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On the flat cohomology of binary norm forms

par RONY A. BITAN et MicHAEL M. SCHEIN

RESUME. Soit O un ordre d’indice m dans 'ordre maximal d’un corps de
nombres quadratique & = Q(v/d). Soit Oy le Z-groupe orthogonal de la
forme norme associée g4 ,,,. Nous décrivons la structure de I’ensemble pointé
H} (Z,Qdm), qui classifie les formes quadratiques isomorphes a ¢q,, pour
la topologie plate. Gauss a classifié les formes quadratiques de discriminant
fondamental et montré que la composée d’une Z-forme de discriminant Ay
avec elle-méme est dans le genre principal. En utilisant le langage cohomolo-
gique, nous étendons ces résultats aux formes de certains discriminants non
fondamentaux.

ABSTRACT. Let O be an order of index m in the maximal order of a quadratic
number field & = Q(v/d). Let O, be the orthogonal Z-group of the associated
norm form qg,,,. We describe the structure of the pointed set Hj (Z,04.m);
which classifies quadratic forms isomorphic (properly or improperly) to gg,, in
the flat topology. Gauss classified quadratic forms of fundamental discriminant
and showed that the composition of any binary Z-form of discriminant Ay
with itself belongs to the principal genus. Using cohomological language, we
extend these results to forms of certain non-fundamental discriminants.

1. Introduction

Let g be an integral binary quadratic form, namely a map q : Z> — Z
represented by a symmetric matrix B, satisfying ¢(z,y) = (z,y)By(z,y)! =
ax? +bxy+cy?, where a, b, c € Z. For brevity we write ¢ = (a, b, ¢). Schemes
defined over SpecZ are underlined, whereas the underline is omitted for
their generic fibers. Any change of variables by A € GLy(Z) gives rise
to an isomorphic form ¢’ = g o A represented by the congruent matrix
By = AByA". In particular, if ¢ = g o A, then A is called an isometry of
q. It is called proper if A € SLy(Z). The discriminant of q is the integer
A(q) = b? — dac = —4det(By); it is independent of the choice of the basis
of Z? since det(A) = +1 for any A € GLy(Z). Given an integer n € Z,
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a natural and very classical problem is to describe the set of equivalence
classes

(1.1) (" (n) = {q: Alq) = n}/SLy(Z).

Consider the quadratic number field & = Q(v/d), where d ¢ {0,1} is a
square-free integer. Denote its discriminant by Ax and the norm map by
Nr: £* — Q*. Fixing an integral basis {1,w} of the ring of integers O,
associate to k the norm Z-form q4(z,y) := Nr(z+yw). Then A(gq) = Ay is
a fundamental discriminant. As Oy is a Dedekind domain, its narrow ideal
class group I/ P;’ coincides with its (narrow) Picard group Pict(O). If d <
0, write cI™ (A(gq))’ for the restriction of ¢I™(A(gq)) to only positive definite
forms, namely those for which a,c > 0. If d > 0, define c[™(A(q))" =
cl™(A(qq)). Gauss, in his Disquisitiones Arithmeticae [18], proved that there
is a bijection c[*(A(gq))’ = Pict(Oy) of pointed sets given explicitly by

b— Fvd _J2 d=2,3(mod 4)
(1.2) - [(a,b, )] = [<“2>] , where F= {1 d =1 (mod 4).

The main aim of this paper is to describe the sets
cl(n) :={q: Alq) = n}/GLy(Z),

in terms of geometric invariants of orders in quadratic number fields. This
extends the question considered by Gauss in three ways: we consider all
quadratic forms, and not only the positive definite ones; we consider all
isometries, and not only proper ones; we consider discriminants n that are
not fundamental.

A modern perspective on these classical ideas, used in the 1980’s by
Ono [30] for number fields and extended by Morishita [28] to general global
fields, identifies c[*(A(qq)) with HA(Z,Q&F), where QI is the special or-
thogonal group of q4. This flat cohomology, which a priori is a pointed set
but is an abelian group since Q; is commutative, classifies all integral bi-
nary forms that are isomorphic to gg in the flat (i.e. fppf) topology modulo
proper isometries. Analogously, the first Nisnevich cohomology set classifies
forms in the principal genus of g4. Recall that two integral binary forms
are said to be isomorphic in the flat topology if for every prime p they are
isomorphic over some finite flat extension of Z,. We extend this approach
to arbitrary quadratic orders O C O and obtain a classification, in terms
of the Picard group Pic O, of isomorphism classes (not just proper isomor-
phism classes) of integral forms that are isomorphic in the flat topology to
the norm form associated with O.

1.1. Organization of the paper. We briefly describe the structure of
the paper and point out its main results. Sections 2 and 3 recall the basic
notions we will use, most notably a Z-model N of a norm Q-torus associated
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to an order. Section 4 defines the orthogonal and special orthogonal groups
O, and Qq+ associated to a quadratic form ¢. If ¢ is degenerate over Z, the

orthogonal group O, need not be flat over Z. Thus we work instead with Qq,
the schematic closure in Qq of the generic fiber. We obtain an identification
(Lemma 4.5) of the special orthogonal group of a norm form of an order O
(with respect to a fixed Z-basis of O) with V. Finally, we let Og,, denote
the unique order of index m in the maximal order of k = Q(v/d) and fix
Z-bases of the orders Og,,. There is a natural bifurcation into two cases:
either the norm form gg4,» = qo,,, is diagonal for a suitable choice of basis
(Case (II)) or not (Case (I)). Case (I) holds when d = 1mod4 and m is
odd, whereas Case (II) covers all other instances.

Section 5, the heart of the paper, starts by determining (Proposition 5.1)
the structure of the quotient Qq i /Q;rd’m, which is always a finite flat
group scheme of order two. The proof is short and relies on the theory
of finite flat group schemes. For comparison, in an appendix to the pa-
per we provide a more classical proof that writes down defining poly-
nomials of qu,m and Q;rd,m. We then turn to studying the pointed set
HI%(Zqu,m) = H} (Z,qu’m). In Case (I) it is canonically identified with
Hi(Z, Q;’m), whereas in Case (II) it also contains classes of forms of dis-
criminant —A(gq,). This is shown in Proposition 5.5 and Lemma 5.6,

respectively. From this we can study the sets cl(n) for many discriminants
n. The following is the content of Propositions 5.17 and 5.18:

Proposition 1.1. Let D € Z be an integer such that D = Omod4 or
D = 1mod 4. Suppose further that D is not a perfect square and not of the
form D = —3-4™ for some m > Ny. Then

(D) = Hé(Z,Q;r) : D =1mod4

™ (D)) ~=Hg(Z,0f)/ ~ :D=0mod4,
where the explicit quadratic form q is the norm form of a quadratic order

with respect to one of our explicit bases, and the equivalence relation ~ is
given by [ax® + bry + cy?] ~ [az? — bzy + cy?].

(D) =

The relation stated here between quadratic forms and flat cohomology
fails for discriminants of the form —3-4™; see Remark 5.16. Along the way
we study a number of explicit examples. For any square-free d # 0,1 we
show in Theorem 5.19 that

1 d<0
0 d>0.
This is a straightforward extension of Gauss’ proper classification to all

forms, not just the positive definite ones. More generally, our analysis of
Case (II) leads to an extension of the classification to many cases in which

e (Agya) = {13 x Pict(Oy), where p(d) = {

Q
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4D is not a fundamental discriminant. Theorem 5.21, another classical the-
orem that we prove with new methods, states that if D is any integer that
is not a perfect square and not of the form D = —3 - 4™, then

It (4D) = {+1}¥(P) x Pic(Z[VD)),

where

N 0 D >0and Nr(Z[VD]*) = {+1}

&(D) = .
1 otherwise.

Note that Z[v/D] is not in general a Dedekind domain. Theorem 5.21 re-

mains true for discriminants of the form —3-4™, but our proof does not work

in that case. Recall that k& = Q(v/d). In Proposition 5.22, we express the

cardinality |H}(Z, quk)] in terms of the narrow class numbers of Q(v/d)

and Q(v/—d). Finally, we show in Corollary 5.24 under some hypotheses
on the form ¢g4,,, that any Q(‘Lm—torsor, tensored with itself, belongs to
the principal genus of gg . This may be viewed as an extension, in the
language of cohomology, of another classical theorem of Gauss.

