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Deformation rings and parabolic induction

par JULIEN HAUSEUX, ToBias SCHMIDT et CrAaus SORENSEN

RESUME. Nous étudions les déformations des représentations lisses modulo
p (et leurs duaux) d’un groupe réductif p-adique G. Sous une hypothese de

SRR TV

a un sous-groupe parabolique P = LN induit un isomorphisme entre I’anneau
de déformation universel d’une représentation supersinguliere ¢ de L et de son
induite parabolique 7. En conséquence, nous montrons que tout relevement
continu de 7 est induit a partir d’un unique relevement continu de &.

ABSTRACT. We study deformations of smooth mod p representations (and
their duals) of a p-adic reductive group G. Under some mild genericity condi-
tion, we prove that parabolic induction with respect to a parabolic subgroup
P = LN defines an isomorphism between the universal deformation rings of
a supersingular representation ¢ of L and of its parabolic induction 7. As a
consequence, we show that every Banach lift of 7 is induced from a unique
Banach lift of 7.

1. Introduction

Let F//Q, be a finite extension, and let G denote the F-points of a fixed
connected reductive group defined over F'. In a recent paper ([2]) Abe, Hen-
niart, Herzig and Vignéras give a complete classification of the irreducible
admissible F,-representations 7 of G in terms of the supersingular repre-
sentations, which remain mysterious for groups other than GL2(Q,) (and
scattered rank one examples). As a byproduct of the classification, super-
singular is the same as supercuspidal (meaning it is not a subquotient of a
representation induced from a proper parabolic subgroup). Thus it forms
the philosophical counterpart of Bernstein—Zelevinsky theory for GL, in
the complex case ([5]). This finishes a long project initiated by Barthel and
Livné in [4], who looked at GLg, and continued by Herzig (the case of GL,,)
and Abe (the split case) in [15] and [1] respectively.

One feature of the emerging p-adic Langlands program ([6]) is a certain
compatibility with the deformation theories on both sides (see [7, 17, 19]
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for the established case G = GL2(Qy)). In this paper we study deforma-
tions of representations ™ = Ind}G), o which are smoothly induced from an
admissible representation & of a Levi subgroup L. Here P = L x N is a
parabolic subgroup with opposite P, and all these representations have
coefficients in some fixed finite extension k/F,, which we take to be the
residue field k& = O/(w) of some fixed finite extension E/Q,. Our hope
is that our results will play a role in future developments of the p-adic
Langlands program beyond the GL2(Q))-case.

The first part of our paper deals with deformations over Artinian rings,
and forms the core of our argument. Letting Art(Q) denote the category of
local Artinian O-algebras with residue field k, we consider the deformation
functor Defz : Art(O) — Set which takes A € Art(O) to the set of equiva-
lence classes of lifts 7 of ™ over A. Thus 7 is a smooth A[G]-module, free over
A, endowed with an isomorphism 7 ®4 k — 7. Assuming Endy g (7) = k,
the functor Defz is known to be pro-representable, as recently shown by one
of us ([21]). To allow more flexibility one actually deforms the Pontrjagin
dual 7V := Homy (7, k) which lives in a category of profinite augmented rep-
resentations. Let Rzv be the universal deformation ring of #¥ and Mzv be
the universal deformation of 7V. The duality transforms the parabolic in-
duction functor into a functor IIGD_ which yields a homomorphism Rzv— Rzv
of local profinite O-algebras. The following is our main result. Recall that
a Banach lift of 7 is a unitary continuous E-Banach space representation
of G with a mod w reduction isomorphic to 7.

Theorem 1.1. Let ¢ be an admissible smooth k[L]-module with scalar en-
domorphisms and T = IndIGD, o. If F = Q,, then assume that ¢ is su-
persingular and 6 ® (Yo a) ¢ & for all a € Ai"l. Then the following
hold.

(1) Ind_ : Defs — Defx is an isomorphism of functors Art(©O) — Set.

(2) Ewvery Banach lift of ™ is induced from a unique Banach lift of &.

(3) There is an isomorphism Rzv — Rgv via which Mzv = Ig, (Mzv).

(4) If dimy, Ext} (5,5) < oo, then Rz ~ Ry is Noetherian and there is
an Rz[G)-linear isomorphism Mz ~ Ind%_ M.

For the unexplained notation, let B C G be a minimal parabolic sub-
group contained in P and let S C B be a maximal split torus contained in L.
We denote by A the simple roots of the triple (G, B, S) and by A! the sub-
set consisting of roots whose corresponding root space is one-dimensional.
If A, C A denotes the set of simple roots of the triple (L, BN L, S), its
orthogonal complement Ai is the set of roots @ € A for which {a, 8Y) =0

for all p € Ayp. Then AJL"l = Ai N A'. Given a € Af’l, we can therefore
consider the smooth L-representation % ® (71 o o) over k where o is the
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sq-conjugate of & and € : F'* — k* is the reduction mod p of the p-adic
cyclotomic character (see Subsection 1.1.2 for more details).

Implicit in (3) and (4) is the fact that the functor Defz is also pro-
representable by Rz = Rzv, and when the latter is Noetherian there exists
a universal deformation Mz = MY, which is a continuous representation
of G over Rz. In this context, Indg, refers to the continuous parabolic
induction functor.

We refer to Theorem 2.16 and Corollaries 3.17, 4.14, 4.15 in the main
text for more precise statements. In particular, the assumption that & is
supersingular (imposed when F' = Q,) can be weakened, cf. Hypothesis 2.7
(and the pertaining remark) which only requires that Ordg ¢ = 0 for certain
proper parabolic subgroups Q C L. Here Ordg denotes Emerton’s ordinary
parts functor ([9]), which is the right adjoint of Indé, . Moreover, (1) and (2)
hold true without the assumption Endy1)(d) = , e.g. in the following cases:

e F'# Q, and ¢ is any admissible smooth k[L]-module,

o ' =Q, and 0 ~ 01 @ --- ® 0, where the direct summands are
supersingular and satisfy 7; % 0§ ® (toa)forany 1 <i,j <r
and any « € Afl.

The genericity condition in Theorem 1.1 is rather mild (see Example 1.2
below), and it is sharp: for G = GL2(Q,) the so-called “atomes automor-
phes” of length 2 ([7]) provide counter-examples of @ = Ind§_ x16~ ' ®@ Y2 @
Ind%_ 267! ® 1 (where 1, X2 : Q) — k* are smooth characters) admit-
ting topologically irreducible Banach lifts 7 (thus not a direct sum of two
unitary continuous principal series).

Ezample 1.2. If G = GL,(Qp) and L is a block-diagonal subgroup, then
A' = A and the roots in Ai correspond to pairs of consecutive Q, -factors
of L. Thus for each a € Af, one has a factorization as a direct product
L~L"xQ) x Q) x L", and if correspondingly o decomposes as a tensor
product & ~ &' ® X1 ® X2 ® 6", then 7% ® (7' o) ~ 7' @ X26 ' @ Y12 ® 5"
so that the genericity condition becomes x1X5 Vg1,

In the principal series case, the result takes a more concrete form. So as-
sume G is quasi-split and specialize to the case where P = B is a Borel sub-
group. Then the Levi factor L = T is a p-adic torus. Let T®) = @j /1"

denote the p-adic completion of T' and denote by A := O[T®)] its completed
group algebra.

Corollary 1.3. Let x : T — k* be a smooth character and 7 := Indg_ X-
If F = Q,, then assume that sa(X) - (€7t oa) # X for all « € A'. Then
Rz ~ A is Noetherian and Mz ~ Indg_ XY,

univ

Here, x : T — A* denotes the universal deformation of Y.
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Let us briefly sketch the further content of this paper. In the second part,
we study the deformation theory of parabolic induction over complete lo-
cal Noetherian rings by passing the Artinian theory, so to speak, to the
limit. On the way, we establish several properties of the continuous para-
bolic induction functor. The dimension of the tangent space Ext} (7,5) of a
deformation ring of type Rzv is not easily accessible. For example it is not
known whether it is finite-dimensional for a supersingular representation o,
except when L is a torus or L = GL2(Qy) ([18]). This forces us to go one
step further and work over quite arbitrary profinite rings. This forms the
topic of the third part which contains the main result and its proof.

The origin of this article is a paper of one of us ([24]) which dealt with
the case of principal series using the calculations of [11]. Meanwhile, these
calculations were generalized in [13] and the three authors decided to extend
the results of the original paper in order to treat the general case. Since the
first version of this article, some calculations have been carried over a base
field of characteristic p ([12]) allowing our main result to be generalized
verbatim to any non-archimedean local field F' of residue characteristic p.
Finally, we point out a sequel to this article ([14]) in which we compute the
deformations of generalized Steinberg representations.

1.1. Notation and conventions.

1.1.1. Coefficient algebras. Throughout the paper we fix a finite exten-
sion E/Q, which will serve as our coefficient field. We denote its integer
ring by O and we fix a uniformizer w € O. The residue field k = O/wO is a
finite field of cardinality ¢q. The normalized absolute value on F is denoted
by |- |; thus |w| = ¢~!. We write & : QX — F) C k for the reduction mod
p of the p-adic cyclotomic character.

We write Art(O) for the category whose objects are local Artinian O-
algebras A (with the discrete topology) for which the structure map O — A
is local and induces an isomorphism k¥ — A/m4. The morphisms A — A’
are the (local) O-algebra homomorphisms. Note that & is a terminal object

of Art(0).

