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Igusa’s Local Zeta Functions and Exponential
Sums for Arithmetically Non Degenerate
Polynomials

par ADRIANA A. ALBARRACIN-MANTILLA et EDWIN
LEON-CARDENAL

RESUME. Nous étudions la fonction zéta locale tordue associée
a un polynéme en deux indéterminées a coefficients dans un corps
local non archimédien de caractéristique arbitraire. Sous I’hypo-
these que le polynome est arithmétiquement non-dégénéré, nous
obtenous une liste explicite de candidats pour les poles en termes
des données géométriques obtenues a partir d’une famille de poly-
gones de Newton arithmétiques attachés au polynéme. La notion
de non-dégénérescence arithmétique de Saia et Zuiiga-Galindo
est plus faible que la notion habituelle de non-dégénérescence de
Kouchnirenko. Finalement, on applique nos résultats pour obtenir
des développements asymptotiques pour certaines sommes expo-
nentielles associées a ces polyndomes.

ABSTRACT. We study the twisted local zeta function associated
to a polynomial in two variables with coefficients in a non-Archi-
medean local field of arbitrary characteristic. Under the hypothesis
that the polynomial is arithmetically non degenerate, we obtain an
explicit list of candidates for the poles in terms of geometric data
obtained from a family of arithmetic Newton polygons attached
to the polynomial. The notion of arithmetical non degeneracy due
to Saia and Zuniga-Galindo is weaker than the usual notion of
non degeneracy due to Kouchnirenko. As an application we obtain
asymptotic expansions for certain exponential sums attached to
these polynomials.

1. Introduction

Local zeta functions play a relevant role in mathematics, since they are
related with several mathematical theories as partial differential equations,
number theory, singularity theory, among others, see for example [1, 5, 10].
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In this article we study “twisted” versions of the local zeta functions for
arithmetically non-degenerate polynomials studied by Saia and Zuniga-
Galindo in [15]. Let L, be a non-Archimedean local field of arbitrary char-
acteristic with valuation v, let O, be its ring of integers with group of units
0, let P, be the maximal ideal in O,. We fix a uniformizer parameter 7
of O,. We assume that the residue field of O, is Fg, the finite field with ¢
elements. The absolute value for L, is defined by |z| := |z|, = ¢~ *(*), and
for z € LX, we define the angular component of z by ac(z) = zr ). We
consider f(x,y) € O,[x,y] a non-constant polynomial and x a character of
0., that is, a continuous homomorphism from O} to the unit circle, con-
sidered as a subgroup of C*. When x(z) = 1 for any z € O, we will say
that y is the trivial character and it will be denoted by x¢ri,. We associate
to these data the local zeta function,

2(s,£.) = [ x(ae f(a,9) [f(e.)]" [dedyl, s €C.

v

where Re(s) > 0, and |dxdy| denotes the Haar measure of (L2, +) norma-
lized such that the measure of O2 is one.

It is not difficult to see that Z(s, f, x) is holomorphic on the half plane
Re(s) > 0. Furthermore, in the case of characteristic zero (char(L,) = 0),
Igusa [9] and Denef [4] proved that Z(s, f, xtriv) is a rational function of
q~ %, for an arbitrary polynomial in several variables. When char(L,) > 0,
new techniques are needed since there is no a general theorem of resolu-
tion of singularities, nor an equivalent method of p-adic cell decomposition.
However the stationary phase formula, introduced by Igusa, has proved to
be useful in several cases, see e.g. [12, 15, 19] an the references therein.

A considerable advance in the study of local zeta functions has been ob-
tained for the generic class of non-degenerate polynomials. Roughly speak-
ing the idea is to attach a Newton polyhedron to the polynomial f (more
generally to an analytic function) and then define a non degeneracy con-
dition with respect to the Newton polyhedron. Then one may construct a
toric variety associated to the Newton polygon, and use the well known
toric resolution of singularities in order to prove the meromorphic conti-
nuation of Z(s, f,x), see e.g. [1] for a good discussion about the Newton
polyhedra technique in the study of local zeta functions. The first use of
this approach was pioneered by Varchenko [16] in the Archimedean case.
After Varchenko’s article, several authors have been used their methods to
study local zeta functions and their connections with oscillatory integrals
and exponential sums, see for instance [6, 7, 13, 14, 15, 17, 19] and the
references therein.

In [15] Saia and Zuniga-Galindo introduced the notion of arithmetically
non-degeneracy for polynomials in two variables, this notion is weaker than
the classical notion of non-degeneracy due to Kouchnirenko. Then they
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studied local zeta functions Z(s, f, x¢riy) Wwhen f is an arithmetically non-
degenerate polynomial with coefficients in a non-Archimedean local field of
arbitrary characteristic. They established the existence of a meromorphic
continuation for Z(s, f, xtriv) as a rational function of ¢~*%, and they gave
an explicit list of candidate poles for Z(s, f, Xtriv) in terms of a family of
arithmetic Newton polygons which are associated with f.

In this work we study the local zeta functions Z(s, f, x) for arithmeti-
cally modulo 7 non degenerate polynomials in two variables over a non-
Archimedean local field, when y is non necessarily the trivial character. By
using the techniques of [15] we obtain an explicit list of candidate poles
of Z(s, f,x) in terms of the data of the geometric Newton polygon for f
and the equations of the straight segments defining the boundaries of the
arithmetic Newton polygon attached to f, see Theorem 6.1. As an applica-
tion we describe the asymptotic expansion for oscillatory integrals attached
to f, see Theorem 7.2. On the other hand, there have been a lot interest
on estimation of exponential sums wmod p™ attached to non-degenerate
polynomials in the sense of Kouchnirenko, see e.g. [2, 3, 7, 8, 19]. Our esti-
mations are for a class of polynomials in two variables which are degenerate
in the sense of Kouchnirenko, thus the techniques developed in the above
mentioned articles can not be applied.

