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Generating functions for multiple zeta star values

par KHODABAKHSH HESSAMI PILEHROOD et TATIANA HESSAMI
PILEHROOD

RESUME. Nous étudions les fonctions génératrices des valeurs des fonctions
polyzéta (*(s1, ..., Sm) dans le cadre général. Ces fonctions génératrices éta-
blissent un lien entre les nombres polyzéta et les sommes d’Euler multiples,
ce qui nous permet d’exprimer chaque valeur polyzéta en termes de sommes
d’Euler multiples alternées, et notamment réduire la longueur des blocs de
deux dans les sommes résultantes.

ABSTRACT. We study generating functions for multiple zeta star values in
general form. These generating functions provide a connection between mul-
tiple zeta star values and multiple Euler sums, which allows us to express
each multiple zeta star value in terms of multiple alternating Euler sums, and
specifically, reduce the length of blocks of twos in the resulting sums.

1. Introduction

Multiple Euler sums and multiple zeta values (MZVs) have been of in-
terest for mathematicians and physicists for more than two decades. The
systematic study of MZVs has started from works of Hoffman and Zagier
in the 1990s, although some partial historical results are dated back to the
work of Euler. In this paper, we will study generating functions for multi-
ple zeta star values in general form. These generating functions provide a
connection between multiple zeta star values (MZSVs) and multiple Euler
sums, which allows us to express each MZSV in terms of multiple Euler
sums, and specifically, reduce the length of blocks of twos in the resulting
sums.

To begin with precise definitions, let N be the set of positive integers,
No =NU{0}, N={5: s € N}, and D = NUN be the set of signed positive
integers. For all s € N, the absolute value function |-| on D is defined by
|s| = [5| = s and the sign function is given by sgn(s) =1, sgn(s) = —1.

Manuscrit regu le 9 septembre 2018, accepté le 11 mai 2019.
2010 Mathematics Subject Classification. 11M32, 11M35, 05A15, 30B10, 30D05, 39B32.
Mots-clefs. Multiple zeta star value, multiple zeta value, generating function, Euler sum.
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For s = (s1,...,5m) € D™, we define the (alternating) Euler sums by
nested sums with strict and non-strict inequalities,

1= 3 Hsgn|fj| fogn(s)® — aig) > Hsgnij

k1>->km>1j=1 k1> >kp>17=1

respectively, where s; # 1in order for the series to converge. If s € Nm, then
((s) is called a multiple zeta value (MZV) and (*(s) a multiple zeta star
value (MZSV). We assign two characteristics to each of the sums above:
the length (or depth) £(s) := m and the weight |s| := |s1]| + -+ + |sm]-
By convention, we set ((f)) = ¢*(0) = 1. By {s}"™ we denote the sequence
formed by repeating the symbol {s} m times.

In particular, for s € N we have

N 00 (_1>k B _10g2’ if s =1;
=2 = {(21-8—1><<s>, it 522,

where ((s) is a value of the Riemann zeta function. The simplest explicit
evaluations of multiple zeta values include

ﬂ,Qm

C({24™) = Gmt ¢C({21™) = —2¢(2m).

These formulas follow from the Laurent series expansions of two functions
sin(nz)/mz and wz/sin(7wz) (see [4] for more details).

In 2012, Zagier [11] found explicit formulas for the values ¢({2}¢, 3, {2}?)
and ¢*({2}%,3,{2}"), a,b € Ny, in terms of rational linear combinations
of products ¢(m)m?" with m + 2n = 2a + 2b + 3. These formulas played
an important role in Brown’s proof [2] of the Hoffman conjecture [8] that
every multiple zeta value is a Q-linear combination of values ((s1,...,s,)
for which each s; is either 2 or 3.

