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An explicit computation of p-stabilized vectors

par MICHITAKA MIYAUCHI et TAkUYA YAMAUCHI

RESUME. Nous donnons une méthode concréte pour calculer les
vecteurs p-stables dans l’espace des éléments fixés par un sous-
groupe parahorique d’un groupe réductif p-adique. Nous discu-
tons d’une application globale et, en particulier, nous donnons un
exemple explicite d’un relevement de Saito-Kurokawa p-stable.

ABSTRACT. In this paper, we give a concrete method to compute
p-stabilized vectors in the space of parahori-fixed vectors for con-
nected reductive groups over p-adic fields. An application to the
global setting is also discussed. In particular, we give an explicit
p-stabilized form of a Saito-Kurokawa lift.

1. Introduction

Let F' be a non-archimedean local field, o the ring of integers of F', p the
maximal ideal of 0, @ a uniformizer of F', and F = o/p the residue field of
F. We normalize the valuation | - | of F' so that || = ¢~!, where ¢ is the
cardinality of F. Let G be a connected reductive group defined over F, B
its standard Borel subgroup and K = G(0) a maximal compact subgroup
of G(F) whenever it is defined. Let P be a parabolic subgroup of G which
contains B and Kp = {g € K| g mod p € P(FF)} the parahoric subgroup of
K associated to P.

Let 7 be an irreducible smooth representation of G(F') such that the
space 7P of Kp-fixed vectors in 7 is non-trivial. Then the Hecke algebra
Hi, of G(F) associated to Kp acts on 7KP_ In this paper, we first give
a method to compute the eigenvalues for the special elements of Hg, on
5P which are called “Up-operators". We next give an explicit construction
of simultaneous eigenvectors for these Up-operators, which are called “p-
stabilized vectors".

An idea to compute eigenvalues of U,-operators is to consider the Jacquet
module of 7 associated to P. When P is the standard Borel subgroup of
G(F), this has been a well-known method for experts. We extend a result
of Casselman [6] which is proved only for the standard Borel subgroup to
any parabolic subgroup P and any compact open subgroup of G(F') which
has an Iwahori factorization relative to P in the sense of [6]. Then it can

Manuscrit regu le 30 novembre 2012, accepté le 3 septembre 2013.
Classification math. 11F85, 22E50.



532

be reduced a calculation of the eigenvalues for Up,-operators to the same
problem for the actions of the elements corresponding to those operators
on the Jacquet modules (Proposition 2.3).

Our results might give a potential tool to study an arithmetic investiga-
tion of automorphic forms in Iwasawa theory, Hida theory, or deformation
theory of Galois representations [14],[21],[20], though we do not discuss
about this in this paper. In particular, we will know that what kind of p-
stabilized forms can be embedded into a Hida family with respect a specific
parabolic subgroup of G.

This paper is organized as follows. In Section 2, we study the action of
Hecke algebras on the space of parahori-fixed vectors by using Jacquet mod-
ules. In Section 3, we introduce the notion of Up-operators and p-stabilized
vectors. In Section 4, we outline a method to construct p-stabilized vectors
when 7 has a non-zero K-fixed vector. Without this assumption on m, it
seems to be difficult to check the non-triviality of the vector which we will
construct. In Section 5, 6, and 7, we make up a list of all U,-eigenvalues
and p-stabilized vectors for GL2, U (2, 1), and GSp4. A relation to the global
setting is discussed in Section 8 and then the global p-stabilized forms are
given in the final section in cases of GLo and GSpy. In particular, we will
give them for Saito-Kurokawa lifts where the existence has been already
discussed in Proposition 4.2.2, p.688 of [20] (see (9.2) and (9.3)).

The authors would like to thank Professor Tomonori Moriyama for help-
ful conversations. The second author is partially supported by JSPS Grant-
in-Aid for Scientific Research No.23740027 and JSPS Postdoctoral Fellow-
ships for Research Abroad No.378.

2. The action of Hecke operators via Jacquet modules

We keep the notation in Section 1. In this section, we study parahori-fixed
vectors of smooth representations of G(F). We fix a maximal torus 7" of G
and a minimal parabolic subgroup B of G which contains T. Then we have
the Levi decomposition B = TU, where U is the unipotent radical of B.
Let P be a parabolic subgroup of G containing B with Levi decomposition
P = MN. We denote by N the unipotent radical of the parabolic subgroup
opposite to P.

Henceforth, for any algebraic group H, we sometimes denote by H the
group of F-valued points of H for the sake of simplicity. This should cause
no confusion in the remainder of the paper.

For any smooth representation (m,V) of G(F'), we define its Jacquet
module (7, V) as follows (cf. Section 3 of [6]): Set V(N) = (w(n)v—v|n €
N, v e V) and Viy = V/V(N). We define a representation (my, V) of M
by

1

an(m)ry(v) =0p2 (m)ry(r(m)v), me M, veV,
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where ry is the natural projection from V to Vi and dp is the modulus
character of P(F)).

Let [ :={g € K|gmodp € B(o/p)} be the standard Iwahori subgroup
of G(F). If a smooth representation (m,V) of G(F) is admissible, then
by p.7, Theorem of [8], the canonical projection ry : V' — Vi induces a
C-linear isomorphism

(2.1) VI (V)T

The following theorem generalizes this isomorphism to any parabolic sub-
groups.

Theorem 2.1. Let (7,V) be an admissible representation of G(F). Sup-
pose that a compact subgroup J of G(F) contains I and it has an Iwahori
factorization with respect to P in the sense of [6] (see before Proposition
1.4.4 in loc.cit.). Then the canonical projection ry : V — Vi induces a
linear isomorphism

VI (V)T

Proof. By Theorem 3.3.3 of [6], the map rx : V' — (Viy)/™M is surjective.
We now prove the injectivity of this map. By (2.1), we get VNV (U) = {0}.
Since I C J and U D N, we have V! > V7 and V(U) D V(N). This gives
us that V/ N V(N) ¢ VINnV(U) = {0}. This implies that ry : V/ —
(Vn)7™M is injective. O

As in Theorem 2.1, let J be a compact subgroup of G(F') which contains
1. Assume that J has an Iwahori factorization with respect to P.

Definition 2.2. ([5] Definition 6.5) We say that an element m € M is
positive relative to (P, J) if the following conditions are fulfilled:

m(JNN)ym™ ' cJNN, m ' (JNN)mc JNN.

We denote by M the set of all positive elements in M. We say that an
element m in M is negative relative to (P,J) if m™! is positive. We write
M~ for the set of all negative elements in M.

Given a compact open subgroup J of G(F'), we define the Hecke algebra
Hy = H[G(F)//J] of G(F) associated to J to be the space of all com-
pactly supported functions f : G(F') — C which satisfy f(j19j2) = f(9),
for j1,72 € J and g € G(F'). Then H; becomes an algebra under the con-
volution with respect to the Haar measure on G(F') normalized so that the
volume of J is one. For any g € G(F'), we denote by f, = [JgJ| € H;
the characteristic function of JgJ. Since the algebra H; is generated by
fg, g € G(F), if we define H g := Q[fy|g9 € G(F)], then we have H; =
Hio ®g C. For any Q-algebra A, we put Hja := Hjo ®q A.
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If (7, V) is a smooth representation of G(F'), then the Hecke algebra H s
acts on V7 (cf. [6]). We denote by Z)s the center of M. We consider Hecke
operators associated to positive elements in Z;.

