iy U---U Iy be a partition of [d] such that
for any 1 <1 < { the induced graph G[I;] is a connected component or the union of several
connected components of G. Then (X, 7)) = (Xo_,,To_,) X -+ X (Xo_,,T6_,), where o_; is
an arbitrary face of type [d] \ I; for any 1 <1i <.

Proof. We prove the statement by induction on d. For d = 1, the statement simply follows
from Lemma 17. Now, assume that d > 1. If |I;] = 1 for all 1 <4 < ¢, then ¢ > 3. In this
case, let S = I; U Iy. Otherwise, WLOG assume that |I1]| > 2 and let S = I;. First, we show
that g(x ) can be written as g(x ) = h-h’, where h is a polynomial in {z, : type(y) € I\ S}
and R’ is a polynomial in terms of variables in {z, : type(y) € S}. By induction hypothesis,
for any i € S, x € T;, and any face o € X of type S such that x € o

a 9(x,m) = fz * (5)

where f? is a polynomial in terms of variables in {z, : type(y) € S\ i} and ¢g” is a polynomial
in terms of variables in {z, : type(y) € I \ S}. Now, take arbitrary ¢, j € S such that ¢ # j.
Then, (5) implies that for any face {z,y} of type {4,j}

0:,0:,9(x,m) = 0z, f*)g" = (9., Y)9"

It thus follows that ¢g” is a multiple of g¥. One can see this simply by substituting 1 for all
variables in {z, : type(y) € S\ {4,j}}. Moreover, since g and g¥ are generating polynomials
of distributions, i.e. the coefficients sum up to 1, we get g°* = g¥. Therefore, we get that
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for any distinct a,y such that type(z), type(y) € S and {z,y} is a face, g* = g¥. Applying
Lemma 10, we get g% = ¢¥ for all x,y € U;csT;. Thus, there exist a polynomial h in variables
{zy : type(y) € I\ S} such that we can rewrite (5) for any x with type(z) € S as

8Zggg(X,‘n') = ]('w : h7

where f* is a polynomial in terms of variables in {z, : type(y) € S\ ¢}. Finally, since X is a
partite complex,

Slgxm) =D D Za0e,gxmy =h- > Y zf"=h-I, (6)
€S €T} €S zeT;

where h' = 37, o> cp 2:f7 is a polynomial in {z, : type(y) € S}. It remains to show
that for any face o of type S, we have h = g(x, x,), and for any 7 of type [d] \ S, we have
h' = g(x. x,). Fix arbitrary faces o of type S and 7 of type [d] \ S. Noting that g x ) is a
multiple of & - h’, and that i’ is in variables associated to elements whose types are in S and
h is in variables associated to elements whose types are in [d] \ S, we conclude that A’ has a
monomial that is a multiple of Hz co 2z and h has a monomial that is a multiple of Hz cr 2z
First, take (J],c, 0.,) from both sides of (6). We get that gx, . ) is a positive multiple
of h. Similarly, taking (]],., 9-,) from both sides of (6), we get that g x, . is a positive
multiple of A'. Thus, noting that the coefficients of generating polynomials sum up to 1, we
get h = g(x, =) and h' = g(x_ ) as desired. Repeating the same argument inductively on

the complex (X,, 7, ) proves the claim. <
Now we are ready to prove Theorem 16.

Proof of Theorem 16. We apply Theorem 15. For every S C [d] such that |S| < d, define
a diagonal matrix Dg € RX(OXX©) a5 Dg(x, ) = fs(type(z)) for all x € X(0). We prove
that the conditions of Theorem 15 hold for M, = ka_Dls for an arbitrary face 7 € X of

2
co-dimension at least k > 2 and type S. If Gs is connected, max;c(q) f5(i) < (];,:_1)1 holds by
2
assumption. If G is disconnected, max;c(q) fs(i) < (51:)1 follows from the assumptions that
fs = Zlﬁi§€:|1i|22 flan\1,» where Iy U--- U I, are the vertices of connected components of G's.