In [4], we gave another proof of the theorem of Zagier via a new rep-
resentation of the generating function for ¢*({2}%,3,{2}?) in terms of the
double series

(1.2) > ¢*({2)%,3,{2)")=*"*

a,b>0

— 9 i (=15 i Z
- 2) (52 2) 2 2 _
e VA (VA T B A wr il
by using a hypergeometric identity of Andrews and then evaluating the
right-hand side in terms of the digamma function with the help of com-
plex integration and the residue theorem. Formula (1.2) also implies that
¢*({2}%,3,{2}") is expressible in terms of double Euler sums

(1.3) C*({2}%,3,{2}%) = —2¢(2a + 26+ 3) — 4¢(2a + 2,2b + 1),



Generating functions for zeta stars 345

which by [3, Theorem 7.2] can be reduced to linear combinations of products
of single zeta values, giving one more proof of Zagier’s theorem (see [6,
Remark 2.7]). Note that formula (1.3) as well as the similar one

C*({21%,1,{2}%) = —2¢(2a + 2b + 1) — 4¢(2a +1,2b), a,b €N,

were proved even earlier in [6] by another method using finite binomial
identities. These formulas were generalized by Zhao [12] and Linebarger
and Zhao [9] that led to the proof of the Two-one formula conjectured by
Ohno and Zudilin [10], which states that

g*({2}a1717{2}a27“'717{2}ad71) = Z 2€(p)<(p)7

p=(2a1+1)o--0(2a4+1)

where p runs through all indices of the form (2a; +1)o---0(2a4 + 1) with
“o” being either the symbol “,” or the sign “+”. These results were extended
further by the present authors and Zhao [7, Theorem 1.4], to get formulas
for arbitrary multiple zeta star values (*({2}%0, ¢, {2}%,...,cq, {2}%) in
terms of multiple Euler sums.

In this paper, we generalize the formula for generating function (1.2) to
include generating functions of multiple zeta star values with an arbitrary
number of blocks of twos.

Theorem 1.1. For any integer d > 1 and any complex numbers zg, ..., 2zq
with |z;| < 1,5 =0,1,...,d, we have

S ({21,323 3 {210 250 - 20

ag,...,aq>0
—1)ko k2 d 9A(ki—1,ki)
=-2 > (kz)_ ! ki(k2 — 22)’
ko>->kg>1 10 TR0 =1 M\ T A
where
0 if a=2b;
Alaby =4 0 475
1, else.
In particular,
(—1)ko
S g -1-23 ¥ oy
ao=>0 ko>1"0 0

In the same vein we give the formulas for the Two-one and Two-three-
two-one generating functions.
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Theorem 1.2. For any integer d > 0 and any complexr numbers zg, . .., 24
with |zj| <1,j=0,1,...,d, we have

S UL 24, {2y S

ag,...,aq>0
B (—1)kaky & k; - 28(ki-1ko)
- 2 v U2
ko>->kq>1 0 i=0 [ i
and
Do CUBT L2 {2 ) 2
ag,...,aq>0
1 & k; - 28 ki—1,k:)
= 2 gl 0
ko> >kq>1 "0 i=0 i i
where k_1 = 0.
Theorem 1.3. For any integer d > 1 and any complex numbers zg, . . ., Zoq

with |z;| < 1,5 =0,1,...,2d, we have
ST ({230, 3,{2hm 1,3, {2} 1 {2)920) 2000 50

ag,--,a24>0
2A(kz 1,k )
-y mE
kOZ"'Zk2d>1 =0
where k_1 =0, and
D1 UMY LB {2 )
ai,...,a2q>0
2A(kz 17 )
= X H :
k1> >kog>1 i=1 2
where kg = 0.
For a string of positive integers r = (r1,...,r.) € N° and positive integers
k, m, define the multiple sharp sum
Shom (1,2 7e)
A(k,l)+A 1)+ +AUe—1,le)+A(le,m) .
P 1jr1lrg e : , ifr#0and k >m;
1 "2 le

= k2l >2>le>m

28 (km) ifr=0ork<m.