Remark 1.4. Note that any A € Art(O) has finite O-length. In fact the O-
length ¢ (A) equals the A-length £4(A): any simple A-module is isomorphic
to A/ma ~ k and, hence, is a simple O-module. So a composition series for
A as an A-module is a composition for A as an O-module. We will drop
subscripts and just write £(A).

We write Noe(Q) for the category whose objects are Noetherian complete
local O-algebras A for which the structural morphism O — A is local and
induces an isomorphism k¥ —+ A/ma. The morphisms A — A’ are the
local O-algebra homomorphisms. Note that Art(O) is the full subcategory
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of Noe(O) consisting of Artinian rings, and that A/m’ € Art(O) for all
n > 1 when A € Noe(O).

We write Pro(O) for the category whose objects are local profinite O-
algebras A for which the structure map O — A is local and induces an
isomorphism k — A/m4. The morphisms A — A’ are the continuous
local O-algebra homomorphisms. Note that Art(O) is the full subcategory
of Pro(O) consisting of Artinian rings, and that A/a € Art(OQ) when A €
Pro(O) and a C A is an open ideal. Furthermore, Pro(Q) is equivalent to
the category of pro-objects of Art(O) (cf. [21, Lem. 3.3]). If A € Pro(O)
is Noetherian, then the profinite topology is the m4-adic topology ([22,
Prop. 22.5]). Moreover, a morphism A — A’ between Noetherian rings in
Pro(O) is continuous if and only if it is local. Thus Noe(Q) is the full
subcategory of Pro(Q) consisting of Noetherian rings.!

1.1.2. Reductive p-adic groups. We fix a finite extension F'/Q, which
will serve as our base field. We let G be a connected reductive group over
F. By abuse of notation, instead of G(F') we simply write G. The same
convention applies to other linear algebraic F-groups.

We choose a minimal parabolic subgroup B C G and a maximal split
torus S C B. We let Z be the centralizer of S in G, N be its normalizer,
and W = Z/N be the Weyl group of (G,S). We let A denote the set of
simple roots of the triple (G, B, S). For a € A we denote by g() = 9o © 924
the corresponding subspace in the Lie algebra of G (with the convention
that goo = 0 if 2« is not a root). We put

Al = {oz €A ’ dimp g(q) = 1}.

We have Al = A if G is split, but not in general (even if the root system
of (G, S) is reduced, e.g. A' = @ if G = Resp//p G’ with F'/F strict).

We fix a standard parabolic subgroup P D B and let L D S be the
standard Levi factor. We denote by P~ the opposite parabolic with respect
to L, i.e. the unique parabolic subgroup such that P N P~ = L, and we
write Zy, for the center of L. Similarly we let Ay C A denote the set of
simple roots of the triple (L, BN L, S) and its orthogonal complement AJL'
is the set of roots o € A for which (a, 3Y) = 0 for all 3 € Aj,. For example
AL = @ and at the other extreme AL = A.

Finally, we put Ai’l = AJL- NA'. For a € Af’l, conjugation by a repre-
sentative n, € N of the corresponding simple reflection s, € W stabilizes
L, and « extends (uniquely) to an algebraic character of L (cf. the proof
of [13, Lem. 5.1.4]). Therefore if 7 is a smooth k[L]-module and F' = Q,,

ITo give a simple example, the ring of dual numbers k[{e;};en] in an infinite number of
parameters €;, where €;¢; = 0 for all ¢, j, equals the inverse limit over the finite rings kle1, ..., €n],
i.e. lies in Pro(O), but it is not Noetherian. Another example is the ring of formal power series
over O in countably infinitely many indeterminates X1, X2, X3 ....
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we can consider the smooth k[L]-module % ® (67! o a) where 6 is the

sq-conjugate of o (i.e. ® has the same underlying k-vector space as &, but
I € L acts on * as naln, ! acts on &), which does not depend on the choice
of 1y in neZ up to isomorphism (since Z C L).

Ezample 1.5. We find it instructive to unravel the notation in the case of
G = GL,(Q)), where we take B to be the upper-triangular matrices and S
to be the diagonal matrices. In this case A = {e¢; —e;+1 : 1 < i < n} where
e; : S — Q) is the algebraic character defined by t = diag(t1,...,tn) = .

Then L ~ GLj,, (Qp) x - -+ x GL,, (Q)) is a block-diagonal subgroup, and
Ap={ei—eir1:ni+---+nj+1 <i<ni+---+n;q for some 0 < j < r}.
Loosely speaking the roots in A\Ay give the consecutive ratios where the
blocks of L meet.

The roots in Af correspond to pairs of consecutive Q) -factors of L:
a € AJL- if and only if @ = ¢; — e;11 with 0 <4 < n such that n; =n;y1 = 1.
In this case, conjugation by s, permutes the corresponding two copies of Q;
and a extends to an algebraic character L — Q) giving the ratio between
them.

Therefore if 7 is a smooth k[L]-module such that ¢ ~ 71 ®- - - ® &, where
each 7; is a smooth k[GLy,(Q,)]-module, and o = ¢; — €41 € Af, then
R (E o)~ ®@ - ®041EITRIER - R T

2. Parabolic induction and deformations over Artinian rings

2.1. Smooth parabolic induction. Let A € Art(O). We consider the
category of all A[G]-modules Modg(A), and its full abelian subcategory of
smooth representations Modg¥(A). Recall that 7 is smooth if 7 = [, 7
where K C (G ranges over compact open subgroups. We say that m is
admissible if each 7% is a finitely generated A-module. The admissible
representations form a Serre subcategory Mod%™(A) (cf. [9, Prop. 2.2.13]).
Finally we let Mod® (A4)" be the full subcategory of ModX (A) consisting
of objects free over A.

The parabolic induction of a smooth A[L]-module o is defined as follows.
First inflate o via the projection P~ — L and let

nd%_ o := {smooth f: G — o | f(pg) = pf(g) forallp € P~,g € G}.

Smoothness of f means continuous relative to the discrete topology on o
(i.e. locally constant). Thus Ind%_ o becomes a smooth A[G]-module via
right translations, and this defines an A-linear functor

d%_ : Mod$®(4) — ModX (A)

which is exact, commutes with small direct sums and preserves admissibility
(cf. [9, Lem. 4.1.4 and Prop. 4.1.5]).
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Lemma 2.1. Let o be a smooth A[L]-module.

(1) Indg, o is free over A if and only if o is free over A.
(2) For any morphism A — A" in Art(O), there is a natural A'[G]-
linear isomorphism

(Indg, O') @4 A5 IndIGD, (o4 A).
Proof. There are natural A-linear isomorphisms (cf. [26, (6)])
(2.2) md§_ o ~C>® (P™\G,0) ~C® (P"\G,A) @10

(the first one is induced by composition with a continuous section of the
projection G — P~\G, and the second one follows from the fact that a
smooth function f: P~\G — o takes only finitely many values). Further-
more, C*°(P~\G, A) is a direct limit of finite-free A-modules

C* (PT\G, A) ~ 1imC™ (P"\G/K, A)
K

where K C G runs through the compact open subgroups, thus it is flat
and therefore free. In conjunction with (2.2), this immediately shows that
Indg_ o is free over A if ¢ is. For the converse note that ¢ is a direct
summand of Indg_ o. If the latter is free o is projective, which is the same as
free over local rings (by Kaplansky’s theorem). This shows (1). For the proof
of (2), note that the natural map defined by f®d' — (g — f(g9)®d’) is A[G]-
linear and using (2.2) twice (with o and 0 ®4 A’), we see that it is bijective
(both sides being naturally isomorphic to C*°(P~\G, A)®@4 (c®4 A’)). O

2.2. Ordinary parts. For convenience we briefly recall the basic proper-
ties of Emerton’s functor of ordinary part Ordp, which is somewhat analo-
gous to (but better behaved than) the locally analytic Jacquet functor Jp.
Let A € Art(O). We let Modzo’ZL_l'ﬁn(A) be the full subcategory of locally
Z-finite? smooth A[L]-modules. Then the functor of ordinary part is an
A-linear functor

Ordp : Modg (A) — Mod;" 7+~ (4)

which is left-exact, commutes with small inductive limits and preserves
admissibility (cf. [9, Prop. 3.2.4 and Thm. 3.3.3]). Furthermore, it is related
to the smooth parabolic induction functor by the following result.

Theorem 2.3 (Emerton). Let o be a locally Z1,-finite smooth A[L]-module.
(1) There is a natural A[L]-linear isomorphism

o — Ordp (IndIGD, U) .

?Le. the A[Zr]-submodule generated by any element is of finite type over A (cf. [9,
Def. 3.2.1(3)]).
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(2) For any smooth A|G]|-module w, Ordp induces an A-linear isomor-
phism

Hom 4 (¢ (Ind}GD, o, 77) = Hom 47, (0,0rdp ).

Proof. This is Prop. 4.3.4 and essentially Thm. 4.4.6 in [9] respectively,
except that in op.cit. the latter is only formulated for an admissible rep-
resentation o. However, the proof only uses the admissibility hypothesis
when invoking [9, Lem. 4.4.3] in order to prove that (4.4.7) of op.cit. is
surjective. But this fact is proved by Vignéras for a merely locally Zy-finite
representation o (cf. [26, proof of Thm. 6.1]). O

In other words, Ordp is a left quasi-inverse and the right adjoint of
IndIGD_. Since both functors respect admissibility, their restrictions to the
corresponding full subcategories of admissible representations (note that
an admissible representation of L is locally Z-finite by [9, Lem. 2.3.4]) are
still adjoint to each other.

