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Lower bounds on the class number of algebraic
function fields defined over any finite field

par STEPHANE BALLET et ROBERT ROLLAND

RESUME. Nous donnons des bornes inférieures sur le nombre
de diviseurs effectifs de degré < g — 1 par rapport au nombre
de places d’un certain degré d’un corps de fonctions algébriques
de genre g défini sur un corps fini. Nous déduisons des bornes
inférieures du nombre de classes qui améliorent les bornes de
Lachaud-Martin-Deschamps et des bornes inférieures asympto-
tiques atteignant celles de Tsfasman-Vladut. Nous donnons des
exemples de tours de corps de fonctions algébriques ayant un grand
nombre de classes.

ABSTRACT. We give lower bounds on the number of effective di-
visors of degree < g — 1 with respect to the number of places of
certain degrees of an algebraic function field of genus g defined
over a finite field. We deduce lower bounds for the class num-
ber which improve the Lachaud - Martin-Deschamps bounds and
asymptotically reaches the Tsfasman-Vladut bounds. We give ex-
amples of towers of algebraic function fields having a large class
number.

1. Introduction

1.1. General context. We recall that the class number h(F/F;) of an
algebraic function field F'/F, defined over a finite field F, is the cardinality
of the Picard group of F'/F,. This numerical invariant corresponds to the
number of Fy-rational points of the Jacobian of any curve X (F,) having
F/F, as algebraic function field. Estimating the class number of an algebraic
function field is a classic problem. By the standard estimates deduced from
the results of Weil [16] [17], we know that

(Va—1)* < h(F/Fy) < (Vg +1)%,
where g is the genus of F'/F,. Moreover, these estimates hold for any Abelian
variety. Finding good estimates for the class number h(F/F,) is a difficult
problem. For g = 1, namely for elliptic curves, the class number F, is the

Manuscrit recu le 29 juin 2011.
Mots clefs. Finite field, function field, class number.
Classification math. 14HO05, 12E20.
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number of Fy-rational points of the curve and this case has been extensively
studied. So, from now on we assume that g > 2. In [8], Lachaud - Martin-
Deschamps obtain the following result:

Theorem 1.1. Let X be a smooth absolutly irreducible projective algebraic
curve of genus g defined over Fq; Let Jx be the Jacobian of X and h =
| Jx(Fy) |. Then:

(1)
o (g—1)2
L S ey
(2)
e 1 X(Fy) [ +g -1,
he (a1 L

(3) if g > @ and if X has at least a rational point over Fy , then

L
qg+9+99

This result was improved in certain cases by the following result of Perret
in [10]:

h>(¢°—1)

Theorem 1.2. Let Jx the Jacobian variety of the projective smooth irre-
ducible curve X of genus g defined over Fy. Then

#X(Fq)—(a+D) o5

#Ix(F,) > (\{gi) o (g —1)9

with 6 =1 if %\;{](qm ¢ Z and 6 = 0 otherwise.

Moreover, Tsfasman [12] and Tsfasman-Vladut [13] [14] obtain asymp-
totics for the Jacobian; these best known results can also be found in [15].
We recall the following three important theorems contained in this book.
The first one concerns the so-called asymptotically good families.

Theorem 1.3. Let {X;}; be a family of curves over Fy (called asymptoti-
cally good) of growing genus such that

N(X;)
im
i——400 g(XZ)

=A>0,

where N (X;) denotes the number of rational points of X; over F,. Then

lim inf quh(Xi)

q
> .
g0 g(X;) _1+Alogq( )

qg—1



Lower bounds on the class number 507

The second important result, established by Tsfasman in [12, Corol-
lary 2|, relates to particular families of curves, which are called asymp-
totically exact, namely the families of (smooth, projective, absolutly irre-
ducible) curves X' /F, = {X;}; defined over F, such that ¢g(X;) — +oo and
for any m € N the limit

O = Bn(X/Fa) = Iin =050

exists, where B,,(X;) denotes the number of points of degree m of X;
over F, (in term of the dual language of algebraic function field theory, it
corresponds to the number of places of degree m of the algebraic function
field F(X;)/F, of the curve X;/F,).