Actually, our main result is more general than the above three theorems,
since it provides formulas for generating functions of arbitrary multiple zeta
star values with an arbitrary number of blocks of twos.
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Theorem 1.4. For any integers d > 1, ¢1,...,¢cq € N\ {2}, ¢y > 3, and
any complex numbers zg, 21, ..., zq with |z;| < 1,7 =0,1,...,d, we have

(1.4) Z ({21, ¢1, {2}, ..., g, {2)94) 22 2ag 2@1 o Z;ad

a0,a1,...,a4>0

k6 di—
zk o
= - > H ke ({1970,
k0>k1> >kd>ll 0 7/ 1,
where

2, ifc=0;
co=1, cg41 =0, k-1 =0, §; = (S(Ci)—i-(S(Ci_H), and (5(0) =<1, ifc=1;
0, ifc > 3.

If all ¢; take only values 1 or 3, the formula can be simplified.

Corollary 1.5. For any integers d > 1, ¢1,...,¢q €{1,3}, ¢c1 > 3, and any
complex numbers zg, 21, ..., zq with |z;| < 1,7 =0,1,...,d, we have

S U2 e, {230, g, {2)94) 2270200

a0,a1,...,a4>0

d kid; 5;—1
—— Z H (_?2 k’é 2A(ki—lvki)
— Z

kozk12>->kq>1i=0 i i
with the same notation as in Theorem 1.4.

The case zg = 0 and ¢y = 1 for d > 2 also leads to the simplification of
the right hand side of (1.4). Note that after substitution zg = 0 and ¢q = 1
n (1.4), we replace d — 1 by d to get the next corollary.

Corollary 1.6. For any integers d > 1, c1,...,cq € N\ {2}, ¢1 > 3, and
any complex numbers zy, . .., zq with |z;| < 1,57 =0,1,...,d, we have

S U e {2y can {230, 1) g0 - 2R

ag,at,...,aq>0
k: & /{?6 -1

S | = s 1Y),

k‘o>k‘1> >k‘d>1’L 0 i ?

where cg = cqg41 =1, k_1 =0, & = d(¢;) + 0(cix1), and 0(c) is defined in
Theorem 1.4.

Theorem 1.7. For any integers d > 0, 0 < m < d, ¢1,...,¢4 € N\ {2}
such that ¢; > 3 if m > 1, and any complex numbers zy, z1,...,2zq with
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|zj| <1,j=0,1,...,d, we have

(1.5) Z C*({2}ao7 c1, {2}a1 . Cds {2}ad) 2a0 %m - ZSad

ag,at,...,aq>0
am>1

k5k5

DS 2H st {1

ko>k1>-->kg>1 km =0 i
with the same notation as in Theorem 1.4.
Corollary 1.8. For any integers d > 0, 0 < m < d, ¢1,...,¢cq € N\ {2}

such that c1 > 3 if m > 1, and any complex numbers zy, . . ., zq with |z;| < 1,
7 =0,1,...,d, we have

ST (230, e, {20, e, {2199, 1) 220000 L 20

a0,at,...,ag>0
am>1

k5k5—1

1 d
=4 Y g ISt

ko>k12>->kq>1 i= v
where ¢cg = cqg41 =1, k-1 =0, §; = 0(c;) + (5(01-4_1), and 6(c) is defined in
Theorem 1.4.

The next theorem provides a formula for arbitrary MZSV in terms of
Euler sums. One can consider this type of relations as duality relations
between multiple zeta star values and multiple Euler sharp sums. For dif-
ferent types of duality relations known so far for multiple Euler sums, see [1,
Section 6].

Theorem 1.9. For any integersd > 0, c1,...,cq € N\{2}, ag,...,aq € Ny,
and c1 >3 ifag=0andd > 1, and ag > 1 if d =0, we have

(1.6) C*({2}%, 1, {2}, ..., cq,{2}%)
== Z H k2a,+3 2 2a;4+3—06; Vki—1,k ({l}cz )

ko>k1>-->kq>1 =0

with the same notation as in Theorem 1.4; and

(1.7) C({2190, 1, {2}, .. ca, {2)%4, 1)
- Z H k2a1+3 7 2a;+3-0; Pki—1,k k({1 °),

ko> >kg>1 i=0
where cg = cq1 =1, k—1 =0, 6; = 0(¢;) + d(cit+1), and 0(c) is defined in
Theorem 1.4. Moreover, if ¢; € {1,3}, then S,iiihki({l}ci*g) is replaced by

2A(ki-1.ki) in the above formulas.
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Note that Theorem 1.9 implies [7, Theorem 1.4] if we expand and regroup
the inner sharp sums in powers of 2.