Proposition 2.3. Let J be as in Definition 2.2 and (7,V) an admissible
representation of G(F). Then for any ¢ € Zy N M™, we have

_1
rn(m(fo)v) = 6p2 (Onn(Q)rn(v), ve V7,
where vy : VI 5 (Viy)'™™ s the isomorphism given in Theorem 2.1.

Proof. For ¢ € Zyy N M* and v € V7, we have
nfou= [ wlgudg= Y (ke
JCT keJ/JNCIC1

Since we assume that J has an Iwahori factorization, we get J = (J N
N)(J N M)(J N N). Because ( is positive and it belongs to Zys, we have
that JN¢JC = (JNN)(J N M)(JNN)!, so that J/JN¢CJCT =
(JNN)/¢(JNN)¢L Therefore we obtain

m(fe)v = Z m(kQ)v.
ke(JNN)/¢(JNN)¢—1L
Since ry (7 (k{)v) = ry(w({)v) = 5%,(()771\[(@7“1\/(7)), ke JNNand [JON :
C(JNN)CY =65 (C), we have

1

ry((fo)v) = 6p2 (N (Qrn(v),
as required. O
Proposition 2.4. Suppose that a compact open subgroup J of G(F) has

an Iwahori factorization relative to P. Then f¢, and fc, are commutative,
for any (1, (o € Zyy N M.

Proof. We shall claim that f¢, * fc, = fc,¢,- Then we obtain

faxtfa=Ffae = foa = faxfa
because (1(2 = (2(;. It follows from [5] (6.6) that
[JGJ:J)=[JNN:HINN)G]INM : NI N M) N (JnM)).
Hence we get
[(J¢GJ T =[JNN : THINN)CG]
since ¢ lies in the center of M. Similarly, we obtain [J(oJ : J] = [J NN :

C;l(JﬂN)CQ] and [JC1C2J : J] = [JQN: (Clgg)_l(gfﬂﬁ)clgg]. Since Cl
and (o are both positive, we have

JOANDGHINN)G D (G6) NI NN)Clo
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So we obtain
[JCiCod = J) = [JG T J)[J G 2 J),
and hence f¢, * fe, = fei¢, by Proposition 2.2 in Chapter 3 of [10]. O

3. p-stabilized vectors

For simplicity, we assume that the dimension of the center of G is at
most one. Let 7 be an irreducible smooth representation of G(F'). Then 7
is admissible by [12]. In this section, we give a notion of p-stabilized vectors
(or of p-stabilization ) for parahori-fixed vectors in 7.

Let A be the set of all simple roots of (G,T) which is a subset of the
character group X*(T") := Homyig(7T', GL1). Let P be a parabolic subgroup
of G containing B, P = M N its Levi decomposition, and Kp the parahoric
subgroup which corresponds to P. Let Ap be the subset of A corresponding
to P. We define T, to be the semi-group consisting of the elements ¢ in
T(F)/T(0) such that

(31) Jat)|<lforala€ Aand t(KpNN)t~t C KpnN.

We can choose a complete system of representatives for T as elements in
Zy N MT. Put mp = 4(A\ Ap). Note that Ag = . For each o € A,
there exists t, € Tz such that ordga(ty) = 1 and ordga(tg) = 0 for all
g e A\ {a}. Put

; [ wld, if Zy D FX

mpt+l T { Id, otherwise,
where Id is the identity element of G(F'). We write A\Ap = {a1,...,amp}
and t; = to, for ¢ € {1,...,mp}. Then the semi-group T is generated by
ti,.. .y tmps tmp+1. For any Q-algebra A which is contained in C, we consider
the subalgebra

UP,A = A[[Kpth] | t e TF_’]

of the Hecke algebra Hx, 4 over A.

Lemma 3.1. Put Uf;,i = [Kpt;Kp] € Hik,, forie{l,...,mp+1}. Then

the ring Up o is a commutative A-algebra generated by U;l, cees Uf;’mPH.

Proof. Recall that we take a complete system of representatives for T
as elements in Zp; N M ™. Then the commutativity follows from Proposi-
tion 2.4. The later claim follows from the fact that T, is generated by

t, . tmps tmpt1- O

Definition 3.2. Let (m,V) be an irreducible smooth representation of
G(F) such that VE?P #£ {0}. We say that a non-zero vector v in VEr
is a p-stabilized vector with respect to P if it is a simultaneous eigenvector
forall UL ,,... UL, . Here P is the Langlands dual of P (cf. [3]).

Y w,mp
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Remark 3.3. The condition (3.1) on Ty is crucial to get the commutativity
of Up,a. In general, this property does not hold for Hi, A.

4. Construction of p-stabilized vectors

Let (m, V) be an irreducible smooth representation of G(F') which has
a non-zero K-fixed vector. In this section, we give a method to produce
p-stabilized vectors for 7. Let P = M N be a parabolic subgroup of G(F')
containing B. Then by Theorem 2.1, the Jacquet functor rn induces an
isomorphism ry : VEP ~ (Vy)KPOM We set W = (Viy)5POM | Let H
denote the subgroup of Z; generated by ti,...,t,, € Tp. As we have
seen before, we may assume H C Zjp; N M ™. For a quasi-character x of H
and n € N, we define

Wym ={w e W|(an(t) —x(t))"w =0 for any t € H}

and put Wy oo = Upeny Wy,n. Similarly, we define (Viy)y,00 for Viy. Let S
denote the set of quasi-characters x of H such that W, o # {0}. Since W
is a finite-dimensional H-module, we have

W= Wy
XES

For an element w in W, w is a simultaneous eigenvector for ti,...,tp,, if
and only if w lies in W, 1, for some x € S.

Let ¢ be a non-zero K-fixed vector in V. By the Iwasawa decomposition
G = PK, the element v = rny(¢x) generates Vy as an M-module, so does
W. Since H is contained in the center of M, we have

VN = @ (VN)X,OO
XES

as an M-module. We claim that the W, ,-component of v is not zero, for
any x € S. If the W, -component of v is zero, then v lies in the proper M-
submodule @,/ (VN)y 00 of Viy. This contradicts the fact that v generates
Vn as an M-module. So the claim follows.

We fix a character x of H in S. For any x’ € S which is different from ¥,
there exists an integer 1 < i(x') < mp such that x(t;/)) # X' (tiy))- Put
n(x') = dim W,/ . Then

v = [ (v (tioey) = X (i) "X
X'#X

is a non-zero vector in W, . Therefore, there exist non-negative integers
n(x,i) for 1 <i < mp such that v" == [[1<;cpm, (Tn () — x(t:))"XD" is a



537

non-zero vector in W, 1. By Proposition 2.3,

l .
¢ = H (5123(ti)7T(U£7i) — x(t;))"x)
1§i§mp
2 ’
X H (5%(751'()(/))71'([]571.()(,)) _ X,(ti(x’)))n(x )¢K
X'#X

is a p-stabilized vector with respect to 16, which satisfies

w(UE ) = 8p(t:) 2 x(t:)9,
for all i € {1,...,mp}.