Remark 2.4. Vignéras ([26]) proved that the functor Ind%_ between the
categories of smooth representations also admits a right adjoint RIGD_. When

restricted to the categories of admissible representations, Rg_ is isomorphic
to Ordp ([3, Cor. 4.13]).

We rephrase the adjunction relation between IndIGD_ and Ordp in a more
formal but equivalent way (cf. [16, Prop. 1.5.4]), which will be convenient
for the proofs of the results in Section 2.5. We use the isomorphisms in
Theorem 2.3: For any object o of Mod39™ (A) and 7 := Ind%_ o, the natural
A[L}-linear isomorphism in (1) is the image €, of id,; under the isomorphism
in (2). Likewise for any object m of Mod%™(A) and o = Ordpm, the
preimage 7, of id, under the isomorphism in (2) is a natural A[G]-linear
morphism IndIGg, Ordp7m — w. Hence, there are natural transformations
(called the unit and counit respectively)

€ idMOdzzdm(A) ;> OrdP IndG,
. G ;
n: IndP, Ol“dp — ldMOdade(A)
which satisfy the following equalities (cf. [16, (1.5.8) and (1.5.9)])
G G _ s
05 (nmdf-) (G- ) = idyqe
(Ordpn) (eOrdp) = idordp

(the compositions inside the parentheses are compositions of natural trans-
formations with functors, whereas the compositions outside the parentheses
are “vertical compositions” of natural transformations, so that they yield



Deformation rings and parabolic induction 703

composites of natural transformations
Indg, = IndIGD, Ordp nd%. —» IndIGD,
Ordp 5 Ordp Ind%_ Ordp — Ordp
respectively).

2.3. Higher ordinary parts. Let A € Art(O). In [10], Emerton con-
structed a cohomological d-functor
H*Ordp : Mod®™(A) — Mod3™(A)

which coincides with Ordp in degree 0. This means that a short exact
sequence
(2.6) 0 =7 —7"—=0
in Modéﬁm(A) gives rise to a long exact sequence

..« = H"Ordp 7’ — H"Ordp 7 — H"Ordp 7" — H* ' Ordp ' — - -

with degree-increasing connecting homomorphisms functorial in (2.6).

We review a recent result of one of us (J.H.) which gives a complete
description of H'Ordp(Ind%_ &) for any admissible smooth k[L]-module &
(satisfying a technical assumption when F' = Q). This will play a key role
in Section 2.5 in the proof of Theorem 2.16.

Let o be an admissible smooth k[L]-module. We consider the following
hypothesis, which will be needed when F' = Q,. Note that for all a &
A\Ap, LN s,Ps, is the standard parabolic subgroup of L corresponding
to A N sa(Ar) and it is proper if and only if o & A7f.

Hypothesis 2.7. Ordns, ps, 0 = 0 for all a € Al\(Al U Afl)-

Remark 2.8. In the terminology of [3], o is said right cuspidal if Ordg o = 0
for any proper parabolic subgroup ¢ C L. Thus Hypothesis 2.7 is satisfied
by any right cuspidal representation o. In particular, it is satisfied by any
supersingular representation o.

We now state the key calculation.

Theorem 2.9 (J.H.). Let 6 be an admissible smooth k[L]-module.

(1) If F = Qp and ¢ satisfies Hypothesis 2.7, then there is a natural
k[L]-linear isomorphism

H'Ordp (ndf-5) ~ P o° @ (5" 0a).
aEAf’l
(2) If F # Q,, then H'Ordp(Ind$- 7) = 0.
Proof. This is [13, Cor. 3.3.9] with A =k and n = 1. O
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2.4. Deformation functors. We let 7 be a smooth k[G]-module. We
will study the various lifts of @ to smooth representations m of G over
A € Art(0O). In what follows Cat denotes the category of essentially small?
categories and ¢ : Cat — Set denotes the functor taking an essentially small
category C' to the set of isomorphism classes Ob(C)/ ~.

Definition 2.10. We define several categories and functors.
(1) A lift of ™ over A € Art(O) is a pair (m, ¢) where
e 7 is an object of Mod (A),
e ¢ :m — 7 is an A[G]-linear surjection with kernel mym, i.e.
which induces an A[G]-linear isomorphism ™ ®4 k — 7.
A morphism ¢ : (7, ¢) — (7', ¢') of lifts of T over A is an A[G|]-linear
morphism ¢ : m — 7’ such that ¢ = ¢’ o ¢.

(2) We define a covariant functor Defz : Art(OQ) — Cat by letting
Def(A) be the essentially small category of lifts of @ over A for
any A € Art(O), and Defz(p) : Defz(A) — Defz(A’) be the base
change functor for any morphism ¢ : A — A" in Art(O).

(3) We define the deformation functor Defz : Art(O) — Set as the
composite ¢ o ]§e/f7—r.

Remark 2.11. Defz(k) is a groupoid, and Def(k) is a singleton.
We review some properties of lifts of 7.

Lemma 2.12. Let w be a smooth A-representation of G and 7 = w/mam.
(1) 7 is locally Z-finite if and only if w is locally Z-finite.
(2) 7 is admissible if and only if T is admissible.

Proof. We proceed by induction on the length of A. The base case A = k
is trivial. Assume A # k and that we know the results for rings of smaller
length. Pick @ € A non-zero such that amy = 0 and set A’ = A/aA,
so that £(A") = ¢(A) — 1. We set ' = w/am. The surjection @ — «’
induces an isomorphism @ — 7’/m7’. The multiplication by a induces
an isomorphism @ —— am, hence a short exact sequence of smooth A-
representations of G
0—>7—m—7m —0.

If 7 is locally Z-finite, then 7 is also locally Zj,-finite since it is a quotient
of m. Conversely, assume that 7 is locally Z-finite and let v € w. Since 7
is smooth, there exists an open subgroup Zy C Z fixing v. Since Z/Zj is
finitely generated as a monoid (see e.g. [9, proof of Lem. 3.2.1]), there exist
r € Nand 21,...,2, € Z such that A[Z] -v = Alz1,..., 2] - v. Let v/ be
the image of v in /. By the induction hypothesis, 7’ is locally Z-finite.

3A category C is essentially small if it is equivalent to a small category (cf. [16, Def. 1.3.16]),
i.e. if the isomorphism classes Ob(C)/ ~ form a set.
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Thus for each 1 < i < r, there exists f/ € A[X] such that f/(z;)-v' =0,
i.e. fl(z) v € 7. Since 7 is locally Z-finite, there exists f; € A[X] such
that f;(z) - (f/(zi) -v) = 0. We set f; == fif! € A[X] so that fi(z) v =
0. Therefore A[Z] -v = Alz1,...,2:]/(fi(z1),..., fr(zr)) - v is a finitely
generated A-module. This proves (1).

If 7 is admissible, then 7 is also admissible since it is isomorphic to a sub-
representation of m and A is noetherian. Conversely if 7 is admissible, then
7/ is admissible by the induction hypothesis, so that 7 is also admissible
since it is an extension of 7/ by 7. This proves (2). O

2.5. Induced deformations. We let ¢ be a smooth k[L]-module and we
set 7= Indg_ o. By functoriality and using Lemma 2.1 (1), we see that
o if (0,¢) is a lift of & over A € Art(0), then (Ind%_ o,Ind%_ ) is a
lift of ™ over A,
e and if ¢ : (0,¢) — (0/,¢') is a morphism of lifts of & over A €
Art(0), then Ind§_ ¢ : (Ind%- 0,Ind%_ ¢) — (Ind%_ o/, Ind%_ ¢')
is a morphism of lifts of ™ over A.
Thus for any A € Art(O), we obtain a functor

Ind%_ : Def5(A) — Defz(A)

which is functorial in A by Lemma 2.1(2), i.e. it is induced by a morphism

Ind%._ Defy — Defz between functors Art(O) — Cat. Thus composing
the latter with ¢ : Cat — Set yields a morphism

Ind%_ : Def; — Defx
between functors Art(O) — Set.
Lemma 2.13. Let ¢ be a locally Z1-finite smooth k[L]-module and © =
Ind%_ 5. Then for any A € Art(0),
(1) Ind%_ : Defy(A) — Defz(A) is fully faithful,
(2) Ind%_ : Defs(A) — Defz(A) is injective.
Proof. Since a fully faithful functor induces an injection between isomor-
phism classes of objects, (2) is a consequence of (1) which we now prove.
Let A € Art(O). Let (0,¢) and (0’,¢’) be two lifts of & over A. Note
that o and o are objects of Mod5”#~ " (4) by Lemma 2.12(1) and recall

the unit e of the adjunction between Ind%_ and Ordp. We consider the
A-linear morphism

(2.14) Hompy ., ((0,9), (", &)

— Homﬁzfﬁ(A) (Indg, (0,¢),IndG- (o, gi)/))
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defined by ¢ — Ind%_ :. We claim that the map 7 — e;,l o (Ordpyj) o€y is
an inverse.

e By naturality of e, it is well defined and ¢_,' o(Ord p(Ind%._ 1))oe, =1
for any morphism ¢ : (0, ¢) — (¢, ¢') in Defs(A).

e By (2.5) we also have Ind%_ (e, o (Ordp 7) o €,) = 7 for any mor-
phism 7 : (Ind$_ o, Ind$_ ¢) — (Ind§_ o/, IndG_ ¢') in Defz(A).

