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ABSTRACT

In an oligopoly with isoelastic demand, the paper analyzes the quantity competition between Npy profit-
maximizing firms and Ngs socially responsible firms whose objective function is a linear combination of profit
and consumer surplus.

From the static analysis it follows that greater social responsibility has a competitive effect, since reduces the
equilibrium price and increases the market share of socially responsible firms. In addition, it increases both the
consumer surplus and total surplus.

For the duopoly case, the dynamic study leads to the conclusion that, if at least one of the firms follows the
gradient rule as an adjustment mechanism, an increase in the speed of adjustment is a source of instability. An
increase in the value of the elasticity of demand as well as a reduction in the marginal cost has a stabilizing effect
on the Cournot equilibrium. A higher level of social responsibility exerts a stabilizing role on the dynamics as

long as demand is sufficiently elastic.

1. Introduction

In recent years, the term Corporate Social Responsibility (CSR) has
gained special relevance, not only in academic literature, but also in
articles for public diffusion. This term refers to a form of corporate self-
regulation that takes into account the interests of different stakeholders
in the firm and includes ethical, social or environmental objectives. For
an extensive review of the topic see [1].

From an empirical point of view, there are several contributions that
investigate the benefits of including social responsibility objectives,
although most of them focus on isolated initiatives, and therefore may
overestimate the initiatives of individual agents [2], and have mainly
focused on financial outcomes, showing that there is no clear relation-
ship between social responsibility outcomes and financial results [3,4].

From a theoretical perspective, CSR has been studied under different
approaches. Some contributions identify CSR with the creation of public
goods [5-7], deducing a parallelism between CSR and results obtained
in models of private provision of public goods. Other papers analyze the
desirability of social responsibility [8], its role in the selection of moti-
vated agents [9] and study competition in the presence of “green”
consumers [10,11]. Other authors present CSR as a strategic weapon to
gain competitive advantage and increase profits [12], thus
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corroborating the original idea of [13], who points out that CSR is
simply to increase profits. Along these lines, Kopel and Brand [14]
analyze a duopoly a la Cournot in which a profit-maximizing firm and a
socially responsible firm compete, which, in addition to incorporating
profit into its objective, considers consumer surplus. The authors show
that the socially responsible firm achieves a higher market share and a
higher profit than its competitor. The strategic effects between a set of
profit-maximizing firms and a firm that takes into account consumer
surplus and the amount of pollutant emissions are analyzed in [15]. The
authors show that, if the market is large enough, the socially responsible
firm earns higher profits than the other firms and leads to a higher level
of social welfare.

The strategic nature of CSR under imperfect competition has been
analyzed by other authors. For example, in [16], in a differentiated
duopoly, it is shown that under Cournot competition, the adoption of a
CSR strategy by at least one firm can be the result of a subgame perfect
Nash equilibrium, in both symmetric and asymmetric equilibria,
depending on the degree of differentiation and the level of social
responsibility.

In a duopoly with perfectly substitute products, and assuming a
linear demand, Fanti and Bucella [17] analyze CSR in a context of
strategic delegation. The authors show that, in the subgame perfect Nash
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equilibrium, both firms adopt a strategy based on CSR, leading to higher
profits and lower total surplus.

More recently, Planer-Friedrich and Sahm [18] analyze the strategic
use of CSR in an oligopoly with linear demand, and considering both
homogeneous and differentiated product. The authors show that under
Cournot competition, firms assign a positive level of CSR to their
objective function, regardless of the number of competitors, even if this
leads to lower profits. Furthermore, it is shown that CSR can constitute a
barrier to entry, whereby social responsibility can increase market
concentration. Furthermore, the results show that, under quantity
competition, the levels of social responsibility decrease as the degree of
differentiation increases, and are zero under competition a la Bertrand.

Theoretical contributions in the analysis of CSR are carried out in a
static context, with few works that develop a dynamic analysis in the
presence of social responsibility. As exceptions we can mention the work
of [2], who analyze in a dynamic context how a firm should achieve its
social responsibility objectives over time. In a dynamic optimization
model, Becchetti et al. [19] analyze the competition between a profit-
maximizing incumbent and a socially responsible entrant. The authors
show that the incumbent firm reacts both through price and social
commitment to the entry of the socially responsible firm. Moreover, if
consumers' social interest grows sufficiently, the incumbent firm decides
to invest in CSR activities.

From an evolutionary perspective, Kopel et al. [20] analyze quantity-
based competition in an oligopoly. The authors consider two groups of
firms: those whose objective is profit maximization and those that
maximize a linear combination of profit and consumer surplus. In the
evolutionary model, the objective of the firms is endogenously deter-
mined, deducing that it can be profitable to implement a socially
responsible strategy if consumers are willing to pay a higher price for the
product of the firm that pursues a social objective. From the dynamic
point of view, it follows that, if the propensity of firms to switch from
one strategy to another is sufficiently large, steady states are unstable
and complex dynamics may emerge.

More recently, in the context of a differential game, Lambertini et al.
[21] study competition in a Cournot duopoly with accumulation of
output and a negative environmental externality (pollution), assuming
that one of the firms has the CSR objective and the other is a profit
maximizer. The authors conclude that, if the market is large enough, the
socially responsible firm sells more, accumulates more capital and earns
higher profits than the rival firm.