In the following series of sections, we give examples of p-stabilized vectors
in various settings.

5. G La-case

Let a be the simple root of GLs such that o : T' — F*, diag(a,b) —
ab™!. We have a Uy-operator US| = [It1I], where t; = diag(1,@!). Let
7 = m(x) be an unramified principal series representation of GLa(F") where
X = X1 ® x2 and Y1, X2 are unramified quasi-characters of F'*. Then 7 has
a non-zero K-fixed vector ¢, where K = GLg(0). We shall give an explicit
p-stabilized vector for 7. The semisimplification of 7y is

X1 ® X2 + X2 ® X1-

The element ¢; acts on each irreducible component of 7y by x2(ww™!) and
x1(w™1) respectively. If x1(w™!) # xo(ww 1), then we have 7y = (x1 ®
x2) @ (x2 ® x1). It follows from Proposition 2.3 and the results in Section
4 that

fi o= BREDUE — xa(@ V)0, fo = GELE)UE | — xa(@ )0

are p-stabilized vectors with respect to B with the eigenvalues qéxl(w_l),
qéxg(w_l) respectively.

If xi1(w™) = x2(@™!), then we have x; = x2 since x; and x2 are
unramified. In this case, any irreducible component of 7y is isomorphic to
X1 ® X1, but Ty is not decomposed as (x1 ® x1)®2. This follows from the
fact that C ~ Homgr,(p (7, 7) = Homp(7my, x1 ® x1) (Schur’s lemma and

1
Frobenius reciprocity). In this case, f3 := (5]_?3,(251)U£71 —x1(@ ™ H)go is a

p-stabilized vector with respect to B with the eigenvalue q%m(w_l).
We can express f; in terms of Iwahori fixed vectors as follows. Let ¢ be
a generator of 7%, Choose a basis {¢, ¢/ = 7(t7 )¢} of 7. Then we have

Uzn(:9) = 6,9 ( Xl(wggi)(z(w_l) g )
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where a(¢) = x1(w™!) + x2(w™!). Therefore we have

_1 - _1 -
xi(@)fi=0¢—-q 2x2(@ )¢, xa(@)fa=0—q >xa(w )¢
(see Section 9.1 for the relation to the global setting). It is the same for fs.

6. U(2,1)-case

Let U(2,1) be the quasi-split unitary group in three variables associated
to an quadratic extension E/F. Put

0 0 1
=10 -1 0 |].
1 0 O

We denote by ~ the conjugate for the non-trivial element in Gal(E/F'). We
realize U(2,1)(F') as the subgroup of GL3(E) consisting of all g satisfying
tgdg = ®. Let B be the upper triangular Borel subgroup of U(2,1), T
the diagonal subgroup of B and K = U(2,1)(F) N GL3(0g), where og is
the ring of integers in E. We write E'! for the norm-one subgroup of E/F.
Then T is isomorphic to EX x E'. Let x be an unramified quasi-character
of EX and let 11 denote the trivial character of E'. Due to [13], the
corresponding parabolically induced representation Indg((ii;)w) (x®1p1)is
irreducible except for the following cases:

(i) x = |- |%, where | - |z denotes the normalized absolute value of E;

(ii) x|px = wg/pl - |F, where wp/p is the non-trivial character of F*
which is trivial on Ng,p(E™);
(iii) x|px is trivial and x is not trivial.
U(2,1)(F)
B(F)
zero K-fixed vector ¢g. We shall produce an explicit p-stabilized vector for
.
We fix a uniformizer wg of E and set

wg 0 0
tt=| 0 1 0 |.
0 0 w5

Let U be the unipotent radical of B. Then ¢; is positive relative to (B, U).
The semisimplification of 7y is x ® 1 g1 + X ' ® 11, where X denotes the
quasi-character of E* defined by X(z) = x(Z), for € E*. The element t¢;
acts on Y ® 151 and Y ! ® 11 by x(wg) and X! (wg) respectively. As in
the G Ly-case, by Proposition 2.3 and the results in Section 4,

1 1
(63)UE 1 =X (wr))do, (63(t1)US 1 — x(wEr))do
are p-stabilized vectors with respect to B with the eigenvalues ¢px(wEg)
and qpX ' (wg) respectively.

Suppose that 7 = Ind (x ® 1g1) is irreducible. Then 7 has a non-
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7. GSpy-case

Hereafter we follows the notations in [16]. Put

0 0 01
0 0 10
J= 0 -1 00
-1 0 00

We realize GSp,(F') as the subgroup of GL4(F') consisting of all g such
that tgJg = AJ, for some A\ € F*. Let B be the Borel subgroup of G:Spy4
consisting of the upper triangular elements, 1" the diagonal subgroup of B
and U the unipotent radical of B. Let P (respectively )) be the Siegel
(respectively Klingen) parabolic subgroup of GSp, containing B. Let P =
MpNp and QQ = MgNg be Levi decompositions. Let a1, a be simple roots
defined by ai(t) = ab™! and as(t) = b?>c™! for t = diag(a,b,cb™t, ca™?),
a,b,c € F*. Note that Ap = {a1} and Ag = {az}. Thus there exist
two Up-operators Ugi = [It;I], i = 1,2 where t; = diag(1,1,w" !, @™ !)
and ty = diag(1,w !, @, @ 2). Note that ¢, are positive elements in
Ty relative to (B, 1), and t; (respectively t2) is a positive element in T
(respectively Ty, ) relative to (P, Kp) (respectively (Q, K¢)). In this section,
we give p-stabilized vectors according to the classification of the parahori-
spherical representations of GSp,(F’) by Roberts and Schmidt [16].

7.1. Iwahori case. In this subsection, we study p-stabilized vectors with
respect to B = B. The strategy taking here is as follows:

(i) Let (m, V) be an irreducible admissible representation of GSp,(F’)
admitting a non-zero Iwahori-fixed vector. Then 7 is an irreducible
constituent of some unramified principal series representation xi x
x2 X 0. We use the classification of such representations in Table
A.15 of [16].

(ii) We make up a list of the simultaneous eigenvalues for Uy,-operators
Ugl, U£72 in terms of the following Satake parameters of x1 X x2 X
o:

(7.1)  a=xixeo(@ '), B=xi0(@ '), v=xe0(@ 1), §=0a(w™ ).
By Proposition 2.3, the problem is reduced to the computation of
the simultaneous eigenvalues for t1, to on (V7)!™7. We note that
Vi = (Vy)''T. Table A.3 of [16] gives the semisimplification of
the Jacquet module my, of m associated to the Siegel parabolic
subgroup P. So we can easily get the semisimplification 7} of 7y
by using the transitivity of Jacquet functors. The elements ¢, to
act on each irreducible component of 7 by its central character.
Thus we can obtain the set S’ of pairs of simultaneous eigenvalues
for (t1,t2) on Viy = (Vir)!"T. It will turns out that S’ is contained
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in S, where S is the set of pairs of simultaneous eigenvalues for
(t1,t2) on (x1 X x2 X o)y = (x1 X X2 ¥ 0)I'T | that is,

S = {(57 57)a (57 55)7 (O"O‘/B)v (av CVY)’ (737‘”7 (’Y,WCV)a (ﬁa ﬁ(S)v (ﬂvﬁa)}

(iii) Suppose that S’ contains just dim Vj-elements. Since ¢y, to
generates T/Zg, this implies that (7)) is a semisimple and
multiplicity-free T-module. We further assume that 7 has a non-
zero K-fixed vector ¢ . In this case, given an element (s,t) in S,

the vector
1 1
Gsit = H (5123(751)[]5,1 — ') H (51%(752)[]5,2 —t")ox
(s t')es’ (s t')es’
s’;és tlft

is a p-stabilized vector with respect to B = B with the eigenvalues
1

_i _1
(05%(t1)s,05° (t2)t) because of Proposition 2.3 and the results in
Section 4. We note that Table A. 15 of [16] gives a list of the
K-spherical representations of GSp,(F').