Theorem 1.4. For an asymptotically exact family of curves X /Fy = {X;};
defined over Fy, the limit

. 1
H(X/Fq) = 1_1}+moo m log, h(X;)
exists and equals

m

H(X/Fg) =1+ ) fBn.log,

m=1

The third theorem (cf. [12, Theorem 5], [13, Theorem 3.1]) is a general
result concerning the family of all curves defined over F,.

q
gm -1

Theorem 1.5. Let {X;}; be the family of all curves over F, (one curve
from each isomorphism class). Then, we have

log, h(X; log, h(X;
1§Iiminfogqi() glimsupL() < 1+(\/§_1)10gq< q 1>_
q_

g+ g(X;) g+oo  9(Xi)

Then, Lebacque [9, Theorem 7| obtains an explicit version of the General-
ized Brauer-Siegel theorem valid in the case of smooth absolutly irreducible
abelian varieties defined over a finite field and for the number fields under
GRH. Specialized to the case of smooth absolutly irreducible curves defined
over a finite field, this theorem leads to the following result:

Theorem 1.6. For any smooth absolutly irreducible curve X of genus g
defined over the finite field F,., one has, as N — oco:

—N/2
N
where ®pm = #{p €| X || deg(p) = m}, | X | denotes the set of closed

points of X and Rx denotes the residue at s = 1 of the zeta function Cx of
X. Moreover, the O constants are effective and do not depend on X.

T.m

N

1
S om log( — ) =log N + v +log(Rx log7) + O(+) + gO(
m=1 rm =1 N

r
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Passing to the limit in the previous result gives the asymptotics of
Tsfasman-Vladut [13] [14]. Note also that as the constants are effective,
this result could lead to effective non-asymptotic lower bounds of the class
number h.

1.2. New results.

1.2.1. Quick overview. In this paper, we prove and we extend the results
announced in [2]. First, we obtain in Theorem 3.1 and Corollary 3.2 bounds
for the class number valid for all g > 2, namely mainly:

Theorem 1.7. Let F//F, be an algebraic function field defined over Fy of
genus g > 2 and h the class number of F/F,. Suppose that the numbers By
and B, of places of degree respectively 1 and r are strictly positive. Then:

12 e B, —1
(4-1) )qgl(r(tq NEEEY
q

T (g+1D(g+1 2D (gr — 1) q
where
0 if % <r<g-—2;
fr=¢1 if rS%andBr<q’“;
min (L?Z{J +1, L(g;2)J - 1) if r< 9—;2 and B, > q";

Note that the estimate of Theorem 1.7 is completely effective in contrast
to that of Theorem 1.6 for which the computation of the O constants is far
from straightforward. Next, we obtain as direct consequence of Theorems
4.9 and 4.10 the following asymptotical result announced in [2]:

Theorem 1.8. Let F/F; = (F,/Fy)i be a sequence of algebraic functions
fields defined over a finite field Fq and G/Fy = (Gi/Fq)i be the sequence
of functions fields over Fqr obtained from F/F, by constant field exten-
sion. Set gi the genus of Fy, h(Fy/F,) the class number of Fy/F, and
B;(Fy/F,) the number of places of degree i of Fy/F,. Suppose for any in-
teger k, B1(Fy/Fq) > 1.

Let o > 0 be a real number. Suppose there exists an integer r > 1 such
that one of two following conditions is satisfied:

(1) liminfy oo 2L — ) (F/Fy) > .

(2) Lliminfy o0 3y, BUEEED = 1) (G/Fy) > a.
Then

() o)

where C' > 0 is a constant with respect to k.
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This asymptotical lower bound of the class number of a sequence of alge-
braic functions fields could be possibly obtained without the assumption of
a "asymptotically exact sequence" from the sophisticated proof of Theorem
1.4 of Tsfasman [12, Corollary 2| by using the lower limit instead of the as-
sumption "asymptotically exact". We give here a completely different proof
based upon elementary combinatorial considerations. Moreover, we extend
strictly positive lower limit, where B, (k) is the number of places of degree
r of Fy; in particular this shows that the lower bound 1 of Theorem 1.5 can

be widely improved if there is at least a place of degree 1 in each Fj and
BT(k)
> 0.

Theorem 1.3 by using points of degree r and assuming only that has a

an integer r > 1 such that liminf;_,

1.2.2. Details and methods. We remark that Theorems 1.1 and 1.2 in
the non-asymptotic case and Theorem 1.3 in the asymptotic case involve
rational points of the curve. But in many cases the number of rational
points is low while the number of places of a certain degree r is large. Then
it may be interesting to give formulas that are based on the number of
points of degree r > 1. This is the main idea of the article, even if the
formula applied with » = 1 gives in many cases better lower bounds for the
class number than Theorems 1.1 and 1.2.

In this paper we give lower bounds on the class number of an algebraic
function field of one variable over the finite field F, in the two following
situations:

- in the non-asymptotic case, namely when the function field is fixed; in
this context, we extend the formulas of Theorem 1.1 which is given under
very weak assumptions, to obtain more precise bounds taking into account
the number of points of a given degree r > 1, possibly of degree one.

- in the asymptotic case, where we consider a sequence of function fields
Fy, of genus g, growing to infinity.