Thus (2.14) is bijective. O

Remark 2.15. Using Vignéras’ functor RG_ (cf. Remark 2.4) instead of
Ordp, one can prove Lemma 2.13 for any smooth k[L]-module o.

The following is our main result in the Artinian case. Our proof is an ex-
tension (and to some extent a correction*) of the proof of [10, Prop. 4.2.14]
(see also the pertaining Remark 4.2.17 in op. cit.)

Theorem 2.16. Let o be an admissible smooth k[L]-module and 7 =
Indg_ o. If F = Q,p, then assume that

(a) Hypothesis 2.7 is satisfied,

(b) Homy (7,0 ® (€7t oa)) =0 for all a € Afl.
Then

(1) Ind§- : Def5(A) — Defz(A) is an equivalence for any A € Art(O)

with quasi-inverse induced by Ordp,
(2) Indg, : Defs — Defz is an isomorphism.

Proof. Since an equivalence of categories induces a bijection between iso-
morphism classes of objects, (2) is a consequence of (1) which we now
prove. Given lemma 2.13 (see also Remark 2.15), we only have to prove that
nd$§_ : Def5(A) — Defz(A) is essentially surjective for all A € Art(O).

We proceed by induction on the length of A € Art(O) (cf. Remark 1.4).
The base case A = k is trivial. Assume my # 0 and that we know surjec-
tivity for rings of smaller length. Let (7, @) be a lift of T over A. Note that
7 is an object of Mod%™(A) by Lemma 2.12(2) and recall the unit ¢ and
the counit n of the adjunction between Ind§_ and Ordp. We will prove
that (Ordpm,e;! o (Ordp ¢)) is a lift of & over A, and that the natural
morphism of lifts of 7 over A

Nr (Indg, (Ordp ) ,Indg, (6;1 o (Ordp ¢))> — (m,9),

where we used the equality Ind%_ (e;* o (Ordp ¢)) = ¢ o 1, which follows
from equality (2.5), is an isomorphism.

Pick a € A non-zero such that amg = 0, and let I = (a) be the proper
ideal generated by a. We have a short exact sequence of admissible smooth

4The inductive step fails if his V is just faithful, not faithfully flat, and & there should be &~ 1.
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A[G]-modules
(2.17) 0—ar =7 — 7/ar — 0.

Note that ar is a non-zero vector space over k and 7/ar is a free A/I-
module. Since ar C ma7, ¢ factors through an A[G]-linear surjection ¢ :
7/am — 7 whose kernel is m4 (7 /an), so that (7/am, $) is a deformation
of ™ over A/I which has length ¢(A) — 1. By our induction hypothesis,
there exists a deformation (¢’,¢’') of & over A/I and an isomorphism of
deformations of 7 over A/I

/o (Ind,%‘_ o, IndS_ qs’) e <7T/a7r, é) .
On the other hand, multiplication by @ induces an A[G]-linear isomorphism
LI T~ /maT — ar.
Applying the o-functor H*Ordp to the exact sequence (2.17) and using

the A[L]-linear isomorphisms (Ordp ¢t)oez and (Ordp ') o€, yields an exact
sequence of admissible smooth A[L]-modules

(2.18) 0 — Ordpm — o’ — H'Ordp (Ind§- 7).

Any A[L}-linear morphism ¢/ — H'Ordp(Ind%_ &) must factor through ¢'.
Thus by Theorem 2.9 and condition (b), we deduce that the last arrow of
the exact sequence (2.18) is zero, so that we can treat the rightmost term
as being zero.

Now applying the exact functor IndIGD, gives (using again equality (2.5))
a commutative diagram of admissible smooth A[G]-modules

0 —— Ind%. 6 —— Ind%_ (Ordp7) —— Ind§_ o’ —— 0

e

am s w/ar — 0

from which we deduce that 7, is also an A[G]-linear isomorphism by the five
lemma. Moreover, we deduce that the image of Ind§_ & in Ind%_ (Ordp 7)
is a(Ind%_ (Ordp 7)), thus the image of the first non-trivial arrow of the
exact sequence (2.18) is a(Ordp 7).

From the A-linear isomorphism 7); and the freeness of the A-module 7, we
deduce that Ordp 7 is a free A-module using the “only if” of Lemma 2.1 (1).
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Furthermore, we have a commutative diagram of admissible smooth A[L]-
modules

Ordpm — Ordp (ﬂ/aﬂ)0ﬂ> Ordp (Ind}G;, U) AN

Ordp Q{ Ordp Qﬂ Ordp (IndG, ¢>’)i

Ordp7m =———= Ordp®™ =————= Ordp —> o

« q

where the composite of the upper horizontal arrows is the next to last arrow
of the exact sequence (2.18), which is surjective with kernel a(Ordp ).
Since a(Ordp ) C ma(Ordp7) and ¢’ is surjective with kernel m40’, we
deduce that ;' o (Ordp @) is surjective with kernel m(Ordp ). O

3. Parabolic induction and deformations over Noetherian rings

3.1. Orthonormalizable modules. Let A € Noe(O). An A-module U
is called my-adically complete and separated if U — T&nn U/miU. If

in addition each quotient U/m’{U is free over A/m’;, we say that U is
orthonormalizable (cf. [8, Def. B.1]).

Lemma 3.1. The following conditions are equivalent for an A-module U :

(1) U is orthonormalizable;

(2) U is my-adically complete, separated, and flat;

(3) There is a set I such that U is isomorphic to the module of de-
caying functions in AL, (A function I — A is called decaying if its
reduction modulo m'y has finite support for all n, cf. 28, Def. 2.1].)

(4) U ~ @n Uy, where {Up}r is an inverse system of A-modules with
the following properties:

(a) m}U, =0, and U, is free as a module over A/m’};
(b) Unt1 ®A/ml§“ A/mﬁ = U,.

Proof. The equivalence of the last three criteria is [28, Cor. 4.5]. That (1)
implies (2) is part of [8, Lem. B.6]. The converse is clear: U/mjU is flat
over A/m’; precisely when it is free. O

If U is an mg-adically complete and separated A-module and A — A’
is a morphism in Noe(Q), we define the corresponding base change as the
completed tensor product

(3.2) U@a A :z@U@AA'/mZ/.
It is m g-adically complete and separated (cf. [28, Cor. 3.5]). Orthonormal-
izable modules behave well with respect to base change:

Lemma 3.3. Let U be an orthonormalizable A-module and A — A’ be a
morphism in Noe(O). Then U @4 A’ is an orthonormalizable A’-module.
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Proof. For any n > 1,
(URsA) @4 A/m?y ~ (U A) @4 A /m?,
~U®y A'/m’
~U®a A/my @ 4/mn Al fm’,
~ U/myU ® A /mn Al w7,

Since U/m"U is free over A/m" this verifies that (U @4 A') ® 4 A’/m"y, is
free over A’/m%,, and hence U ®4 A’ is orthonormalizable. O

Remark 3.4. When A’ is finite over A, the tensor product U® 4 A’ is already
my-adically complete; in this case the above lemma is [8, Lem. B.6(4)].

Lemma 3.5. For any m-adically complete and separated A-modules U, U’,
there is a natural A-linear isomorphism

Homy (U',U) ~ Jim Hom 4 (U'/miU", U/m}U) .

Proof. The A-linear maps given by f +— (f mod m'}), and (f,) — Hm  fn
are inverses of each other. O

3.2. Continuous parabolic induction. Let A € Noe(QO). We define sev-
eral categories of representations of G over A.

An my-adically continuous A[G]-module is an my4-adically complete and
separated A-module m endowed with an A-linear G-action such that the
map G X ™ — 7 is continuous when 7 is given its m4-adic topology (equiv-
alently, the induced action of G on m/m"n is smooth for all n > 1). We
let Mody* ™ (A) be the full subcategory of Modg(A) consisting of ma-
adically continuous A[G]-modules. We let Mod3* " (A)® be the full sub-

category of Modpy* ~“™(A) consisting of orthonormalizable A[G]-modules.
Remark 3.6.
(1) If A is Artinian, then
ModfA ™™ (A) = ModZ(A) and ModH* " (A)* = Modg (A)".
(2) Emerton defined an m4-adically admissible A[G]-module to be an
mg-adically continuous A[G]-module 7 such that 7/my7 is admis-
sible as a smooth k[G]-module (cf. [8, Def. 3.1.13]). If A is Artinian,

then one recovers the usual definition of admissible smooth A[G]-
module.

Definition 3.7. For any m4-adically continuous A[L]-module o, we define
an A-module

Indg_ o = {continuous f: G — o | f(pg) =pf(g) forall p e P, g € G}

on which we let G act by right translation.
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Remark 3.8. If A is Artinian, then one recovers the smooth parabolic in-
duction.

Proposition 3.9. Let 0 be an ma-adically continuous A[L]-module.

(1) nd%_ o s an ma-adically continuous A[G]-module, and it is or-
thonormalizable if and only if o is orthonormalizable.

(2) For any morphism A — A’ in Noe(O), there is a natural A[G|-linear
isomorphism

(mdf- o) @44 5 Wdf (084 4).

Proof. Let U be the A-module underlying the representation . By assump-
tion U is my-adically complete and separated, that is U = @n U/miU.
Once and for all we choose a continuous section of the projection G —»
P7\G =: X as in the proof of Lemma 2.1. This allows us to identify
Ind%_ o with C(X,U) as an A-module. We prove the Lemma in a series of
steps below.