We would like to thank to Professor W. A. Zuiiga-Galindo for pointing
out our attention to this problem and for very useful suggestions about this
work. We also want to thank to the anomymous referee for useful comments.

2. Geometric Newton Polygons and Non-degeneracy Conditions

We set Ry = {x € R| x > 0}, and we denote by (-,-) the usual inner
product of R?, we also identify the dual vector space with R2.

Let f(z,y) =32, ; ai jz'y’, be a non-constant polynomial in L, [, y] sat-
isfying f(0,0) = 0. The support of f is defined as supp(f) = {(i,j) €
N?| a; ; # 0} and the Geometric Newton polygon of f, denoted by ['9°™(f),
is the convex hull in R% of the set U j)esupp(r) (4, 7) +R3).-

A proper face of T'9¢°™(f) is a non empty convex subset 7 which is the
intersection of I'9™(f) with a line H (supporting line of 7) and such
that one of the two half-spaces defined by H contains I'9¢°™( f). Note that
r9eom( f) is a face itself. The dimension of 7 is the dimension of the subspace
spanned by 7. The zero dimensional faces are called vertices and the one
dimensional faces are called edges. For every face 7 C T'9¢°"*(f) the face
function is the polynomial

fr(zy) = Y aiga'y’.

(3,9)€T
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A non constant polynomial f(z,y) satisfying f(0,0) = 0 is called non
degenerate with respect to T'9°°(f) (in the sense of Kouchnirenko [11]) if:
(1) the origin of L2 is a singular point of f(z,y);
(2) for every T C I'9°™( f), there are no solutions (z,y) € (L)? to the
system

of, oF.
fT(xvy) = 87‘];(%7?/) - 8{/ (w,y) =0.

Now, we recall the construction of a polyhedral subdivision of Ri subordi-
nate to I'9°"(f). Given a € R? we set
= inf ,T).
m(a) zerégm(f)m x)
We also define F(a) = {z € I'9““"(f)|(a,z) = m(a)} as the first meet locus

of a. Note that F'(a) is a face of I'9°°™( f). In particular, F'(0) = I'9™(f).
We define an equivalence relation on ]R?F by taking

a~ad if and only if F(a) = F(d').
The equivalence classes of ~ are the sets
Ari={ae (R:)?| Fla) =7},

with 7 C I'9¢°™( f). The following Proposition gives a precise description of
these equivalent classes.

Lemma 2.1 ([15, Proposition 2.1]). Let 7 be a proper face of T'9¢°™(f). If
T is an edge of T'9°™( f), with normal vector a, then

Ar={Xa| AR, \>0}.

If T is a vertex of T9°™(f) contained in the edges v1 and 72, and if a1, as
are the normal vectors to 1,72 respectively, then

A, = {)\1(11 + Asas | A1, Ag € R, with A1, Ay > 0}

Sets like A, are called strictly positive cones and one says that they are
spanned by a or aj,as. When the set of generators is linearly independent
over R one says that the cone is simplicial. If the generators are in Z? then
we call A, a rational simplicial cone, and when the set of generators is a
subset of a basis of the Z-module Z?, we say that A, is a simple cone.

A vector of Ri is called primitive if their entries are integers which are
relatively prime. For every edge of I'9¢°™( f), there exist a unique primitive
vector in N2\ {0} perpendicular to it. Therefore, the equivalence classes of
~ are rational simplicial cones spanned by the primitive vectors orthogonal
to the edges of T9¢™( f).
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From the above considerations one has that there exists a partition of
R%r of the form

R ={0,0tu U A,

Tcroeem(f)

where 7 runs through all proper faces of I'9°°"*(f). In this case one says
that {Ar};creeom(g) is a simplicial conical subdivision of R3 subordinated
to T9eo™(f).

2.1. Local zeta functions and conical subdivisions. Once we have
a simplicial conical subdivision subordinated to I'9°™(f), it is possible
to reduce the computation of Z(s, f,x) to integrals over the cones A;.
In order to do that let f(x,y) € L,[x,y] be a non-constant polynomial
satisfying f(0,0) = 0, and let I'9¢°™(f) be its geometric Newton polygon.
We fix a simplicial conical subdivision {Ar},cpgeom sy of R subordinated
to T'9¢o™(f), and set

Ea, = {(x,) € 03| (v(a).v()) € A},
Z(s. fox Ar) = [ xae flap) f@ )l [dedyl,

Ea,

for a proper face 7, and

25, £.x: 07 5= |
o7

, X(ac f(z,y)) |f(z,y)" |dadyl.
Therefore

(2.1) Z(s, [,xX) = Z(s, [, .00+ > Z(s, [,x. Ar).
rCT9eom(f)

The integrals appearing in (2.1) can be computed explicitly when f is
assumed to be non-degenerate with respect to ['9°°™( f) by using techniques
of toroidal geometry or the m-adic stationary phase formula, see e.g. [7,
16, 19]. For the sake of completeness we recall here the stationary phase
formula. We recall that the conductor ¢, of a character x of O; is defined
as the smallest ¢ € N\ {0} such that y is trivial on 1 + 7€O,,.

Denote by # the reduction mod 7 of z € O,, we denote by f(z) the
reduction of the coefficients of f(z) € O,[x] (we assume that not all of the
coefficients of f are in 70, ). We fix a set of representatives £ of F, in O,,
that is, £ x L is mapped bijectively onto Fg by the canonical homomorphism
02 = (0,/70,)* ~ F2. Now take T C F7 and denote by T its preimage
under the aforementioned homomorphism, we denote by Sp(f) the subset
of £ x £ mapped bijectively to the set of singular points of f in T. We
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define also
g2 Card{t e T | f(#) # 0} if X = Xtriv
vr(f,x) = qf2cx Z x(ac (f(t))), if X # Xtriv,
{teT|f())#0} mod PyX
and

= q 2 Card{f € T | t is a non singular root of f}  if X = Xeriv
UT(f) X) = .