7.1.1. Case I. Let x1, x2,0 be unramified quasi-characters of F*. Then
the corresponding parabolically induced representation m = x1 X x2 X 0 is
irreducible if and only if x1 # v*!, yo # v*! and y; # Vﬂxécl. Here let
us put v = |- |. Due to Table A. 15 of [16], = has a non-zero K-fixed vector.
The semisimplification of 7y, is given in Table A.3 of [16]. We use the
notation in section A.3 of [16]. Let r7 s, denote the Jacquet functor from
the category of the smooth representations of Mp to that of B. Note that
the semisimplification of 77 ar, ((X1 X X2)®0) is (X1 ®x2Q0)+ (X2 @ x1Q0).
Since ry = r7,0mp © TNp, the semisimplification of 7y is

(X1®x200)+ (x2@x1®0)+ (X' ® x5 @ x1x20)
+ (2 @xr @ xixe0) + (x1 @ x5! @ x20) + (x5 ® X1 @ X20)
+ (2 ® X7 ®@x10) + (X1 ® x2 ® x10).

The elements t1,t9 act on each component of the semisimplification of 7y
by the following pairs of scalars:

(6,67), (6,68), (a, aB), (e, ay), (v, 79), (v, vev), (B, B9), (B, Bav).

The pairs above are pairwise distinct if and only if ;1 # 1, x2 # 1 and
+1
X1 7 X2

7.1.2. Case II. Let X, o be unramlﬁed qua81-characters of F’* such that
x2 # v and x # vt 3. Put X1 = V2X and xo = v~ 2X In what follows,
we consider the irreducible constituents 7 of y1 X x2 X 0.
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Case Ila. Put m = xStgp) x 0. Noting that 77, (xStaLe) ® 0) =

v2x®@v 2 x®0. It follows from Table A.3 of [16] that the semi-simplification
of myy is

(1@x2®0) +(xz ' @ X7 ©x1x20) +(X1© X5 ©x20) + (X5 @ X1 ®X20).

Hence the elements t1,t2 act on each irreducible component of 7y by
(6,07), (e, ), (7, 79), (v, 7e)

respectively. The pairs above are pairwise distinct if and only if x? # 1.

Case Ilb. If 7 = x1gp(2) ¥ 0, then 7 has a non-zero K-fixed vector. Since

rT,Mp(XlGL(2) ®o) = V_%x ® V%X ® o, it follows from Table A.3 of [16]
that the semisimplification of 7y is

(e@x1®0)+ (X7 @x5 @ x1x20) + (X2 @ X1 ©x10) + (X7 @ X2 @ X10).
The elements t1,to act on each component by

(0,08), (@, a), (B, B9), (B, Bev)

respectively. The pairs above are pairwise distinct if and only if x? # 1.

7.1.3. Case III. Let x and p be unramified quasi-characters of F'*. We

assume that y # 1 and x # v*2. Put xy1 = x, x2 = v, and o = V_%p. Next,
we consider the irreducible constituents 7 of x1 X x2 X 0.

Case IlIla. If m = x % pStggp(2), then the semisimplification of 7y is
M ®x2®0)+(2@x1©0)+ (e ®xi' @x10) + (X' ® X2 ® x10).
The actions of t;, i = 1,2 on each irreducible component of 7y are just
(6,6v),(6,08), (B, B9), (8, Bar)
respectively. The pairs above are pairwise distinct if and only if y # v+,

Case IIIb. Suppose that m = Xx X plggp(z). Then m admits a non-zero
K-fixed vector and the semisimplification of wy is

G exz ' ®xaxeo) + (G @ xi ! @xixeo) + (i ® x; ' © x20)
+ (X2 ®x1 ® x20).
Hence the actions of ¢;, ¢ = 1,2 on each component are
(o, aB), (e, ), (7,76), (v, yer)

respectively. The pairs above are pairwise distinct if and only if x # v+,
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7.1.4. Case IV. Let p be an unramified quasi-character of F*. Put y; =
V2, xo =v,and 0 = v3 p. We will consider the irreducible constituents m
of x1 X x2 X 0. In this case, «a, 5,7, are different from each other. So
is a semisimple and multiplicity-free T-module.

Case I'Va. Suppose that m = pStggp4). Then we have 7y = x1 ® x2 ®

o, and the elements t1,to act on it by (d,0v). Since dimz! = 1, any

non-zero [-fixed vector is itself a p-stabilized vector with the eigenvalues
_1 1

(652 (t1)d, 05> (t2)07).

Case IVb. If 7 = L(v?, VflpStGSp(z)), then 7y is isomorphic to

(2®X1®0) B (x2®x7' ®x10) @ (X7 ® X2 ® x10).

Hence t;, i = 1,2 act on each component by

(6,08), (8, 80), (B, Bax)

respectively.

Case IVc. Suppose that 7 = L(V%StGL(g), V_%p). Then 7y is isomorphic
to
(e ®x1 ®xix20) @ (1@ Xz ' ® x20) @ (x5 © X1 ® x20),

and the elements t1,t2 act on each irreducible component by

(o, @), (7,79), (v, 7e)

respectively.

K

Case IVd. If T = plggp), then we have dim 7l = dim 7% =1, and hence

7l = 7K. We also get 7y = xl_l ® X2_1 ® x1X20, and the elements t1,ts act
on 7y by (a, af). Thus any non-zero K-fixed vector is a p-stabilized vector
_1 1
with the eigenvalues (057 (t1)a, 652 (t2)f3).
7.1.5. Case V. Let £ and p be unramified quasi-characters of F*. We
1

assume that €2 = 1 and & # 1. Put x; = v€, xo = &, and 0 = v 2p.
We consider the irreducible constituents @ of x1 X x2 X o. In this case,
a, 3,7, 0 are different from each other. This means that my is a semisimple
and multiplicity-free T-module.

Case Va. If 7 = 0([¢, v¢], V_%p), then we have
w=1@x2®0)® (1 ®x; ' ®x20).

The elements t1,t2 act on each component by

(6,67), (7, 79)

respectively.
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Case Vb. Suppose that m = L(u%§StGL(2), Vfép). Then we have

=2 ®X] ®x1x20) ® (X3 ® X1 ® x20),
and hence the elements t1,t2 act on each irreducible component by

(a, ay), (v, 7)
respectively.