Summarizing, it is worth mentioning that generating functions (1.4)
and (1.5) in their generality and simplicity may be very useful in appli-
cations. For example, in [5], we show how to apply generating functions
obtained in this paper for evaluation of certain explicit formulas as well as
sum formulas for multiple zeta star values on 3-2-1 indices.

2. Auxiliary Statements

In this section, we prove several lemmas that will be needed in the sequel.
From [6, (2.1), (2.2), and (2.5)] we have the following statement.

Lemma 2.1. For any positive integer n and a non-negative integer I, we
have

(2_1) 9 z”l: (_1)k (TID _ (_1)l+1 . (n—l)(?)

k=i+1 ("15) n "
(22) 2y fu o)
v (50 )

If n > 2, then

(2.3) zn: % =0.

= ()

Lemma 2.2. For any positive integers n,l and a nmon-negative integer c,
we have

noE(" 2A(k,l) n(®
(2’4) Z (k()71+k) = (n(?fl))’
(=1

!
n _1\k(n 1\l n
25 3 C sy - S A
l

Proof. The proof of (2.4) easily follows from Lemma 2.1, identity (2.2),

n () 2500 () I =) a)
D R CURE Z "m GG IGER)

To prove (2.5), we apply induction on c. For ¢ = 0, S ({1} ) = 24kD
we have by (2.1),

PP L E i e i B e VB VL1

k=1 (") ("7 ) k=I+1 ( ) no ("

) and
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If ¢ > 1, then changing the order of summation and applying identity (2.6),
we obtain

(D :
> e Sk
k=l ( k )

A (k1) +A (1 l2)++A(le,l)

lily -+ 1.

k=l (k) k>l > >10>1
i (_1)’6(7]:) 2A(k,ll) 2A(l1,12)+~~-+A(lc,l)
n+k
>l > > >0 \k=l ( Z ) hilz---le

Z (_1)l1 ll (lnl’) 2A(l1,lg)+~~-+A(lc,Z)

no (i Ly,

I
g

n>l1>>1.>1

I ) i 1

.~ Z n+l1) Sll ({1}8 )
l1 l I

Now formula (2.5) easily follows by induction on c. O

The proof of the next lemma was essentially given in detail in [9, Lem-
ma 4.2]. We slightly modified the formulation to embrace a more general
class of series.

Lemma 2.3. Let M,c,a € R,M > 0,a > 1, and let Ry be a sequence of
real numbers satisfying |Ry| < M forallk=1,2,.... Then

Jim 3R (1— - ) -

P (")

3. Generating Functions For Multiple Harmonic Sums

In this section, we prove a finite version of identity (1.4), from which
Theorem 1.4 will follow by limit transition. For any n,m € N and s =
(S1,...,5m) € D™, we define the (alternating) multiple harmonic sums by

B (sgn( sj
Hn(S) N Z H ‘53|
n>k1 > >kpn>17=1
and
(sgn(s;
Hy(s) = Z H |sjj\
n>k >k >1j=1 K

By convention, we put H,(s) =0 if n < m, and H,(0) = H*(0) =
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Let Fy(ci,...,¢4;20,21,--.,24) denote the generating function of the
multiple harmonic star sum,

Fn(Cl,..-,Cd;ZO,Zl,..-,Zd)

= > HA{2},e1, {2}, cq, {2)0) 220020 2

a0,a1,...,a4>0

Theorem 3.1. For any integers n > 1, d > 0, ¢1,...,cq € N\ {2}, and
any complex numbers zg, 21, ..., zq with |z;| < 1,7 =0,1,...,d, we have