0 ZfX 7& Xtriv-
Denote by Zr(s, f, x) the integral [, x(ac f(z,y)) |f(z,y)|® [dzdy]|.

Lemma 2.2 ([19, Igusa’s Stationary Phase Formula]). With all the nota-
tion above we have

_ 1N\ —s
ZT(Sa fv X) = VT(?: X) + O—T(?v X)((ll_qq_l)gs)

[ Mae fay) [Fy)l |dady,
Sr(f)

where Re(s) > 0.

Lemma 2.3 ([10, Lemma 8.2.1]). Take a € O,, x a character of O)f, e € N
and n, N € N\ {0}. Then

[ Mac@)a¥ o da
a+me0,

(1 _ q—l)(q—en—eNs)
(1—qn=Ns)

qieX(ac<a))N‘a’8N+nil ifa ¢ 7reOmXN’1+7rea*10v = Xtriv

if(l € WCOU’XN = Xtriv

0 all other cases.

The next lemma is an easy consequence of Lemma 2.3 and will be used
frequently along the article.

Lemma 2.4. Take h(z,y) € Oylz,y], then

> [ xtac (hao,0) +72)) [heo,0) + 72l 10

(o,7o)€(Fg*)2 " 7
¢ *(1—q )N

(1—q¢ ')
_ > xlac(h(zo,0))) i X # Xeriw and X|U = Xeriv
(To,70)€(F, )2

h(Zo,70)#0
0 all other cases,

+(q_1)2_N Zf X = Xtriv
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where N = Card{(Zo, 7o) € (F;*)? | h(Zo,7y) =0}, and U = 1 + 70,

3. Arithmetic Newton Polygons and Non Degeneracy
Conditions.

3.1. Semi-quasihomogeneous polynomials. Let L be a field, and a, b
two coprime positive integers. A polynomial f(z,y) € L[z, y] is called quasi-
homogeneous with respect to the weight (a, b) if it has the form f(x,y) =
cxy? T, (y* — az?)%, ¢ € L*. Note that such a polynomial satisfies
f(t%x, tby) = t?f(x,y), for every t € L*, and thus this definition of quasi-
homogeneity coincides with the standard one after a finite extension of L.
The integer d is called the weighted degree of f(z,y) with respect to (a,b).

A polynomial f(z,y) is called semi-quasihomogeneous with respect to
the weight (a,b) when

Ly
7=0

and the f;(z,y) are quasihomogeneous polynomials of degree d; with res-
pect to (a,b), and dy < di < --- < dj,. The polynomial fo(z,y) is called
the quasihomogeneous tangent cone of f(z,y).

We set

L

filzy) = ciziy [ (" — cija®)9, ¢; € L.
=1

We assume that d; is the weighted degree of f;(x,y) with respect to (a,b),
thus d; := ab (2?21 em) + au; + bvj.

Now, let f(x,y) € L[z,y] be a semi-quasihomogeneous polynomial of
the form (3.1), and take § € L™ a fixed root of fo(1,y*). We put e;q for
the multiplicity of 6 as a root of f;(1,y*). To each fj(x,y) we associate a
straight line of the form

wig(z) == (dj —do) + €59z, j=0,1,...,1,

where z is a real variable.

Definition 3.1. (1) The arithmetic Newton polygon I'f g of f(x,y) at

0 is
_ 2 ; .
Tpo={(z,w) € R |w < Oggf{wj,a<z>}}.
(2) The arithmetic Newton polygon TA(f) of f(x,y) is defined as the
family

TA(f) ={Tys0 |0 €L, fo(1,0") =0}
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If @ =(0,0) or if Q is a point of the topological boundary of I'fy which
is the intersection point of at least two different straight lines w;¢(2), then
we say that Q is a wvertex of I'A(f). The boundary of [t is formed by r
straight segments, a half-line, and the non-negative part of the horizontal
axis of the (w, z)-plane. Let Qg,k = 0,1,...,r denote the vertices of the
topological boundary of I'¢ g, with Qg := (0,0). Then the equation of the
straight segment between Qp_1 and Qy is

(3.2) wkyg(z) = (D —dp) +exz, k=1,2,...,r

The equation of the half-line starting at Q,. is,

(3.3) Wy11,0(2) = (Dr41 — do) + €412

Therefore

(3.4) Qr = (i, (D — do) +exm), k=1,2,...7,

where 75, := % > 0, k= 1,2,...r. Note that Dy = dj, and
€k = €, 9, for some index j, € {1,...,1;}. In particular, D1 = do, €1 = €g 9,

and the first equation is wy g(z) = e12. If Q is a vertex of the boundary of
I'tg, the face function is the polynomial

(35) fQ(x7y> = Z fj(x;y)7

w;,0(Q)=0
where w; g(z) is the straight line corresponding to f;(z,y).

Definition 3.2. (1) A semi-quasihomogeneous polynomial f(z,y) €
L[z,y] is called arithmetically non-degenerate modulo 7 with re-
spect to I'yg at 0, if the following conditions holds.

(a) The origin of F is a singular point of f, ie. f(0,0) =
V£(0,0) =0;
(b) f(z,y) does not have singular points on (F;)%;
(c) for any vertex Q # Qp of the boundary of I'f g, the system of
equations
Folw0) = L) = 200 =0,

has no solutions on (F;)Q.