Acknowledgements. The authors would like to thank J. Bernstein,
B. Conrad, P. Gille, B. Kunyavskii, and B. Moroz for valuable discussions
concerning the topics of the present article. They are grateful to the anony-
mous referee for a very careful reading of the paper and helpful comments
that have clarified the exposition.

2. Preliminaries

Let k/Q be a finite Galois extension with Galois group I' = Gal(k/Q) and
degree n = [k : Q. Let G,,, and GL,, denote the multiplicative and general
linear Z-groups, respectively. Recall that an order in Oy is a subring that
has the maximal rank n as a Z-lattice. Fix a Z-basis Q = {w1,...,wy} for
an order Oq C Of. The Weil restriction of scalars Ro = Resp,, /7(G,,) is
an n-dimensional Z-group that admits an isomorphism p : Ro(Z) ~ OF [5,
§7.6]. The natural action of p(Rq(Z)) on Og yields a canonical embedding
of R in Aut(Oq) = GL(Oq), depending only on the order Og and not
on the Z-basis €2. The choice of 2 provides an embedding ¢ : Rq — GL,,.
The composition of ¢ with the determinant gives a map Rqp — G,,, that
we abusively denote! det. Then Nr(a) = det(:(p~1(a))) for all a € Of,
where Nr: £ — Q* is the usual norm map; see Exercise 9 (c) of [6, §I1.5].

INote that the map det depends only on the order Oq and not on the choice of basis . Indeed,
the constructions of this and the following two sections, up to the explicit matrix realizations
of (4.2) and (4.4), are independent of the choice of .
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We get a short exact sequence of commutative Z-group schemes where the
quotient map is faithfully flat in the sense of [22, 0.6.7.8]:

(2.1) 1 Ng— Ry 2% G, — 1.

The generic fibers of the elements of this sequence are the norm torus
N = Resl(:/)(@(((}m), the Weil torus R = Resy,/g(Gs,), and the multiplicative
Q-group Gy, respectively. Their fibers at any prime p are denoted by (Nq)p,
(Rq)p and (G,,)p, respectively, while their reductions are overlined. We
omit the subscript €2 when Og is the maximal order Oy.

While G,,, and R, are smooth over SpecZ, the kernel N, need not be
smooth, in that it may have a non-reduced reduction at some prime. How-
ever, Nq is flat over SpecZ. Indeed, R and G,, are smooth and hence

regular and Cohen-Macaulay. By the Miracle Flatness Theorem [27, Theo-

rem 23.1], it suffices to check that all geometric fibers of N = ker[Rq det,

G,,] have dimension [k : Q] — 1. The map (Rq), Aty (Gy)p induced by

det in the reduction of (2.1) is surjective for all p. Thus N, is flat over
Spec Z, and instead of using étale cohomology we restrict ourselves to flat
cohomology.

Applying flat cohomology to (2.1) gives rise to a long exact sequence of
pointed sets; see [21, III, Prop. 3.3.1(i)]:

(2.2) 1— No(Z) = Ro(Z) = 0F =5 {+1} — HY(Z,Ng)
— H{(Z,Rg) — HY(Z,G,,) = PicZ = 0.

Now Oq is finite and torsion-free over Z, hence flat. By Shapiro’s Lemma
[16, XXIV, Prop. 8.2], we have H{(Z, Rg) = Hi(0q,G,, 0,) = PicOq.
Thus (2.2) can be rewritten as

(2.3) 1 — {£1}/Nr(03) — Hi(Z,Ng) — Pic(Oq) — 1.

The maximal order Oy is a Dedekind domain whose Picard group coincides
with the ideal class group of k. The set {£1}/Nr(O}) is equal to the zero-
Tate cohomology set HY(I',O)) [30, Ex. 1]. Thus, in the case Oq = O,
we deduce an isomorphism of finite groups

(2.4) H{(Z,N)/H)(T,0)) = Pic O.

If n is odd, then Nr(—1) = (=1)" = —1. Therefore Hg(Z, N) = Pic Oy and
it follows that

(2.5) hy = |H{(Z,N)|.

In the quadratic case n = 2, we have k = Q(\/g) for some square-free
integer d & {0, 1}. If Ogq is the maximal order Ok, we set hy and N, to be
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the class number hy and the Z-group N, respectively. Then (2.3) implies
that
(2:6) [HG (2, Ng)| = ha -2,
where [30, §5, Ex. 2]:

0 d>0and N ={+1
(2.7) e(d) = { >0 and Ni(Op) = {+1}

1 otherwise.

Let Pic™ (O}) be the narrow class group of k and let h+ denote its cardinal-
ity. Then h} = hq unless d > 0 and Nr(O0}) = {1}, in Wh1ch case hy = 2hy.
Now (2.6) imphes

1 d<0

2.8 HY(Z,Ng)| = hy - 2D p(d) :=
(2.8) |H(Z, Ng)| = hy pd) =90 oo 0

Hence computing the narrow class number hj{ is equivalent to determining

|Hi(Z, Ng)l-

3. The class set of the norm torus

Let G be an affine flat group scheme defined over Spec Z with generic fiber
G. We denote by G, the Zy-scheme obtained from G by the base change
Spec Z, — SpecZ. For a global field F, recall that the adelic group G(Af)
is the restricted product of the groups G(F,), where F, is the completion
of F' at a place v. We write G(A) for G(Ag). As in [4, §1.2], consider its
subgroup G(Ax) = G(R) x [[, G(Zp).

Definition 3.1. The class set of G is the set of double cosets Cly(G) :=
G(Ax)\G(A)/G(Q). This set is finite ([4, Thm. 5.1]) and its cardinality,
denoted h(G), is called the class number of G.

Definition 3.2. Let S be a finite set of places in Q. The first Tate—
Shafarevich set of G over Q relative to S is

IH}S’(Q; ) —ker Hl @7 _>HH1 Qva ’U)

vgS
When S = @, we simply write Iﬂl((@, G).

As G is affine, flat and of finite type, Y. Nisnevich has shown [29,
Thm. 1.3.5] that it admits an exact sequence of pointed sets

(3.1) 1 = Clwo(G) = Hy(Z,G) = H'(Q,G) x [[ Ha(Zy, G,)

whose left exactness reflects the fact that Cly(G) is the set of Z-forms of G
that are isomorphic to G over Q and over Z,, for all p. If H}(Z,, G,) injects
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into H'(Q,,G,) for all p, then, as in [29, Cor. 1.3.6], the sequence (3.1)
simplifies to

(3.2) 1 — Cloo(G) — H(Z,G) — H(Q,G).

More precisely, there is an exact sequence of pointed sets (cf. [20, Cor. A.8])
(3.3) 1 — Cloo(G) = HY(Z,G) - B — 1

in which

B={hl € H(Q.G): Vp,[y® L) € Im (H{(Z,,G,) = H'(Q, Gy)) }-

Let k/Q be a finite Galois extension as in the previous section. Let p
be a rational prime, and let P be a prime of k dividing p. Write Q, and
kp for the localizations of Q at p and of k£ at P, respectively, noting that
kp is independent of the choice of P, up to isomorphism. Observe that
k ®q Qp = kb, where r is the number of primes of k dividing p. The norm
map Nr : £ — Q induces a map Nr : k®qgQ, — Qp; under the isomorphism
above this corresponds to the product of the norm maps Ny, /g, on the
components. Similarly, Oy ®z Z; ~ O}, ,. Write Up for (’);P.

