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On the genera of semisimple groups defined over
an integral domain of a global function field

par RoNy A. BITAN

RESUME. Soit K = Fy(C) un corps de fonctions global, i.e. le corps des
fonctions d’une courbe projective lisse C' définie sur un corps fini F,. L’anneau
des fonctions régulieres sur C' — S, ot S # @ est un ensemble fini de points
fermés sur C', est un domaine de Dedekind Og de K. Etant donné un Og-
groupe G semisimple dont le groupe fondamental F est lisse, on aimerait
décrire I'ensemble des genres de G et encore (dans le cas ou le groupe G ®o4
K est isotrope & S) son genre principal en termes des groupes abéliens ne
dépendant que de Og et de F. Ceci conduit a une condition nécessaire et
suffisante pour que le principe local-global de Hasse soit valable pour certains
groupes G. Nous l'utilisons aussi pour exprimer le nombre de Tamagawa 7(G)
d’un K-groupe semisimple G par l'invariant d’Euler—Poincaré et faciliter le
calcul de 7(G) pour les K-groupes tordus.

ABSTRACT. Let K =TF,(C) be the global function field of rational functions
over a smooth and projective curve C' defined over a finite field F,. The ring of
regular functions on C' — S where S # () is any finite set of closed points on C
is a Dedekind domain Og of K. For a semisimple Og-group G with a smooth
fundamental group F', we aim to describe both the set of genera of G and its
principal genus (the latter if G ®p4 K is isotropic at S) in terms of abelian
groups depending on Og and F only. This leads to a necessary and sufficient
condition for the Hasse local-global principle to hold for certain G. We also
use it to express the Tamagawa number 7(G) of a semisimple K-group G
by the Euler—Poincaré invariant. This facilitates the computation of 7(G) for
twisted K-groups.

1. Introduction

Let C be a projective algebraic curve defined over a finite field [y, as-
sumed to be geometrically connected and smooth. Let K = F,(C) be the
global field of rational functions over C, and let € be the set of all closed
points of C'. For any point p € 2, let v, be the induced discrete valuation on
K, @p the complete valuation ring with respect to vy, and Kp, ky its frac-
tion field and residue field at p, respectively. Any Hasse set of K, namely,
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a non-empty finite set S C (), gives rise to an integral domain of K called
a Hasse domain:

={z €K :v(z)>0 Vp¢S}

This is a regular and one dimensional Dedekind domain. Group schemes
defined over Spec Og are underlined, being omitted in the notation of their
generic fibers.

Let G be an affine, smooth and of finite type group scheme defined over
Spec Og. We define H}, (Og,G) to be the set of isomorphism classes of
G-torsors over Spec Og relative to the étale or the flat topology (the clas-
sification for the two topologies coincide when G is smooth; cf. [2, VIII,
Cor. 2.3]). The sets H'(K,G) and Hgt(@p,gp), for every p ¢ S, are de-
fined similarly. All these three sets are naturally pointed: the distinguished
point of H} (Og,G) (resp., H' (K, G), Hélt(@p,Qp)) is the class of the triv-
ial G-torsor G (resp. trivial G-torsor G, trivial Qp—torsor Qp). There exists
a canonical map of pointed-sets (mapping the distinguished point to the
distinguished point):

(1.1) At HY(0s,G) — HY(K,G) x [[ H& (0. G,)
pgS

which is defined by mapping a class in H}, (Og, G) represented by X to the
class represented by (X ®o4 Spec K) X [,z X ®04 Spec @p. Let [&] :=
M[G]). The principal genus of G is then A71([&)]), i.e., the classes of G-
torsors over Spec Og that are generically and locally trivial at all points of
Ogs. More generally, a genus of G is any fiber A™1([¢]) where [¢] € Tm()).
The set of genera of G is then:

gen(G) := {ATH([€)) : [€] € Im(N)},

whence H} (Og,G) is a disjoint union of its genera.

Given a representative P of a class in H}(Og, G), by referring also to G
as a G-torsor acting on itself by conjugations, the quotient of P xp¢ G by
the G-action (p, g) — (ps~!,sgs™!) is an affine Og-group scheme PG, called
the twist of G by P. It is an inner form of G, thus is locally isomorphic
to G in the étale topology, namely, every fiber of it at a prime of Og is
isomorphic to G, 1= G ®og Op over some finite étale extension of Op The
map G — TG defines a bijection of pointed-sets Hx (Og,G) — HE (05,7 G)
(e.g., [31, §2.2, Lem. 2.2.3, Ex. 1 and 2]).

A group scheme defined over Spec Og is said to be reductive if it is affine
and smooth over Spec Og, and each geometric fiber of it at a prime p is
(connected) reductive over ky ([15, Exp. XIX, Def. 2.7]). It is semisimple if
it is reductive, and the rank of its root system equals that of its lattice of
weights ([15, Exp. XXI, Def. 1.1.1]). Suppose G is semisimple and that its
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fundamental group F is of order prime to char(K). Being finite, of multi-
plicative type ([15, XXII, Cor. 4.1.7]), commutative and smooth, F' decom-

poses into finitely many factors of the form Resg o (p, ) or Resg)os ()

where p = SpecOglt]/(#™ — 1) and R is some finite (possibly trivial)
étale extension of Og. Consequently, H}, (Og, F') are abelian groups for all

r > 0. The following two Og-invariants of F' will play a major role in the
description of HZ (Og, G):

Definition 1.1. Let R be a finite étale extension of Og. We define:

, Br(R)[m] F =Resp/o4(1,,)
i(E) = N@) (1)
ker(Br(R)[m] — Br(Og)[m]) E = Resp_(1,,)

where N is induced by the norm map N r/0g and for a group *, *[m]
stands for its m-torsion part. For F' = []._; F';, where each F, is one of
the above, i(F) is the direct product []}_; i(F}).