(k—1)*

That is because the supports of vectors fig\ 7, are disjoint by assumption and 53— is an
2
increasing function for k£ > 2. So, we get D, < (];1;—1)1 I, and thus, M, =< %Hr. To prove

the rest of the conditions hold, first assume that k = 2. If Gg is two disconnected vertices,
we get fg = 0, and therefore, Dg = 0. Thus, we get IL. P, — 777707720 <=0=1II.Dg = M,, as
desired. If Gg is connected, the base case assumption (Item i) implies that Ao (Pr) < Dg(z, )

for all x € X,(0). Therefore, II. P, — 7T.,-707T;:0 < II,Ds = M,. Now, assume k > 3.

First assume that Gg is disconnected and G[I1],...,G[I;] are its connected components for
some partition Iy U---U Iy of [d] \ S. Fix any 0 € X,(k —1). By Lemma 18, (X,,7,) =
(XrUo_1sTruo_1) X X (X700 _,, Truo_,) Where for every 1 < j </, o_; is a subset of o that
has type [d] \ (S U I;). Therefore, we get Pryr o, [xen =Prypr [zen foralll <j</
and x € X;,_,(0). Combining this with Observation 11, we get k; - 7rus_, 0(z) = k- 77 0(x),
where k; = |I;] for all 1 < j < /. Thus we can write

Z (k/’j — 1)k'J Z (k'J — 1)/€j HTUgfj D[d]\lj

(k— 1k = 72779 det of Mo, (k—1)k ki —1

1<5<e:|1;]>2 1< >2

ki k
= — 9 21Dy,
S D,

1< <0 15]>2
I, Il Dg
= Dyp g, = = M,,
k-1 2 NG~
1< <L 1] >2

10:11
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where in the second to last equality, we used the fact that Zlgjgé:u_,»\zz Jiang, = fs, and
thus ZlSjSZ:\17\22 Digp\1; = Ds by definition of Dg. Now, assume that Gs is connected. It
is enough to show that Eyr,  Mruz = Mr — M, II-1M,. This is equivalent to showing that
for any x € X, (0)

(H;lnTUyDSUtype(y))(xax) DS(xax) D? (:E,f)
EW*@[ k—2 ]§ k—1 (k:—SQ)(k—l) Q

One can check that for any x € X(0) of type 4

E [H;HL“ﬂ%wwm@ﬂ%x) _ 2yexou,0) Plonmua U € 01 Dsutype(y) (2 2)
Y~Tr,0 k _ 2 -

(k—1)(k-2)
f‘rU (Z)
je[;]\s (k - 1)J(k - 2) yeX Z UNEEUE[y < U]
TUz(0):
type(y)=j
N Zje[d]\s fTUj (Z)
(k= 1)(k-2) "’

where in the last equality, we used Observation 12. Thus, substituting Dg(z,x) = fs(type(x))
in the RHS of (7), it is enough to show that for any i € [d] \ S

Yjelans froi() _ fs())  f3(0)
h—D(h—2) k-1 (h-D)(k—2)

which holds by assumption Item ii. |

4 Proof of Main Theorem

We are ready to prove Theorem 6.

Proof of Theorem 6. We find a family of vectors {fs € R[d]}’SC[d]:\SKd that satisfy the
conditions of theorem Theorem 16. Let G = G x ). Based on the conditions of Theorem 16,
vectors {fs € R[d]}sqd]z|5|<d can be defined as functions of {e(; j}}i je[q),ij- Recall that
edges of G' capture pairs {i, j} for which e, ;3 > 0. Assign every edge {7, j} of G with weight
€{i,j}- We restrict our attention to functions that are very local with respect to G, i.e. for
every S and i € [d] \ S, we assume fg(i) only depends on Ag(i) and the weights of edges
adjacent to 7 in Gg if A(¢) > 1. Tt turns out that if A(i) = 1, we would need to also take
into account the degree of the unique neighbor of . More formally, consider the following
family of vectors {fs € R[d]}sc[d]:\5|<di for any S C [d] such that |S| < d, let fs be of the
following form: for any 7 € S, let fs(i) = 0, and for any ¢ € [d] \ S define