Fix a Z-basis Q2 of an order Oq as in the previous section, and assume
that Nr((Rq)p(Zp)) = Z,; "Ny, /g, (kp) for all p. Note that the assumption
always holds if Oq is the maximal order of k, since then (Rq)y(Z,) = Up.
See Example 5.25 for another case where it holds. Applying flat cohomology
to the short exact sequence of flat Z,-groups

1= (Ng)p = (Ra)p = (Gp)p — 1

yields the exact and functorial sequence
Nr
L= (No)p(Zp) = (Ba)p(Zp) = Zy — Hy(Zy, (Ng)p) = 1,

since Hi(Zy, (Rq)p) is the Picard group of a product of local rings and thus
vanishes. We deduce an isomorphism Hg(Z,, (Nq),) = ZX / Nr((Rq)p(Zy))-
Applying Galois cohomology to the short exact sequence of Q,-groups

1= Ny —= Ry, = (Gp)p — 1

gives rise to the exact sequence of abelian groups

~ N
1= Np(Qp) = Rp(Qp) = (kp)" — — Qy — HY(Qp, Np) — 1,
where the rightmost term vanishes by Hilbert’s Theorem 90. Hence we
may again deduce a functorial isomorphism H'(Q,, N,) Q) /Nip/0,(k5).
Note that Up is compact and thus Ny, g, (Up) is closed in Q. By our
assumption on Og:

(3.4) Hy(Zp,N,) = Z/Nr((Rq)p(Zp)) = Qp/Ni, jq, (k5) = H'(Qp, Ny).
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Proposition 3.3. Suppose that [k : Q] is prime and that Nr((Rq)p(Zy)) =
Zy NNy, (kp) for all p. Let S, be the set of primes dividing Ay. Then
there is an eract sequence of abelian groups (compare with formula (5.3)

in [28]):
1 — Cloo(Ng) — Hi(Z,Ng) — IIg 100 (Q, N) — L.

Proof. Since H}(Z,,(Ng)p) embeds into H'(Q,,N,) for any prime p
by (3.4), the Z-group scheme N admits the exact sequence (3.3), in
which the terms are abelian groups as N, is commutative. The pointed set
Clo (Ng) is in bijection with the first Nisnevich cohomology set Hy,(Z, N )
(cf. [29, I, Thm. 2.8]), which is a subgroup of H}(Z, Ng) because any Nis-
nevich cover is flat. Hence the first map is an embedding. Since k£/Q has
prime degree and so is necessarily abelian, at any prime p the local Artin
reciprocity law implies that

np = |Gal(kp/Qp)| = [Q) : Ny, jq, (k5)] = [H' (Qp, Np)|.
Furthermore, since [k : Q] is prime, any ramified place p is totally rami-
fied, so [Z) : Z; NNy 0,(Up)] = np [24, Thm. 5.5]. Together with (3.4)
this means that Hg(Zy, N,) coincides with H'(Q,, N,) at ramified primes
and vanishes elsewhere. Thus the set B of (3.3) consists of classes [vy] €
H'(Q, N) whose fibers vanish at unramified places. This means that B =
].H}gru{oo}(@, N), where S, is the set of ramified primes of k£/Q. O

Remark 3.4. The group B = HI%TU{OO}(Q,N) embeds in the group
H'(Q, N) by definition. But H*(Q, N) = Q*/Nr(k*), so B has exponent
dividing n.

4. Norm forms of orders in quadratic number fields

4.1. Orthogonal groups. Throughout the rest of this article we will
assume that k is a quadratic number field, so that k& = Q(+/d), where
d ¢ {0,1} is a square-free integer. Recall that a binary integral quadratic
form is a homogeneous polynomial of order two in two variables with coef-
ficients in Z:

q:7% = 7; q(z,y) = ax® + by + ¢y, a,b,c € L.
a b/2
b/2 ¢ )
satisfying q(z,y) = (x,y)By(x,y)". We denote ¢ by the triple (a,b,c) and
set A(q) = b? — 4ac. Consider the symmetric bilinear form

By(u,v) = q(u+v) = g(u) = q(v),
for u,v € Z2. Set disc(q) to be the determinant of the matrix

The form ¢ is represented by the symmetric 2 x 2 matrix B, = (

By(eirej)i<ij<e,
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where e; = (1,0) and e3 = (0,1). We say that ¢ is non-degenerate over a
Z-algebra R if disc(q) is invertible in R. In particular, ¢ is non-degenerate
over Z when disc(q) = £1 (cf. [13, §2]). It is easily checked that this matrix
is 2B,, thus A(g) = —4det(B;) = —disc(q). We assume A(q) # 0, so
q is non-degenerate over Q. Observe that g is degenerate over Z unless
q(z,y) = £xy. Two integral forms ¢ and ¢’ are said to be isomorphic over
a Z-algebra R if there exists an R-isometry from one form to the other,
namely a matrix A € GLy(R) such that o A = ¢’. If det A = 1, then we
say that A gives a proper isomorphism over R between ¢ and ¢'.

Definition 4.1 ([13, p. 303]). Let V be a free Z-module of rank two and
q:V — Z a quadratic form with disc(q) # 0. The orthogonal group of the
quadratic lattice (V,q) is the affine Z-group

O,={A€GL(V):qo0 A=q}.

Since (V,q) is not assumed to be non-degenerate over Z, we note that
O, may fail to be Z-flat for fiber-jumping reasons [14, §2]. We are thus led
to restrict our attention to the closed subscheme Qq C Qq defined as the
schematic closure in O, of the generic fiber. Since (V, q) is non-degenerate
over Q, and the characteristic of Q is not 2, we may define the special
orthogonal subgroup of the generic fiber O, = O, ®z Q naively as

O = ker[O, det, 2.

The analogous definition over Z is more subtle but is not limited to the
non-degenerate case.

Definition 4.2 ([14, Def. 2.8]). The special orthogonal group Q;r of a qua-
dratic lattice (V,q) is the schematic closure of O(‘; inside O, (or, equiva-
lently, inside Q]) As 7 is Dedekind it is flat. Indeed, the coordinate ring of
the schematic closure, in a Z-scheme, of an affine subscheme of the generic
fiber is clearly torsion-free, hence flat over Z.

Remark 4.3. The Q-group O, is smooth. Its open subgroup O;r is
smooth and connected [12, Thm. 1.7(1)] and is the unique such subgroup
[12, Prop. 3.2]. By the correspondence between flat closed subschemes of
O, and closed subschemes of O, [23, Prop. 2.8.1], Q; is the unique flat and

closed subgroup of O, whose generic fiber is O;r.

Definition 4.4. Let = {w;,w2} C O be a basis of a quadratic order
Oq C Ok. The norm form associated to €2 is the integral quadratic form

qo(z,y) := Nr(zw + ywa).

Let Oq denote the orthogonal group of gq. The choice of the basis 2
specifies an isomorphism of Z-modules r : Z? = Ogq given by r(z,y) =
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zwy + yws. In turn, as we observed at the beginning of Section 2, the map
r induces an embedding ¢ : Rg — GLs.

Lemma 4.5. Let Q) be a basis of the quadratic order Oq C O. Then
Q;g = Ngq as subgroup schemes of GL(Ogq).

Proof. Over Q, consider the map go = Nror : Q2 — Q. For any b € Rq
and (z,y) € Z? one has

()= ()

Ifb € Ng = ker(Nr : Rg — Gy, ) and we also use b to denote multiplication
by b in Ogq, then Nrob = Nr. We obtain an inclusion of Q-groups:

O$:{AESL2:(IQOA:(]Q}

D{beNqg:qgooulb)=qa}={be Nq:qoor tob-r=qq}
={be Nq:Nrob-r=Nror} ={be Nq : Nrob=Nr} = Ng.
Since 03 and Ngq are both one-dimensional tori, the inclusion is an equality.

Hence Q;g and N are Z-flat closed subgroups of Oq with the same generic
fiber O, = Nq. Such an object is unique by Remark 4.3, so Qg =Nqg. U

Remark 4.6. Since the norm subgroup Ng is clearly normal in GL(QOgq),
an immediate consequence of Lemma 4.5 is that Qg is a normal subgroup
scheme of Og,.

We note that for the particular bases 2 used in the sequel, Lemma 4.5
can be checked explicitly; see Remark A.3.