We also define for such R:

(1.2) j(F) = {PiC(R)/ " e £ =Resnyos i)
T  ker(Pic(R) fm S Pic(Og)/m)  F = Resly)o (1)

where N() is induced by Ngjog, and again j([Tr—; Fy) = [1p=1 J(E)-

Definition 1.2. We call F' admissible if it is a finite direct product of the
following factors:

(1) Resgrjoq(p,,);
(2) Res%}os (1, ), [R: Og] is prime to m,

where R is any finite étale extension of Og.

After computing in Section 2 the cohomology sets of some related Og-
groups, we observe in Section 3 Proposition 3.1, that if F is admissible then
there exists an exact sequence of pointed sets:

1= Clg(G) <5 H: (05, G) 25 i(F) — 1.

We deduce in Corollary 3.2 that gen(G) bijects to i(F). In Section 4, The-
orem 4.1, we show that Clg(G) surjects onto j(F). If G := [[,cg G(K) is
non-compact, then this is a bijection. This leads us to formulate in Corol-
lary 4.4 a necessary and sufficient condition for the Hasse local-global prin-
ciple to hold for G. In Section 5, we use the above results to express in
Theorem 5.2 the Tamagawa number 7(G) of an almost simple K-group
G with an admissible fundamental group F, using the (restricted) Euler—
Poincaré characterstic of some Og-model of F' and a local invariant, and
show how this new description facilitates the computation of 7(G) when G
is a twisted group.
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2. Etale cohomology

2.1. The class set. Consider the ring of S-integral adeles Ag:=]],cg R'p X

HWS @p, being a subring of the adeles A. The S-class set of an affine and
of finite type Og-group G is the set of double cosets:

Cls(G) = G(As)\G(A)/G(K)

(when over each @p the above local model G|, is taken). It is finite (cf. 8,
Prop. 3.9]), and its cardinality, called the S-class number of G, is denoted
by hg(G). According to Nisnevich ([26, Thm. 1.3.5]) if G is smooth, the
map A introduced in (1.1) applied to it forms the following exact sequence
of pointed-sets (when the trivial coset is considered as the distinguished

point in Clg(G)):

(2.1) 1= Cls(G) — HA(0s,G) 2 HY(K,G) x [[ H:(0,G,).
pgsS

The left exactness reflects the fact that Clg(G) can be identified with the
principal genus of G.
If, furthermore, G has the property:

(2.2) Vpgs: Hét(@P’Qp) — Hét(KwGP)v
then sequence (2.1) is simplified to (cf. [26, Cor. 3.6]):

(2.3) 1 - Clg(G) — HL(0s,G) 25 HY(K,G),

which indicates that any two G-torsors share the same genus if and only if
they are K-isomorphic. If G has connected fibers, then by Lang’s Theorem
Hélt(@p, G,) vanishes for any prime p (see [30, Ch. VI, Prop. 5] and recall
that all residue fields are finite), thus G has property (2.2).

Remark 2.1. The multiplicative Og-group G,,, admits property (2.2) thus
sequence (2.3), in which the rightmost term vanishes by Hilbert 90 Theo-
rem. Hence the class set Clg(G,,,), being finite as previously mentioned, is
bijective as a pointed-set to H} (Os,G,,), which is identified with Pic(Og)
(cf. [24, Ch. III, §4]) thus being finite too. This holds true for any finite
étale extension R of Og.

Remark 2.2. If G (locally of finite presentation) is disconnected but its
connected component G is reductive and G / G is a finite representable
group, then it admits again property (2.2) (see the proof of Proposition 3.14
n [12]), thus sequence (2.3) as well. If, furthermore, for any [G'] € Clg(G),
the map G'(K) — (G'/(G")°)(K) is surjective, then Clg(G) = Clg(GY)
(cf. [5, Lem. 3.2]).
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Lemma 2.3. Let G be a smooth and affine Og-group scheme with connected
fibers. Suppose that its generic fiber G is almost simple, simply connected
and Gg is non-compact. Then H%(Og,G) = 1.

Proof. The proof, basically relying on the strong approximation property
related to G, is the one of Lemma 3.2 in [4], replacing {oo} by S. O

2.2. The fundamental group: the quasi-split case. The following is
the Shapiro Lemma for the étale cohomology:

Lemma 2.4. Let f : R — S be a finite étale extension of schemes and I’
a smooth R-module. Then ¥ p : HZ,(S,Resgs(T')) = HE(R,T).

(See [2, VIII, Cor. 5.6] in which the Leray spectral sequence for R/S
degenerates, whence the edge morphism H, (S, Resp/g(I')) — HE (R, T) is
an isomorphism.)

Remark 2.5. As C is smooth, Spec Og is normal, i.e., is integrally closed
locally everywhere, thus any finite étale covering of Og arises by its normal-
ization in some separable unramified extension of K (e.g., [22, Thm. 6.13]).