0 if Ag(i) =0,
fs(i) = < eqijy - 9, (As () if Ag(i) = landi ~g j,
D jegi €ligy - hi (As(d)) i Ag(i) > 2,
where for every i € [d] and j ~ i, functions g¢; ;, h; : {1,...,A} = Rx¢ are defined later in a

way that guarantees that {fs}gc(a):|s|<a satisfies the assumptions of Theorem 16 (see (10),

(12)).
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First, consider the case that Gg is disconnected. Note that for any S,S” C [d] such that

|S],1S'| < d,if{jeld:j~gi}={je€|d:j~s i} for some i ¢ S, S then fs(i) = fs: (4).

Let I1,...,1I; be the vertices of connected components of Gg. Since the neighborhood of
each vertex in any connected component of Gg is the same as its neighborhood in Gg, we

get fs =2 1<icrr,>2 flang-

Now, assume G is connected. Take an arbitrary k > 2 and S C [d] of size (d + 1) — k.

First we verify the set of conditions given in Item i and Item ii. First, assume that k = 2. Let
[d]\ S = {i,j}. By definition of eg; j}, for any 7 of type S, Ao(Pr) < €(; ;3. Thus, if we define
ge,+(1) = 1 for all distinct £, ¢ € [d], then we get \a2(Pr) < €g; 53 = €4i,;19i.5(1) = fs(i) = fs(J),
as desired. Now, assume that k£ > 3. Fix an arbitrary ¢ € [d] \ S. Our goal is to define
Gij,hi t{1,...,A} = R for all j ~ i such that g; ;(1) =1 for all j ~ ¢ and the following
inequality is satisfied:

Z fsui(i) < (k= 2)fs(i) — f3(0). (8)

[dI\(SuUz)
To keep the notation concise, relabel the elements such that i is relabeled to 0 and € 13 >

- > €q0,dy- Moreover, define €; = € ;3 for any j € [d] \ 0.

Case 1: Ag(0) =1, and j ~g 0. Since Gg is connected and (d + 1) — |S| > 3, we have
Ag(j) > 2. Define t = Ag(j). We have

> Fsue(0) = fsu;(0) + > fsue(0) + > fsue(0)

£e[d]\ (Su0) Le[d]\(SU0):l~sj Le[d]\(SU0):xtsj,0#]
:0+(t—1)~€j 'g07j(t—1)+(ki—t—1)~€j 'QQJ((‘,).

On the other hand, (k —2)fs(0) — f5(0)*> = (k —2) - €¢; - go ;(t) — € - g5 ;(t). So it is enough
to satisfy

(t=1) ¢ (905(t) = go(t = 1)) = € - g3 ;(2). 9)

Now, define g ; : {1,...,A} = R> as follows: recall that we defined go ;(1) = 1. For any
2< <A, let

go,j(é) = 1—|—1.3'€j -Hp_q. (10)
Using assumption (1), ¢;Ha_1 < % < 15. Thus
&gt () < (1+13¢; (14 Ha 1))* < 1.3€2.

Substituting go ;(t) according to (10) and using the above bound, one can verify that (9)
holds.

Case 2: Ag(0) > 2. For simplicity of notation, define t = Ag(0) and a = >
Define ho(l) = MaXj:;j~0 gO,j(A)~

Z foui@) = > feu 00+ > fau,(0)

1\(5U0) JE[AN\(SU0):j~s0 JE[\(SU0):5%# 50

jij~s0 €

< > (@ —e€g0y) | ~holt —1)+ (k—t—1)-a-ho(t)

JEN(S00):j~s0
=(t—1)-a-hot—1)+(k—t—1)-a-h(t).