Let A, = A,(F/F,;) be the number of effective divisors of degree n
of an algebraic function field F//F, defined over F, of genus g > 2 and
h = h(F/F,) the class number of F//F,. Let B,, = B,,(F/F,) the number of
places of degree n of F/F,,.

Let us set

S(F/Fq) ZA +Zq91nA and  R(F/F,) ZH—mIQ’

where (7;,7;)1<i<q are the reciprocal roots of the numerator of the zeta-
function Z(F'/F,, T') of F'//F,. By aresult due to G. Lachaud and M. Martin-
Deschamps [8], we know that

(1.1) S(F/F,) = hR(F/F,).
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Therefore, to find good lower bounds on A, just find a good lower bound
on S(F/F,) and a good upper bound on R(F/F,).
It is known by [8] that the quantity R(F/F,) is bounded by the following
upper bound:
g
(1.2) R(F/F,) < ——,
Y (Va-1)?

or with this best inequality:

1
(1.3) R(F/Fq) < G172 ((g+1)(g+1) = Bi(F/Fy)).
Moreover, the inequality (1.3) is obtained as follows:
J 1 J 1
FI) =2 i)t ~ & T+ (m )

Multiplying the denominators by the corresponding conjugated quantities,

we get:
g

1
R(F/Fg) < ——= > (1+q+m+m).
(q - ]') i=1
This last inequality associated to the following formula deduced from the
Weil’s formulas:

Z(m +7) =1+q— Bi(F/F,)

=
gives the inequality (1.3). This inequality cannot be improved in the general
case.

Hence, in this paper, we propose to study some lower bounds on S(F/Fy).
In this aim, we determine some lower bounds on the number of effective
divisors of degree n < g—1 obtained from the number of effective divisors of
degree n < g — 1 containing in their support a maximum number of places
of a fixed degree r > 1. We deduce lower bounds on the class number. It is a
successful strategy that allows us to improve the known lower bounds on h
in the general case (except if there is no place of degree one). It also allows
us to obtain the best known asymptotics for A when we specialize our study

to some families of curves having asymptotically a large number of places

of degree r for some value of r, namely when liminf,_, | B%(g) > 0.

1.3. Organization of the paper. In Section 2 we study the number of
effective divisors of an algebraic function field over the finite field F,. As
we saw in the introduction, this is the main point to estimate the class
number. By combinatorial considerations, we give a lower bound on the
number of these divisors. Then we estimate the two terms ¥; = Zf;%) Ay,
and X9 = ZZ;%) q917" 4,, of the number S(F/F,) introduced in Paragraph
1.2. Then, in Sections 3 and 4, we deduce lower bounds on the class number
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and asymptotical class number, respectively. The final section 5 presents
several examples where we obtain asymptotical lower bounds on the class
number.

2. Lower bounds on the number of effective divisors

In this section, we obtain a lower bound on the number of effective divi-
sors of degree < g — 1. We derive a lower bounds on S(F/F,).

Let B,(F/F;) be the number of places of degree r. In the first time,
we determine lower bounds on the number of effective divisors of degree
<g-1

By definition, we have S(F/F,) = Z%;% An + Zi;% @9 17" A,. We will
denote by X1 the first sum of the right member and X5 the second one:

g—1 g—2

(2.1) ¥ = Z A, and X5 = Z @A,
n=0 n=0

Let us fix a degree n and set

n
U, = {b— (bi,--+ ,bp) | b; >0 et Zibi—n}.
i=1
Note first that if B; > 1 and b; > 0, the number of solutions of the equation
n1 4+ ng + - -+ + np, = b; with integers > 0 is:

(2.2) ( Bi +blzi -1 )

Then the number of effective divisors of degree n is given by the following
result, already mentioned in [13]:

Proposition 2.1. The number of effective divisors of degree n of an alge-
braic function field F'/F, is:

=[P

beU, Li=1

Proof. 1t is sufficient to consider that in the formula, b; is the sum of coef-
ficients that are applied to the places of degree ¢. So, the sum of the terms
1b; is the degree n of the divisor. The number of ways to get a divisor of
degree ib; with some places of degre i is given by the binomial coefficient
(2.2). For a given b , the product of the second member is the number of
effective divisors for which the weight corresponding to the places of degree
¢ is ib;. Then it remains to compute the sum over all possible b to get the
number of effective divisors. 0
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From Proposition 2.1 we obtain in the next proposition a lower bound
on the number of effective divisors of degree n < g — 1. This lower bound
is constructed using only places of degree 1 and r (possibly 1) as follows:
the weight associated to places of degree r is maximum, namely | |. The
weight associated to places of degree 1 is n mod 7.