Assume F' = Resg /o, (Hm)’ R is finite étale over Og. Then the Shapiro
Lemma (2.4) with p = 2 gives HZ (Ogs, F) = H% (R, B Etale cohomology
applied to the Kummer sequence over R
(2.4) lﬁﬁm%@m%@mﬁl

gives rise to the exact sequences of abelian groups:

1— HG(R,p ) — R =2 (R)™ — 1,
(2.5) 1— R*/(R*)™ — H§ (R, ) — Pic(R)[m] — 1,
1 — Pic(R)/m — HZ(R,p_) s Br(R)[m] — 1,
in which as above Pic(R) is identified with H} (R, G,,), and the Brauer

group Br(R) (classifying Azumaya R-algebras) is identified with HZ (R, G,,)
(ct. [24, Ch. IV, §2)).

2.3. The fundamental group: the non quasi-split case. The group
F = Res%}os (1) fits into the short exact sequence of smooth Og-groups
(recall p_ is assumed to be smooth as m is prime to char(K)):

N
1 — F — Resgjoq(,) %, po—1
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which yields by étale cohomology together with Shapiro’s isomorphism the
long exact sequence:

(r)
(2.6) - — HL4(0s,F) 75 HL(R,p, )

N()
— Hy(Os,p,) = Hi (05, E) = -+

Notation 2.6. For a group homomorphism f : A — B, we denote by
f/m:A/m — B/m and f[m]: Alm] — B|m] the canonical maps induced
by f.

Lemma 2.7. If [R : Og] is prime to m, then N N [m] and N)/m
are surjective for all r > 0. In particular, if F = Resg/)os (Hm>’ then se-
quence (2.6) induces an exact sequence of abelian groups for every r > 0:

7 N
(2.7) 1= Hy(Os, F) — Hy(R,p ) — Hy(Os,p ) — 1

Proof. The composition of the induced norm Ng /o, with the diagonal mor-
phism coming from the Weil restriction

NR/OS
(28) ’um,OS — ReSR/OS (Hm,R) Hm,@s

is the multiplication by n := [R : Og]. It induces for every r > 0 the maps:

(r)
(2.9) H(Os,p ) = HL(Rop ) 2 HE(Og,p )

whose composition is again the multiplication by n on Hg (Os, p ), being

an automorphism when n is prime to m. Hence N is surjective for all
r > 0.

Replacing p with G,,, in sequence (2.8) and taking the m-torsion sub-
groups of the resulting cohomology sets, we get the group maps:

N®[m
HY (O, Gyp)lm] = HE (R, Gy m] - HE (O, Gy ) [m]

whose composition is multiplication by n on H} (Og,G,,)[m], being an
automorphism again as n is prime to m, whence N(")[m] is an epimorphism
for every r > 0. The same argument applied to N (") /m shows it is surjective
for every r > 0 as well. g

Back to the general case ([R : Og] does not have to be prime to m),
applying the Snake lemma to the exact and commutative diagram of abelian
groups:

1 — Pic(R)/m — HZ(R,pp_) — > Br(R)[m] — 1
(2.10) N /m J/N(Q) N [m]

1 —— Pic(Og)/m — HéZt(OSva) —— Br(Og)[m] —1
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yields an exact sequence of m-torsion abelian groups:

(2.11) 1 = ker(Pie(R)/m 2L Pic(Og)/m) = ker(N®)

A ker(Br(R)[m] M Br(Og)[m])

1) /m
—s coker(Pic(R)/m Y2I™ Pic(0g) /m),

where i’ is the restriction of i, to ker(N(®)). Together with the surjec-
tion I?) : HZ (Og, F) — ker(N)) coming from sequence (2.6), we get the
commutative diagram:

ker (Pic(R)/m — Pic(Og)/m)

(2) (2)
212 HAOs.B) Lt (HA(R.p,) X HE(Osp,))

i/
i ’

ker (Br(R)[m] — Br(Og)[m]).

Proposition 2.8. If [R: Og] is prime to m, then there exists a canonical
eract sequence of abelian groups

1 — ker (Pic(R)/m — Pic(Og)/m) — ker(N®)
s ker (Br(R)[m] — Br(Og)[m]) — 1.

Proof. This sequence is the column in diagram (2.12) since Lemma 2.7
shows the surjectivity of N (1)/ m, which in turn implies the surjectivity of
i', by the exactness of sequence (2.11). O

Recall the definition of i(£") (Definition 1.1), and of the maps i, and i
(sequences (2.5) and (2.12)).

Definition 2.9. Let F be one of the basic factors of an admissible funda-
mental group (see Def. 1.2). The map i, : HZ(Os,F) — i(F) is defined
as:

= {/L* F= ReSR/Os (Hm)u

e i F= Res%}os(gm) and ([R: Ogl,m) = 1.

More generally, if F' = [[;._; £}, where each F, is one of the above, we set
it to be the composition:
= 2 ~ 1 2 @2:16*)1“ . T
iv: H3 (05, F) = P H5 (05, Fy) ~—=——i(F) = [[ i(E}).
k=1 k=1
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Corollary 2.10. If F is admissible, then there exists a short exact sequence

(2.13) 1= j(F) = H%(O0g, F) 2 i(F) — 1.