10:13

CCC 2023



10:14

An Improved Trickle down Theorem for Partite Complexes

Note that if ¢ > 3, the first inequality is an equality by definition. If ¢ = 2, the first inequality
follows from the definition of ho(1). Thus, it is enough to satisfy

ST fsui0) = (1) a-ho(t—1) + (k—t—1)-a-ho(t)
JE[I\(SU0)

< (k=2)-a-ho(t) — o hi(t) = (k —2)fs(0) — f3(0).
Equivalently, it suffices to satisfy
(t — 1) (ho(t) — ho(t — 1)) > a - hi(t). (11)

Now, define hg : {1,..., A} = Rx¢ as follows: recall that we defined ho(1) = max;.j~o0 go,;j (A).
For any 2 < /¢ < A, define

ho(1)
ho(?) = .
o 1-c (Zﬁ:l €jHo—1(5 — 1))

(12)

We need to prove (11) for a carefully chosen c. Let 8 be such that ho(t) = ho[gl). We get

)= — he@®
ho(t — 1) Freny Sint and thus,

ho(1) - eS¢

B.(3+ 2zt

(t = D)(ho(t) = ho(t = 1)) =

ah3(1)

Note that a - h3(t) = 7

. Thus, to satisfy (11), it is enough to show that

€j

. t
B-c- Zej Zoz-ho(l)-(ﬁ—kczt:j_:i).
j=1

Note that

62
ho(l) S maxg07j(A) =1+ 1.361HA,1 S 14+1.3—. (13)
gri by (1) 10

Moreover, Z;Zl € > D jjmso € = . Thus, letting ¢ = 14 ¢/d for some ¢’ > 0 that we
choose later, it is enough to show that

1+6) S e
B-(c —0.138)8 > (1+0.138) - ( )21 .

t—1
. E;:l €j §2 ., .
Using =/=— < 2 (% %, it is enough to show that
’ N
B-(c"—0.136) > (1+O.135)(1+c§)5. (14)

On the other hand,

A(0)

B21-1+¢8) [ ¢Haw 10— 1) Z1- (1+0)(1—08)=d(1—¢ + ), (15)
=1 2
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Thus, to satisfy (14), it is enough to show that (1— ¢’ +¢/8)(c’ —0.138) > (1+1.138)(1+¢'8)1.
Letting ¢’ = %, this inequality holds for every 0 < § < 1. This establishes Equation (8). So
we verified conditions Item i and Item ii are satisfied.

To show that all conditions of Theorem 16 are satisfied, it remalns to show that

max;e(q) fs(i) < (];,:)12 Note that Z €y < As-er < Ag- g5 foralli € [d]\ S.
1)

Jigri

Thus, we get max;¢(q) f5(i) < Ag - 10 maxle[d s -hi(As(i)). Moreover, using (13) and (15)

with ¢/ % (we can write this inequality for every i), we get

hi(As(i)) < hi(AQ) < 15+ (16)

Thus, we can write

2 1+% Ag k-1 _ (k—1)?
<Agr——10 <=2 <
B R T e R

as desired. So we proved that {fs}sc(a):|s)<a satisfies the conditions of Theorem 16. Now,
we are ready to bound A (P;) for any face 7 of co-dimension k > 2 and type S. First, we
show that for every i € [d]\ S, 3, ;€3 < 1— 6. Note that

A(@) ; A(i) ;
H — — = —— > A(%).
Z a@p-(l=1) = = 2+Z€_1_A(z)
£=2 £=3
Thus, we can write
ING) A(d)
Hp@y-1(€—1)
2 o< | 2 AG) doctiat | <D Haw-1(l=1) eqijn <1-4.
jij~vgi =1 jri =1
(17)
where we assumed that iy,. .., jq is an ordering of [d] \ S such that €;, < --- <¢;,. Using
this inequality and (16), we get
No(Py) < max;e(q)\ s fs() < maxie ) (D g €1ig}) - hi(As(i))
k—1 kE—1
, 2(1+ 82 6)
_ (1=0) -maxiepa hi(A@) _ (1~ 9) 553
- k—1 - k-1 ’
as desired. <
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