4.2. Orders in quadratic fields. Recall that & = Q(v/d). For every
m € N, the maximal order O, contains a unique order Oy, of index m. If
{1,w} is any Z-basis of Oy, then O, is spanned by {1, mw}. We fix the
convenient Z-basis Qg = {1,wam} of Ogm, where
1“'%\/3 :d = 1mod4, modd
Wdm = %\/& :d = 1mod4, meven
mvd :d =2,3mod4.

Henceforth we denote by g4, the associated norm form qq, .. We also
set qq = qq,1. Define

lfTQd :d=1mod4, modd

(4.1) Cdm = mjd :d =1mod4, meven

m2d :d=2,3mod4

and note that ¢4, is always an integer. For simplicity in long expressions,
we will sometimes drop the subscripts and write ¢ for cg,y,; this should
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cause no confusion. We also write Oy, for O, , Qdm for Qd’m, etc. We
say that we are in 7
Case (I) if d = 1mod 4 and m is odd, and in
Case (II) otherwise.
Then

(1,1, cq,m) : Case (I)
(1,0, —cqm) : Case (II).

1 1/2
q S Cd/m> : Case (I)
and By, . = e ) o
0 —cam : Case (II).

(42) qd,m = {

Hence

Spec Z|x, y|

y]/ (22 —|—:Uy+cdmy —1) : Case (I)
Spec Z[z, y] I

43) Ny =N =
(4.3) Ny, 2 Q0,m { (2 _Cdmy -1) : Case (II).

/
/
The integral matrix realization t(N,,,(Z)) is given by

(4 4) Ad _ <fc:my :piy) det =1 . Case (I)
(camy ), det =1 : Case (II).

For any pair (d,m), the integral model N;,, has the generic fiber

Nagm = Ny ©2 Q = Spec Qlz, )/ (2* — dy® — 1),
Note that Ng,, is independent of m.

5. The flat cohomology of the orthogonal group of a norm form

5.1. A quotient map. The special orthogonal subgroup Odm is a flat
closed normal subgroup of O ,,, by Remarks 4.3 and 4.6. Since Spec Z is one-
dimensional, the fppf quotient O,/ Qjm is representable by [1, Thm. 4.C]
and thus has the structure of an affine Z- group scheme. However, this quo-
tient is not flat. Instead, we consider the quotient @, =~ = Od m/O. O ms Which
is flat over Z because Od m 1s. Our first goal in thls sectlon is to determlne
the structure of @, for which we will use the theory of finite flat group
schemes. An alternatlve proof, by means of explicitly writing out defining
equations, is presented in an appendix at the end of the paper.

Recall that there are only two finite Z-groups of order two, up to isomor-
phism, namely Z/2 = SpecZ[t]/(t*> — t) and K, = Spec Z[t])(#* — 1); see,
for instance, thﬁorollary on p. 21 of [32] for a proof of this fact. These
two Z-groups are locally isomorphic everywhere except at (2), in which
case f, ®z Fa contains one nilpotent point while 27/2 ®yz 9 is reduced and
contains two points.
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Proposition 5.1. Let d # 0,1 be square-free and m € N. Then, as Z-group
schemes,

ZJ)2 : Case (I)

K, Case (II).

Proof. Recall from Definition 4.1 that for any quadratic form ¢, an isometry
A € O, satisfies g o A = ¢q and hence AB,A" = B,. Taking determinants
of both sides, we find that (det B,)((det A)? — 1) = 0. In particular, if g is
non-degenerate over Q, then any A € Qq satisfies (det A)2 — 1 = 0. Hence

Qd,m/gji:m = {

the determinant induces a morphism of group schemes det : Qq = [y

Since Qdm is a Z-scheme defined by the polynomial (det A—1)(det A+1),
among others, it is the scheme-theoretic union of the closed Z-subschemes

of matrices of determinant 1 and —1. The former of these is O Oy s and we

denote the latter by O, .. The left translation action on Od mof (1 9)in
Case (I) and of (} ,1) in Case (IT) interchanges the subschemes Qﬁm and
Q;m. Hence all fibers of @ dom have rank two, and we conclude that @ dm 18
a finite flat affine Z-group scheme of order two. Thus it is isomorphic either
to Z/ 2 or to p,. To distinguish between the two possibilities, it suffices
to determine () Qym @z Fy. Since the reduction of diag(1, —1) modulo 2 is
the same as that of the identity matrix, we see that ) Qym ®gz Fo contains

only one point in Case (II). In Case (I), on the other hand it is apparent
from (4.4) and Lemma 4.5 that the reduction modulo 2 of the matrix (] %)
does not lie in that of Ny ,,,(Z) = O (Z). Thus Q. ®zFs has two points

in this case. We conclude that Q, = 7Z/2 in Case (I) and Q, == p, in

Case (II), as claimed. O

5.2. Twisted forms. In this section we briefly recall the construction of
a twisted form (in the fppf topology) of a flat group scheme G defined
over Spec R, where R is a unital commutative ring. From now on, we refer
to the fppf topology as the flat topology. A representative P of a class
in H}(R,Q), i.e. a G-torsor, gives rise to the affine R-group scheme el
given by the quotient of P x g G by the G-action s - (p,g) = (ps~!,sgs™1).
This is an inner form of G, called the twist of G by P. It is isomorphic
to G in the flat topology, and the map Q — ©'Q where Q is any G-torsor,
defines a bijection of pointed sets 0p : Hi(R,G) — Hi(R,TG); see [31,
§2.2, Lem. 2.2.3, and the nearby Ex. 1 and 2].

Remark 5.2. Fix a quadratic Z-form ¢ of arbitrary rank with automor-
phism group Aut(g) := O, defined over SpecZ. Any O,-torsor, for the
flat topology, is of the form P = Iso(q,q’), where ¢’ is a quadratic Z-form
isomorphic to ¢ in the flat topology. This is a special case of a general
framework due to Giraud; see [8, Prop. 2.2.4.5] for details. It follows that
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O, is an inner form of O/, namely its twist by P. In terms of the classi-
fication of O -torsors by cohomology classes, this corresponds to changing
the distinguished base point of Hg(Z,O,).

Remark 5.3. For any flat, i.e. torsion-free, Z-algebra R the inclusion
Qq(R) C O,(R) of R-points is an equality. This implies a canonical iso-
morphism of pointed sets H} (Z, Qq) = H§(Z,0,). In the sequel we identify
these sets without further comment.

Lemma 5.4. Let PQq be the twisted form of O, by an Q;;—torsor P and
let Q := Qq/Q(‘;. Then the following are equivalent:

(1) The push-forward map Hg(Z,0OF) LN H (Z,Qq) is injective.

(2) The quotient map PQq(Z) 5 Q(Z) is surjective for any [P] €
Hi(Z,0]).

(3) The Q(Z)-action on Hy(Z,0F) is trivial.

Proof. By the correspondence discussed above between quadratic Z-forms
and Qq—torsors7 the inner form ¥ Qq of Qq is the orthogonal group of some

quadratic Z-form ¢'. Consider the commutative diagram with exact rows
(cf. [21, Lem. I11.3.3.4])

Tx

0,(z) —"—~ Q(z) H{(Z,0f) —— H{(Z,0,)

’:\Lep ﬁlep

~ PT(' Z/* ~
P0,(2) —= Q(Z) — H{(Z,70;) ——= H{(Z,70,),

where the top row arises by applying flat cohomology to the sequence 1 —
Q;r — Qq — @ — 1, whereas the bottom row comes from the analogous
sequence for ¢’ and the maps fp are the induced twisting bijections defined
above.

(1) < (2). The map i, is injective if any class [P] of O -torsors is the unique
pre-image of i, ([P]) € H&(Z,Qq) = H{(Z,0,). By commutativity of the
diagram, this is equivalent to the distinguished point in Hg(Z, Q;) being
the unique pre-image of its image, for any choice of a twisted form * QJ{ of
Oy, i.e. to the triviality of ker(¢,) for any Of-torsor P. By exactness of the
rows, this is condition (2).