Proof. If F = Resgog4 <Hm) then the sequence of the corollary is simply
a restatement of the last sequence in (2.5) by the definitions of i(F) and
J(EF) (see Definition 1.1). On the other hand, if F = Resg%/)(9 (,,) with

[R : Og] is prime to m, then I® induces an isomorphism of abelian groups
HZ(0s,F) = ker(N®) by the exactness of (2.7) for 7 = 2. Thus the se-
quence of the corollary is isomorphic to the sequence in Proposition 2.8
again by the definitions of j(F) and i(F). The two cases considered above
suffice to establish the corollary by the definition of admissible (see Defini-
tion 1.2) and the definition of 7, (see Definition 2.9). O

Definition 2.11. Let X be a constructible sheaf defined over Spec Og and
let hi(X) := |H.(Og,X)|. The (restricted) Euler—Poincaré characteristic
of X is defined to be (cf. [25, Ch. II, §2]):

2 .
= [[h(x)Y".
=0

Definition 2.12. Let R be a finite étale extension of Og. We define:

_REmIL - Res (
X . X \ym —_ R O lu’m)
I(F) = [R¥:(RX)™] /Os\E,

ad ker(N () [m o (1)
|\kerEN(0>[/m];\‘ F= ResR/OS (Hm)

As usual, for F' = [[;_, F, where each F), is one of the above, we put
WE) = TTh=1 U(Ek)-

Lemma 2.13. If F is admissible then xs(F) = I(F) - |i(F)].

Proof. It is sufficient to check the assertion for the two basic types of (direct)
factors:

Suppose I = Resg/o, (1, ). Then sequences (2.5) together with Shapiro’s
Lemma give

| R[] i=0
hi(E) = [Hy(Rop, )| = § (R : (R - [Pic(R)fm], =1
|Pic(R)/m| - |Br(R)[m]| =2

So as Pic(R) is finite (see Remark 2.1), |Pic(R)[m]| = |Pic(R)/m/| and we
get:
ho(E) - ho(E) _ [R*[m]| - [Pic(R)/m]| - [Br(R)[m]|
hi(E) [R>: (RX)™] - [Pic(R)[m]|
= U(E) - li(E)].

xs(F) =
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Now suppose F = Resg/)os (,um) such that [R : Og] is prime to m. By

Lemma 2.7 N, N [m] and N /m are surjective for all » > 0, so the
long sequence (2.6) is cut into short exact sequences:

(r) (r)
(2.14) Vr>0:1— HL(0s, F) 2= HE (R, ) ELAN H(Os,p, ) — 1

from which we see that (notice that N()[m] coincides with N(©)):

(2.15) ho(E) = [ker(R* [m] ~— " 0 [m]).

The Kummer exact sequences for p  defined over both Og and R yield
the exact diagram:

1 —— R* ()™ —— H}(R, ) — Pic(R)[m] — 1
(2.16) iNm)/m iNu) iN(l)[m}
1——=05/(05)"™ —= H(Os, p,,) —= Pic(Os)[m] —1

from which we see together with sequence (2.14) that:
(1) X xym N©/m X X\m
hi(E) = [ker(NW)| = [ker(R* /(R*)™ = 0% /(05)™)]

Dy
[ker(Pic(R) [m] ~—"% Pic(Os)[m])|
Similarly, by sequence (2.14) and Proposition 2.8 we find that:

ha(E) = ker(N®)| = [ker(Pic(R) /m /™ Pic(Os) /m)|

N®@)[m]

- ker(Br(R)[m] =" Br(Os)[m])|-
Altogether we get:
(F) = ho(F) - ha(E) _ [ker(NO[m])| [ker(NM[m))|
WETTTRE T kee(NO/m)] rer(ND /m)]
The group of units R* is a finitely generated abelian group (cf. [29
Prop. 14.2]), thus the quotient R* /(R*)™ is a finite group. Since Pic(R)[m
is also finite, ker(N() in diagram (2.16) is finite, thus |ker(N1)[m]| =
lker(N(D)/m|, and we are left with:
_ ker(N ) [m])|
= Jker(NO) /m)
Remark 2.14. The computation of [(F), for specific choices of R, Og and
m, is an interesting (and probably open) problem. For example, when F is

not quasi-split, the denominator of this number is the order of the group
of units of R whose norm down to Qg is an m-th power of a unit in Og,

- [ker(N@[m])|.

xs(F) Jker(N®m])| = UE) - |i(E)]. m
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modulo (R*)™. Such computations are hard to find in the literature, if they
exist at all.

3. The set of genera

From now and on we assume G is semisimple and that its fundamental
group F is of order prime to char(K), thus smooth. Etale cohomology
applied to the universal covering of G

(3.1) l—-F—=G°—G—1,

gives rise to the exact sequence of pointed-sets:

)
(3.2) H}y(0s,G*) = H}(0s.G) = H(Os., F)
in which the co-boundary map dg is surjective, as the domain Og

is of Douai-type, implying that HZ(Og,G*) = 1 (see [17, Def. 5.2 and
Ex. 5.4 (iii)]).

Proposition 3.1. There exists an exact sequence of pointed-sets:
h 1 wG .
1 — Clg(G) = H;(0s,G) — i(F)
in which h is injective. If I is admissible, then wg is surjective.