Step 1. C(X,A)®4 A/I — C(X, A/I) for any ideal I C A.

This is done by induction on the minimal number of generators of I, say
ny. The base case where I = aA is principal amounts to the exactness of
the two sequences

(a) 0 — C(X, Ala]) — C(X,A) % C(X,aA) — 0,

(b) 0 — C(X,aA) — C(X,A) — C(X,A/aA) — 0.
The surjectivity in (a) follows from the existence of a continuous cross-
section of the multiplication by ¢ map A — aA. Indeed it induces a
homeomorphism A/Ala] — aA (since A is compact) and the projec-
tion A — A/Ala] admits a continuous section since A is profinite and
Ala] is a closed subgroup (cf. [23, Ch. I, §1, Thm. 3]). For the same reason
A — A/aA admits a continuous section, observing that aA C A is closed,
which shows the surjectivity in (b).

Now suppose n; > 1 and we know the result for ideals with fewer genera-
tors. Once and for all we choose generators for I, say I = (aq,...,a,) where
n = ny is minimal. Consider the quotient ring B = A/a,A and the ideal
J =1/a,A. Note that J C B is generated by the cosets of aj,...,a,_1, S0
by induction we have an isomorphism

C(X,B)®p B/J — C(X,B/J).
Now A/I ~ B/J so certainly any h € C(X, A/I) can be lifted to C(X, B),
and in turn to C(X, A) by the base case (or just sequence (b) with a = a,),
which shows that the map in Step 1 is onto. We now argue that it is
also injective. Suppose f € C(X, A) takes values in I C A. Consider the
reduction f € C(X, B), which then takes values in J C B. By induction f =
SN & with ¢; € T and ; € C(X, B). Again by (b) we can choose lifts,
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that is write y; = f; where f; € C(X, A). Now the difference f — Zfil ¢ fi
lies in C(X, A) and reduces to 0 modulo a, A. That is, it takes values in a,, A
and is therefore of the form a, f’ for some [’ € C(X,A) by sequence (a)
above. Altogether this shows that f = a,f’ + Zfil ¢; fi visibly belongs to
IC(X, A) as desired.

Step 2. We have an isomorphism C(X, A) ®4 U — C(X,U).
The completed tensor product is defined as in (3.2). For any n > 1,
C(X, A) @4 U/m3U = C(X, A) @4 A/ @4/, U/m3U
~ C(X, A/m}) ®ajmn U/m{U
~ C™(X, A/m}) ®ajmn U/m{U
~ C®(X,U/m}U)
~ C(X,U/m}U).

(In the second isomorphism we used Step 1; in the fourth we used (2.2).)
Taking the limit over n yields the isomorphism.

Step 3. We have an isomorphism C(X,U)/mC(X,U) — C(X,U/m"U).

For this step let M := C(X, A)®4U, and let M be its m4-adic completion.

By Step 2 (and its proof) we know that

o M ®sA/m’y ~C(X,U/mU),

o M@ A/m’ ~C(X,U)/m"C(X,U).
It remains to observe that, since A is Noetherian, the m 4-adic completion of
any A-module is m4-adically complete. For finitely generated modules this
is a standard application of the Artin—Rees lemma. For infinitely generated
modules such as our M it is more subtle; it is the content of [28, Cor. 3.5] (a
result which Yekutieli attributes to Matlis, cf. [28, Rem. 3.7]). We conclude
that -

M ®4 A/mz =M XA A/mff‘

(cf. [28, Thm. 1.5]) as desired.
Step 4. Proof of part (1) of the Proposition.

We first observe that at least C(X,U) is mg-adically complete and sep-
arated:

C(X,U) = imC(X, U/mU) = im C(X, U) /miC(X, U)

by Step 3. Furthermore
C(X,U)/mC(X,U) ~C(X,U/mU) = C=(X,U/m U),

so that C(X,U)/mC(X,U) is free if and only if U/m"U is free (using
Lemma 2.1(1)), hence part (1) of the Proposition.
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Step 5. Proof of part (2) of the Proposition.

For any morphism A — A’ in Noe(O) we are to show that

~

C(X,U)@4 A =5 C(X, U4 A).
By the same type of arguments as in Step 2 we find that for any n > 1,
C(X,U)®as A'/m", ~C(X,U) @4 A/m"} gy A fm%,
~ C(X,U/m"U) @ A/mn A jm’y,
~ C(X,U/mRU) @ gmy A'/mly,
~ C*(X,U/my\U gy Al fm';))
~C(X,(U®a A") @4 A'JmTy)).

(In the second isomorphism we used Step 3; in the fourth we used Lem-
ma 2.1(2).) Taking the limit over n gives the result, which finishes the
proof. O

Remark 3.10. Part (2) with A — A/m’} yields a natural (A/m")[G]-linear
isomorphism

(Indg_ o) Jm’ (IndIGD_ a) = Ind$- (o/m70).

(This is precisely the content of Step 4 in the proof.) This generalizes [9,
Lem. 4.1.3] which treats the case A = O where the argument simplifies
significantly since m4 = (w).

Corollary 3.11. Parabolic induction o — Ind§_ o gives rise to fully faith-
ful functors Mod 74~ " (A) — Mod3* " (A) and Mod]* ™ (A —
ModgAfcont(A)ﬂ.

Proof. Given any mg-adically continuous A[L]-modules o and o', we have
A-linear isomorphisms

Hom 4 ¢ (Indg, o, Indg, o )
= lim Hom 41 (Ind§- (0/mac), nd%- (o' /mac’))
= lim Hom 4 (0/myo, 0’ /myc’)

= HOIHA[L} (U, O'/) ,

cf. Lemma 3.5 (together with Remark 3.10) for the first and third ones,
and [26, Thm. 5.3] for the second one. O

Remark 3.12. We also deduce from Remark 3.10 with n = 1 that parabolic
induction respects admissibility (cf. Remark 3.6 (2)).
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3.3. Deformation functors extended. We let 7 be a smooth k[G]-
module. We extend Definition 2.10 to A € Noe(O).

Definition 3.13. We define several categories and functors.
(1) A lift of ™ over A € Noe(O) is a pair (7, ¢) where
e 7 is an object of ModjA ™" (A)f,
e ¢ : 1w — 7 is an A[G]-linear surjection with kernel mymw, i.e.
which induces an A[G]-linear isomorphism ™ ®4 k — 7.
A morphism ¢ : (m,¢) — (7', ¢') of lifts of T over A is an A[G]-linear
morphism ¢ : m — 7’ such that ¢ = ¢’ o ¢.

(2) We define a covariant functor Def; : Noe(O) — Cat by letting
Def(A) be the essentially small category of lifts of 7 over A for
any A € Noe(0), and Defz(p) : Defz(A) — Defz(A') be the base
change functor for any morphism ¢ : A — A’ in Noe(O).

(3) We define the deformation functor Defz : Noe(O) — Set as the
composite ¢ o ]ng;r.

3.4. Induced deformations extended. We let ¢ be a smooth k[L]-

module and we set ™ = Indg, o. By functoriality and using Proposi-
tion 3.9(1), we see that
o if (0,¢) is a lift of & over A € Noe(O), then (Ind%_ o, Ind_ ¢) is a
lift of 7 over A,
e and if ¢ : (0,¢) — (0/,¢') is a morphism of lifts of ¢ over A €
Noe(O), then Ind%_ ¢ : (Ind§_ 0,IndG- ¢) — (Ind%_ o/, Ind%_ ¢')
is a morphism of lifts of 7 over A.
Thus for any A € Noe(O), we obtain a functor

Ind%-_ : Def5(A) — Defz(A)
which is functorial in A by Proposition 3.9(2), i.e. it is induced by a mor-
phism Ind%_ : Defs; — Defz between functors Noe(©) — Cat. Thus com-
posing the latter with ¢ : Cat — Set yields a morphism
Ind%_ : Def; — Defx
between functors Noe(O) — Set.

Lemma 3.14. Let 6 be a locally Z1-finite smooth k[L]-module and © =
nd%_ 5. Then Ind%- : Defs(A) — Defz(A) is injective for any A €
Noe(O).

Proof. Let A € Noe(O). Let (0,¢) and (0’,¢') be two lifts of & over A.
We denote by (m,v) and (7',1’) the corresponding induced lifts of 7 over
A. Assume that there is an isomorphism j : (1) — (7/,¢/) in Def(A).
Then for all n > 1, there is an induced isomorphism 3, : (7/m%m, ¥y,) —
(«/ /m%a’ ) in Defr(A/m?) where ¢, : m/m%w — 7,4, : o /mia’ — 7
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are induced by 1,1’ respectively, thus 7, = IndIG)_ 1, for a unique iso-

morphism 1, : (o/m%0, ¢n) — (o' /m%o’,¢l,) in Defs(A/m%) by Lem-
ma 2.13(1) where ¢,, : 0/m"%o — 7,¢), : 0//m’ o’ — & are induced by ¢, ¢
respectively. Taking the projective limit over n > 1 yields an isomorphism
v (0,¢0) = (0/,¢') in Defs(A) such that j = IndG_ s O

Theorem 3.15. Let ¢ be an admissible smooth k[L]-module and 7 =
Indg, o. If F = Qp, then assume that

(a) Hypothesis 2.7 is satisfied,
(b) Homy(7,0%® (€7t oa)) =0 for all a € Af’l.
Then Indg, : Defz — Defz is an isomorphism.