This paper provides results both in the analysis of competition in the
presence of firms with CSR objectives, and in the study of non-linear
dynamics in oligopoly models [22-25]. On the one hand, in a static
context, we analyze quantity competition in an oligopoly with isoelastic
demand, assuming that a set of profit-maximizing firms compete with
other socially responsible firms which incorporate in their objective
function the consumer surplus. On the other hand, in an asymmetric
duopoly model, the influence on the asymptotic stability of the Cournot
equilibrium of the elasticity of demand, as well as the degree of social
responsibility, is analyzed. To that end, it is assumed that firms adjust
quantities by adopting different expectations schemes, in the context of
discrete time.

The rest of the paper is organized as follows. Section 2 introduces the
oligopoly model and develops the static analysis. Section 3 analyzes the
dynamic competition in quantities and the local stability of the Cournot
equilibrium, considering a duopoly model under different expectations
schemes. Section 4 concludes the paper with the main conclusions.

2. The model. Static analysis

We assume an oligopoly where firms produce a homogeneous
product and compete in quantities. Market demand is isoelastic, so that

the inverse demand curve is given by: p(Q) = Q771 where p is the market

price, Q = Eﬁlqi is the total output, with g; > 0 being the quantity
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supplied by firm i, and > 1 is a parameter representing the elasticity of
demand. We consider a market with N firms being Npy “profit maxi-
mizing firms”, and Ngs “socially responsible firms”, with N = Npy +
Npgs. Following [14], the subscripts PM and RS refer to a profit maxi-
mizing firm and a socially responsible firm, respectively. We assume that
all firms have identical unit production costs, i.e.,c; =c >0, i=1,...,N,
and the firms belonging to the same group are symmetrical. Therefore,
the objective of a PM firm is the profit maximization, being the objective
function:

-1
Tipm (quM.[I—[PM) =(p—)qirm = (Q no— C>(I[PM7

1
i=1,..,Npy W

By contrast, the objective of a RS firm is to maximize the sum of its
profit and a share of consumer surplus (see [14]). Formally, the objec-
tive function of a RS firm is given by:

—1

Virs (q/‘RS.q—jRS) =Tjrs (f]sz.Q—sz) + QCS(‘]/‘RS.Q—]'RS) = (Q n— C)q;‘ks
-1
—

on

n—1

! (2)

)

+0
J=1,..,Ngs

where 6 € [0,1) is a parameter representing the weight any RS firm puts

—1,
on consumer surplus given by CS (qu.qu> = %11 for all 7 > 1.1

All firms simultaneously set the quantities that maximize their
respective objective functions, given by (1) and (2).

Thus, given q_;py, the first order condition of the problem of profit
maximization by a PM firm is:

Oipn =0eQ V1 - qiﬂQ*(lml/v —c=0,
0qipm ) n 3

The Eq. (3) allows us to define implicitly the best response function
of any PM firm, gipm = Ripm(q-irm), since the second order condition of
the problem of profit maximization is verified:

&’ Q-(H2/n New Ngs 1
2PM =——12( Y qum+ D grs|+ (1 - *) girm | <0,
0Gipy n k=1 ki j=1 n

i=1,...,Ney

The first order condition of the maximization problem for RS firms is
given by:

- - -1/

Wirs =001 - @Q—(IM)/W + 9Q " =0,

9qirs n n (C))
J=1, .. Ngs

This equation implicitly defines the best response function of RS
firms, gjrs = Rjrs (q,sz), given that the second order condition of the

maximization problem is satisfied:

P Virs _
aq,zks B
~(1+20)/n 0\ [ New s 1-6
*QT <2+ﬁ) (Z‘Iim + Z ‘IkRS> + <1 *T>‘IJRS <0,
i1 k=1 ki
j =1,...;Ngs

Q
1 For 0 <7 <1 consumer surplus is undefined, given that the integral /
0

Q7dQ does not converge.
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Adding (3) and (4), the total quantity produced and demanded in
equilibrium is deduced:

N 4 ONgs — 1\"

0 = (”7RY> 5)
Nnec

Substituting this expression in (3) and (4), and under the assumption

of symmetry (qi_PM = gprm, qjrs :qu> we can deduce the quantities

produced by each firm PM and RS, respectively, in the Cournot-Nash
equilibrium E" = (g}, gys) being each component of g, and ggg:

1= Ngs® [Ny + ONgs — 1\" 1= NgsO .
e =T en ==~ ¢
) ©
o 14+ Npw® [N+ ONgs — 1\" 1+ Npy .
drs = Nl+v] o - N Q

Note that the condition ONgs < 1, ensures that profit-maximizing
firms capture market share. It follows, therefore, that a very high
aggregate social intensity, given by 6Ngs, can be a barrier to entry for
firms that are not socially responsible. This result is in line with the
conclusions of [18] where it is concluded that social responsibility can
increase market concentration.

The price equilibrium and the equilibrium values of the objective
functions (1) and (2) are respectively given by:

- Nnc

P N+ 0N — 1
. Nij + ONgs — 1\ (1 — ONgs)?

ey = ne Ny <

o (N1 ONgs — 1 1711 — ONgs) (1 + ONpy)

S g = ne Nr,+111

v (o1 N1 — ONgs) (1 + ONpy ) (n — 1) + N*10
RS — ne N"“'?(ﬂ _ 1)

Through a comparative statics analysis, we can deduce that, from an
overall market point of view, greater corporate responsibility on the part
of the RS firms has a competitive effect, as it leads to a reduction in price

(% < 0) and an increase in the total quantity offered (%2 > 0). Simi-
larly, an increase in the number of socially responsible firms leads to a
reduction in price and an increase in the total quantity demanded.
(%RS <0gL > 0).