Proof. Tt is shown in [26, Thm. 2.8 and proof of Thm. 3.5] that there exist
a canonical bijection ag : Hy; (Os,G) = Clg(G) and a canonical injec-
tion i : H (Os,G) — HA(Os,G) of pointed-sets (as Nisnevich’s covers
are étale). Then the map h of the statement is the composition ig o a{;l.

Assume F' = Resg/oy4 (Hm) The composition of the surjective map el
from (3.2) with Shapiro’s isomorphism and the surjective morphism i,
from (2.5), is a surjective R-map:

g ~ i
(33)  wg: HY(0s,G) = HA(0s,F) = HA(R, ) 2 Br(R)[m].

On the generic fiber, since G*¢ := G*°® 0 K is simply connected, H! (K, G*¢)
vanishes due to Harder (cf. [19, Satz A]), as well as its other K-forms (this
would not be true, however, if K were a number field with real places). So
Galois cohomology applied to the universal K-covering

(3.4) 1->F—->G“—-G—1

yields an embedding of pointed-sets d¢ : H'(K,G) — H?(K, F), which is
also surjective as K is of Douai-type as well. The extension R of Og arises
from an unramified Galois extension L of K by Remark 2.5, and Galois
cohomology applied to the Kummer exact sequence of L-groups

=z

1= pm =G —— G —1
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yields, together with Shapiro’s Lemma H?(K, F) = H? (L, p, ) and Hilbert
90 Theorem, the identification (i.)z, : H?(K, F) = Br(L)[m], whence the
composition (i,)r, o dg is an injective L-map:

gyl G, 112 ()
we : HY(K,G) <% HX(K,F) 2 Br(L)[m].

Now we know due to Grothendieck that Br(R) is a subgroup of Br(L)
(see [18, Prop. 2.1] and [24, Ex. 2.22, case (a)]). Altogether we retrieve the
commutative diagram of pointed-sets:

HL (05, G) —>= Br(R)[m]

(3.5) LAK &

HY(K,G) —Br(L)[m],
from which, together with sequence (2.3) (recall G has connected fibers),
we may observe that:
Clg(G) = ker(Ag) = ker(wg).
When F = Resg)os (1), we define the map wg using diagram 2.12 to
be the composition

)
(3.6) wg : HL(0s,G) =% HA(Os, F)

= ker (Be(R)[m] 21, Br(Og)fm)

being surjective by Corollary 2.10 given that [R : Og] is prime to m. On
the generic fiber, Galois cohomology with Hilbert 90 Theorem give:
(1)
i) (7'* ) N(Q) m
we : HY(K,G) 2% BYK,F) = ker (Br(2)[m] e L Bk [m)).
This time we get the commutative diagram of pointed sets:

Br(Og)[m) )

w @) [m
Hé1t<OS7Q) *Q> ker (BI‘(R) [m} N—[]>

(3.7) Ak jg

HY(K, G) 2% ker (Br(L)[m] L% Br(k)m]),

from which we may deduce again that:
Cls(G) @5 ker(Ag) = ker(wg).

More generally, if F is a direct product of such basic factors, then as the
cohomology sets commute with direct products, the target groups of wg
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and wg become the product of the target groups of their factors, and the
same argument gives the last assertion. O

Corollary 3.2. There is an injection of pointed sets wg : gen(G) — i(F).
If F is admissible then wy, is a bijection. In particular if F is split, then

lgen(G)| = | F[IS1-1.
Proof. The commutativity of diagrams (3.5) and (3.7) and the injectivity

of the map j in them show that wg is constant on each fiber of Ak, i.e., on
the genera of G. Thus wg induces a map (see Proposition 3.1):

wg : gen(G) — Im(wg) C i(F).
These diagrams commutativity together with the injectivity of wg imply
the injectivity of wg.
If F is admissible then Im(wg) = i(F). In particular if F is split, then

gen(G) = H Br(Og)[m;].
i=1

It is shown in the proof of [4, Lem. 2.2] that

peSCor

Bi(Os) = ker (/2 Zopes O, o/z)

where Cory is the corestriction map at p. So |Br(Og)[m;]| = mLS‘_l for all

7 and the last assertion follows. O

The following table refers to absolutely almost simple and adjoint Og-
groups whose fundamental group is split. The right column is Corollary 3.2:

Type of G F ‘ # gen(G) ‘
lAn,1 Hn n|S\—l
By, Cn, By 1y 2811
D, Hy =2k +1 PIEE!
By X Py M= 2k
1E6 Iy 3|S|—1
Eg,F4, Go 1 1

Lemma 3.3. Let G be a semisimple and almost simple Og-group not of
(absolute) type A, then H}(Og,G) bijects as a pointed-set to the abelian
group H%(Og, F).

Proof. Since G*¢ is not of (absolute) type A, it is locally isotropic every-
where (]9, 4.3 and 4.4]), whence ker(dg) C H}(Os,G*) vanishes due to
Lemma 2.3. Moreover, for any G-torsor P, the base-point change: G — G
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defines a bijection of pointed-sets: H} (Os,G) — HZ (Og,FG) (see in Sec-
tion 1). But G is an inner form of G, thus not of type A as well, hence also
H(Og, (FG)*) = 1. We get that all fibers of ¢ in (3.2) are trivial, which
together with the surjectivity of d¢ amounts to the asserted bijection. [

In other words, the fact that G is not of (absolute) type A guarantees
that not only G*¢, but also the universal covering of the generic fiber of inner
forms of G of other genera are locally isotropic everywhere. This provides
H} (Og,G) the structure of an abelian group.