Proof. Given Lemma 3.14, we only have to prove surjectivity. Let A €
Noe(0O). Let (m,v) be a lift of 7 over A. For all n > 1, (7w/m'}m,v,) where
Yy : m/mim — 7 is induced by 1 is an object of ]je/fﬁ(A/mﬁA), thus by
Theorem 2.16 (1) there exists a lift (oy,, ¢p) of & over A/m’ and an A[G]-
linear isomorphism ¢, : /m%m — Indg, oy such that ¢, = Indg, Gn O Ly,
In particular, we get an A[G]-linear surjection g, : Indg, Opt1 — IndJG;, on
with kernel m’}l(IndIGD, on+1) and such that Indg, Oni1 = (Indg, ®n) © On.
Using Ordp, we see that o, = Indg_ pn, Where py, : 041 — 0, is an A[L)-
linear surjection with kernel m’io,41 and such that ¢, 1 = ¢, o p,,. Taking
projective limit over n > 1 yields a lift (o, ¢) of & over A and an A[G]-linear
isomorphism ¢ : T — Indg, o such that ¢ = Ind}G), ¢ o 1. Note that the
limit o = lim &, is orthonormalizable by Lemma 3.1 (4). O

3.5. Application to Banach lifts. We let Bang(FE) denote the category
of E-Banach representations of G (with continuous E[G]-linear morphisms).
Thus its objects are Banach spaces V' over E endowed with a jointly contin-
uous E-linear action G x V' — V. We say that V is unitary if its topology
can be defined by a G-invariant norm; we write Bang(E)™? for the full
subcategory consisting of unitary representations.

Following [21, §6.1] we denote by Bang(E)<! the category whose ob-
jects are E-Banach representations (V, || -||) of G for which ||V|| C |E| and
llgv|| = ||v]| for all ¢ € G and v € V; the morphisms are the E[G]-linear
norm-decreasing maps. Passing to the isogeny category gives an equivalence
(cf. [21, Lem. 6.1] and the pertaining remark)

(Bang(E)§1>Q s Bang(E)"™",

Let (V] - ||) be an object of Bang(E)=!. We use the previous definitions
for A = O with w instead of mp in the notation. Note that a w-adically
complete and separated O-module is orthonormalizable if and only if it is
w-torsion-free. The unit ball V° = {v € V : |jv|| < 1} is an object of
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Modg*wm(O)ﬁ. The functor V — V?° yields an equivalence of categories
(3.16) Bang(E)St =5 Modg <" (0)!

(a quasi-inverse is given by V° — V = V°[1/p]| = F ®p V° where V is
equipped with the gauge norm ||[v|[ye = ¢~ °° () where ordy.(v) is the
largest integer n for which v € @w™V?°). Finally, the reduction mod w is an
object of Mod¢¥ (k) denoted

Vi=V°/wV°.

Turning the table, given an object 7 of Mod¢ (k), we consider all the E-
Banach representations V of G for which V' ~ 7; the Banach lifts of 7.
Using (3.16), we see that Banach lifts are the same as lifts over O.

For any F-Banach representation V of L, we define an E-Banach repre-
sentation by letting G act by right translation on the E-Banach space

Indg, V := {continuous f: G — V| f(pg) =pf(9) Vpe P~ ,VgeG}.

If |||l is an L-invariant norm with unit ball V° then the gauge norm
associated to Indg_ Ve cC IndIG_;_ V' is G-invariant. Thus, we obtain a functor

nd%_ : Bang(F)S! — Bang(E)SL.

which corresponds to the continuous parabolic induction functor over O
under the equivalences (3.16) for G and L.

We conclude that Theorem 3.15 with A = O can be reformulated as
follow.

Corollary 3.17. With notation and assumptions as in Theorem 3.15 above,
every Banach lift of T is induced from a unique Banach lift of & (up to iso-
morphism).

4. Parabolic induction and deformations over profinite rings

4.1. Augmented representations. Let A € Pro(O). We generalize the
definitions of [9, §2.1] (which only considers Noetherian A). Our definitions
coincide with those of [21] (in terms of pseudocompact objects) since the
residue field k is finite.

A profinite (linear-topological) A-module M is a profinite A-module such
that there exists a fundamental system of open neighborhoods of 0 consist-
ing of A-submodules.

For example, the topological direct product A’ is profinite for any set I (a
fundamental system is a! "x AN\ for all finite subsets I’ C I and open ideals
a C A). We say M is topologically free if there is an isomorphism M ~ A’
of topological A-modules for some set I. The subset of M corresponding to
the standard vectors in A’ is then called a pseudobasis.
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If M is a profinite A-module and A — A’ is a morphism in Pro(O),
we define the corresponding base change, a profinite A’-module, as the
completed tensor product
(4.1) M@y A = lim M/M' @4 A'/d

Mo
where M’ C M run over the open A-submodules and @’ C A’ runs over the
open ideals. For any set I, one has A’ ®4 A’ = Hm o, Cl,(A/a)l/ @4 A'Jd =

(A")!, hence base change preserves topologically free modules.
For a compact open subgroup K C G, we let A[K] be the completed
group algebra with coefficients in A € Pro(O). That is,
— /
ALK] = lim A[K/K
K/
where K’/ C K runs over the open normal subgroups. It is a profinite ring
and the actual group algebra A[K] sits as a dense subring in A[K].

Definition 4.2. A profinite augmented representation of G over A is a
profinite A-module M with an A-linear G-action such that for some (equiv-
alently any) compact open subgroup K C G, the induced K-action extends
to a map A[K] x M — M which is continuous.

The morphisms between two profinite augmented G-representations are
the A[G]-linear continuous maps (such a map is automatically A[K]-linear
for any compact open subgroup K C G). This defines a category
ModP® *"8(A). We let Mod%® *"¢(A)® be the full subcategory of objects
topologically free over A. Given a morphism A — A’ in Pro(Q), we have
A[K] = A[K] ®4 A" and so M ~ M ®4 A’ induces a functor
ModP® *&(A)! — ModPy® *8(A")1.

As a preliminary observation we note that the continuity of A[K]x M —
M implies an a priori stronger statement (since A and M are profinite):

Lemma 4.3. Any profinite augmented representation M admits a funda-
mental system of open neighborhoods of 0 consisting of A[K]-submodules.

Proof. Let M' C M be an arbitrary open A-submodule (thus M/M’' is
finite). Suppose we can find a compact open subgroup K’ C K such that
E'M' = M’ for all k' € K'. Then

M= (kM= (| (kM= () kM

keK keK/K' K €K' keK/K'

is a finite intersection, hence open, and M C M’ is clearly an A[K]-
submodule of M. It remains to show the existence of such a K’. By continu-
ity of K x M — M at the point (e,0) we can at least find a K < K (com-
pact open) and M” C M’ (open A-submodule) such that K" x M" — M’.
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Now M'/M" is finite, say

M = ) (m+M"), |R|<oo.
meR
By continuity of K x M — M at the point (e, m) we find a compact open
K,, < K" such that K,, x {m} — m + M". In particular K,,m C M’

We may then take K’ := (), cr K which is compact and open since R is
finite. 0

Remark 4.4. The preceding observation extends in fact to arbitrary profi-
nite rings [27, Prop. 7.2.1]. We found it useful to recall the details in our
situation.

4.2. Duality over Noetherian rings. We fix A € Noe(O). We dis-
cuss the following duality between the categories Modj* ™™ (A)! and
Mod2® *5( A)f:

7+ m = Homu (7, A) with the topology of pointwise convergence,
M +— MY := Hom$™ (M, A) with the m4-adic topology.

Lemma 4.5. Toking A-linear duals defines an anti-equivalence of cate-
gories

(—)¥ s ModfA~ " (A)T =5 ModPy® *"&(A)1
compatible with base change.

Proof. We remove the admissibility assumption from the arguments in the
proof of [8, Prop. 3.1.12]. Let K C G be a fixed compact open subgroup. To
simplify the notation, we let A, ;= A/m’} A for all n > 1. According to [8,
Prop. B.11] the functors in question induce an anti-equivalence between the
category of orthonormalizable A-modules and the category of topologically
free profinite A-modules and there is an isomorphism

(4.6) Hom g (m, A)/m’ Hom4(m, A) — Homy, (7/m’im, A,)

for each n > 1. Suppose 7 is equipped with an A-linear G-action and fix n.
The induced action on 7/m’7 is smooth if and only if the contragredient
G-action on Hom 4(7, A) makes

(r/m%m)" = Homa,, (7/mm, Ay)

a profinite augmented G-representation over A,,. Indeed, suppose the action
on m/m7 is smooth so that w/m%7m = Ugrcg (r/m%m)K" where K/ ¢ K
runs over the open normal subgroups. Then one obtains a structure of
topological A,[K] = lim , A,[K/K']-module on

lim Hom a,, ((7r/m3m)"", Ay) = (7r/mym)".
o
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Conversely, suppose the induced K-action on N := (7/m’j7)" extends
to a topological A,[K]-module structure and let f € Hom%" (N, A,) =
m/m’m. Since N is compact and A,, discrete the image of f is finite and
hence ker(f) C N is open. By Lemma 4.3 there is an open A,-submodule
Ny C ker(f) which is K-stable and hence the K-action factors into a con-
tinuous action N/Ny x K — N/Ny. In particular, for any n € N we find an
open normal subgroup K, C K such that nh —n € Ny for all h € K,,. The
open normal subgroup K’ C K given as the intersection over the finitely
many K, with n € N/Nj satisfies nh —n € Ny for allm € N,h € K'. Tt
follows
f(nh) = f(nh —n)+ f(n) = f(n)

so that f is fixed by K.