It is deduced that Lim p* =c,and Lim p* =% < c. This corrobo-

Npy—o0 Nps—o0 n+o

rates the competitive effect of social responsibility. Indeed, it is easy to
deduce that p* > c if the condition Ngs < 1 holds. Thus, a sufficiently
high overall level of social responsibility can eliminate the market
power.

Individually, in the presence of higher social responsibility, the
profit-maximizing firms will have incentives to reduce their quantity

offered (% < 0), while the socially responsible firm will increase it
(% > 0).

From the point of view of the PM firms, it is easy to deduce that the
higher the social responsibility, the lower the PM firm's profitability,
since % < 0 and ?J,—ﬁk‘; <0.

These results corroborate the conclusions obtained by [14] under the
assumption of linear demand.

The effect exerted by the value of the elasticity of demand is the well-
known one. Indeed, a higher elasticity reduces the market power of both

firms, since % < 0. As a consequence, all firms increase their quantity

aq}, aq;
offered ( o> O,WRS > 0).
By contrast, a higher value of marginal cost implies a lower quantity

produced, since 0’[’,‘;’” < 0and “% < 0, which means a higher price (% >
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0) and increased market power for all firms. Moreover, the value of the

objective functions is reduced in the presence of an increase in marginal
vy or,
cost (TRS <0< O).
The influence of social responsibility can also be analyzed from a
welfare point of view. The values of consumer and producer surplus in
equilibrium are given as, respectively:

_ n—1
CSX _ N?’]+0NRS 1 1 -
ne (n = 1N"

Nij + ONgs — 1\ 1 — ONpgs
ne Ny

PS% = NpMﬂ;M +NRS”;S = (

From these expressions, it can be deduced that both a greater
weighting of social responsibility (¢ increases), as a higher number of
socially responsible firms (Nys increases), increases the value of con-
sumer surplus and reduces the value of producer surplus: "% > 0,58

7 ONgs
9PS” oPS”
0, 0 < O,ONRS <0.

Globally, the total surplus is given by:

v — ’]71 e -_— 3
W= CS' +PS" — N3 + ONgg — 1 Nip+ (g —1)(1 — ONgs)
ne n(n — DN

It is deduced that: % > 0’3N_Mf<; > 0, under the assumption ONgs < 1.

Consequently, these results are in line with the conclusions obtained in
[16], in a Cournot duopoly model with differentiated products.

3. Dynamic analysis

In this section, we introduce a dynamic adjustment process in the
quantity competition. In this setting, the dynamic stability of the equi-
libria will be analyzed, as well as, the influence of the social re-
sponsibility, demand elasticity, and marginal cost on the stability of
equilibria and the dynamic behavior of quantity trajectories. For the
purpose of simplification and to facilitate the presentation and under-
standing of the results, we will focus on the case of a duopoly with one
profit-maximizing firm and one socially responsible firm
(Npm = Nrs = 1).

The dynamic process depends on the assumed time scale and on the
way the firms adjusts quantities, which in turn, is conditional on their
expectation formation.

We assume the discrete time case and three expectations rules:
adaptive expectations, gradient rule based on marginal utility, and the
Local Monopolistic Approximation (LMA). Each scheme of expectations
implies a certain degree of bounded rationality.

In addition, we will consider two scenarios: one in which both firms
adopt the same type of expectations (homogeneous expectations) and
the other, in which each firm follows a different type of expectation
(heterogeneous expectations).

3.1. Homogeneous expectations

In this section we analyze the dynamic of the model assuming that
both firms choose the quantity produced according to the same adjust-
ment rule.

3.1.1. Adaptive expectations

We assume that firm i uses an adjustment mechanism based on its
best response function at any time t to determine production at time t +
1. Each firm changes its output quantity proportionally to the difference
between the value given by the reaction function and the quantity for
the last period (see [23]). Formally:
Gire1 = Gis = Bi(Ri(qjs) — qic ), i, = PM,RS, i # ] ™)

with0 < g < 1.
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From the previous expression we obtain the dynamic system:

T, : { qpmp+1 = (1 - ﬂpM)QPM.z + Bey Rem (l]Rs,z)
" grs1 = (1 = Prs)drs:s + Prs Res ((]PM,:)

By setting the fixed point conditions q;; 11 = q;; = ¢; in the system
(8), we obtain a unique steady state which is the Cournot-Nash equi-
librium E" given in (6).

In a discrete-time dynamic system, the condition for local asymptotic
stability of an equilibrium is, as is well known, that the eigenvalues of
the Jacobian matrix of system calculated at the equilibrium point should
be inside the unit circle. In the two-dimensional case, the condition for
local stability of the equilibrium can be given in terms of trace (Tr) and
determinant (Det) of the associated Jacobian matrix (Schur's conditions,
see [26]):

(8)

(i) 1 —Tr+ Det >0
(ii) 1 +Tr + Det > 0 ©)]
(iii) 1 — Det > 0

If any single inequality in (9) becomes an equality, with the other
two being simultaneously fulfilled, the equilibrium loses stability
through either, a transcritical bifurcation, when 1 — Tr+ Det = 0, or a
Flip bifurcation, when 1+ Tr+ Det = 0, or a Neimark-Sacker bifurca-
tion, when 1 — Det = 0.