(3.1) Fo(c1,---,Cd; 20,215 - -+ 2d)

n d klélk&
ST i = SE AN

n>ko>k1 > >kg>1 ko =0 1 i
where
2, ifc=0;
co=1, cg1 =0, ko1 =0, § = (c;) + 6(cit1), and 6(c)=1 1, if c = 1;
0, if ¢ > 3.
Proof. If n =1, the theorem is obviously true. We have
<
Fi(ct, . . Cq;20, 215+ 5 2d) = Z zgaoz%al-owsad: H et
: — 2z
aop,at,...,aq>0 7=0 J
and the right-hand side of (3.1) is
() (d (—1)‘51') A Lol 1
_ A\ AN ) 0,1) _ (_1)1+50+51+~~+5d H — H
2 H 2 2 2
(1) \iZo 1 — = —ol—a Sl

If d = 0, the formula becomes

({0100 2a (—1)ko g2
@mz%mzzmmm%%z§:wmm —.
ap>0 n>ko>1 ko ) 0 0

Then it is easy to see that

= > Hi({2)") 5" = Z 2"02 sty Hn (217

a0>0 ap=0
(aofk) 2
Z Z z n
-2 . n2(a0—k) T2 zQF" 1(520)

ap=
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and (3.2) follows immediately by induction on n. Indeed, we have

n2 n2 "- 1 n 1) ( )kk2
Fo(520) = an—l( n2 Z% kz:l n— 1+k k2 —
ka (n) k‘2 kkiQ (n)
k k
QZ k2 (n+k) <n2 ZO - 1) _QZ kz _ ZO (n )’

where in the last equality we used identity (2.3).

For the general case n > 1 and d > 0, we proceed by induction on n + d.
When n+d =1 or 2 the formula is true by the above. Let N be a positive
integer. Suppose (3.1) is true for all n+d < N. To prove it for n+d = N+1
with n > 1 and d > 0, we consider the expansion of the finite sum

H)({2}%, 1, {2}, ..., cq, {2}%)

1
= W H;({2}a1762, {2}0,27 ey Cd, {2}ad)

+Z e B (21 e {25 (2079),

which leads to the followmg reduction of the generating function:

2aq

z
Fo(ct,. .., ca; 20,21, -, 2d) = Z m-Fn(CQ,...,cd;zl,...,zd)

ap>0

+ 2 Z 2(a %) (2R e, {2 g, {230 250 - 2
n 0—
ag,...,aq>0 k=0
Changing the order of summation in the second sum and simplifying, we
get

2 Z 2(ao—k) ({2¥E e, {239, g, {2)94) 2300 - 550

ag,...,aq>0 k= 0
) oo zZ(ao—k)
S Y H e (27 (2 a2 Y
n
k=0azy,...,aq>0 ao=k

2
n
- ) 2'Fn—l(cl7'-'acd;207zl7°"azd)

and therefore,

2—cy
n
(33) Fn(cl,...,Cd;ZQ,Zl,...,Zd):W-Fn(CQ,...,Cd;Zl,...,Zd)
—~0
77,2
+ﬁ'Fn_l(cl,...,Cd;Zo,Zl,...,Zd).

n® — 2y
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Let ¥o denote the right-hand side of (3.1). Consider the difference
Fn(clv"')Cd;z(]vzlv"'yzd) - EO

and evaluate 112"7;217",1(61, ooy Cdy 20, 21y - - -y 2d) — 20. By the induction
0
hypothesis for (n — 1) +d=n+ (d — 1) = N, we have

n2
WFn—l(Cly ey €3 20, 215 - 5 2d) — 20
0
n—1 d 5 7.6—
B —n2 Z ( ko ) H (—1)k’5’ki ({I}CZ )
T2 L2 —1+k 2 _ 2 ki—1,
V720 1> k> ha>1 (" ko °) <o ki —z; 1k

n d ki&k{si—l
+ ¥ (fii)o)ﬂ( 22_;2 )

n>k0>--->kd>1 ko ) i=0 i A
k 8; k5 -1

- > H Sk ({1ed)

n>ko>-->kg>11=0

(n+k0) n2 — 23 (n—l-i—ko) ’

k‘o k()