Next we claim that the contragredient G-action on Homy (7, A) makes
(m/m%m)" a profinite augmented G-representation over A, for all n if and
only if Hom (7w, A) is a profinite augmented G-representation over A. In-
deed, suppose the former holds. The source of the isomorphism (4.6) has its
quotient topology, which is profinite since m’j Hom 4 (7, A) is closed (if the
ideal m’} is generated by x1,...,x, the continuous map Hom 4 (, Aok
Homa(m, A), (f;) — > x; f; has image m’; Hom (7, A)). Since the map (4.6)
is a continuous bijection, it is a topological isomorphism. So the contra-
gredient action makes Hom (7w, A)/m" Hom (7, A) a topological A,[K]-
module. Lemma 3.5 in connection with (4.6) shows that the natural map

Homy (7, A) — Jim Hom4(m, A)/m’y Hom (7, A)

is a continuous bijection between profinite modules and therefore a topo-
logical isomorphism. Now by assumption the right hand side is a topo-
logical A[K]-module (being an inverse limit of such) and this shows that
Hom 4 (7, A) is indeed a profinite augmented G-representation over A. The
converse is clear. It follows that 7 lies in Modfi* ™™ (A)f if and only if 7

lies in Modl® *®(A)f, as claimed. Finally, given a morphism 4 — A’ in
Noe(O) we have

Hom 4 (7w, A) @4 A’ /m"y, ~ (Homy (7w, A)/m’ Homa(m, A)) @4, A" /m’,
~ Homy,, (7/mm, Ap) ®a, A'/m’y,
~ Hom 4 /mn, (m/mm @4, A'/m7,, A /m’},)
~ Hom g/, (T @ Al jmy,, A jm)).
where the second equality follows from (4.6) and the third equality holds
since the Ay,-module w/m’ is free. Passing to the projective limit and using

Lemma 3.5 yields Homa (7, A) ®4 A’ = Hom /(1 ®4 A, A') as profinite A’-
modules. O
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Remark 4.7.

(1) If A is Artinian, then Lemma 4.5 yields an anti-equivalence of cat-
egories

(=) : Modg (A) = ModPy® *8(A)%.

If furthermore A = O/w™O for some n > 1, then one recovers
Pontrjagin duality (recall that O/w™O is Gorenstein and hence
isomorphic to the injective envelope of the O/w"O-module k).

(2) If A= O, then one recovers (a G-equivariant version of) Schikhof
duality

(—)Y : Modg " (0) =5 Modg® *'¢(0)"

(cf. [20]).

(3) By [8, Prop. 3.1.12], 7 is admissible (cf. Remark 3.6 (2)) if and only
if 7V is finitely generated over A[K] for some (equivalently any)
compact open subgroup K C G.

We now make explicit parabolic induction through this duality. We let
K C G be a compact open subgroup such that G = P~ K. For example K
could be a special subgroup as in [25, §3.3]. Observe that P~ — L is an
open mapping so P~ N K projects onto a compact open subgroup Ky C L.
In particular A[P~ N K] acts on any profinite augmented representation M
of L over A via A[K1]. In this situation, the same definition (4.1) produces
a topological A[K]-module A[K] ®A[[P‘0KJ] M.

Proposition 4.8. Let o be an object of Mod}4 ™" (A). There is a natural
isomorphism of topological A[K]-modules

. N v
A[K] ® app-nk] o’ = (Indg, 0)
Moreover, the G-action on the dense A-submodule
AK] ®@ap-ng 0" ~ A[G] ®@ap-) 0"
coincides with the natural G-action on the right-hand side.

Proof. As explained in the proof of Lemma 2.1 the projection pr : G —
P~\G admits a continuous section s : P"\G — G. We may and will
assume that its image Q = s(P~\G) lies in K (as a compact subset). Thus
multiplication defines homeomorphisms P~ xQ — G and (P~NK)xQ —
K. For technical reasons which will become clear below, we compose the
multiplication homeomorphism (P~ N K) x & — K with inversion on
P~ N K and work with that.
We now prove the proposition in several steps.
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Step 1. C(K,A) ~C(P~NK)x QA ~C(P~NK,A) &4C(Q, A).

The first isomorphism is clear. By Step 2 in the proof of Proposition 3.9
any of the occuring spaces of continuous functions is m4-adically complete
and separated. Hence it suffices to prove the second isomorphism modulo
m’i. By the same lemma we are then reduced to show

Co((P™NEK) x Q, Afm) = CO(P~ MK, AJm’}) @ /s C(Q, A/m)

for each n. However, this is clear since () is a compact p-adic manifold
(and hence strictly paracompact, i.e. any open covering admits a disjoint
refinement).

Step 2. For a profinite group H, A[H] ~ C(H, A)" as topological A[H]-
modules.

If H' C H is an open normal subgroup, the A/m"-module (A/m")[H/H'|
is free. It follows that

A[H] = lim (A/m3)[H/H'] = lim(A/m’3) [H].

n,H'’ n
On the other hand,
(A/mp)[H] = C*(H, Ajm})" = C(H,A/m})"
(cf. the argument in [22, §21]) and
C(H, A/m})" = Hom s s (C(H, A) fm3C(H, A), A /)

according to Step 2 in the proof of Proposition 3.9. Passing to the projective
limit and using Lemma 3.5 completes Step 2.

Step 3. (C(PTNK,A)®@4C(Q,A)Y ~C(P~NK,A)V ®4C(Q,A)".

We let A, = A/m’} and Py = P~ N K. Since C(Py,A)/m}C(Py,A)
and C(£2, A)/m";C(Q, A) are free A,-modules, the A,-module

Homy, (C(Py, A)/mC(Py, A) ®a4, C(2, A)/miC(Q, A), Ay)
is canonically isomorphic to
Homa, (C(Py, A)/mC(Py, A), Ap) ®4, Homy, (C(2, A)/m%C(Q, A), Ay).
In turn, the latter is isomorphic to
C(P, A)Y /mC(Py, A)Y ®a, C(Q, A)Y /miC(Q, A)Y

according to (4.6). Passing to the projective limit using Lemma 3.5 yields
the claim.

Step 4. A[K] ~ A[P~NK]®4C(Q, A)Y as topological A[P~NK]-modules.
This follows from Steps 1-3.
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Step 5. A[K] ® app-nxy 0¥ ~ C(Q,0)Y as topological A-modules.

By associativity of the completed tensor product we have as topological
A-modules

A[K] @app-nxy 0¥ = (C(Q,A)Y @4 A[P™ NK]) ®app-nxy o’
~C(Q,A) @40
~ (C(N,A)®40)
~C(Q,0)".
Here, the third equality follows as in Step 3 and the last equality uses Step 2
in the proof of Proposition 3.9.

The isomorphism takes p®\ to the A-linear form & — (p, &) on C(Q, o),
where &) is the continuous function on K defined as follows:

&x(k) = ((orp-rrc (k) 'A) 0 €) (pra(k)).

(note the inverse here which comes from our normalization stated before
Step 1).

Step 6. Ind%_ 0 =5 C(Q,0), f — flo as A-modules.

The restriction map is injective since G = P~{. Given a function fq €
C(Q,0) welet f(p,x) = pfa(zx) for p € P~,z € Q (this is well-defined since
G ~ P~ x Q). Since the orbit map p — F(p) == pfa(-) lies in

C(P~,C(N,0) ~C(P"NK,A) &4C(Q,A)
the function f is continuous by Step 1 and hence a preimage of fq.
Step 7. Proof of the lemma.

For a function f on G let f'(g) == f(¢~'). Consider the continuous A-
linear map j defined by the commutative diagram

AIK] @ app-rxy 0¥ —— (Ind%- )"

r |

A[K] @ app-nxy 0¥ —— C(Q,0)Y

where ¢ denotes the canonical (continuous) map into the completion and the
isomorphisms as topological A-modules come from Step 5 and 6. Our defi-
nition of £, implies that j sends u® X to the linear form f — (u, Ao (f'|k))
and so is A[K]-linear. Hence j extends to an isomorphism of topologi-
cal A[K]-modules between A[K] ®app-nx o’ and (Ind%_ o)V, The final
assertion concerning the G-action follows from the definitions. O
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4.3. Deformation functors revisited. We let N be a profinite aug-
mented representation of G over k. We will study the various lifts of N to
profinite augmented representations M of G over A € Pro(Q). In compar-
ison with in Section 3.3, we allow non-Noetherian coefficients here. Recall
the functor i : Cat — Set defined by C' +— Ob(C)/ .

Definition 4.9. We define several categories and functors.
(1) A lift of N over A € Pro(O) is a pair (M, ¢) where
e M is an object of Modyy® **8(A)%
e ¢: M — N is an A[G]-linear surjection with kernel m4 M, i.e.
which induces an A[G]-linear isomorphism M ®4 k — N.
A morphism ¢ : (M, ¢) — (M',¢') of lifts of N over A is an A[G]-
linear morphism ¢ : M — M’ such that ¢ = ¢’ os.

(2) We define a covariant functor Defy : Pro(O) — Cat by letting
Def v (A) be the essentially small category of lifts of N over A for
any A € Pro(O), and Def y(p) : Def 5 (A) — Defn(A’) be the base
change functor for any morphism ¢ : A — A’ in Pro(O).