(2) If a semi-quasihomogeneous polynomial f(z,y) € L[x,y] is arith-
metically non-degenerate with respect to I'yg, for each § € L*
satisfying fo(1,0%) = 0, then f(z,y) is called arithmetically non-
degenerate with respect to T'4(f).
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3.2. Arithmetically non degenerate polynomials. Let

ay = (a1(), a2(7)),

be the normal vector of a fixed edge v of I'9°(f). It is well known that
f(z,y) is a semi-quasihomogeneous polynomial with respect to the weight
a~, in this case we write

Ly
f(xmy) - Zf;/(xay)v
=0

where f] (x,y) are quasihomogeneous polynomials of degree d;, with res-
pect to a, cf. (3.1). We define

T2(f) ={Tye |0 €L, f(1,070)) =0},

i.e. this is the arithmetic Newton polygon of f(z,y) regarded as a semi
quasihomogeneous polynomial with respect to the weight a.. Then we de-
fine

r(f) = U L3 (f)-

~ edge of I'9eom ( f)

Definition 3.3. f(x,y) € L[x,y] is called arithmetically non-degenerate
modulo 7 with respect to its arithmetic Newton polygon, if for every edge
v of T'9¢°™( f), the semi-quasihomogeneous polynomial f(x,y), with respect
to the weight a,, is arithmetically non-degenerate modulo 7 with respect

to I‘:;‘(f).

4. The local zeta function of (y3 — x2)2 + ziy?

We present an example to illustrate the geometric ideas presented in the
previous sections. We assume that the characteristic of the residue field
of L, is different from 2. Note that the origin of L? is the only singular
point of f(z,y) = (y* —2?)? +z*y*, and this polynomial is degenerate with
respect to I'9¢°™(f). Now, the conical subdivision of R%r subordinated to
the geometric Newton polygon of f(z,y) is R2 = {(0,0)} U U?zl Aj, where
the A; are in Table 4.1.

4.1. Computation of Z(s,f,x,A;),i=1,2,3,4,6,7,8,9. These in-
tegrals correspond to the case in which f is non-degenerate on A;. The
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integral corresponding to As, can be calculated as follows.
Z(Sa fa X AS)

o0

- Z /7rnoX A OX x(ac f(x,y))|f(z,y)*|dzdy|

n=1
00
— Zq72n74ns
n=1
X /OXQX(CLC (W"y3—932)2+7T4":U4y4)|(W”y?’—x2)2+7r4”x4y4|s|dxdy|,

We set g3(x,y) = (7"y3 — 22)? + m4"z%y*, then gs(x,y) = 2* and the origin
. . . _ 2
is the only singular point of g3. We decompose O~ as

0x’ = ] (a,b) + (70,)%,
@b)e(F))?

thus

Z(s, f,x, As)

DD S x(ac g5(z,9)lgs(e,y)|*|dedy]
n=1 (]F;<)2 (a,b)+(wOy)?

(@b)e
(o)
:z:q*%*l”s’2 Z /2x(ac g(a+mz,b+7y))|gx(a+mz, b+7y)|*|dedy|.
n=1 @beFEy)? " "
Now, by using the Taylor series for g around (a,b):

gla+mz, b+my)=g(a, b)—i—ﬂ(%(a, b)z+ g—g(a, b)y) 472 (higher order terms),

TABLE 4.1. Conical subdivision of R2 \ {(0,0)}.

Cone Generators
A (0, DR\ {0}
Ay | (0, )R\ {0} + (1, DR\ {0}
Ay (L DR\ {0}
Ay | (1L, DR {0} +(3,2)R N\ {0}
As (3,2)R4 \ {0}
Ag | (3,2)Ry \ {0} + (2, )Ry \ {0}
Ag (2, DR, \ {0}
Ag | (2, DR\ {0} 4 (L,0)R4 \ {0}
Ag (LR \ {0}
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and the fact that %(6, b) = 4a@> # 0 mod 7, we can change variables in
the previous integral as follows

{z g3(a+ mx, b+ 7y) — gs(a,b)
1 pu—

(4.1) T

22 =1.

This transformation gives a bianalytic mapping on O? that preserves the
Haar measure. Hence by Lemma 2.4, we get

Z<8af7X7A3)

=S g S [ ae (gola,b) + ma))ga(a.b) + m)f [dal,
n=1 @heE;? "

—2—4s —1)2
q (I—qg )" .
(1 — q_2_4s) if X = Xtriv

—2—4s —1)2
=<q 1—¢q )
(1 _(q_2_45)) if X4 = Xtriv and X|U = Xtriv

0 all other cases,

where U = 1 + 70O,,.
We note here that for ¢ = 1,2,4,6,7,8 and 9, the computation of the
Z(s, f,x,A;) are similar to the case Z(s, f, x, A3).

4.2. Computation of Z(s,f,x,As) (An integral on a degenerate
face in the sense of Kouchnirenko).

(4.2) Z(s, f,x, As)

B Z/S OX xm2nOX x(ac f(z,y)) | f(z,y)]°|dzdy|
n=1 3nO; xw2r 0O,

00
_ —bn—12ns
=

n=1

X/(;x2X(ac<(y3—ﬂf2)2+7T8"w4y4))I(y3—x2)2+7r8%4y4|3 |dady).

v

Let ) (z,y) = (y° — )% + 7%z*y?, for n > 1. We define

: 02 — 0OX?

(4.3) (z,y) — (2%y,2%y).