Notice that the expression in the parenthesis simplifies to

@ xS () B
() W= ) T ) n -2
and therefore,
n2
(3.4) W Fn_l(cl, ey Cdy 20, Ry e e - ,Zd) — 20
— 20
2 (1) ()R
— 0
-2 _ .2
n? -z n>ko>k > Shg>1 (ano)
)k 61]{5

d
H {1y,

Now let us evaluate the inner single sum over kg in (3.4), which is

1,

Dhat= 30 AL () ) 5 (1)
ko=k1 ( ko )
If ¢; = 1, then §(c1) = 1 and we get by Lemma 2.2, (2.4),
Ek‘o — i (]?O) . 2A(k0,k1) — n(l?l)

v ("10°) "h)
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which implies

2
n
ﬁFn—l(clv---,CdSZO,Zl,...,zd) -
n —ZO
2n 3 (1) (—1)k(+de) S
R ] +k 2 _ .2
L R R ki — 2
d kib; 1.0i—1
(1) L
<11 ]{;2—_;2 Sii_l,ki({l}cl )
=2 ? 7
—n
= W.Fn(cz,...,cd;zl,...,zd),
0

where in the last equality we applied the induction hypothesis for n +
(d —1) = N. Now from the above and recurrence (3.3) we conclude that
F.(c1,...,¢4;20,21,--.,24) = 2o and therefore, the theorem is proved in
this case.

If ¢; > 3, then §(c;) = 0 and by Lemma 2.2, (2.5), we obtain

n n _1\k1 . n
Sp= 30 )y, (et = CO R )
kot (o) n (")

which implies

2
n
anﬂ(Cl,---,Cd;zo,zl,...,zd) — X0
0
__ 2 Z (o) (—1)k1(1+5(02))k(15(c2)
- —2(n2 _ 2 Tk 53
nen %) n>ky > >kq>1 (nkl 1) ki — =
d kid; 1.0i—1
(=1)"%k; 3
st )
=2 i 7
—p2—a
= 7127_2[2) cFo(cay oo ycas 21,0y 2d)s
and therefore, the proof is complete. 0

Corollary 3.2. For any integersn >1,d >0, c1,...,¢q € {1,3}, and any

complex numbers 2o, 21, ..., zq with |z;| < 1,7 =0,1,...,d, we have
n d k:8,1.0;—1
(ko) —1)kid ok
EFo(c1y . €d5200 -y 2d) = — Z n+0k0 H ( k)2 — 9A(Ki—1,ki)
nzkoz--.zkdz1( ko ) i<o i T %

with the same notation as in Theorem 3.1.
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Corollary 3.3. For any integers n > 1,d > 0,0 <m <d, ¢1,...,cq €
N\{2}, and any complex numbers zy, z1, . . ., zq with |z;| < 1,j =0,1,...,d,
we have

S HA{2), e, {209, g, {2)99) 2300200 L R0

a0,a1,..,a4>0
am>1

2 (n) 1 & ( )'“Sikf?f1

— 0 Ci—

= "%m Z (’n+k‘0) kT H 2 ZZQ ki_1,k ({1} )
n>ko>k1>>kg>1 \ ko ) UM oi=0 i i

with the same notation as in Theorem 3.1.

Proof. The formula easily follows from Theorem 3.1 and the relation

(35) > Hi({2}%, e, {2)M, . ea, {2199) 2702 - 20

a0,a1,---,a4>0
am>1

= Fu(c1y ... Cd; 20,215+ -5 2d)
— Fu(er, -5 ¢d520,215 -+ -5 2m—1,0, Zmt 1, - - -, 20). O

Corollary 3.4. For any integersn > 1, d > 0, ¢1,...,¢q € N\ {2}, and
any complex numbers zo, ..., zq with |z;| < 1,57 =0,1,...,d, we have

(3.6) Z }177;({2}(10,017 {2}a1 . Cds {2}ad 1) 2a0 2a1 . zad

a0,a1,...,a4>0

n d (_ 1\ki6;1.0i—1
= Z (n(—lf-(;c)o) H( ]];')2_];:12 ki—1,k <{1}CZ )

n>ko>k1>->kq>1 \ ko / i=0 i @

where co = cqr1 = 1, k—1 = 0, 0; = 0(¢;) + d(cit1), and d(c) is defined in
Theorem 3.1.