Corollary 3.4. If G is not of (absolute) type A, then all its genera share
the same cardinality.

Proof. The map wg factors through dg (see (3.3) and (3.6)) which is a
bijection of pointed-sets in this case by Lemma 3.3. So writing: wg =
Wq o 6g. we get due to Proposition 3.1 the exact sequence of pointed-sets
(a-priory, abelian groups):

1 Clg(G) — H2 (O, F) % i(F)

in which all genera, corresponding to the fibers of wg, are of the same
cardinality:. O

Following E. Artin in [1], we shall say that a Galois extension L of K is
imaginary if no prime of K is decomposed into distinct primes in L.

Remark 3.5. If G is of (absolute) type A, but S = {o0}, G is K -isotropic,
and F splits over an imaginary extension of K, then H},(Og, G) still bijects
as a pointed-set to H%(Og, F).

Proof. As aforementioned, removing one closed point of a projective curve,
the resulting Hasse domain has a trivial Brauer group. Thus Br(Og =
O(s}) = 1, and as F splits over an imaginary extension L = F,(C"),
corresponding to an étale extension R = Fy[C’ — {c0'}] of Oy (see Re-
mark 2.5) where oo’ is the unique prime of L lying above oo, Br(R) remains
trivial. This implies by Corollary 3.2 that G has only one genus, namely,
the principal one, in which the generic fibers of all representatives (being
K-isomorphic to G) are isotropic at co. Then the resulting vanishing of
ker(dg) C HZ(Og,G*) due to Lemma 2.3 is equivalent to the injectivity
of (5(;. O

The following general framework due to Giraud (see [10, §2.2.4]), gives
an interpretation of the G-torsors which may help us describe wg more
concretely.
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Proposition 3.6. Let R be a scheme and Xg be an R-form, namely, an
object of a fibered category of schemes defined over R. Let Autx, be its
R-group of automorphisms. Let Forms(Xg) be the category of R-forms that
are locally isomorphic for some topology to Xy and let Tovs(Autx,) be the
category of Autx,-torsors in that topology. The functor

@ : Forms(Xp) — Tovs(Autx,) : X — Isox, x
s an equivalence of fibered categories.

Example 3.7. Let (V,q) be a regular quadratic Og-space of rank n > 3
and let G be the associated special orthogonal group SO, (see [13, Def. 1.6]).
It is smooth and connected (cf. [13, Thm. 1.7]), and its generic fiber is of
type B, if rank(V) is odd, and of type 'D,, otherwise. In both cases F = Hos
so we assume char(K) is odd. Any such quadratic regular Og-space (V' ¢)
of rank n gives rise to a G-torsor P by

V/ — P = ISOVJ//

where an isomorphism A : V — V' is a proper g-isometry, i.e., such that
¢’ o A= qand det(A) = 1. So H},(Og,G) properly classifies regular qua-
dratic Og-spaces that are locally isomorphic to (V, ¢) in the étale topology.
Then é6g([P]) is the second Stiefel-Whitney class of P in Hézt(Os,BQ), clas-
sifying Og-Azumaya algebras with involutions (see [6, Def. 1, Rem. 3.3 and
Prop. 4.5]), and

[Co(d)] = [Colq)] € Br(Os)[2] nis odd
[C(¢)] — [C(g)] € Br(Og)[2]  nis even,

wa([SO,]) = {
where C(g) and Cy(gq) are the Clifford algebra of ¢ and its even part,
respectively.

Example 3.8. Let G = PGL,, for n > 2. It is smooth and connected
([14, Lem. 3.3.1]) with F' = p_, so we assume (char(K),n) = 1. For any
projective Og-space of rank n, by the Skolem—Noether Theorem for unital
rings (see [21, p. 145]) PGL(V) = Aut(Endpg(V)). It is an inner form
of G obtained for V.= O%. So the pointed-set H}, (Og,G) classifies the
projective Og-modules of rank n up to invertible Og-modules. Given such
a projective Og-module V, the Azumaya Og-algebra A = Endpg (V) of
rank n? corresponds to a G-torsor by (see [16, V, Rem. 4.2]):

A— P = ISOMWA

where M, is the Og-sheaf of n x n matrices. Here wg([P]) = [A4] in
Br(Os)[n].
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4. The principal genus
In this section, we study the structure of the principal genus Clg(G).

Theorem 4.1. If F is admissible then there exists a surjection of pointed-
sets

Ya : Cls(G) — j(F),
being a bijection provided that Gg is non-compact (e.g., G is not anisotropic
of type A).

Proof. Combining the two epimorphisms, wg defined in Prop. 3.1 and g
described in Section 3, together with the exact sequence (2.13), yields the
exact and commutative diagram:

1 Hgt(OS>Q):Hélt(OS7Q)*>1
(4.1) i isa 7 iwc
1 —— j(F) —2> H3(0s, F) — " i(F) 1

in which ker(wg) = Clg(G). We imitate the Snake Lemma argument (the
diagram terms are not necessarily all groups): for any [H] € Clg(G) one has
i+(0g([H])) = [0], i.e., ¢ ([H]) has a d-preimage in j(F') which is unique as
0 is a monomorphism of groups. This constructed map denoted g gives
rise to an exact sequence of pointed-sets:

1= &> Cls(@) 22 j(F) > 1.
If G5 is non-compact, then for any [H] € Clg(G) the generic fiber H is K-

é
isomorphic to G thus Hg is non-compact as well, thus ker(H} (Og, H) BN
HZ(0g,F)) C H}(Og, H*) vanishes by Lemma 2.3. This means that dg
restricted to Clg(G) is an embedding, so & =1 and v is a bijection. [

Remark 4.2. The description of Clg(G) in Theorem 4.1 holds true also for
a disconnected group G (where F is the fundamental group of G°), under
the hypotheses of Remark 2.2.