(1) & (3). By [21, Prop. IIL.3.3.3(iv)], i« induces an injection of H§(Z,0})/

Q(Z) into Hé(Z,Qq). Thus iy : HA(Z,Q;) — Hﬂl(Z,Qq) is injective if and
only if Q(Z) acts on H§(Z,0}) trivially. O
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5.3. Case (I). Recall that Case (I) means that d = 1 mod 4 and m is odd.
In this case the quotient O,/ Of s Z/2 by Proposition 5.1, the quotient
map being the Dickson morphism D, .

Proposition 5.5. In Case (I), there is an equality of abelian groups
HY(Z, N yn) = Hg(Z, Og ).

Proof. Applying flat cohomology to the short exact sequence of flat Z-
schemes

1—>Q;m—>Qd7m—>Qd7m—>1
gives rise to a long exact sequence of pointed sets
~ '* 6
(5.1) O4m(Z) = Q. (Z) —~ H(Z,0F,,) = Hg(Z, Oy ,n) = H(Z,Q, ,)-

We will show that i, is an isomorphism; the claim then follows by
Lemma 4.5. Since Z/2 is smooth, the rightmost term in (5.1) coincides
with HY,(Z,7,/2) by [2, Corollaire VIII.2.3], which classifies étale quadratic
covers of Z (cf. [26, Chap. III, Prop. 4.1.4]). As no such non-trivial cover
exists, § is trivial, and i, is surjective.

To prove that i. is injective, it suffices by Lemma 5.4 to show that the
map ©'0y,,,(Z) — Z/2(Z) is surjective for all [P] € Hfll(Z,Q:{’m). This is true
when [P] is the distinguished class, since we verified explicitly in the course
of the proof of Proposition 5.1 that D, . : Qd’m(Z) — Z/2(Z) is surjective.
In fact, this implies that the determinant map Qdm(Z) — py(Z) = {£1}
is surjective on Z-points. In general, © sz is an inner form of Q;Zm by
Remark 5.2, and thus it is a conjugate of sz by some M € GLy(R) for
a finite flat extension R/Z. But © Q:{’m is the special orthogonal group of
a quadratic Z-form ¢ and O, = MO, M ~1. Conjugation preserves the

determinant, so Qq(Z) df Hy(Z) is surjective, and hence so is Dy, : Qq(Z) —

Z/2(). O

5.4. Case (II). In this case, we know from Proposition 5.1 that the deter-
minant map induces an isomorphism O,/ Q}m =~ fi,. The relevant bit of
the long exact sequence (5.1) is:

disc

HY(Z,05,,) % H{(Z, O,n) = Hi(Z, ) = {1},

Here disc, which assigns to any class [¢] € H{(Z,04,,) the sign of
the discriminant of ¢, is surjective because [(1,0,cqm)], [(1,0,—cam)] €
Hﬁ(Z,Qdm); observe that (1,0, cq,,) becomes isomorphic to (1,0, —cqm)

over Z[/—1] by the isometry A = diag(1,/—1).
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Lemma 5.6. Suppose that Case (II) holds, so ¢ = (1,0,—cqm), i.e.
q(z,y) = 2% — camy?®. Then

(52) H&(Zan,m) = HA(Z’ O+ //”‘2 HHﬂ Z Ozrl[)cdm )/HQ(Z)v
where the non-trivial element of p,(Z) maps [(a,b,c)] to [(a,—b,c)].

Proof. The action of the non-trivial element of y,,(Z) = {=£1} on Hi(Z, jS',m)
is described by [21, Rmq. I11.3.3.2]. The pre-image of —1 under det : Qq’m —
g is Q;’m := diag(1, —1)sz. A twisted form of ng by some inim—torsor
is Q; where ¢ is of discriminant 4cq,,. Then the action of —1 on Q; is a
twist by O

d,m>

o (a,—b,c):

(5 ) Co 206 ) = (e %)

Observe that Odm may be realized as a semi-direct product OF d m X By DY

which is equivalent to the twist of ¢ = (a, b, ¢) by diag(1, —1)

means of the section = +— diag(1, ) of the quotient map Qdm def K- By [19,
Lem. 2.6.3], this implies the claimed decomposition

(53) Hfll(Z7Qd,m) = Hé(z éd,m)
- HH(Z ancdm /Mz HHﬁ Z an_cdm )/Mz( )

where the quotients are taken modulo the equivalence relation given by the
action of 1, (Z) on each group as above. Indeed, the twisted form (1,0, c4,)
of discriminant —4cg,,,, corresponds to the non-trivial y,-torsor represented

by {t?> = —1}, which splits over Z[/—1] and is represented by

(A6 )G A =Ga) d

Corollary 5.7. Each of the groups Hf}(Z,Q;m) and Hé(Z,QéOCd )) is

entirely embedded in Hg(Z,0,,,) if and only if it satisfies one (hence all)
of the conditions of Lemma 5.4.

Remark 5.8. Although the groups Qd,m and Q(I,O,c 4m) &r€ not isomor-
phic, Lemma 5.6 provides the same decomposition of H{(Z,0y,,) as of
HA(Z’Q(I,O,Cd,m))' Hence these two pointed sets are in bijection with each
other. Observe that
Q_d,m/Q :d = 1mod4, meven
Ou.0,cam) = § O-dm :d=2mod4
O_j2m :d=3mod4.
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Example 5.9. In this and the subsequent examples in this section, we
set N/; = N4, for brevity. The set Hjj(Z, Ny;) contains 2hi; = 2 classes
{[£(1,0,—11)]}; see Lemma 5.19 below. Each of these classes is a sepa-
rate p,(Z)-orbit. However, Hi(Z,N' ;) contains six classes by [7, p. 20];
see the table in Example 5.13 below. Precisely, we have H}(Z, N’ ;) =
{[£(1,0,11)], [+(3,£2,4)]}. The pairs (3,+2,4) and (—3,+2, —4) coincide
in H}(Z,04;). Thus |HE(Z,041)| =2+ 4 = 6.

Our next aim is to use Lemma 5.6 to study Pic Z[v/d] even in cases where
Z[+/d] is not the maximal order of a number field and thus need not be a
Dedekind domain. As a preliminary, we record the following exercise in
algebraic number theory.

Lemma 5.10. Let d be any integer. The ring Z[\/&] has a unique prime
ideal containing 2.

Proof. The case d € {0,1} is obvious, so we assume that it does not
hold. We may assume without loss of generality that d is square-free. If
d = 2,3 (mod4), then Z[vd] = Oy is a Dedekind domain and 2 ramifies
in Q(vd), so that 204 = p?, where p is the unique prime ideal of Oy
dividing (2). Now suppose that d = 1 (mod4). Then Oy4/Z[+/d] is an inte-
gral extension of rings, so by [27, Thm. 9.3] any prime ideal of Z[v/d] has
the form Z[v/d] N p, where p is a prime ideal of Oy. If d = 5(mod8),
then 2 is inert in Q(v/d). Thus 204 is prime and is the unique prime
ideal of 04 containing 2; this implies our claim by the previous obser-
vation. If d = 1(mod8), then 204 = p1ps = p1 N po for distinct prime
ideals p; and py of Q4. Hence Z[Vd] N p; and Z[V/d] N py each contain
I =Z[Vd Nn20; = {a+b/d : a = b(mod?2)}. Since I has index 2 in
the ring Z[\/&] and thus is a maximal ideal, it is the unique prime ideal of
Z[\/d] containing 2. O

Proposition 5.11. Let d = 3 (mod 4). Set n(d) =1 if d = 3 (mod 8) and
one of the following two conditions holds:

e d>3

e d <0 and O, C Z[V—d].
Otherwise, set n(d) = 0. Then |Pic Z[v/—d]| = 3"Dh_,.

Proof. Observe that —d = 1mod 4, and thus Z[v/—d] = O_g2. We write (2
for Q_40 = {1,v/—d}.