Proof. Note that the generating function on the left of (3.6) is exactly
Fn(cl, « .y Cdy 1; 20y R1y -+ 9”dy 0)

Therefore, by Theorem 3.1 with d replaced by d + 1, the inner sum over
kq41 is reduced to

kq k kq
1)kd+1
Z k(:z )_ 5 kd-{- A(kg,kar1) — Z (_1)]€d+1 .2A(kd7kd+1)
kap1=1"d+l1 kar1=1
kg—1
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since
kdz_l ( 1)kd+1 =1, it kg is even;
kgy1=1 B 07 if kd is Odd7
and the formula follows. 0

Corollary 3.5. For any integersn > 1,d > 0,0 <m <d, ¢1,...,cq €
N\ {2}, and any complex numbers zy, ..., zq with |z;| < 1,7 =0,1,...,d,
we have

S HA{2), 1, {209, eg, {2094, 1) 2200 R0 L 20

a0,a1,...,a4>0
am>1

n d k;6;7.0i—1
2 (o) 1 (=D i3
= Zm > w7 I 7= S {17,
( ) k2 - kz — 22
n>ko>k1>->kq>1 \ kg m =0 i T

where cog = cqr1 = 1, k—1 = 0, 0; = 0(¢;) + d(cit1), and (c) is defined in
Theorem 3.1.

Proof. The formula follows from identity (3.5) with d replaced by d+1 and
then setting c411 = 1, 2441 = 0, and applying Corollary 3.4. 0

Corollary 3.6. For any integersn > 1, d > 0, c¢1,...,¢q € N\ {2}, and
any ap,ay - .., aq € Ng, we have

Hy ({230, e, {21, . s ca, {23)

n d (_1y\kid;
== Z (n(.’ﬁ)o H 152%1423 6 Pki—1,k ({1}61 )

n>ko>k12>-->kq>1 \ ko ) 1=0

with the same notation as in Theorem 3.1; and
Hx ({2}, 1, {2}, ... cq, {239, 1)
() 77 D5
= Z (n—l—oko> H k’2al+3 (5 ki— 1: ({1}81 )

n>ko>-->kqg>1 \ ko / i=0

where ¢g = cqr1 = 1, k—1 =0, 6; = 0(¢;) + d(cit+1), and 0(c) is defined in
Theorem 3.1. Moreover, if ¢; € {1,3}, then Sﬁiihki({l}cl’_:i) is replaced by
28 (ki-1:ki) in the above formulas.

1

k2
ficients of zgao 2301 jad on both 81des of equation (3.1), we get the first

formula. The second formula follows similarly from (3.6). O

Proof. Expanding the fractions g in powers of z; and comparing coef-
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4. Limit transfer to multiple zeta star values

The purpose of this section is to justify the possibility of limit transfer
from generating functions of multiple harmonic star sums to generating

functions of multiple zeta star values.
Let

F(ery . ¢45200 215+ -5 2d)

_ Z C*({z}a(),cl’ {2}a1 . Cds {Q}Gd) 2a0 %m L Z?lad'

a0,a1,..-,a4>0

Lemma 4.1. Let d € Ny, 29,21,...,24 € C, ’,ZJ’ <1,45=01,...,d,
c1y...,cg € N\ {2}, and ¢ > 3 if d > 1. Then

T}LIgan(cl,...,cd;zo,zl,...,zd) =F(C1,--,Cd; 20,215+ 2d)-
Moreover, the convergence is uniform in any closed region D : |z < qo < 1,
|21 <q1 <1,..., |zal < qa < 1.