Definition 4.3. We say that the local-global Hasse principle holds for G if
hs(G) = 1.

This property means (when G is connected) that a G-torsor is Og-
isomorphic to G if and only if its generic fiber is K-isomorphic to G. Recall
the definition of j(F') from Definition 1.1.

Corollary 4.4. Suppose F = [[;_; Resp, jo4(p, ) where R; are finite étale
extensions of Og. If Gg is non-compact, then the Hasse principle holds for
G if and only if Vi : (|Pic(R;)|,m;) = 1. Otherwise (Gg is compact), this
principle holds for G only if Vi : (|[Pic(R;)|, m;) = 1. More generally, if F is
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admissible and Gg is non-compact, then this principle holds for G provided
that for each factor of the form Resgoq(p, ) or Resg;os (,.) one has:
(IPic(R)|,m) = 1.

Example 4.5. If C*! is an affine non-singular F,-curve of the form y? =
z3 + ax + b, i.e., obtained by removing some Fg-rational point oo from an
elliptic (projective) F-curve C, then Pic(C*) = Pic(Oyny) = C(F,) (cf.
e.g., [4, Ex. 4.8]). Let again G = PGL,, such that (char(K),n) = 1. As
|S| = 1 and F is split, G admits a single genus (Corollary 3.2), which
means that all projective Of,)-modules of rank n are K-isomorphic. If
G is K-isotropic, according to Theorem 4.1, there are exactly |C*(F,)/2|
O/ccy-isomorphism classes of such modules, so the Hasse principle fails for
G if and only if |C*(FF,)| is even. This occurs exactly when C*f has at least
one Fy-point on the z-axis (thus of order 2).

On the other hand, take Og = F3[t,t~!] obtained by removing S =
{t,t=1} from the projective F3-line, and G = PGL,, to be rationally iso-
tropic over Og: for example for n = 2, it is isomorphic to the special
orthogonal group of the standard split Og-form q3(z1, xa, 23) = z122 + 23.
Then as g3 is rationally isotropic over Og (e.g., ¢3(1,2,1) = 0) and Og is a
UFD, according to Corollary 4.4 the Hasse-principle holds for G and there
are two genera as |F'| = |S| = 2 (see Cor. 3.2).

Example 4.6. Let (V, g) be an Og-regular quadratic form of even rank n =
2k > 4 and let G = ResR/oS (ﬂq) where R is finite étale over Og. Then
F = Resgjo,(p,), whence according to Corollary 3.2, gen(G) = Br(R)[2].
As G and its twisted K-forms are K-isotropic (e.g., [28, p. 352]), each genus
of ¢ contains exactly Pic(R)/2 elements.

Example 4.7. Let C' be an elliptic Fy-curve and (C")* := €' — {o0'}.
Then R := F,[(C")™] is a quadratic extension of Oy = Fy[z] where

oo = (1/z) and oo’ is the unique prime lying above oo, thus L := R®o,, K

is imaginary over K. Let G = ResR/O{w}(PGLm), m is odd and prime

to ¢. Then F = Res%}o{ }(,um) is smooth, and G is smooth and quasi-

split as well as its generic fiber, thus is K-isotropic. By Remark 3.5 and
sequence (2.13), we get (notice that Oy is a PID and that Br(R) = 1):

Cls(G) = H(Ofoe}, G) = HE (Ofoey, F)
= ker(Pic(R)/m — Pic(Ooey)/m) = Pic(R)/m.

Hence the Hasse-principle holds for G if and only if |Pic(R)| = |C'(F,)| is
prime to m.
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5. The Tamagawa number of twisted groups

In this section we start with the generic fiber. Let G be a semisim-
ple group defined over a global field K = F,(C) with fundamental group
F. The Tamagawa number 7(G) of G is defined as the covolume of the
group G(K) in the adelic group G(A) (embedded diagonally as a discrete
subgroup), with respect to the Tamagawa measure (see [33]). T. Ono has
established in [27] a formula for the computation of 7(G) in case K is an
algebraic number field, which was later proved by Behrend and Dhillon
in [3, Thm. 6.1] also in the function field case:

|9
5.1 7(G) = ————
(5.1) (G) ()|

where F := Hom(F @ K*,Gy,), g is the absolute Galois group Gal(K*/K),
and Hll(ﬁ ) is the first Shafarevitch-Tate group assigned to Fover K. As a
result, if F' is split, then 7(G) = |F|. So our main innovation, based on the
above results and the following ones, would be simplifying the computation
of 7(G) in case F' is not split, as may occur when G is a twisted group.