The claim is clear if d = —1, so suppose that d = 3 (mod4) and d # —1.
By Lemma 4.5, the special orthogonal group N_;4 is equal to Qg. Set
k' = Q(v/—d). We relate the Picard groups of Og = Z[v/—d] and O_41 =

Op = Z[HT‘/Td] by studying their localizations. For any prime ideal p of
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Oq, let O, be the localization of Oq at p, and let (O ), be the integral
closure of O, in Op. Then [25, Thm. 5.6] provides an exact sequence of
abelian groups

(5.4) 1— 05505 — POw); /05 = PicOg — PicOp — 1.
P

Here the direct sum in the middle runs over the prime ideals of Oq. Let F
denote the conductor of Oy /Oq. By [25, Prop. 6.2] we have the following
isomorphism for any p:

(5.5) (O} /05 = (O F - (Ou))* /(04 FO)*.

Since Oq = Z + 20y, the conductor is F = 20;. It is a maximal ideal of
Oq; since localization at any prime commutes with factorization modulo
F, we have (Op/FOy)* = (Oq/FOq), = F5 = 1. Moreover, we see that
(Or)y = O if 2 ¢ p, so such places make no contribution to the direct
sum in (5.4). It remains therefore to compute (Op); for the unique (by

Lemma 5.10) place q containing 2, where Oy denotes the reduction of Oy
modulo F. Note that Oq/F ~ Fy and that ¢ = # is odd if d = 3 (mod &)
and even if d = 7(mod8). If ¢ € Fy is the image of ¢, then it follows
from (4.4) that

(Or)y = (Ra(F2))g = {(A-a)g = (§.3) : a,b € Fa, det(A_g) # 0}
~ JZ/3 d=3(mod8)
1 d =7 (mod8).

This holds also when d = —1. We deduce from (5.4) that if d = 7 (mod 8),
then Pic Og ~ PicO_4. If d = 3 (mod 8), then (5.4) implies that

(5.:6) Pic(@)| _ 3

h_q |coker(¢p)|
If d # 3, the unit groups Of and O}, contain the same roots of unity.
Moreover, if d > 0, these groups have no free part, hence |coker(yp)| = 1.
If d = 3, then clearly |coker(¢)| = 3. If d < 0, then the free parts of both
Og and Oy, have rank 1, and coker(p) = [(¢) : (€™)] = m, where € is a

fundamental unit of & and €™ is a generator of O. Note that m|3 by (5.4),
so that m = 3 or m = 1. Both cases do arise. The case m = 1 occurs, for
instance, when d = —37 and d = —101; see sequence A108160 in the On-
Line Encyclopedia of Integer Sequences. Hence, recalling the definition of
n(d) from the statement of this claim, we may rewrite (5.6) as

|Pic(Oq)|

— gn(d) 0
h_q
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Remark 5.12. If the norm map Nr attains the value —1 for an element
of OF, it does so for a generator of its free part. As m is odd, this implies
that Nr(Oy;) = Nr(Og). Recalling that Nj; = N,,, we conclude by (2.3)
and Corollary 5.11 that

HYZ, N )| _ [PieZlV=d)l _ 0

|Hy(Z, N _g)] h—d

Example 5.13. We tabulate the following data from [7]: see p. 19 for the
second and fourth columns and p. 20 for the third, noting that, as the

forms obtained are definite, the number of total classes is twice the number
of positive classes by Proposition 5.21 below.

(5.7)

0<d=3(modd) | h_q | [HYNZ,N" )| | |HYZ,N_g)| | c—qq = 14
3 1 2 2 1
7 1 2 2 2
11 1 6 2 3
15 2 4 4 4
19 1 6 2 5
23 3 6 6 6

Example 5.14. Let d = —5. Then (6k/)é)/@é) = 7Z/3 by the argument

preceding (5.6). A generator of the free part of O} is e = w = 1+—2‘/5 Let
Q = {1,V/5}. The embedding ¢ : Oq — Oy induces the embedding of
Nq(Z) in N5(Z) given by the integral matrix realization of (4.4), namely
the group homomorphism

(T By T—y 2y
7 ( y = ) 7 ( 2y wty )
Since Nr(e) = —1, a generator of the free part of N5(Z) is u =

(
corresponding to €2 = 1 + w, while a generator of N§(Z) is z = (1%),
corresponding to €% = 9 4 41/5. Hence

o= (g 1) =v"

so that |coker(y)| = 3. This means that n(d) = 0 in Proposition 5.11, and
Pic(Z[v/5))| = hs.

Recall from (1.1) that the set ¢[*(n) classifies quadratic forms of discrim-
inant n up to proper isometry. The next lemma relates c[™(n) to the flat
cohomology of special orthogonal groups.

Lemma 5.15. Let d be any integer that is not a perfect square and not of
the form d = —3 - 4™ for any m € Ny, and set q(z,y) = 2% — dy®. Then
I (4d) = Hg(Z,0]).
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Proof. Note that A(g) = 4d need not be a fundamental discriminant. The
equivalence relations in ¢t (4d) and in H}(Z, Oy) are defined similarly, so
we only need to show that the two sets of representatives coincide. Indeed,
those in Hi(Z, Q;) are obtained by (local) proper isometries of ¢, resulting
in the same discriminant A(g). Conversely, we claim that any quadratic
Z-form ¢' of rank 2 with A(¢") = A(q) is diagonalizable over Z, for any
prime p, thus is isomorphic to ¢ in the fppf topology. This is true for all odd
primes p by [9, Thm. 8.3.1]. If p = 2, then by the explicit form of the Jordan
Decomposition Theorem [9, Lem. 8.4.1] ¢’ is isomorphic over Zs to a direct
product of forms of rank at most 2, where the possible components of rank
2 are of the form 2¢xy or 2¢(z? + zy +y?) for e € Ny; note that [9] uses the
classical definition of integral forms, requiring that b be even. None of these
has discriminant 4d for an integer d satisfying our hypotheses. Hence ¢’ is
diagonalizable over Zs. Moreover, by Lemma 5.6 a local isometry between
q and ¢’ can be taken to be proper, as they share the same discriminant.
So any Z-form with discriminant A(q) is properly isomorphic to ¢ in the
flat topology. This completes the proof. Il

Remark 5.16. We justify the exclusion of discriminants of the form —3-4™,
for m > 1, in the hypotheses of Lemma 5.15 by noting that the lemma
is false in those cases. Indeed, the form (2™,2™~! 2™) has discriminant
—3 - 4™ but one readily checks that it is not isometric to (1,0,3 - 4™ 1)
over any finite flat extension of Zy. Thus the class [(2,2™ !, 2™)] appears
in c[t(—3-4™) but not in H} (Z,an’?)'llm,l)). Indeed, Pic Z[y/—3] is trivial;
see, for instance, [15, Exercise 7.9]. It follows from (2.3) and Lemma 4.5
that |H (Z,Qi 3))| = 2; alternatively, see the data of Example 5.13. Thus

1,0,
H{% (279?_170,3)) = [:t(l, 0, 3)]}
5.5. Applications to the classification of binary quadratic forms.
Having studied Cases (I) and (II) separately, we gather together our results.
First we determine the structure of cl(D) for many integers D.

Proposition 5.17. Let D # —3 be an integer such that D = 1mod4 and
D is mot a perfect square. Set q(x,y) = x* + zy + ((1 — D)/4)y*. Then
<(D) = (D) = HA(Z,07).

Proof. The same argument as in the proof of Lemma 5.15 shows that
™ (D) = H§(Z,0f). Write D = dm?, where d = 1mod4 is square-free
and m is odd. Then ¢ = ¢4,,. Moreover, by Lemma 4.5 and Proposition 5.5
we have Hg(Z,0F) = Hg(Z,Ng,,) = Hg(Z,04,,). Thus any quadratic
form that is improperly isomorphic to ¢ is also properly isomorphic to g,
hence cl(D) = [ (D). O
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Proposition 5.18. Let D be any integer that is not a perfect square and
not of the form D = —3 - 4% for any ¢ € Ny. Set q(x,y) = x> — Dy?. Then
cl(4D) = H} (Z,Q;)/E2(Z), where the non-trivial element of w.,(Z) maps
[(a7 ba C)] to [(aa _ba C)]

Proof. We have ¢[*(4D) = Hg(Z,0}) by Lemma 5.15. The description
of the structure of H} (Z,Q,) provided by Lemma 5.6 shows that the only
proper isomorphism classes of forms of discriminant 4D that are improperly
isomorphic to each other are those in the same orbit of the p,(Z)-action. [

Recall that & = Q(v/d). As noted in the introduction, Gauss proved in
his Disquisitiones Arithmeticae [18] that the elements of c[*(A(gq)), namely
proper isomorphism classes of forms of discriminant Ay, are parametrized
by Pic™(O). See, for instance, [17, Thm. 58] for an exposition of this result.