Case Vc. In the case when m = L(y%§StGL(2), §V_%p), we have

Tw=X2®@X1®0)®(x2®@X] ®x10).

The elements t;,t2 act on each component by

(6,08), (B, Bd)
respectively.
Case Vd. If 7 = L(v&, € x Vfép), then 7 has a non-zero K-fixed vector.
We have

-1 —1 -1
= (X1 ®xz ®@x1x20) & (X1~ ® X2 @ x10).

Hence the elements t1,t2 act on each component by

(a,aB), (B, Bar)
respectively.
7.1.6. Case VI. Let p be an unramified quasi-character of F*. Put x; =

v, X2 = lpx and 0 = v~Y2p. Finally, we consider the irreducible con-
stituents 7 of x1 X x2 % 0. In this case, we have a = 3, v =§ and a # .

Case VIa. Suppose that 7 = 7(S, y3 p). Then the semisimplification of
Ty 18

(xix2®@ x1®0)% + (x2 @ x1 ® 0).
Hence the actions of ¢;, ¢ = 1,2 on each component are

(1:7%), (172, (7, 7)
respectively.

Case VIb. If 7 = 7(T, I/_%p), then we have dim 77 = dim 7! = 1 by Ta-

ble A. 15 in [16], and hence 7/ = 757, We also get 7y = x2®x1®0, and the

elements t1,ts act on 7wy by (7,v«). Therefore any non-zero K p-spherical
1 1

vector is a p-stabilized vector with the eigenvalues (652 (t1)7, 052 (f2)ya).
Case VlIc. Suppose that © = L(V%StGL(2)7V7%p). Then we get 7y =

X2®@X1  ®x10,and t;,i = 1,2 acts on it by (a,ya). By Table A. 15 in [16],
the space 75@ is one-dimensional. Therefore a non-zero K-fixed vector is

_1 1
a p-stabilized vector with the eigenvalues (d5° (t1)c, 057 (t2)y).
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Case VId. If 7 = L(v, 1z« xv~'/2p), then 7 has a non-zero K-fixed vector.
The semisimplification of my; is

(X1 ®x2 @ x10)"* + (x2 @ x1' ® x10).

Hence the actions of ¢;, ¢ = 1,2 on each component are just

(a; 0®), (a,0%), (o, 700)

respectively.

In Table 7.1, we list the simultaneous eigenvalues for ¢y, to on 7wy, where
7 is a representation in groups I-V. For a representation in group VI, we
always have a = 8, v = § and « # 7. So for such representations, we list
the multiplicity of the simultaneous eigenvalues for t1, to on 7wy in Table

7.2.

7.2. Siegel parahoric case. In this subsection, we compute the eigenval-
ues of the Uj,-operator U;l, where P denotes the Siegel parabolic subgroup
of GSp,(F'). The strategy is as follows:

(1)

(iii)

We use the classification of the irreducible smooth representations
(m,V) of GSpy(F) admitting K p-fixed vectors in Table A.15 of
[16]. As in the previous subsection, we realize 7 as an irreducible
constituent of some unramified principal series representation yi X
x2 X 0. We use the same notation as in subsection 7.1.
We compute the set S” of eigenvalues of t; on (Vn,)
follows: The semisimplification 7%, of the Jacquet module 7y,
of m associated to P is given in Table A.3 of [16]. We denote by
TNp,MpnKp the Mp-submodule of ﬂﬁ\sfp spanned by the Mp N K p-
fixed vectors in 7}y . Note that for any irreducible admissible rep-
resentation 7 of Mp ~ GLy(F) x F*, we have dim 7MPNEr < 1,
Thus the length of 7y, MpnK,p is equal to dim(VNP)MPmKP. Since
the element t; lies in the center of Mp, the eigenvalues of t; on
(VNP)MPQKP is just those of t1 on TN, MpnKp. SO We can easily
compute the eigenvalues of t; on (Vy,)MPEP because t; acts on
each irreducible component of 7mn, vpni, by the central charac-
ter. It will turns out that S’ is contained in S = {«, 8,7, 0}, where
a, 3,7, 6 are the Satake parameters of x1 X x2 X o defined in (7.1).
We assume that S’ contains just dim(my, )P "MP_elements. Then
(mnp ) EPOMP is a semisimple and multiplicity-free Zys,-module be-
cause t; generates Zyr, modulo Zy,(0). We further assume that
7w has a non-zero K-fixed vector ¢ . Then, given an element s in
S’, the vector

MpNKp as
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is a p-stabilized vector with respect to P= Q with the eigenvalue
1

§p2(t1)s because of Proposition 2.3 and the results in Section 4.

7.2.1. Case I. In this case, TN, MpnKp IS

(X x2)®o+ (i xxa ) @xaxeo + (X xz ) @ xa0 + (xa X x1 1) @ xa0.
The element ¢; acts on each component of Ty, pmpnipe by
57 a? ’77 IB

respectively.

7.2.2. Case II. Case IIa. In this case, we have 7y, mpnip, = (X1 X
xgl) ® x20. The element ¢; acts on it by ~. Since dim VX7 = 1, any non-
zero K p-fixed vector is a p-stabilized vector with respect to P.

Case IIb. In this case, we have
TNpMpnKp = Xlane) ® 0 + X are) © X0 + (x2 X X1 ® x10,

and t; acts on each component by 9, a, 8 respectively.

7.2.3. Case III. Case IIla. In this case, we obtain
TNp MprKp = (X1 X X2) @ 0 + (X2 X X7 1) ® X10,
and t; acts on each component by d and S respectively.
Case IITb. We get
_ -1 -1 —1
TNpMpnkp = (X2 X X1 ) ® X1X20 + (X1 X Xz ) ® X20.

The element ¢; acts on each component by « and ~y respectively.

7.2.4. Case IV. Case I'Va. The representations in case IVa have no K p-
fixed vectors.

Case I'Vb. We obtain
TNp,MpnKp = V3/21GL(2) ®o+(x2 X X1 ® x10.
The element t; acts on each component by § and [ respectively.
Case I'Vc. In this case, t; acts on mn, mpnkp = (X1 X Xgl) ® x20 by 7.

Case IVd. The element ¢; acts on TN, MpnKp = V_3/21GL(2) ® x1X20 by
.
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7.2.5. Case V. Case Va. In this case, 7 admits no Kp-fixed vectors.
Case Vb. We have mn, mpnip = 1/1/2£1GL(2) ® x20, and t; acts on it by
5.
Case Vc. The element ¢1 acts on Ty, MpnKp = 1/1/2§1GL(2) ® o by 6.
Case Vd. In this case, we obtain
_ . —1/2 —-1/2
TNp,MpnKp =V ' 7€1lgr2) ® x10 ® v~ “§lar2) ® X1X20-

So t1 acts on each component by 5 and « respectively.

7.2.6. Case VI. Case VlIa. In this case, the element ¢; acts on the space
TNp MpnKp = V2 1g10) ® 0 by 7.

Case VIb. We have mn, vpnkp = 1/1/21GL(2) ® o. The element 1 acts on
it by .
Case Vlc. In this case, m has no Kp-fixed vectors.