The Jacobian matrix of system (8) evaluated at E” is:

. 1-p J
ITA(E) = | P/r/ PM PM( RS) _
PrsRes (‘IPM) L = Prs
—1+6(1+
- n (I+n)

P+ - (- 0)

(n—-1(1-0)

=11 -0) e

We can deduce the following result for the local stability of the Nash
equilibrium E".

Proposition 1. Under an adaptive expectations scheme, for all > 1,
0<6<1andc > 0, the Cournot-Nash equilibrium is locally asymp-
totically stable.

Proof. The trace and determinant of the Jacobian matrix JT, (E") are:

Tr =2~ (Bpy + Prs) =0

Det =1~ (Bpy + Prs) + BeubPrs |1 —

(1=0)(n—Dn—1+6(1+n)]
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47](27]4‘9— 1)
OB O T -na-8rt-D0-6)]
0<fpy <1
4n(2n+6-1)

then 1 — bevrrrarrmrna-ozira-na-a) > 0 O
3.1.2. Gradient rule expectations

Now, we assume that both firms follow the gradient rule. Under this
rule, each firm decides to increase (decrease) its output quantity for
period t + 1, according to its marginal utility is positive (negative) at
time t (see [23]). Formally:

aU; ((Ji,xfij,z)

9qi ’ 10)
i,j=PM,RS, i+#j

Gis+1 — Gip = % (%.x)

where a; (Qi.t) is a positive function, which gives the extent of quantity
variation of firm i following a given utility signal. A linear function is
usually assumed, o; (qi,t) = q;qi¢, with a; > 0. U; (qi,t,qj,t) denotes de

objective function for each firm.
Thus, we obtain the following dynamic system:

_ Otpy
grmeet = qpms + Apm apmig
qPM 1

(€§)

OVis,
qRs.i+1 = qrs; 1+ Ogs %s.yr
GRSt

Onpme OVRs.e
oqpm.e and 9qrs.¢
describes the dynamics of the game is given by the following nonlinear
map:

Substituting

into (11), the two-dimensional system that

- qrM.t
qrmar1 = qems + Opy Gpmy (Q, Y — %Q, e/ _ c)

TG : P 12)
qrs.i+1 = qrs; + Ors qrs: <Q71M <1 + ﬁ) - %QT(HWV - C)

states:  E; = ((L1)",0),E, =

three o

This system has steady

(0, (=29)") and the Cournot-Nash equilibrium E* given in (6).

o

The Jacobian matrix of (12) is as follows:

It is verified that Det = Tr — 1 + M, with

dn(2n+6-1)
2n(1+6) + (n = (A =) |21+ (n = (1 - )]

M = BpyPrs >0

Substituting these expressions into (9), we can deduce that Schur's
conditions are verified:

(i)1—Tr+Det=M>0
(i) 14+ Tr+Det=2Tr+M>0
(iii) 1 —Det=2— (Tr-+M)=
an(2n+0-1)
2n(140)+(n—1)(1-0)][2n+(n—1)(1-0)]

The third condition is fulfilled since

>0

ﬂPMJ'_ﬂRS 1 _ﬁPM

2n(1+6)+n-1)A-0)]2n+n—-1)(1-06)]

Onpy azﬂPM ()2 TTpm
1+ apy +apy grr——3 ApmgrMy >
9gpm 0qpy, 9grmOqrs
JT6(qrmqrs) = ) )
® RS()CIRS()QPM ® dqrs A a‘ﬁes

This matrix evaluated in the steady state E; leads to:

1—a ¢ a ¢
. e M- 1)
c¢(Ey) =
146
0 1+aRS( +0)e
n—1

which eigenvalues are:
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M=1—ams <1
n

(14 0)c
n—1

A =14 ogs > 1

and we deduce E; is an unstable boundary equilibrium of (12). More-
over, it is verified:

2n

apy < —=> — 1 < 4 < 1=E] is a saddle point
c

2 .
apy > —’7:«/11 < —1=E, is a source
¢

The matrix JT¢(qpm, qrs) €valuated in the steady state E, leads to:

1 0
. +(XPM'771+9
o o C1-0) .
RS"](I’] 1 +0) RS
which eigenvalues are:
c(1-0)
A =1 —_—
1 + aPM” 110 >

Jo =1 —apse < 1
n

and we deduce E; is an unstable boundary equilibrium of (12). More-
over, it is verified:

2
Aps < —11=> — 1 < 4, < 1=E, is a saddle point
c
2n .
Qs > —=>1, < —1=>E, is a source
c

The matrix JT;(qpu, grs) evaluated in the Nash equilibrium E* leads
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Proof. Introducing (14) into the stability conditions, given in (9), we
deduce that condition (i) is always satisfied.