If d < 0, Gauss’ classification of forms of discriminant AQ( va) treats only
the positive definite forms, namely those for which a, ¢ > 0. The following
claim completes the proper classification.

Theorem 5.19. If d € {0,1} is a square-free integer, then

1 d<O0

" (A(qa) = Hi(Z,0F) = {£1}D x Pic™(Oy), where u(d) = {0 d>0

Proof. By Lemma 4.5 we have H}(Z,N4) = HE(Z,0F), and the latter
properly classifies the integral quadratic forms that are isomorphic to gq4
for the flat topology, thus of discriminant Ay. So if d > 0, then H{(Z, N,)
injects into c[T(Ag) = c[*(A(gq)), which is in bijection with Pic™(Oy)
by the classical theorem of Gauss mentioned above. Since Hj(Z, N,) and
Pict(Oy) have the same cardinality by (2.8), we have obtained a natural
bijection between them.

If d < 0, however, then Pict(0O}) classifies only the positive definite
forms; see the proof of [17, Thm. 58]. The subset H}(Z, N ;)" of classes of
positive forms injects into Pic™ (Oy) = Pic Oy, as above. If [q] € Hi(Z, N,),
then the isometry diag(y/—1,+/—1) shows that [—q] belongs to H}(Z, Q).
Thus if d = 1(mod4), then [—q] € H}(Z,N4) by Proposition 5.5. This
remains true also in the case d = 2,3(mod4) by the decomposition of
Lemma 5.6, since disc(—q) = Ag. Furthermore, since ¢ realizes only non-
negative values and —gq realizes non-positive values, the two forms ¢ and —¢q
cannot be Z-equivalent. Since every definite form is positive or negative, we
have {+1} x H}(Z,N,)* = H}(Z,N,), and we have just shown that this
injects into {£1} x Pict(O},) = cI™(A(qq)). Again by (2.8), these sets have
the same cardinality, so our injection is a bijection. O

Remark 5.20. Let D = 2,3mod4 be square-free, and consider a form
q = (a,b,c) of discriminant 4D. We show by a simple calculation that the
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composition of ¢ with its opposite form (a, —b, ¢) lies in the trivial class of
[T (4D). Tt suffices, via the bijection of (1.2), to show that the product of
the corresponding ideal classes in Pic*(OQ( \/5)) is principal. The following
ideal I is a representative of this product:

1= (02 vB) (a2 V)

= (aQ,a(z—I—\/E),a(;—\/ﬁ),li—D)-

Since 4D = disc(q) = b* — 4ac, we have % — D = ac, which shows that
I C (a). On the other hand, since 4D is a fundamental discriminant, it is
easy to see that ged(a,b,c) =1 (i.e. ¢ is primitive). This implies that a is
an integral linear combination of a2, ab, ac € I. It follows that (a) C I, and
hence I = (a) is principal. Thus opposite forms represent inverse classes
in Pic*(OQ(\/ﬁ)). By Lemma 5.15, Proposition 5.18, and Theorem 5.19 we
conclude that

cl(4D) = {£1}*P) x Pic™(Ogp)/ (@ ~ 271)

and we deduce that cl[(4D) inherits an abelian group structure from
Pic+((9@(\/5)) if and only if exp(Pic"'((’)Q(@))) <2

The following statement generalizes the result of Gauss mentioned above
to cases in which 4d is not a fundamental discriminant, and, when d < 0,
to forms that need not be positive definite. It is also classical; see, for
instance, [15, Exercise 7.23]. We prove it by modern methods, at the price
of ruling out discriminants of the form —3-4¢. The theorem remains true in
this case, but Remark 5.16 shows that our cohomological argument must
be modified in order to treat it. If D is an integer that is not a perfect
square, then define
D) {o D >0 and Nr(Z[VD]*) = {£1}

(5.8) .
1 otherwise.

Theorem 5.21. For any integer D that is not a perfect square and not of
the form D = —3 - 4% for any ¢ € Ny, there is a bijection

It (4D) = {£1}¥P) x Pic(Z[VD)).
Moreover, if d ¢ {0,1,—3} is square-free, then
oIt (4d) = {+1}°D x Pic(Z][Vd)).

Proof. Since D is not a perfect square, it may be written uniquely in the
form D = d(m’')?, where d # 0,1 is square-free and m’ € N. Set m = 2m’
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if d = 1mod4 and m = m’ otherwise. Observe that Z[v'D] = Og4,, and
gdm = (1,0, —D). Consider the exact sequence (2.3) for the basis Qg :

1 — {£1}/Nr(0},,) = H{(Z,N,,,) — PicZ[VD] — 1.

The group Hg(Z,N,,) is equal to Hg(Z, Ozm) by Lemma 4.5, and hence
is identified with c¢[*(4D) by Lemma 5.15. The first part of our claim is
immediate. For the second part, there is nothing further to prove if d =
2,3mod 4; in this case, e(d) = &(d) by definition. If d = 1 mod 4 is square-
free, then we observed in Remark 5.12 that Nr(Z[vD]*) = Nr(OJ), so
again (d) = £(d). This concludes the proof. O

Proposition 5.22. For a square-free integer d & {0,1} let mq be the num-
ber of pairs [(a,=+b,c)] which are distinct in [t (A(qq)), and let Iy be the
number of such pairs in I (=A(qq)). Let b be the narrow class number

of Q(/d). Then

ot d=1(mod4)
|H§(Z,04)| =  24Dpy 4 20Dt —my — 1y d =2 (mod4)
2 pt yon(=d) . gn@pt  —my—1; d=3(mod4).

Proof. If d = 1 (mod 4) then |H}(Z,0,)| = |H}(Z, Ng)| = h} - 24D where
the first equality is Proposition 5.5 and the second comes from (2.8). Other-
wise, use Lemma 5.6 and notice that if d = 2 (mod 4), then —d = 2 (mod 4)
as well, so N’ ; = N_,. On the other hand, if d = 3 (mod4), then —d =
1 (mod4), and the claim follows. O

Remark 5.23. Let d = 2mod4 be square-free. Then |H}(Z,0,)| =
|H}(Z,0_,4)| by Lemma 5.6. However, we see from Proposition 5.22 that
this observation does not readily imply any relation between the class num-
bers hy and h_g4. Indeed, the class numbers of real and imaginary quadratic
fields behave very differently. For instance, it is well known that only nine
imaginary quadratic fields have class number one, but the Cohen—Lenstra
heuristics [11] suggest that this should be true of infinitely many real qua-
dratic fields.

5.6. On the principal genus theorem. Theorem 5.19 also implies an-
other classical result of Gauss: the principal genus theorem. Recall that
k = Q(vd), with d ¢ {0,1} square-free. Then for any binary quadratic
form of discriminant Aj, the composition of ¢ with itself belongs to the
principal genus, namely the genus of the norm form ¢4. Under the iden-
tification of Lemma 5.15, composition of quadratic forms corresponds to
multiplication in the abelian group Hé (Z, Q;); we refer the reader to the
discussion in [26, §V.7.3] for details.



On the flat cohomology of binary norm forms 549

Corollary 5.24. Let d & {0,1} be square-free and m > 0. Suppose that
Hi(Z, (OJr )p) embeds in H(Qy, (Oim)p) for any prime p. For any class

[q] € H (Z,sz), the class [q ® q belongs to the principal genus.