Case VId. We get mn, Mpnkp = (1/*1/21GL(2) ® x10)%? and t; acts on
each component by a.

In Table 7.3, we list the eigenvalues for t; on (my,)MP"EP where 7 is a
representation in groups I-V. For representations in group VI, we list the
multiplicity of the eigenvalues for t; on (7y,)P"KP in Table 7.4.

representation | « B v 6 |dima%P [ dim 7K

I O O O O 4 1
ITa - - 0O - 1 0
IIb O O - O 3 1
[MTa - O - 0O 2 0
ITIb O - O - 2 1
IVa - - - - 0 0
IVb - O - O 2 0
IVe - - O - 1 0
Ivd o - - - 1 1
Va - - - - 0 0
Vb - - 0O - 1 0
Ve - - - 0O 1 0
Vd O o - - 2 1

TABLE 7.3
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representation | a 7 | dim7%P | dim 7%
Via 0 1 1 0
VIb 0 1 1 0
Vic 0 0 0 0
VId 2 0 2 1
TABLE 7.4

7.3. Klingen parahoric case. In this subsection, we compute the eigen-

values of the Up-operator U§,1 = [Kqt2Kq]. The strategy is exactly same
to that for the Siegel parahoric case. So we shall be brief here.

(i)

(i)

(iii)

According to the classification in Table A.15 of [16], we realize the
representations (m, V) of GSp,(F) which admit Kg-fixed vectors
as an irreducible constituent of some unramified principal series
representation yi X x2 X 0.

We compute the set S of eigenvalues of t on (Vi,)Me" e as fol-
lows: The semisimplification 7r§\S,Q of mn, is given in Table A.3 of
[16]. We denote by 7Ty, monk, the Mg-submodule of W?SQ gen-
erated by the Mg N Kp-fixed vectors. Note that for any irre-
ducible admissible representation 7 of Mg ~ F* x GSpy(F), we
have dim7™e"k e < 1. So the length of TNG,Monkq 18 equal to
dim(VNQ)MQmKQ. Since to € Z Mo> the eigenvalues of to on
(VNQ)MQOKQ is just those of t2 on 7N, rMonK,- SO We can com-
pute the eigenvalues of ¢ on (VNQ)MQQKQ because t acts on each
irreducible component of TNG,MoNKg by the central character. It
will turns out that S’ is contained in S = {af3, ay, 00, 67}, where
a, 3,7, 6 are the Satake parameters of x1 X x2 X o defined in (7.1).
If S contains just dim(my,, )@ Me-clements, then (mx,)*e M is
a semisimple and multiplicity-free Z,-module. We further assume
that 7 has a non-zero K-fixed vector ¢x. Then, given an element
s in S’, the vector

by = [ (03(t2)U2, — 8)oxc

is a p-stabilized vector with respect to @ = P with the eigenvalue
1

56_25@2)3 because of Proposition 2.3 and the result in Section 4.

7.3.1. Case I. In this case, we have

TNGMonKo =X1 ® (X2 X 0) + X2 ® (x1 X 0) + x5 ® (x1 X X20)

+ X1 ® (x2 % x10).
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The element to acts on each irreducible component of NG, MoNKg by

0, B6, ary, a3

respectively.

7.3.2. Case II. Case Ila. In this case, we get TN, MonK, = X1 ® (x2 X

o)+ X5 " @ (x1 % x20). The element 5 acts on each component by dv and
ary respectively.

Case IIb. The element ts acts on each component of NG, MonKg = X2 ®
(x1 @ o)+ X7 ® (x2 ¥ x10) by 86 and af3 respectively.

7.3.3. Case III. Case IlIla. In this case, t3 acts on TN, MonKg = X2 @
(X1 x o) by B4.

Case IlIb. We have 7N, Monk, = X ® plasp2) + X 1® XPlasp(e) +
Xgl ® (x1 X x20), and ty acts on each component of it by 07, af and avy
respectively.

7.3.4. Case IV. Case IVa. In this case, m has no Kq-fixed vectors.
Case IVb. The element 3 acts on Ty, MonK, = X2 @ (x1 % o) by Bé.

Case IVc. We have mn, monk, = Ve Vﬁlplgsp(g) + X2_1 ® (x1 X x20),
and to acts on each component by dv and «-y respectively.

Case IVd. The element t3 acts on Ty, Monk, = r 2@ vplasp(z) by ap.

7.3.5. Case V. Case Va. In this case, t3 acts on 7y, Monk, = X1 @
(X2 x o) by 0.
Case Vb. In this case, ¢ acts on TN, MonKk, = X2_1 ® (x1 X x20) by a~y.

Case Vc. The element 9 acts on TNG,Mgnkg = X2 ® (x1 @ o) by 0.

Case Vd. In this case, t2 acts on TN, MonK, = v 12 @ (€ V1/2p> by

af.

7.3.6. Case VI. Case VIa. We have mn, monk, = X1 ® (X2 @ 0), and
hence t5 acts on it by 72.

Case VIb. In this case, 7 has no Kg-fixed vectors.
Case Vlc. The element t9 acts on Ty, Monk, = 1px @ plasp(z) by a.

Case VId. In this case, t2 acts on each component of Ty, vk, = 1px @
pPlasp(z) + xl_l ® (x2 X x10) by ay and o? respectively.



550

In Table 7.5, we list the eigenvalues for to on (WNQ)MQQKQ, where 7 is a
representation in groups I-V. For representations in group VI, we list the
multiplicity of the eigenvalues for ¢ on (WNQ)MQOKQ in Table 7.6.

Ko [ dim X

=
B8
3

representation | o o8

oy oy
I O O O O
O O

IIa -

IIb O
Ta - - 0O -

IIIb O O - O
IVa - - - -
IVb - - O -
Ve - O - O
Ivd O - - -
Va - - - 0O
Vb - O - -
Ve - - 0O
vd O - - -
TABLE 7.5

o =N R OW RN N
—_ 0 OOk OO OO O

Ko Tdimn

1 0

dim 7

Q

representation
Via
VIb
Vic
VId

—_ oo o O
Q
r—l»—lOOQ

= o O

,yz
1
0 0
0 1
0 2
TABLE 7.6

8. A relation to global objects

In this section, we will be concerned with global objects and give an
answer why we consider the actions of the positive elements in local settings.
Basic references of this section are [15] and [9] (see also Section 5 of II in
15]).

Let G be a non-compact connected semisimple algebraic group over Q
and K the maximal compact subgroup of G(R). Let K¢ be the complexi-
fication of K. Put D = G(R)/K. Let A : K¢ — Aut(E)) be an algebraic
representation on a complex vector space F). Then we obtain a homoge-
neous vector bundle Ey = G(R) xg 5, Ex = IndIG((R)MK on D. Since D is
simply connected, there is a (smooth) trivialization

EA;DXE)\.
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With respect to this trivialization, the action of v € G(R) on D x E) is
given by

V(z,v) = (v, Ja(7, 2)v)
for some smooth mapping Jy : G x D — Aut(E)) which is so called
an automorphic factor. The action of G(R) induces the cocycle condition
In(v172, 2) = In(71,722) In (72, 2) for all y1,v2 € G(R).