® is an analytic bijection of O¢? onto itself that preserves the Haar measure,
so it can be used as a change of variables in (4.2). We have (f(™ o®)(z,y) =
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eyt f)(z,y), with f0)(z,y) = (y — 1)* + 728", and then

I(s, /™, x) = AXQX(GC((y3 2?)?+aatyh)) [(y° —2?)? 4oty dedy|

v

:/OX2 X(Gc($12y4%(x,y))) |ﬁ77)(x,y)|s |dzdy|.

v

Now, we decompose OX? as follows:

0% = ( || Orx {y0+7r0v}> Jox x {1+70,},

yoZl mod 7

where yo Tuns through a set of representatives of F;* in O,. By using this
decomposition,

I(s, f™,x)
= > Zq ' J/é L xlac(@[yo+mI Tyt f0) (2, yo+77 T y))) |dady]

yoZ1 mod 7 j=0

+Zq—1 [ R T ) oy

where X (x 12[1+7r3+1y]4f( )(;E 1+ 7itly)) = (221 4 7It! ]4f(n (z,1+
7rj+1y)) y |x12[1+ﬂj+1y] f( )(m 1+ i+l y)[*. Finally,

Haf®0= X S [ actte) [sdy

yoZ1 mod 7 j=0

In—2
+ > q’l’]’(mm/omx(aC(f2(3:,y))) |dzdy|
j=0 ;

wq e [ xalay) el [dady

v

#3 [ ae(fale ) dadyl,

“, 072
where
fi(@,y) =2 (o + 7y ((yo — 1+ 77 y)? + 728 (yo + 77 y) ),
fo(m,y) = a1+ 7 y) (7 + o= CF2)a8 (1 4 2t y)h),
falz,y) = (1 + 7 ) P + 2% (1 + 77Ty h),
and

fala,y) = a1+ 77y (w2275 2 4 2B (14 7T y) ).
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We note that each f;, (i = 1,2, 3,4), does not have singular points on (Fy )2,
so we may use the change of variables (4.1) and proceed in a similar manner
as in the computation of Z(s, f, x, As).

We want to call the attention of the reader to the fact that the definition
of the f;’s above depends on the value of |(m/+1y)2 + 78228 (1 + 7it1y)4|,
which in turn depends on the explicit description of the set {(w, z) € R? |
w < min{2z,8n}}. The later set can be described explicitly by using the
arithmetic Newton polygon of f(z,y) = (v° — 22)? + 2ty

Summarizing, when x = Xtriv,

(44) Z(Sa f7 Xtriv)

—2—4s —1
_ _ q 1—q")
=2 (1-¢ ")+

(1—q>%)

N q—7—165(1 _ q—1)2 N q—8—18s(1 _ q—1)2

(1 _ (]72745)(1 _ q75712s) (1 _ q73763)(1 _ q75712s)
N q—3—65(1 _ q—l) (1 _ q—1)2q—6—14s

(1 _ q7376s) (1 _ q7172s)(1 _ q75712s)

B e I B C ) [ €k [ i

(1 _ q—1—2s)(1 _ q—9—205) (1 _ q—5—125)
L (L)

(1 — g—9-209)

q797205

T ) {q_l(q_l_s N

+(1-g A -q ") -1 - Q‘l‘S)T},

where N = (¢ — 1) Card{z € F) | 2* = —1} and T = Card{(z,y) € (F})? |
y? + 2% = 0}.
When x # Xtriv and x|14+70, = Xtriv We have several cases: if X2 = Xtrivs
we have
(1 _ q—l)Qq—6—14s (1 _ q—l)Qq—9—20$

(4.5) Z(s, f,x) = (1= g 12)(1 — ¢5-125) (1 — q—1=2)(1 — ¢—9—205)°

When X4 = Xtriv,

q7374s(1 _ qfl) N q7274s(1 _ q71)2
(1—q2%) (1—q2%)
q77716s(1 _ q71)2
(1 _ q—2—4s)(1 _ q—5—123) :

(4.6) Z(s,f,x)=a '"(1—q¢ ")+

_.I_
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In the case where X% = Y440, We obtain

—8—18s 1— —1\2 —3—6s 1— —1\2

W7 26,00 = 5 _qq_?,_ﬁsg(l _qq_g_m) + 4 i _(q_g_qu))

¢ 1 —-q7h)
(1—q=3%)

+ +q (1—q7h).

If x'? = Xtriv, then

— _ 4~ 1\,—6-12s
(4.8) Z (s, f,x) = X" (H)X* (o — 1) l 2()1(1_ q_q5—1)2i) ;

where Y is the multiplicative character induced by x in Fj. Finally for

20 __
X" = Xtriv

(4.9) Z(s, fix) =

In all other cases Z(s, f,x) =0.

(=g g 0>)
(1 — ¢~ 9-20s)

5. Integrals Over Degenerate Cones

From the example in Section 4, we may deduce that when one deals
with an integral of type Z(s, f, x,A) over a degenerate cone, we have to
use an analytic bijection ® over the units as a change of variables and
then, split the integration domain according with the roots of the tangent
cone of f. In each one of the sets of the splitting, calculations can be done
by using the arithmetical non-degeneracy condition and/or the stationary
phase formula. The purpose of this section is to show how this procedure
works.

5.1. Some reductions on the integral Z(s, f, x, A). We recall the
definitions of Section 3, let f(z,y) € Oy[z,y] be a semiquasihomogeneous
polynomial, with respect to the weight (a,b), with a,b coprime, and

U
(@, y) = amdom f(roma, 7y = 3wl dIm (),
j=0
where m > 1, and
L
(5.1) fi(@y) = cjat iy’ [[(y* — i ja’),c; € L.

i=1
By Proposition 5.1 in [15], there exists a measure-preserving bijection
D 052 — 052
(l',y) — ((I)l(xvy)aq)Q(xay))’
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such that F(™) (z,y) := f(Mod(z,y) = xNiniff(E) (z,y), with ff(z) (x,y) =
ngzo mldi _do)mfj(x, y), where one can assume that f](x, y) is a polynomial
of the form

l:

J
(52) fj (U, w) = CjUAijj H(w - Oé@j)ei’j .
=1

After using ® as a change of variables in Z(s, f, x,A), one has to deal with
integrals of type:

1, P ) 1= [ x(ae (FO (@) [FO) @, g)|* ldady].

We set
R(fo) :={0 € Oy | fo(1,0") = 0},

and

W(fo) = max {v(0 -0}
0,0'eR(fo)

Proposition 5.1 ([15, Proposition 5.2]).