Condition (iii) is satisfied, provided that:
_ 2p40-149(1-6%) _ 2pi0-1

a < ap, witha; = 1=") =7 + g
Condition (ii) is fulfilled when the value of the speed of adjustment
belongs to the set (0,a2) U (a3, +), being ap = ? and a3 = Z%J:Z;)l)‘

By comparing of a7, a; and a3, we deduce that 0 < ap < a1 < az. In
consequence, the Nash equilibrium is asymptotically stable for all 0 <
a<az [

From the above proposition, it is deduced that the Nash equilibrium
loses its dynamic stability through a flip bifurcation if a > ag(1,c),
being:

2n

U‘G(’?: C) = T (15)

Moreover, when a exceeds this threshold, the unstable boundary
equilibria E; and E, change from being saddle points to being sources.

It follows immediately from the threshold expression given in (15),
that the stability of the Nash equilibrium increases as 7 increases and as c
decreases.

This result is in line with the conclusions obtained by [28], for the n
firms case, and without social responsibility. As we have seen in a static
context, a higher elasticity of demand implies less market power on the
part of the firms, therefore, a more competitive behavior favors the
stability of the Nash equilibrium. The opposite is true from the marginal
cost point of view.

Figs. 1, 2, 3 and 4 show how the Nash equilibrium loses its attractor
character when the adjustment speed of the firms exceeds the stability
threshold, and how more complex attractors (from a 2-cycle to a strange
attractor) appear as the adjustment speed increases.

The evolution in the dynamic behavior of the system given in (12)
shown in the figures above is corroborated by the bifurcation diagram of

to:
-1 1/ —1 .
1— aPMW(l - 6)0’ n 7aPMW(I —0)0 1
JTG(E") = 13
o(E) n+0—1-n40 i M+6—1-no i a3
*GRST(1+‘9)Q 1*(1R5T(1+9)Q

For the sake of simplicity we will assume from now on that apy =
Qs = a > 0.2

The trace and the determinant of matrix given in (13) are,
respectively:

(1—0)Bn+0—1430)+(1+060)(3+0—1 —10) i

Tr=2—-a 5
4y

(1 — 92)6
27]2

. (1-0)c

«—1/n
= Tr— PR
¢ r N2 o—1)

Det =Tr—1+a? 1+a

14)

Proposition 2. Assuming that both firms follow a gradient rule, for all
n>1,0<60<1andc > 0, the Nash equilibrium is locally asymptoti-
cally stable provided that a < ag(y,¢) = 2L

4

2 This assumption is usually made in the literature in order to simplify the
dynamic analysis and to obtain formal results. See, among others, [27].

gi (i = PM, RS) and the maximum exponent of Lyapunov with respect to
the adjustment speed (see Fig. 5).

Thus, when firms adopt a relatively slow adjustment, market sta-
bility improves. More precisely, if the speed of adjustment is below the
threshold ag (7, ¢), any disturbances that move the market away from the
Nash equilibrium disappear in the long run. If this speed is higher than
the threshold, the long-run behavior of quantities around the Nash
equilibrium becomes more complex the faster the adjustment, giving the
market greater instability.

From (15) we observe that the adjustment speed threshold does not
depend on the parameter §. The intuition behind this result is the
following: as previously shown, the value of the objective functions of
the firms in the Nash equilibrium varies in an opposite way with a

Oy

change in 6, (sign% # sign=3 ), and, since both have the same speed of

adjustment, the effect of this parameter on the equilibrium dynamics is
neutralized.

However, once the speed of adjustment exceeds the threshold, the
long-run evolution of the trajectories around the Nash Equilibrium de-
pends on the value of the social responsibility parameter as shown in
Fig. 6 (bifurcation diagram of q; (i = PM, RS) and the maximum expo-
nent of Lyapunov with respect to the parameter 6).
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Fig. 1. Attractor (yellow): the Nash Equilibrium E* (for  =2,0 = 0.5,c = 0.6, = 6 and initial conditions gppo = 1,qrso = 0.8). (For interpretation of the ref-
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We can deduce that an increase in the social responsibility parameter
reduces the complexity of the attractor reached in the long run, giving
more stability to the market.

3.2. Heterogeneous expectations

In this section we will consider the case of heterogeneous expecta-
tions. First, we will assume that the socially responsible firm adopts the
gradient rule, while the profit maximizing firm adjusts the quantity
according to the Local Monopolistic Approximation (LMA) proposed by
[29].

For de PM firm, the adjustment mechanism is based on the estima-
tion of the partial derivative of the demand function computed in the
current state while ignoring the presence of competitors.

Following the same reasoning as in [28], we obtain that the PM firm
adjusts its output quantity from one period to the next according to the
equation:

1— 1/n +
armas =121 CQZ') s ae)

It should be noted that the LMA adjustment rule assumes that only
the partial derivative of the demand function at the current time is
known. Therefore, the socially responsible firm cannot adopt this
adjustment mechanism, since it needs to know the entire demand for the
calculation of the consumer surplus, which is part of its objective
function.

The RS firm follows an expectations scheme based on the gradient
rule formalized in (10).