The following construction, as described in [7] and briefly revised here,
expresses the global invariant 7(G) using some local data. Suppose G is
almost simple defined over the above K = F,(C), not anisotropic of type
A, such that (|F|,char(K)) = 1. We remove one arbitrary closed point co
from C' and refer as above to the integral domain Og = Oj. At any
prime p # oo, we consider the Bruhat-Tits Op-model of G, corresponding
to some special vertex in its associated building. Patching all these O,-
models along the generic fiber results in an affine and smooth Oy,,;-model
G of G (see [7, §5]). It may be locally disconnected only at places that
ramify over a minimal splitting field L of G (cf. [9, 4.6.22]).

Denote A = Aoy = Koo X [[pr00 Op C A. Then G(Ax)G(K) is a
normal subgroup of G(A) (cf. [32, Thm. 3.2 3]). The set of places Ramg
that ramify in L is finite, thus by the Borel density theorem (e.g., [11,
Thm. 2.4, Prop. 2.8]), G(O{}uRam) is Zariski-dense in [],cram {oo} Gp-
This implies that G(As)G(K) = G (As)G(K), where G is the connected
component of G.

Since all fibers of the natural epimorphism

p: G(A)/G(K) » G(A)/G(Ax)G(K)
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are isomorphic to ker(¢) = G(Ax)G(K)/G(K), we get a bijection of mea-

sure spaces

(5.2) G(A)/G(K) = Im(y) x ker(p)

= (G(A)/G(Ax)G(K)) x (G(Ax)/G(Ax) N G(K))

= (C°(4)/G"(Ax)G(K)) x (G°(Ax) /G (Ac) N G(K))
2 Clioo} (G°) X (G*(A) /G (Aoo) N G(K))

in which the left factor cardinality is the finite index hoo(G) = h{oo}(QO)

(see Section 2), and in the right factor G°(Ax) N G(K) = G°(Ofy}). Due

to the Weil conjecture stating that 7(G) = 1, as was recently proved in

the function field case by Gaistgory and Lurie (see [23, (2.4)]), applying the

Tamagawa measure 7 on these spaces results in the Main Theorem in [7]:

Theorem 5.1. Let go, = Gal(K? /K.,) be the Galois absolute group,
Fy = ker(GY — G), F = ker(G*° — G) whose order is prime to

char(K), and Feo := Hom(Fs ® Kgo,Gm ks ). Then
too(G)
N
where to(G) = ]F;goo\ is the number of types in one orbit of a special

vertez, in the Bruhat-Tits building associated to Goo(Koo), and joo(G) =

hi(E)/ho(E).

We adopt Definition 1.2 of being admissible to F', with a Galois extension
L/K replacing R/Og. If G is not of (absolute) type A and F' is admissible,
then due to the above results Theorem 5.1 can be reformulated involving
the fundamental group data only:

Theorem 5.2. Let G be an almost-simple group not of (absolute) type A
defined over K = Fy(C) with an admissible fundamental group F whose
order is prime to char(K). Then for any choice of a prime oo of K one
has:
el

where X (o} (F) is the (restricted) Euler—Poincaré characteristic (cf. Defi-
nition 2.11), i(F) and [(F) are as in Definitions 1.1 and 2.12, respectively,
and the right factor is a local invariant.

7(G) = NP [ = UE) - [Foo ],

Proof. If G is not of (absolute) type A, according to Corollary 3.4 all genera
of G have the same cardinality. By Lemma 3.3 and Corollary 3.2 (F is
admissible as F' is, see Remark 2.5) we then get

|Hji (Ofocy, Q)| ha(F)

hoo(G) = |Clac) (G) = —F LT = T E)|
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Now the first asserted equality follows from Theorem 5.1 together with
Definition 2.11:

T(G) = 1/]00(@) : hoo(Q) : too(G)

— F —
|i(F)]

The rest is Lemma 2.13. O

Remark 5.3. By the geometric version of Cebotarev’s density theorem
(see in [20]), there exists a closed point oo on C at which G is split. We
shall call such a point a splitting point of G.

Corollary 5.4. Let G be an adjoint group defined over K = Fq(C) with
fundamental group F whose order is prime to char(K) and whose splitting
field is L. Choose some splitting point co of G on C and let R be a minimal
étale extension of Oy = Fy[C — {oo}] such that R @0, K = L. Let
NO . Rx O{XOO} be the induced norm. Then:

(1) If G is of type Doy then 7(G) = [Rl%gx]lm | F.

. er (0) m
(2) If G is of type 35Dy or 2Eg then 7(G) = w < |F| (see
Notation 2.6).

In both cases if L is imaginary over K, then 7(G) = |F|.

Proof. All groups under consideration are almost simple. When G is adjoint
of type ?Dagy, then F is quasi-split, and when it is adjoint both of type 36Dy
or 2Eg then F = Res(Ll/)K(,um) where m is prime to [L : K] (e.g., [28, p. 333)),
thus F' is admissible. So the assertions (1), (2) are just Theorem 5.2 in which
as Fy splits, |Foo | = |Fso| = | F.

As C'is projective, removing a single point co from it implies that O{XOO} =
IF'; (an element of Ofco) s regular at oo~ !, thus its inverse is irregular
there, hence not invertible in Oy, unless it is a unit). If L is imaginary,
then in particular R = F,[C" — {o0’}] where C’ is a finite étale cover of C
and oo’ is the unique point lying over oo, thus still R* = F being finite,
whence |[R*[2]| = [R* : (R*)?]. In the cases F is not quasi-split the equality
R* = (’){Xoo} =F; means that N©O ig trivial, and we are done. O
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