Uo(q™?%,
_]_O_(qq_lii)—'_ Z J9<87m7X)7

0€R(fo)

I(s, F™ x)

where Up(q~*%, x) is a polynomial with rational coefficients and

Jo(s,m, x)
= > " / _, X(ac(F™) (@0 + 7)) | F) (2,60 + 7*y) | |dady|.
k=1+1(fo) Oy

In order to compute the integral Jy(s, m, x), we introduce here some no-
tation. For a polynomial h(z,y) € Oylz,y] we define Nj, = Card{(To,7,) €
(FqX)Q | h(Zo,Yg) = 0}, and put

—5(1 — —1 N,
My = TN Ny and = Y e (e, b))
q (@b)e(Fy*)?
h(a@,b)#0

Proposition 5.2. We fix 0 € R(fy) and assume that f(x,y) is arithmeti-
cally mon degenerate with respect to I'rg. Let 7,1 = 0,1,2,...,7 be the
abscissas of the vertices of L'y, o, cf. (5.2).
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(]‘) J9(87 m, Xtriy) is 6qual to

Tz_:l (Dis1—do)ms q*(1+s€i+1)([m‘n]+1) _ q*(1+8€z‘+1)([mﬂ‘+11*1)
z’—oq 1 — g (Fseiry) !
q—(1+s€r+1)[mn} )

T
4 —(D;—do)ms—(sei[mm;])
1 — q—(1+8€r+1) Mgr—i_ Z q 0)Mms—(8g;|MT, MG’

+ q_(Dr+l_d0)m5<
i=1
with
g(z,y) = i1 (z, y)ytre + 7™ Pir=Di (higher order terms),

9r(2,y) = Yop1 (2, y)yerre + a™ L= (higher order terms),
and
Gla,y) = > iz, y)y™,
w;,9(Vi)=0
where w; ¢(Z) is the straight line corresponding to the term

dj*do)m+k‘€j,g

m v (x, )y,

cf. (3.5).

(2) In the case X|1+r0, = Xtrivs Jo(s,m,X) is equal to

r—1 (Dis1—do)ms q7(1+55i+1)([mn]+1) _ q7(1+35i+1)([mn+1]71)
Zq 1— q_(1+86i+1) g

=0
g~ (U sers)m] )

. —(D;—do)ms—(sei[mm;])
1 — g~ (I+serta) Yo+ Z 4 ’ ‘

=1

+ q—(DT+1—d0)ms (

(3) In all other cases Jy(s,m,x) = 0.

Proof. The proof is a slightly variation of the proof of Proposition 5.3 in [15].
In order to give some insight about the role of the arithmetic Newton
polygon of f, we present here some details of the proof.

The first step is to note that for (z,y) € (0X)?, 0 € R(fy) and k >

1+1(fo),

(5.3) FO (2,0 + hy) = cjm = a0)mheson, (2, y)y©ae,

where ¢; € L and the ~;’s are polynomials satisfying |y;(z,y)| = 1 for any
(z,y) € O 2. Then we associate to each term in (5.3) a straight line of the
form w;¢(2) := (d; — do)m + €%, for j =0,1,...,ly. We also associate to
F™)(z,0 + 7%y) the convex set

i~ ~ 2 | ~ . e
L pom) (3,04mky) = {(z,w) e Ry ’w < Oénjlgr%f{w]’g(z)}}.
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As it was noticed in [15], the polygon I' F(m) (2,047hy) 18 & rescaled version of
I't. Thus the vertices of I pom) (5 g4k, Can be described in terms of the
vertices of I'f . More precisely, the vertices of T’ Fm) (2,0-4rky) AT€

S (X0 ifi=0
e (mmy, (D; —do)m +me;m;) ifi=1,2...,r

where the 7; are the abscissas of the vertices of I' ym) . The crucial fact in

our proof is that F(™)(z,0 + n*y), may take different forms depending of
the place that k& occupies with respect to the abscissas of the vertices of
FF(m)(az,G—i—ﬂky)‘ This leads to the cases:

(i) mr < k < mTi+1,
(ii) k> mr,, and
(iii) k= mT;.
We only consider here the first case.
When m7; < k < m7;41, there exists some j, € {0,...,1} such that

(d;, — do)m + kej, = (Dig1 — do)m + kejt1,
and
(dj, —do)m + kej;, < (dj — do)m + ke,
for j € {0,...,1s} \ {j«}. In consequence
FU (@, 4 ty) = m- (P dom=eint (o, (@, y)y©isto 4o Pea=Di (L))
for any (z,y) € 0%, where

i1 (@, y)yeiert 4 am PP ()

= ~ig1(z, y)yro + 7™ PP (terms with weighted degree > Diy1).

We put g(x,y) := vir1(z, y)yeire + amPis1=DI( ). Then
/O o X(@e(F 04 789) [F 0+ 79)| dady)

=g st [ fac(g(a,y) oyl [dady].

By using the following partition of 052,

0X = L] (a,b) + (70,)?,
(a,b)e(Fy)?
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we have

64) [ xlaclg(e,y) lo(a,y)l [dady

v

= >

(@b)e(Fg

= > /02 x(ac gla + 7wz, b+ 7y))|g(a + 7z,b + 7y)|* |dzdy|.
(@b)e(Fy )2 7Y

/( b)+(r0,)? x(ac g(x,y))lg(, y)[*|dzdy]
)2 a, Ty

Since g—g(a, b) # 0 (mod 7) for (a,b) € (qu)z, the following is a measure

preserving map from O2 to itself:

21 =2
(5.5) L _ glat T b+my) —g(ab)
2 = :
T

By using (5.5) as a change of variables, (5.4) becomes:
S [ xlac (glab) + m2) lgla,b) + ml [dzal,
@heE)? "

and then Lemma 2.4 implies that the later sum equals

g *(1—q "N, .
(1(_ qlz) g + (q - 1)2 - Ng lf X = Xtriv
Y xlac(g(a,b))) if X # Xtriv and x|u = Xeriv
(@h)e(Fy*)?
9(@,b)#0
0 all other cases,

where U = 1+70,,, and Ny = Card{(a,b) € (F,*)? | g(a,b) = 0}. The rest
of the proof follows the same strategy of the proof in [15]. O

5.2. Poles of Z(s,f, x, A).

Definition 5.3. For a semi quasihomogeneous polynomial f(z,y) € L[z, y]
which is non degenerate with respect to I'(f) = U0, fo(1,60)=03 L'1,0, we

define
" I (a+b)+7n  (a+b)+m 1
P(Ff,e) = U {_a_ (A } U {_ }7
S &g Dipiten  Ditemn (erioy b ErHl
and
PIA(S)) = U P(Lt6)-

{0€0u|fo(1,64)=0}
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Where D;, e;, 7; are obtained form the equations of the straight segments
that form the boundary of Iy, cf. (3.2),(3.3), and (3.4).

Theorem 5.4. Let A := (a,b)R and let f(x,y) = é-f:O fi(z,y) € Oylz,y]
be a semi-quasihomogeneous polynomial, with respect to the weight (a,b),
with a,b coprime, and fj(x,y) as in (5.1). If f(z,y) is arithmetically
non-degenerate with respect to TA(f), then the real parts of the poles of
Z(s, f,x,A) belong to the set

uu{-22 o).

In addition Z(s, f,x,A) = 0 for almost all x. More precisely,
Z(S,f7X7A) =0,

when X|1+7rov 7+ Xtriv-

Proof. The integral Z(s, f,x,A) admits the following expansion:
(5.6) Z(s,f,x, Q)

o

[ x(ac(f(z,y)) |f(z,y)|* |dzdy
Tam QX xwbm Ok

m=1

= > qremams [ ae () () [FO ()] [dady],

m=1 052

where F(™)(z,7) is as in Proposition 5.1 (cf. also with (5.3)). Now, by
Proposition 5.1 and Proposition 5.2, we have

| xtae (PO @, 9)) [FO) @) dady

Uo(g~*% x)
= W‘F Z Jo(s,m, x),

{60€04]fo(1,6%)=0}

thus (5.6) implies

(s, fox8) = P03 (Z R — Je(s,m,m).
{0€0X | fo(1,09)=0} \m=1

At this point we note that the announced result follows by using the
explicit formula for Jy(s,m, x) given in Proposition 5.2 and by using some
algebraic identities involving terms of the form [m7;], as in the proof of [15,
Theorem 5.1]. O
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Example 5.5. Consider f(z,y) = (v —22)? +2*y* € L,[z,y], as in Exam-
ple 4. The polynomial f(z,y) is a semiquasihomogeneous polynomial with
respect to the weight (3,2), which is the generator of the cone As, see Ta-
ble 4.1. We note that f(z,y) = fo(z,y)+f1(z,y), where fo(z,y) = (y*—2?)?
and fi(z,y) = 2%y, cf. (3.1). In this case § = 1 is the only root of fo(1,y?),
thus T'4(f) =T 1.

Since fo(t3z,t%y) = t12fo(x,y) and f1(32,t%y) = t?*°f1(x,y), the nu-
merical data for I'yy are: a = 3,b = 2,D1 = dy = 12,71 = 4,61 = 2,
and Dy = 20, then the boundary of the arithmetic Newton polygon I'y is
formed by the straight segments

wo1(z) =22 (0< 2<4), and, wii(z)=8(z>14),

together with the half-line {(z,w) € R%|w = 0}. According to Theo-
rem 5.4, the real parts of the poles of Z(s, f,x,As) belong to the set
{—1,—25, -5, — a1}, cf. (4.4)-(4.9).

6. Local zeta functions for arithmetically non-degenerate
polynomials

Take f(z,y) € Ly[z,y] be a non-constant polynomial satisfying f(0,0) =
0. Assume that

(6.1) RZ ={(0,0}u U A,
yCTaeem(f)

is a simplicial conical subdivision subordinated to I'**"*(f). Let a, =
(a1(7y),a2(y)) be the perpendicular primitive vector to the edge v of
Ioeem(f), we also denote by (a,x) = du(y) the equation of the corre-
sponding supporting line (cf. Section 2). We set

Proen(f)) = {20200 |y is an edge of D9 (f), with da(y) # 0}

Theorem 6.1. Let f(z,y) € Ly[z,y] be a non-constant polynomial. If
f(z,y) is arithmetically non-degenerate with respect to its arithmetic New-
ton polygon TA(f), then the real parts of the poles of Z(s, f,x) belong to
the set

{=1} UP@E™ () UPITA(f)).

In addition Z(s, f,x) vanishes for almost all x.

Proof. Consider the conical decomposition (6.1), then by (2.1) the problem
of describe the poles of Z(s, f,x) is reduced to the problem of describe
the poles of Z(s, f,x,0x?) and Z(s, f, x, Ay), where ~ is a proper face of
r9eom(f) | By Lemma 2.2, the real part of the poles of Z(s, f,x,0X?) is —1.