From (10) and (16), the following non-linear dynamic system is
obtained:

"IQ:(1 - CQ,I/”) + grms
2

qrmi+1 =
Tur :

4
qrS.+1 = qRrS; + ARs qRs.+ (Q,_l/'7 (1 + 5) - %Q;(HWW - C)
a7)

This system has two steady states: E; = ((%)" ,0) and the Cournot-
Nash equilibrium E” given in (6).
The Jacobian matrix of (17) is as follows:

1/n

(1 +:1)(1 - cQ"”)

n—c(l+mQ
JTHT(qPM7 tIRs) = 22 2 )
ag Vs n aaVRS +ag 0" Vs
RS 3. ey R!
SaqRSaqPM Oqrs iy 0‘1%5

This matrix evaluated in the steady state E; leads to:

1+7 1
2n 2n
TTar(Er) = (1+6)c
0 14+0——
n—1

which eigenvalues are:

1+7
M =——e€(0,1
1 2’7 G(,)
146
/12=1+a(+)c>1

n—1

and we deduce that E; is an unstable boundary equilibrium of (17),
specifically it is a saddle point.
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The matrix JTur(qpm, grs) evaluated in the Nash equilibrium E* leads
to:

(n+1)(1-0) n—1+40(n+1)
. 4n 4
.]THT(E ):
LU0 =0)n-1)  c(1+6)2n+n—-1)(1-6))
20(2n+6—1) (2 +0-1)
18
which trace and determinant are, respectively:
_ c(1+0)2n+ -1 -0)) n+1){1-06)
fr=1-a W2 +0-1) R—
(n+1D(1-9) c(14+6)(1-0)
_ _ - 1
Det 4 20— (a9
rr—1+a U0 i =o U
2 2y

Proposition 3. Assuming that firm PM follows an expectations scheme
based on Local Monopolistic Approximation and firm RS uses an ex-
pectations scheme based on Gradient rule, for all #>1,0<6<
1 and ¢ > 0, the Nash equilibrium is locally asymptotically stable pro-
vided that @ < ayr(y,0, c), where:

@n+0-1)@n+ (1 +n1-0))

(1 +0)2n+ 2n—1D)(1-0)) 20)

ayr(n,0,c) =

Proof. Introducing (19) into the stability conditions, given in (9), we

obtain:
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(i) 1—Tr+Det =M > 0.

(1+60)+(n—1)(1-0) ch(l +0)(1-6%)

jii) 1 — Det = 0,..

(iif) 1 — Der an 2t o-1) i)l

+ Tr + Det

Cop e @EDA=0) 40+ 20— 1)(1-0))
2 2(2n+6—1)

>0

. Condition (iii) is satisfied given that s > 1,0 < 8 <1 and ¢ > 0. Con-
dition (ii) is satisfied, provided that:

@n+6-1){@n+1+n(1-6))

a < aur(n,8,c) = c(1+0)2n+2n—-1)(1-9))

In consequence, the Nash equilibrium is asymptotically stable for all
0 <a<ayr(n,0,c) .

From the above proposition, it is deduced that there is a threshold for
the RS firm's adjustment speed below which the local dynamic stability
of the Nash equilibrium is guaranteed. In Fig. 7 we can see the bifur-
cation diagram of q; (i = PM, RS) and the maximum exponent of Lya-
punov with respect to the adjustment speed, showing how the Nash
equilibrium loses its stability through a flip bifurcation if @ > aur(, 0, c).

In this case, the threshold agr(1, 0, c) depends on the rest of the pa-

rameters defining the model (17), including the parameter associated
with social responsibility, which was not the case when both firms
follow an adjustment given by the gradient rule. It follows immediately
from the threshold expression given in (20) that the stability of the Nash
equilibrium increases as ¢ decreases.

Moreover, a higher demand elasticity leads to a higher stability,
given that:

Oasr _24n+(147)(1-0)](1-0)*+ (21 +0—1)(5—6)[2n+ (27— 1)(1-0)]
on c(1+0)2n+2n-1)(1-0)]
>0

Deriving anr(n,6,c) with respect to 6, we obtain:

dayr 201 —1)[2(7 =100+ 6 )i +2(1 =) — (1-6)° ]
0 c(1+0 2+ (21— 1)(1-0)T

whose sign depends on the relationship between the elasticity of de-
mand, 7, and the parameter associated with social responsibility, 6, as
shown in Fig. 8.

From the inspection of Fig. 8 it can be deduced that, for any value of
the elasticity of demand, there is a critical value of § above which RSC
exerts a stabilizing effect, since it increases the threshold value of the
speed of adjustment agr (1,0, c).

More precisely, it can be deduced that this critical value is lower the
higher the elasticity of demand. Consequently, in the presence of a
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Lyapunov with respect to the parameter a (for y = 2,6 = 0.5,c = 0.6 and initial
conditions gpyo = 1,qrso = 0.8).

sufficiently elastic demand, a higher specific weight of consumer surplus
in the objective function of the socially responsible firm increases the set
of values of the adjustment speed parameter that ensure Nash equilib-
rium stability.