(3) We define the deformation functor Defy : Pro(O) — Set as the
composite ¢ o f)\e/fN.

The following is one of the main results from [21].

Theorem 4.10 (T.S.). Suppose Endi‘[’gt] (N)=k. Then:

(1) Defy is representable: There exists a universal deformation ring
Ry € Pro(0) along with bijections Def y(A) — Homp,o(0)(Ry, A)
functorial in A € Pro(O).

(2) tn = Defy(k[e]) = Exty gpro aus () (IV, N), where kle] = k[z]/(z?).

G

(3) Ry is Noetherian if and only if dy = dim(ty) < oo, in which case
Ry is a quotient of the formal power series ring Ofx1,...,xay]-
Proof. This summarizes [21, Prop. 3.7, Thm. 3.8 and Cor. 3.9]. O

This gives a universal deformation (My, ¢n) in Defy (Ry) by choosing a
representive for the identity map in Def y (Rx) >~ Homp,(0) (RN, RN). Any
deformation (M, ¢) over A arises then from a unique morphism Ry — A
in Pro(O) via base change.

Our next result reconciles Definitions 3.13 and 4.9 over Noetherian rings.

Lemma 4.11. Let 7 be a smooth k[G]-module with dual 7 = Homy(7, k).
Then for any A € Noe(O),

(1) (=) : Defz(A) — Defzv(A) is an anti-equivalence,

(2) (—)Y : Defz(A) — Defzv(A) is a bijection.
Proof. Let us first make the duality functor in (1) a bit more precise. An
object (m, ¢) of Defz(A) is sent to an object (M, ) of Defzv(A) by taking
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M = 7V = Homy(m, A) and v : Homa(m, A) — Homg(7, k) to be the
reduction mod my. Clearly 1 is a continuous A[G]-linear morphism which
factors through

V:M®@ak=M/MmaM — 7.

To see this is an isomorphism it suffices to check that a pseudobasis is sent
to a pseudobasis: Suppose (¢€;);cs is a basis for 7 (over A). The dual (e );er
is then a pseudobasis for M = 7V, and a fortiori (e} ®1);es is a pseudobasis
for M &4 k. On the other hand (¢(e; ® 1));e; is a basis for 7. It remains to
verify that

v(ef ®1) = ¢(e; @ 1)7
which follows straight from the definition of ¥. We conclude that (M, 1))
is indeed an object of Defzv (A). Morphisms are dualized: If ¢ : 7 — 7’
is compatible with (¢, ') then /¥ : 7’V — 7V is compatible with (¢/,)).
The same construction works in the opposite direction, and this sets up an
anti-equivalence by Lemma 4.5, which is furthermore compatible with base
change. Thus taking isomorphism classes yields (2). O

4.4. Induced deformations revisited. We let ¢ be a smooth k[L]-
module with Endyz;(c) = k and 7 = Ind%_ & (note that Endyg(7) = k
by Theorem 2.3). By Theorem 4.10(1), both deformation functors Defzv
and Defzv are representable. In particular, they are continuous in the sense
that they commute with limits. Since Pro(Q) is equivalent to the category
of pro-objects of Art(Q), we deduce from Lemmas 2.13 and 4.11 an injective
morphism
1% : Defgv < Defzv

between functors Pro(O) — Set. More precisely for any A € Pro(O) which
we write A = l'&na A/a where a C A runs through the open ideals, I}GD, is
the composite

Def v (A) = lim Defzv (4/a)
B 1%1 Defs(A/a)
(4.12) — lim Def~(A/a)
— f& Defzv(A/a)
B Daef,-rv (A)

where the second and the fourth isomorphisms are given by Lemma 4.11 (2)
and the injection is given by Lemma 2.13(2).
The following is our main result.
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Theorem 4.13. Let ¢ be an admissible smooth k[L]-module with scalar
endomorphisms and T = Indg, o. If F = Q,p, then assume that

(a) Hypothesis 2.7 is satisfied,
(b) Homp(7,6°® (" toa)) =0 for all a € AJL"I.

Then Ig_ : Defzv — Defzv is an isomorphism.

Proof. This follows from Theorem 2.16(2), which shows that (4.12) is
onto. O

Using the representability of the deformation functors, we reformulate
Theorem 4.13 in terms of universal deformation rings and universal defor-
mations.

Corollary 4.14. With notation and assumptions as in Theorem 4.18 above,
there is an isomorphism Rzv — Rgv in Pro(O) through which Mzv =
15 M.

Finally, under a finiteness assumption, we can express the universal de-
formation as the dual of a continuous parabolic induction.

Corollary 4.15. With notation and assumptions as in Theorem 4.18 above,
if furthermore dimy, ExtlL(z},&) < 00, then Rzv ~ Rzv is Noetherian and
there is an Rzv|G]-linear isomorphism MY, ~ Indg_ MY, .

Proof. This follows from Theorem 4.10(2) and (3), together with Proposi-
tion 4.8. O

4.5. The case of principal series. In this section we fix a p-adic torus
T (the F-points of an algebraic torus T defined over F') and consider lifts
of a given smooth character x : T'— k* over A € Pro(O). That is, contin-
uous characters x : T'— A* whose reduction mod 1 4+ my4 equals x. They
comprise a set Defy(A) and the resulting functor Defy : Pro(O) — Set
is representable. We give a precise description of the universal deforma-
tion. This is standard, but we find it instructive to include the details for
completeness. .

Let T(®) = l'&nj T /TP denote the p-adic completion of T’; a pro-p group.

Each T% is an open subgroup, but they may not form a fundamental system
of neighborhoods: If T = F*, the intersection ﬂ]‘?‘;lTp] = oo (F') consists
of the prime-to-p roots of unity in F. The natural projection map T — T®)
has dense image and is denoted t — ¢(®). .

The Iwasawa algebra A :== O[T®)] = l'&nj O[T/T"'] is a complete local
(since T®) is pro-p, cf. [22, §19.7]) Noetherian O-algebra with residue field
k. Its maximal ideal my is the kernel of the reduced augmentation map
A — O — k. The natural map T — T — A* is denoted by a bracket
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t > [t]; it takes values in 1+my and is therefore continuous (as TP is then
mapped into 1 + mﬁl).

Ezample 4.16. If T ~ (F*)™ is a split torus, A can be made quite explicit.
As is well-known, by Lie theory O o oo (F) X Z][DF:Q” ! Therefore

A = Oy (F)"|[ X1, ..., X4]

where d = ([F : Q] + 1)n. Note that g, (F) is trivial if ¢, ¢ F. For
example if F'/Q, is unramified (p odd); or just having ramification index
e<p-—1.

The universal deformation of y is given as follows.

Proposition 4.17. Define a character XY T — AX by the formula
X"V (t) == x(t)[t] where the hat denotes the Teichmiller lift k* — O*.
Then there are bijections

Defy(A) = Homp,0) (A, A),
functorial in A € Pro(O); the inverse takes 1 : A — A to x = 1 o Y™V,

univ

Proof. Clearly x is continuous (since ¢ — [t] is) and it is a lift of x
since Y™V (¢) = x(¢t) (mod 14 my). The function 1 — 1) o Y™V is clearly
injective since the 9’s are continuous and O[T] — A has dense image.
Now let x : T'— A* be an arbitrary lift of ¥ and consider § : T' — A*
defined by §(t) := x(t)x(t)~! which obviously takes values in 14 m4 (since
x and x are both lifts of ). Thus 6(T%) C 1 + mf:rl. In particular, if
A is Artinian (say m’j' = 0) then J factors through T//T?" which results

in a map A — O[T/TP'] — A with the required property. In general write
A =lim A/aand look at the Artinian lifts xq : 7' — (A/a)* obtained from

x- By what we have just observed y, = ¢q o x"™ for a unique morphism
e : A — A/a in Pro(O). The uniqueness guarantees they are compatible
as a varies, and their limit ¢ = @a 1, is the desired morphism A — A. [

Note that a continuous character x : T — A* is the same as an aug-
mented T-representation on the A-module M = A. Indeed, if K C T is a
compact open subgroup, a continuous character K — A* extends uniquely
to a continuous homomorphism A[K] — A (cf. [22, §19.3]). Therefore, if
we take N = y~! in Definition 4.9, the functor Defy there coincides with
our Defy above, and in the notation of Theorem 4.10 we have Ry ~ A.

Moreover, by [11, Prop. 5.1.4], when T' ~ (F*)" the tangent space of Ry
has dimension

([F:Qp+1)n if( ¢F

T 1o o)
dg = dimy, Ext7(X, X) = {([F . Qp] +2)n if Gp €F
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which is perfectly coherent with the number of variables in (4.16), cf. The-
orem 4.10(3).

Now assume G is quasi-split and specialize to the case where P = B is
a Borel subgroup. Then the Levi factor L = T is a p-adic torus.

Corollary 4.18. Let X : T — k> be a smooth character and 7 = Indg, X-
If F = Q,, then assume that so(X) - (E ' oa) # X for all « € A'. Then
Riv =~ A is Noetherian and MY, ~ Ind%_ y"™V,

Proof. This follows immediately from Corollary 4.15 applied to ¢ = . Con-
dition (a) in Theorem 4.13 is vacuous, and condition (b) is our assumption.
By Proposition 4.17 we know that Ryv ~ A and Myv is the lift (x"™")Y
which shows the corollary. O
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