For the integrals Z(s, f, x, A,), we have two cases depending of the non
degeneracy of f with respect to A,. If A, is a one-dimensional cone gen-
erated by a, = (a1(7),a2(7)), and f,(x,y) does not have singularities on
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(LX)?, then the real parts of the poles of Z(s, f, x,A,) belong to the set

{_1} U {_al(’)/);_ a2(ry) } C {_1} U P(I‘!]eo'm<f)).
gl

If A, is a two-dimensional cone, f,(z,y) is a monomial, and then it does
not have singularities on the torus (L)?, in consequence Z(s, f,x, A,) is an
entire function as can be deduced from [19, Proposition 4.1]. If A, is a one-
dimensional cone, and f(x,y) has not singularities on (O;)?, then f(z,v)
is a semiquasihomogeneous arithmetically non-degenerate polynomial, and
thus by Theorem 5.4, the real parts of the poles of Z(s, f, x, Ay) belong to
the set

(-1ju {—”)j(”} UPIA() € (-1} UPE" (1) UPTA().
gl

From these observations the real parts of the poles of Z(s, f, x) belong to

the set {—1} UP(T9™(f)) U P(TA(f)).

Now we prove that Z(s, f,x) vanishes for almost all x. From (6.1)
and (2.1) it is enough to show that the integrals Z(s, f,x,Ay) = 0 for
almost all y, to do so, we consider two cases. If f is non-degenerate with
respect to A, Z(s, f, x, Ay) = 0 for almost all x, as follows from the proof
of [19, Theorem A]. On the other hand, when f is degenerate with respect
to A, and A, is a one dimensional cone generated by a., then f(z,y) is
a semiquasihomogeneous polynomial with respect to the weight a., thus
by Theorem 5.4, Z(s, f,x,A,) = 0 when x|i4r0, # Xtriv- If Ay is a two
dimensional cone, then ~ is a point. Indeed, it is the intersection point of
two edges 7 and p of I'9°™(f), and satisfies the equations:

<a7>’7> = da(T) and <aua7> = da(:u)'

It follows that f(z,y) is a semiquasihomogeneous polynomial with respect
to the weight given by the barycenter of the cone: % The weighted
degree is M. Finally, we may use again Theorem 5.4 to obtain the

required conclusion. O

7. Exponential Sums mod «™.

7.1. Additive Characters of a non-Archimedean local field. We
first assume that L, is a p-adic field, i.e. a finite extension of the field of
p-adic numbers Q,. We recall that for a given z = 3772 "2,p" € Q,, with
zn €40,...,p— 1} and z,, # 0, the fractional part of z is
0 if ng > 0
) -1
ey Z zpp”  if mg < 0.

n=ng
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Then for z € Qp, exp(2my/—1 {z}p), is an additive character on Q,, which

is trivial on Z, but not on p_lZp.

If Trp,/q,(+) denotes the trace function of the extension, then there
exists an integer d > 0 such that Trp, g, (2) € Z, for |z| < q® but
Trr,/0,(20) ¢ Zp for some 29 with [2] = ¢!, d is known as the expo-
nent of the different of L,/Q, and by, e.g. [18, Chap. VIII, Corollary of
Proposition 1] d > e — 1, where e is the ramification index of L, /Q,. For
z € Ly, the additive character

»%(z) = exp (27r\/jl {TTLU/QP (W—dz)}p),

is a standard character of L, i.e. 3 is trivial on O, but not on 7~ 10,. In
our case, it is more convenient to use

U(z) = exp (27‘(‘\/—71 {T?‘LU/QP (z)}p),

instead of »( - ), since we will use Denef’s approach for estimating exponen-
tial sums, see Proposition (7.1) below.

Now, let L, be a local field of characteristic p > 0, i.e. L, = F,((T)).
Take 2(T) = 3232, zT" € Ly, we define Res(z(T)) := z_1. Then one may
see that

U(2(T)) := exp(2my/—1 TrFq/Fp(Res(z(T)))),

is a standard additive character on L,.

7.2. Exponential Sums. Let L, be a non-Archimedean local field of ar-
bitrary characteristic with valuation v, and take f(x,y) € Ly,[z,y]. The
exponential sum attached to f is

Baf) =g Y Wef@y) = [ Vfy) [,

(z,y)G(OU/PJ”)Q

for z = ur™™ where u € O, and m € Z. Denef found the following nice

relation between F(z, f) and Z(s, f,x). We denote by Coeff;x Z(s, f, x) the
coefficient ¢, in the power series expansion of Z(s, f,x) in the variable
t=q°.

Proposition 7.1 ([5, Proposition 1.4.4]). With the above notation

— q)Z(Sa f7 Xtriv)
(-1 —1)

+ Z gy x(u) Coeffim—cc Z (s, f,X),
X?éXt'ri'v

B(un™, f) = Z(0, f, Xirio) + Coeffn—s
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where c(x) denotes the conductor of x and g, is the Gaussian sum
g=(g=1)7'g" N N (@) U(a/W).
2€(0y /P
We recall here that the critical set of f is defined as
Cp = Cy(Ly) = {(z,y) € L} | Vf(z,y) = 0}.
We also define

Brgeom = max {

~ edges of I'9eom ( f)

a1(y) + a2(v)
da (7

da() # 0},

and
Bra = eérll%ax {P|PeP(yo)}
Theorem 7.2. Let f(x,y) € Ly[x,y] be a non constant polynomial which
is arithmetically modulo m non-degenerate with respect to its arithmetic
Newton polygon. Assume that Cy C f750) and assume all the notation
introduced previously. Then the following assertions hold.
(1) For|z| big enough, E(z, f) is a finite linear combination of functions
of the form A
X(ac 2)|2]*(logg [2)7,
with coefficients independent of z, and X\ € C a pole of (1—q
Z(Sv /s Xt?“iv) or Z(57 1 X) (U}Zth X|1+7TOU = Xtriv); where

—s—l) %

.0 if X is a simple pole
I 0,1 if A is a double pole.

Moreover all the poles A appear effectively in this linear combina-
tion.
(2) Assume that B := max{ﬁpgeom,ﬁréq} > —1. Then for |z| > 1, there

exist a positive constant C(L,), such that
|E(2)] < O(Ly)|z|" log, |2|.

Proof. The proof follows by writing Z(s, f, x) in partial fractions and using
Proposition 7.1 and Theorem 6.1. O
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