A similar analysis would be carried out for the other combinations of
expectation schemes, giving rise to other models that are not developed
for reasons of length. Their study allows us to conclude that in the case
where the PM firm follows LMA scheme and the RS firm adopts adaptive
expectations, we obtain that the Nash equilibrium is asymptotically
stable. In the cases where one firm adopts the scheme based on the
gradient rule and the other adjusts the quantity according to adaptive
expectations, again a threshold of the adjustment speed parameter is
obtained which, once exceeded, the Nash equilibrium loses its attractor
character. If the PM firm adopts the gradient rule as an expectation
scheme, it is obtained as a stability threshold:
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217(2 = Prs) 20+ 6 = 1)(3n + 0 =1 — o)
c(1—=0)[(Bn+0—1)" — 20> —2Bpn(2n +6 —1)]
@D

apy (Brs: 11,0, ¢) =

If it is the RS firm that adopts the gradient rule as the adjustment
mechanism, the threshold is given by:

202 = Bp) 21 +0—1)Bn+ 0 — 14+ 10)
c(1+0)[(Bn+6—1) — 20" —2,m2n+6—1)]
(22)

ags(Bpu: 1,0, ¢) =

Assuming that g, = iz = f we obtain:

_ 4002 - p(2n+6—1)° -0
c(1-6)[Bn+6-17 —P¢* —2pn(2n+6—1)]

Apy — QRs

Therefore, it follows that the market is more stable if the socially
responsible firm is the one with the highest level of rationality.

4. Conclusions

In an oligopoly with isoelastic demand, the paper has analyzed the
competition in quantities between a set of firms classified in two groups:
profit maximizing firms and socially responsible firms, which consider
consumer surplus in their objective function.

Static analysis has allowed us to deduce the efficient role of social
responsibility, since it has a clear competitive effect.

In fact, developing the comparative statics analysis, a decreasing
relationship between market price and the degree of social responsibility
has been obtained, which reduces the market power of the firms.
Moreover, it has been deduced that greater social responsibility in-
creases consumer surplus and social welfare and reduces producer
surplus.

The dynamic analysis of competition has been carried out for the
duopoly case in a discrete time scenario, and assuming that firms adjust
quantities according to the adaptive expectations, gradient rule based on
the marginal profit and Local Monopolistic Approximation schemes.

From the study it is found that, under an adaptive expectations
scheme, the Cournot equilibrium is locally asymptotically stable over
the entire parameter space. The instability of the equilibrium arises in
the presence of the gradient rule as an adjustment mechanism in one or
both firms. If both firms adopt such an expectations scheme, the degree
of social responsibility does not affect the stability of the equilibrium,
being more stable the lower the marginal cost and the higher the elas-
ticity of demand (the equilibrium is more stable when demand is more
sensitive to changes in price). These effects are also reproduced in a
context of heterogeneous expectations where the socially responsible
firm acts according to the gradient rule and the profit-maximizing firm
makes its decisions over time wusing the Local Monopolistic
Approximation.

Regarding the parameter associated with social responsibility it has a

Fig. 8. Graphical representation and zoom of the derivative "‘;—ZT (7,6,0.6) fory = 1.1 (blue),y = 2 (yellow) and y = 3 (green).
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direct effect on the asymptotic stability of the Nash equilibrium in the
case of heterogeneous expectations. In this case, the degree of social
responsibility plays a stabilizing role in the Nash equilibrium, its effect
being greater the more elastic the demand function is.

In the case where both firms have expectations based on the gradient
rule, the degree of social responsibility plays a stabilizing role in a
different sense. If the speed of adjustment is sufficiently large so that the
Nash equilibrium has lost its attractor character, the larger 6 is, the less
complex the evolution of the trajectories around the equilibrium
(reducing the degree of complexity of the attractor evolving from a
strange attractor to a 2-cycle).

In summary, the results show that the market is more stable the
closer it is to the competitive scenario. This depends, on the one hand, on
the value of the elasticity of demand (structure variable) and, on the
other hand, on the level of corporate social responsibility (behavior
variable).

Finally, we should note that the attractors appearing in the dynamic
models (12) and (17) are not globally stable in the economically sig-
nificant region, so to complete the results obtained in this paper we
propose to carry out a study of the global dynamics of both models in a
future research. For this purpose, we will follow the methodology used
in [25,30,31] which is based on the study of the dynamic on invariant
sets, critical curves, basins of attraction and global bifurcations.

It would be expected that we would get as a result the coexistence of
attractors, multistability (path dependent situation or sensitivity of
initial conditions), and qualitative changes in the structure of the basin
of attraction when a global bifurcation occurs, among others.

As [31] points out, these results will provide information on para-
metric values and initial conditions that will allow firms to adjust their
strategies over time, increasing market stability and avoiding unpre-
dictability as much as possible.

CRediT authorship contribution statement

J. Andaluz: Conceptualization, Methodology, Writing — original
draft. A.A. Elsadany: Software, Visualization, Writing — review &
editing. G. Jarne: Methodology, Formal analysis, Software, Writing —
review & editing.
Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.
Data availability

No data was used for the research described in the article.
Acknowledgments

J. Andaluz and G. Jarne wish to thank the Agencia Estatal de

Investigacién (PID2019-106822RB-100) and the Gobierno de Aragén
(consolidated group S40_20R) for their financial support.

11

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 172 (2023) 113511

A. A. Elsadany is wish to thank Prince Sattam bin Abdulaziz Uni-
versity to support him and for funding project number (PSAU/2023/R/
1444).

References
[1] Benabou R, Tirole J. Individual and corporate social responsibility. Economica

2010;77:1-19.

Wirl F, Feichtinger G, Kort PM. Individual firm and market dynamics of CSR

activities. J Econ Behav Organ 2013;86:169-82.

McWilliams A, Siegel D, Wright PM. Guest editor’s introduction. Corporate social

responsibility: strategic implications. J Manag Stud 2006;43:1-18.

McWilliams A, Siegel D. Corporate social responsibility and financial performance:

correlation or misspecification? Strateg Manag J 2000;21:603-9.