Proof. To alleviate the notation, we write N for N,,. Since Hg(Z,,N,)
injects into H(Q,, N,) for any p by assumption, by (3.2) and Lemma 4 5
we obtain

Clos(0y ) = Clo(N) = ker[Hg (Z,N) — H'(Q,N)],

showing that Cl (O+ ) is the principal genus of ¢q. Moreover, the quotient

H(Z,N)/ Cl(N) = HIS U{oo} (@, N) has exponent 2 by Proposition 3.3
and Remark 3.4 whose hypotheses are satisfied thanks to our assumptions.
Recall that N is commutative, so that Hi(Z, N) is an abelian group. Thus
for any class [q] € Hi(Z, N), the class of the tensor product ¢ ® ¢ lies in
Cloo () = Cloo(O,)- 0

Example 5.25. The hypotheses of Corollary 5.24 were shown to hold for all
07, in (3.4). They also hold in the case of O, where d = 1 (mod 4), i.e. for

the norm form g = (1,0, —d) corresponding to the order Z[v/d]. Indeed, if
p | d then the embedding follows from g4 2 being of simple degeneration and
multiplicity one (cf. [3, Cor. 3.8]). If p f d and p is odd, it follows from (O;{Z)

being reductive (see the proof of [10, Prop. 3.14]). If p = 2, then (Od2)p is
not smooth, yet the embedding holds since all forms in H}(Zo, (Q(J{Q) ) are
diagonalizable as in the proof of Proposition 5.15. Hence [¢®¢| € Cl (Q:h).

Remark 5.26. Proposition 3.3 shows that Clo(Ng,,) is embedded as a
subgroup of Hg(Z, Ngm)-If d # =3, then the latter group is a disjoint union
of classes of integral quadratic binary forms of discriminant A(gg,,) of all
genera. This embedding holds for any twisted form of gg,,, hence, under
the hypotheses of Corollary 5.24, the quotient H§(Z, N 4,,)/ Clao(N g,,) ~
ngru{oo} (Q, N4, ) is in bijection with the set of proper genera of ¢q ,,. Thus
there are 2/571=1 such proper genera, as was initially proved by Gauss; see
also [30, §5, Example 2] and [33, Cor. 16].

Appendix A. Some explicit presentations of group schemes

In this section we will write down equations cutting out the algebraic
groups Od .m and OJr and use them to provide an explicit proof of Propo-
sition 5.1, which descrlbes their quotient.

Lemma A.1. Let d # 0,1 be square-free and m € N, and define the ideal
Zam C Zla, B,7,6,t] of a polynomial ring in five variables as follows. In
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Case (1), set

Tom = (&% + af + camB® — 1,207 + ad + By + 2c4mPB8 — 1,
V2 + 46 + Camd” — Cam, (@ — By)t — Lu® — u),
where cqm,m was defined in (4.1) and u=1— ay — By — cqmB9.
In Case (II), define Zg,, = ( 2_ cdmﬁz — 1, 0y — cq.m 39, S cd,mé2 +
Cd.m; (a6 - 57)15 - 1a t2 - 1)
Then Oy, = Spec Z[a, 3,7, 0,t] /L m.

Proof. We first treat Case (II), in which gg (7, y) = 2% — cy?; we write ¢
for cq, for brevity. Consider the matrix

a=(55)
The identity ¢4, 0 A = qq,,» amounts to
Gim = (ax+yy)’—c(Batdy)? = (a®—cf?)z’ +(2a7—2c08)zy+ (7" —cd?)y”.
Equating the coefficients of z2, zy, and 32, and noting that A must be
invertible, we obtain
Oy m = SpecZla, 3,7, 4, t]/(a®—cB*=1, ay—cBo,v? —c6*+c, (ad—Fvy)t—1).

Observe that the identity ¢((ad—Bv)*—1) = 0 is satisfied in Oy ,,,. This can
be seen by taking determinants in the matrix equation AB, d‘mAt = Byym
corresponding to the condition qg,, 0 A = qq,; alternatively, we leave it as
an exercise for the reader to deduce this identity from the equations cutting
out Oy, Therefore, (ad — Bv)2 —1 = 0 (or, equivalently, t> — 1 = 0), in
Qd’m. One now checks explicitly that the ring Z[a, 3,7, 6,t]/(a? — c? —
L, ay — ¢B6,7v* — ¢d? + ¢, (ad — By)t — 1,2 — 1) is torsion-free, and this
implies the claim in Case (II).

Now suppose that we are in Case (I), i.e. that d = 1 mod 4 and m is odd.
Then qq,,, = 22 4 zy + cy®. In this case, the condition dd,m © A = qa,m gives

Gam = (@ +7y)? + (ax +yy) Bz + 0y) + c(Bz + dy)?
= (&®+af+cBH2® + 20y + ad + By +2¢B0)xy + (V2 + 70 + c6?)y>.
Hence we obtain
O = SpecZla, B,7,6,1]/(0® + af + 5 — 1,
200y 4+ ad + fy +2¢88 — 1,72 + 76 + ¢d? — ¢, (ad — By)t — 1).

By similar considerations to the previous case, the identity c((ad — 87v)% —
1) = 0 holds in Oy, Set u = 1 —ay — By —¢Bd. Then one of the equations
cutting out O, may be written as 2u = ad—3y+1. Hence ¢((2u—1)?—1) =
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4c(u? —u) = 0 in Oy, and thus v —u = 0 in Qd,m. Since the ring
Zlo, 3,7,0,t]/Lam is torsion-free, the claim follows. O

Corollary A.2. Let d # 0,1 be square-free and m € N. Maintaining the
notation of Lemma A.1, we have

o+ - JSpecZla.5,7,6,4]/(Zg,u —1) : Case (I)
—dm SpecZla, B,7,0,t]/(Zg,t — 1) : Case (II).

Proof. In all cases, the identity ¢ = 1 is immediate from the definition of
OF . In Case (I), this implies that the identity 2u — 1 = 1 holds in O},
and hence so does u = 1. We leave the verification that these rings are

torsion-free to the reader. O

Remark A.3. It is an instructive exercise to verify Lemma 4.5 for the bases
Q4 m by showing that the map x — «,y +— [ is an explicit isomorphism of
commutative rings between the coordinate ring of N, and that of Qim.

With the previous results in hand, we can give an explicit proof of Propo-
sition 5.1.

Proposition. Let d # 0,1 be square-free and m € N. Then

Qdm/Q:; o Z/2 : Case ()
’ o B, ¢ Case (II).

Proof. The claim follows straightforwardly from the explicit presentations
obtained in Lemma A.1 and Corollary A.2. In the course of the proofs of
those statements, we showed that the relation (ad — $7)2 — 1 = 0 always
holds in dem. Hence the determinant induces a map det : dem — U2
corresponding to the ring homomorphism Z[t]/(t*—1) — Z[o, B, 7, 6,t]/LZa.m
sending t to ad — 5.

Now suppose we are in Case (II). If R is a Z-algebra, then the sequence

of groups

&, (R) = 1

is exact. Indeed, the only part of this statement not immediate from Lem-
ma A.1 is the surjectivity of the determinant, obtained by observing that
if z € p,(R), then diag(z,1) € Oy, (R).

In Case (I), on the other hand, the determinant need not be surjective.
To see this, recall from the proof of Lemma A.1 that if A € Qdm(R), then
det A = 2u—1foru = 1—ay—pv—cqmfPBd € R, following our usual notation
for matrix elements. Now consider the Z-algebra R = Z[t]/(t? — 1); it is, in
fact, faithfully flat over Z of finite presentation. Observe that t € p,(R),
but there is no © € R such that 2u — 1 = ¢. Thus the determinant map

dem(R) — W, (R) is not surjective.
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Instead, consider the map D : Qdm — Z/2 corresponding to the ring
homomorphism Z[t]/(t* — t) — Z«, B,7,6,t]/Zam sending t to 1 — ary —
B~ — ca,mB0. This notation reflects that D is the Dickson morphism Dy, ;
cf. [13, (C.2.2)]. We claim that

1 07, (R) = Og,n(R) 3 Z/2(R) — 1

is an exact sequence of groups for any Z-algebra R. Indeed, if € Z/2(R),
then -

1 0 ~
Aw:(l—x 2x — 1 ) Egl’m(R)

satisfies D(A,) = x, so 1 is surjective. It follows from Corollary A.2 that
ker D = QIm(R). O
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