For a holomorphic F)-valued function f on D, the action of g € G(R) is

defined by

(97 )(=2) = I3 g, 2) f(g2).
For a discrete subgroup I' of G(Q) and a finite character x : I' — C*, we
say that a holomorphic function f : D — FE) is an automorphic form of
weight A and level " with the character x if it satisfies vf = x()f for any
~v € I'. We denote by M, (T, x) the space of automorphic forms of weight A
and level I' with the character x.

Next we construct adelic forms from classical automorphic forms. Let G
be a connected reductive group over Q and Zg the center of G. Then its
derived group G4 is a semisimple connected algebraic group. Consider the
following exact sequence

1 —G¥ -a L T:=G/G%" —1

where T is a torus (cf. p.303 of [15]) . If G = G Lo (respectively GSpay,),
then T = G, and v is the determinant map (respectively the similitude
character). Let G(R)™ be the connected component of the identity ele-
ment in G(R) with respect to the real topology. For simplicity, in what
follows we assume that G(R)* = Zg(R)*G*"(R)* (for example, G =
GSpan, GL2,U(p,q), p,q > 0 satisfy this condition).

Let A be the adele ring of Q and A; the finite adele of Q. Let K be

A

a compact open subgroup of G(Ay). Assume that v(K) D T(Z). Then it
follows from the strong approximation theorem for G4¢* that

(8.1) G(A) = GQGR)TK = G(Q) Za(R) TG (R) K.

Set Koo = Z (R)J“K(%), where K&l)) is the maximal compact subgroup of
G, Then D := GR)Y /Ky = Gder(R)/Kéé) is the bounded symmetric
domain endowed with an involution ¢. Let I € D be the fixed point of ¢.
From the description of D as above, Z(R)" acts on I trivially. Put T =
G (Q)NK. For an automorphic form f € My (T, x), we define the function
F; : G(A) — E) as follows. By (8.1), it is possible to write a given
g € G(A) as g = a2oogook With a € G(Q), 200 € Zg(R)' | goo € GIT(R)F,
and k € K. Then we put

Fr(g) = J5 M(goor 1) f(g00]).
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We can check that F is an automorphic form on G(A) in the sense of
[4]. Let 7¢ be the maximal irreducible subquotient of the representation of
G(A) generated by FF.

We now consider Hecke operators and then compare them with those in
local settings. For o € G(Q)* = G(Q) N G(R) ™, consider the double coset

T() :=Tal = JTa.

We write a; = a; i1, where a; 9 € Z(R)* and a;; € GI(R)*. Then we
define the action of T'(«) on f by

T(a)f(2) = n(a)r ) (ai1f)(2)

)

where n(a)y € Q* is a normalized factor depending on A (and also on
G). Assume that G is unramified at a rational p and the p-component
K, of K is a compact open subgroup of G(Z,) which contains an Iwahori

subgroup. There exists a compact open subgroup K? of G(A;p )) such that
K = K? x K,. Note that I, is an Iwahori fixed vector of 7y ,. For a €
G(Q)NT(Qp)/T(Zy), thus we obtain

T()Fy(g) = T()F(goo) = T(a)J3 " (g0 I)F (gooT)
= n(@)x 22 I3 (goos 1)J5 (i1, o1 F(0i1gooT)

= n(a)x Z I (i1 oo, T F (@i 1G00T)
=n(a)y Z Fr(a1900)-

Note that
G(Q)Zc(R) i1 K = G(Q)Z6(R) " igoc K
= G(Q)(90Zc(R)" x a7 'K).
Hence we have

T(a)Fy(g) =n(a)r D> Fr(goo; ) =n(a)x D>, Fylgoch)
i heKa1K/K

= n(a)A/KFf(goohgf)dgf = n(a)A/K KFf(googf)dgf

a—1

= o) [ T icFy(geop)dag = no)Kpo™ Kyl
f

where dgy is the Haar measure on G(Af) normalized so that vol(K) = 1
and T(a Yk == [Kpya 1K, ® 1ko.
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We can naturally define the notion of positive or negative elements in the
global setting. In the global setting, we usually consider Hecke operators
represented by negative elements. By the arguments above, the computa-
tion of such global Hecke operators is reduced to that of Hecke operators
associated to positive elements in the local setting. In the next section, we
will give examples of p-stabilized forms in the global setting.

9. p-stabilized forms

9.1. GLa-case. In this subsection we will refer [19] as a basic reference.
Put G = GLs. In this case, we have G4* = SLy, K = SO(2)(R), K¢ =~
C* and the corresponding Hermitian symmetric space is the upper half-
plane H = {z € C | Im(z) > 0}. The automorphic factor is given by

J(v,2) = cz+d for v = < CCL Z ) € SLy(R) and for an integer k£ > 1 we

define the algebraic representation o, : K¢ — C*, z — z*. For an integer
N > 1, we define the congruence subgroup I'o(N) (respectively I'1(N)) to
2 ) € SLy(Z) such that
¢ =0 mod N (respectively a —1 = ¢ = 0 mod N). For an integer N > 1
and a Dirichlet character x : ['o(N) — C* so that x|p () = 1, we define
My(To(N), x) := My, (I'o(IN), x). For a prime p /N, we define the action of
Hecke operator T), = [I'o(N)diag(1, p)To(N)] on My(To(N), x) by

T,f(z) = p3~! 3 (p~2a) 7 f)(2)

a€lo(N)\F'o(N)diag(1,p)I'o(N)

be the group consisting of the elements g = ( CCL

o1 _ _1
= pi! > Jp ra,2) F f(paz).
a€T0(N)\To(N)diag(Lp)To(N)

Note that pféoz € SLy(R). If p[N, then we define the action of U, =
[To(pN)diag(1, p)Lo(pN)] on My (I'o(pN), x) by

Upf(z) = p2 " 3 ((p2a) 7 f)(2).

a€lo(pN)\I'o(pN)diag(1,p)'o(pN)

Let f € Mp(T'o(N),x) be a normalized cusp form which is an eigenform
for all T,,, p /N with the eigenvalue a,(f). Let oy, 3, be the Satake pa-
rameters at p so that a,(f) = o, + B, and a8, = x(p)p*~1. Let 75 be
the automorphic representation associated to f and 7, the local compo-
nent at p. Since 7y, is a principal series representation, there exist char-
acters x; : Qy — C*, i = 1,2 such that 7y, ~ m(x1,x2). We may

put Xl(p_l)p% =y, XQ(p_l)p% = f3,. We define p-stabilized forms as
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follows:

fap(2) := f(2) = Bpf (p2), [p,(2) := f(2) — apf(p2).

Then f,, and f5, belong to My (I'o(pN), x), and these are Hecke eigenforms
for Ty, ¢ fpN and Up-eigenforms with the eigenvalues oy, 3, respectively.