Proof. For positive integers n,m, s1,...,s, and n > m, let
1
H;,,m(slv"'787') = Z W

n2k12>-2kr2m

Notice that we allow also the case n = oo in the above definition if 57 > 1.
Then observing that

Il (1—@ Zz” n{2)), 2l <1,

k=m

we have the following representations:

(4.1) Fo(c1y---,Cd; 20,215+ -5 2d)

e T (B T (B8~ T ()
ifd>1, and

n 22 -1
(12) Fn<;zO>=H< —kg) |
k=1

Note that the case n = 0o in (4.1) and (4.2) corresponds to the generating
function F'(ci,...,¢4;20, 21, -5 2d), i-€.,

(4.3) Foo(Cty . oy€d; 20,215y 2d) = F(C1y. 0y Ca5 205 215 -« 5 2d)-

Then by (4.2) and (4.3), we easily conclude the theorem for d = 0.
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Now consider the case d > 1. From (4.1) we have the following upper
bound:

(4.4) |Fu(c1y---yCd;5205 215 - - 5 2d)|

1
< >
= k 2
n>ky > >kg>1 1 ek, (1 - ‘k2| )kcl kg T, (1 - lfz' )
7| 20| 7|24 "
sin(rlzo)  sin(lzl) o)
d
Tqj *
<|| = (a1, ca)
jl;[(] sin(7g;)
for all zp,...,2zq € C such that |z9] < qo < 1,...,|24] < qq <1.
Let
Fn,oo(cl7 oy Cdy R0y Ry e e ey Zd)
_ Z 1
- 2
n>ki>->kg>1 H;é“;kl( )kcl I ;@( ) Yl il ( *d)
Then
(45) \Fn,oo(cl, ey CAY R0y - e ey Zd) — Fn(Cl, ey Cdy 20y - - - ,Zd)‘
1
< Z 3 P
wzi gzt Mg, (1= 500 ) k- kg TIL (1 - 5o
X L 1
2 - .
Hﬁnﬂ (1 - z%)
Since
1 ‘
oon+1 {2} )
’Hzo—n—&—l (1 k%)

<Y Ho (2310 < Y0 HE i ({2))

=1 =1

and

l
oo o) xl
a2 = % k;_kﬁ(z kl)<( fﬂ):;

ky>-->k>n+1 1 l
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we get
1 1
4.
(4.6) ‘ <an 1—1/n n—1
| | P k
and therefore, by (4.4)—(4.6),
(4.7)  |Frnoo(Cty. v, Cd; 205 -, 2d) — Fn(cl ey Cd3 20y - - 2d)|
d
—0
as n — oo for all zg,..., 24 € C such that \z0| <qo < 1,...,\zd\ <qq <1
From the other side,
(4.8) |F(c1y-..s¢d;20,---52d) — Fnoo(Cly- .. Ca; 20,5 2d)]
1
< Y -
iz Tz TR, (1= 50 ) K-k I, (1 1)
ki>n
d

<]1:[Osm72;]rjq]) (C*(cp...,cd)—H;(ch...,cd)) —0 (n—o00)

uniformly on D. Now combining (4.7) and (4.8), we conclude the proof. O

Taking the limit as n — oo in Theorem 3.1 by Lemmas 2.3 and 4.1,
we get Theorem 1.4. Theorem 1.9 follows from Corollary 3.6 by taking the
limit n — oo and applying Lemma 2.3. Theorem 1.7 for m > 1 follows
from (3.5), Lemma 4.1, and Lemma 2.3 by taking the limit n — oco. Theo-
rem 1.7 for m = 0 follows from Theorem 1.9 by summing identity (1.6) over
the corresponding set of integers ag, a1, ...,aq. Corollary 1.8 follows from
Theorem 1.7 by setting cq = 1, 24 = 0, and applying the same argument as
in the proof of Corollary 3.4. Theorems 1.1-1.3 are simple consequences of
Theorem 1.4 and Theorem 1.7. Note also that Theorem 1.4 can be obtained
from Theorem 1.9 by summation over ag, a1,...,aq > 0.
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