Bagnoli M, Watts S. Selling to socially responsible consumers: competition and the

private provision of public goods. J Econ Manag Strateg 2003;12:419-45.

Kotchen MJ. Green markets and private provision of public goods. J Polit Econ

2006;114:816-45.

Besley T, Ghatak M. Retailing public goods: the economics of corporate social

responsibility. J Public Econ 2010;91:1645-63.

Baron DP. Private politics, corporate social responsibility, and integrated strategy.

J Econ Manag Strateg 2009;10:7-45.

Brekke KA, Nyborg K. Attracting responsible employees: green production as labor

market screening. Resour Energy Econ 2008;30:509-26.

Arora S, Gangopadhyay S. Toward a theoretical model of voluntary

overcompliance. J Econ Behav Organ 1995;28:289-309.

Garcia-Gallego A, Georgantzis N. Market effects of changes in consumers’ social

responsibility. J Econ Manag Strateg 2009;19:453-87.

Husted BW, Allen DB. Corporate social strategy. In: Stakeholder engagement and

competitive advantage. New York: Cambridge University Press; 2011.

Friedman M. The social responsibility of business is to increase its profits. N Y

Times Mag 1970;13:122-6.

Kopel M, Brand B. Socially responsible firms and endogenous choice of strategic

incentives. Econ Model 2012;29:982-9.

Lambertini L, Tampieri A. Incentives, performance and desirability o socially

responsible firms in a Cournot oligopoly. Econ Model 2015;50:40-8.

Fanti L, Bucella D. Corporate social responsibility in a game-theoretic context. Econ

Polit Ind 2017;44:371-90.

Fanti L, Bucella D. Corporate social responsibility, profits and welfare with

managerial firms. Int Rev Econ 2017;64:341-56.

Planer-Friedrich L, Sahm M. Strategic social responsibility, imperfect competition,

and market concentration. J Econ 2020;129:79-101.

Becchetti L, Palestini A, Solferino N, Tessitore ME. The socially responsible choice

in a duopolistic market: a dynamic model of “Ethical product” differentiation. Econ

Model 2014;43:114-23.

Kopel M, Lamantia F, Szidarovszky F. Evolutionary competition in a mixed market

with socially concerned firms. J Econ Dyn Control 2014;48:394-409.

Lambertini L, Palestini A, Tampieri A. CSR in an asymmetric duopoly with

environmental externality. South Econ J 2016;83:236-52.

Puu T. Chaos in duopoly pricing. Chaos Solitons Fractals 1991;1:573-81.

Bischi GI, Chiarella C, Kopel M, Szidarovszky F. Nonlinear oligopolies. In: Stability

and bifurcations. Springer; 2010.

Fanti L, Gori L, Sodini M. Nonlinear dynamics in a cournot duopoly with isoelastic

demand. Math Comput Simul 2015;108:129-43.

Andaluz J, Jarne G. Stability of vertically differentiated cournot and Bertrand-type

models when firms are boundedly rational. Ann Oper Res 2016;238:1-25.

Gandolfo G. Economic dynamics. Fourth edition. Heidelberg: Springer; 2010.

Fanti L, Gori L. The dynamics of a differentiated duopoly with quantity

competition. Econ Model 2012;29:421 .427.

Andaluz J, Elsadany AA, Jarne G. Dynamic cournot oligopoly game based on

general isoelastic demand. Nonlinear Dyn 2020;99:1053-63.

Bischi GI, Naimzada A, Sbragia L. Oligopoly games with local monopolistic

approximation. J Econ Behav Organ 2007;62:371-88.

Zhu Y-1, Zhou W, Chu T. Analysis of complex dynamical behavior in a mixed

duopoly model with heterogeneous goods. Chaos Solitons Fractals. 2022;159:

112153.

Liu Y, Zhou W, Wang Q. Global dynamics of an oligopoly competition model with

isoelastic demand and strategic delegation. Chaos Solitons Fractals. 2022;161:

112304.

[2]
[3]
[4]
[5]
[6]
[71
[81
[91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

[20]
[21]

[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]

[30]

[31]


http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637244082
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637244082
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640548853
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640548853
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637269692
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637269692
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637475111
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637475111
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637584350
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030637584350
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638088799
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638088799
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638100309
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638100309
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638173938
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638173938
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640556403
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640556403
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641106393
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641106393
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638242627
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638242627
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638522745
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030638522745
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639177115
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639177115
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641234403
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641234403
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641369373
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641369373
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639189865
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639189865
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639199565
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639199565
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639285204
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639285204
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639295064
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639295064
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639295064
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641441992
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030641441992
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642110322
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642110322
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642125052
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640539943
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030640539943
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642129252
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642129252
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642135212
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642135212
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639302014
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639465464
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639465464
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642140702
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642140702
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639477364
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030639477364
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642381221
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642381221
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642381221
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642403841
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642403841
http://refhub.elsevier.com/S0960-0779(23)00412-5/rf202305030642403841

	Dynamic behavior in a Cournot duopoly with social responsibility
	1 Introduction
	2 The model. Static analysis
	3 Dynamic analysis
	3.1 Homogeneous expectations
	3.1.1 Adaptive expectations
	3.1.2 Gradient rule expectations

	3.2 Heterogeneous expectations

	4 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	References