This can be checked via local computation as follows. By using the strong
approximation theorem, it is easy to see that Fy(,.)(g) = Fy(g - diag(1,p)).
Hence the local component of Fy, (respectively Ffﬁp) at p corresponds to
X1(p) f1 (respectively xa(p)f2) of Section 5. By the computation of Section
5 again, we have

Upfap(z) =p

[NIE

T3 x5 (D) fap (2) = Apfay (2)

and .
Unfs,(2) = 92 021 (9) 3, (2) = B, (2):

We say the above f is p-ordinary if ord,(a,(f)) = 0. If so is f, then we
may assume that ord,(ay,) = 0 and ord,(fp) > 0. The above computations
show us that f,, can be embedded into a Hida family if f is p-ordinary.
Note that fg, can be embedded into a Coleman family (cf. [7]).

9.2. GSpgy-case. Let v: G = GSpy —> G L1 be the similitude character.

Put Spy := Kerv. In this case, we have G = Spy, K = { < —AB i > c

Sp4(R)} ~ U(2)(R), K¢ ~ GL2(C) and the corresponding Hermitian sym-

metric space is the Siegel upper half-plane Hy = {Z € My(C)| 'Z =
Z, Im(Z) > 0}. For a pair of positive integers k& = (k1,k2) such that
ki1 > ka, we define the algebraic representation A; of GL2(C) by

Ax = Sym*~*2Sty @ det*?Sty

where Sto is the standard representation of dimension 2 over C. Then the
corresponding automorphic factor is defined by

Ji(7,Z2) = M(CZ + D)

for v = < é, ZB; > € Spy(R) and Z € Hs. For an integer N > 1, we define

a principal congruence subgroup I'(INV) to be the group consisting of the
elements g € Sp,(Z) such that g = 1 mod N. We also define the level of T" to
be the minimal N satisfying (i) gl'g~! contains I'(V) for some g € GSp,(Q)
and (ii) all divisors of the denominator or the numerator of the entries of g
divide N. If T is of level N, then the closure I' in Sp,(Af) satisfies that the
p-component of T is Spy(Z,) for all p /N. For a parabolic subgroup P, let
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Ip = T'p(p) be the group consisting of the elements g € Sp,(Z) such that
(9 mod p) € P(FF,). For a discrete subgroup I of level N, put I'y, :=I'NIp.

For a discrete subgroup I' of level N and a Dirichlet character y : I' —
C*, we define My (T, x) := My, (I', x). A function of this space is called a
Siegel modular form of weight k and level I" with a character y. If k =
k1 = ko, put My(T,x) := M) (I', x) for short. For a prime p /N and
th = diag(1,1,p,p), th = diag(1, p, p, p*), we define the action of two Hecke
operators Tp,; = [I't{T], i =1,2 on M}, := U My(T, x) by

(T'x)
i(Hthz 3 =1 1
Luf(2):= p5070 3 () 2e) ()
a€l\I'T
‘(m_?’) n—1 -1 n—1
= pZ 2 Z JE(V(tZ) QOZ,Z) f(l/(tz) 206Z).

a€l\I't,T"

Then T, ;f € My, but in general, these operators do not preserve M (I, x)

(see Lemma 3.1 of [17]). Note that y(t;)_%a € Spy(R). If pfN, then we
define the action of sz;gbbal = [T, tiTr.], ¢ =1,2 on My(Tr,, x) by

oba. ) M_ _1 —
(91) U EPNf(2) = p T Y > ((t)2a) " )(2).

O‘EFI,P\FIpt{L'FIP

In what follows, we will discuss about a p-stabilized form of
Saito-Kurokawa lift. Let I'o(N) be the subgroup of Sp,(Z) consisting of
éj gz ) such that Cy = 02 mod N. Fix a finite char-
acter x : (Z/NZ)* — C*. Then we define (and denote it by x again) the
character on I'g(NV) associated to x by x(g) := x(det(Dy)) for g € T'o(N).
For a normalized elliptic newform f of weight 2k — 2 > 2 and level N with
the character x?, there exists a cusp form F = SK(f) in S;_1(T'o(N), x) by
[11] so that F' is an eigenform for all T}, ;, p /N with the eigenvalue a, ;(F)
and these eigenvalues are written as

ap1 (F) = x() (0" +p"2) + ay(f),

ap2(F) = ap(F)x(0) (0" % + p*72) + 22 ()™ = (0° + DX (p)p* "
where a,(f) is the eigenvalue of f for T}, in Section 9.1. Let 7 (respectively
IIr) be the automorphic representation associated to f (respectively F' =
SK(f)) and 7, (respectively Ilf,) the local component at p. Let x’ :
A* — C* be the character corresponding to x and denote by X;, its local
component at p. Since 77, is a principal series representation, there exist
characters x; : Qy — C*, i = 1,2 such that 7y, >~ m(x1,x2) with the
central character y1x2 = X;*Q. Hence we have x1x2(p) = Xf(p*l). Then

the elements g = <
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by [16], we have Iz, ~ x1Xx'1laL, X X1 1)(;7 2 which is the case IIb in Section

7.1.2. Then the eigenvalues of Ufz,

(p26,p°58), (P2, p*aBB), (p2 B, pB9), (p* B, p*Bax)

where o= x1(p "), 5= p2X'(p). 7= p_2X(p) and 6 = xa(p). We may

2k—3 2k—
put xi(p~)p T = ap(f), xa(p P T = By(f) where ay(f), By(f) are
eigenvalues of T, for f. From (9.1) and the observation in Section 7 (7.1-(iii)

and 7.1.2 Case IIb),
(9-2) (Bp — UL ( (p)p* ! — U P

i = 1,2 in the local setting are

is a p-stabilized form with the eigenvalues (a,, p* 20, X (p)) for Uf i’gbbal,
i = 1,2. We take the Fourier expansion

F = Z a(T)e2w¢?1tr(TZ)

TeSym?*(Z)>o0

where Sym?(Z)~¢ is the subset of M(Q) consisting of all symmetric ma-
trices which are positive and semi-integral. Then we have
lobal - B,global
(Bp — UL ( (p)pt ! — U F =

(9.3)

>° (PN 0Ba(T) = (P + Ba(pT) + a(p*T) )™ 1T,
>0

since we can choose a complete system of representatives for I'r p\I'r, 11,
to be the same as in the case Siegel parabolic and in that case we can
compute the action easily (cf. [2]).

Similarly, (8, — sz iglObal)(X’ (p)pF—1 — sz iglObal)F is also a p-stabilized

form with respect to P= Q with the eigenvalues ay, for U, j Pglobal (see 7.2-
(iii) and 7.2.2 Case IIb). As explained above, we have the same expansion.
Therefore we have

lobal — lob
(B — UZEPN ( (p)ph = — U5 P
=(Bp — Pgloml)(X’(p)p'“‘1 — U E P

for ¢}. If k > 2, F has p-integral (algebraic) coefficients, then so does

(Bp— 5 globaly (v 1(pypk—=1_— U}f (globaly B We further assume that ord, (o) =

0 (this implies ord,(8,) > 0). Then by using the relation of Hecke oper-
ators (cf. p.228, Example 4.2.10 of [1]), we see that ord,(a(p?Tp)) = 0 if
ord,(a(Tp)) = 0 for some Ty € Sym?(Z)~o. Hence under this assumption

(the existence of such Tp), (8p — ’gIObal)(X’(p)pkfl - U]f iglObal)F is not

only preserving p-integrality, but also non-vanishing modulo p.
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