Proposition 2.2. Let r and n be two integers > 0. Suppose that B and
B, are different from zero. Then

(2.3) A, > ( br Jﬁ’fnl) ! ) < o Efﬁni ' )

where m,(n) and s,.(n) are respectively the quotient and the remainder of

the Euclidian division of n by r.

Proof. Let a = (a;)1<i<n be the following element of Uy,:
a=(sy(n),0,---0,my(n),0,---,0).

Then by Proposition (2.1), we have:

Br_l Bl—l
O
In particular, if » = 1 we obtain: A,, > By+n—1\_ (Bi+n-1 .
n By -1

2.1. Lower bound on the sum ;. By using the same lower bound for
each term A, as in Proposition 2.2, then by associating the r indexes n
with the same m,(n), we obtain:

mr(g—1)—1 /r—1 .
Bi+i1—-1 Br+m-—1
24 Bz 2 (Z< By -1 ))( 5o )

m=0 =0
r(g—1 .
n B, +my.(g—1)—1 s(i:) B +i—1
B,—1 — B -1
1=

which gives the following lemma:s:
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Lemma 2.3. Suppose By > 0 and B, > 0, then we have the following
lower bound on the sum ¥ = ngl;%) Ap:

(25) T > Ki(r—1,By) ( R )

4K (solg =, m) (PRS0

where .
Ki(i, B) = ( Bg’ )

Proof. 1t is sufficient to apply three times to the second member of the
inequality (2.4) the following combinational formula: for all the integers k

and [,
zl: k+i\ _ [ k+1+1
, k - k+1 )
7=0

We obtain

g—1
R DL A [ G
n=0 "
. B, +m,(g—1)—1 By +s.(g—1)
B, -1 By ’
U

Remark 2.4. Note that for any By > 1 we have K1(r—1,B1) > By+r—1,
the value r being reached for B = 1.

Remark 2.5. If r =1 then
my(n) =n, s,(n) =0, Ki(r —1,B1) =1, Ky (sy(¢9 —1),B1) = 1.
We conclude in this case that:
g—1
o Bi4+g—-1\ (Bi+g—-1Y\ _ _
&—%Anz( B )_( g1 =Ki(g—1,B)).
2.2. Lower bound on the sum Y,. Now let us study the second sum:

— -2
By = ¢7 1 0, 2r. We have:

r—1 . mr(g—2)—1
_ 1 (B +i—1 L (Br+m—1
(S = L "

sr(9—2) .
sr(g—2)+1 B, +my(g—2)—1 l Bi+i-1
+4q ( B, —1 Z .
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In order to give a lower bound on Yo, we need to study more precisely the
following quantity @, which occurs in the previous inequality (2.6):

1 B, +m—1
(qr)m Br -1 ’
Remark 2.6. For ¢ = 2 and g = 3, we have respectively @, = 0 and
Q=1

The value @, depends on the parameters ¢, g, r and B,. We give several
lower bounds whose accuracy depends on the ranges in which the parame-
ters vary. These lower bounds are specified in the following three lemmas.
Then we can suppose in the study of @, that g > 3.

my(g—2)—1

Qr=

m=0

Lemma 2.7. Let q and r be two integers > 0 and let g > 3 be an integer.
Suppose that By > 1 and B, > 1. Let @, be the sum defined by:

my(g—2)—1

Q=Y

1 < B, +m-—1 )
m=0 (qr)m BT_l

where m,(n) denotes the quotient of the Fuclidian division of n by r. Let
us set

0 if S2<r<g-2%
fr=9q1 if Tﬁ%andBr<qr;
min (LE;TT:{J F1,m(g—2) — 1) if <952 and B, > q";
then
¢ 92 1 (B, — 1)
> .
A e ey S
Proof. Let us write
my(g—2)—1 1
Q'I‘ = Z + Ar,
= ()"
where
mr(g—2)—1
1 _
a2 (TR )
m=0 (qT)m Br -1
Then
rmy(g—2) _ 1
Qr = d + A,

qr(mr(g—2)—1) (qr _ 1)

First, if % < r < g—2then m,(g—2) =1, hence A, = 0. Let us suppose
now that r < %, then m, (g —2) > 2. Hence, the sum A, has at least two
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terms, namely 0 (for m = 0) and q%(Br —1) (for m = 1). Let us set for any

n > 0:
B 1 B,+n-—1
un_qrn B, —1 ’

un—l—l_iBr‘f‘n
Unp g n+1"
|+ 1. Then if 0 < n < ng, we have up11 > up

and compute:

Let us set ng = LB” ¢

and then u,41 — qr(iH) > Uy — qm If B, < ¢", then ng < 1. Let us give

in this case a lower bound on the sum A, by considering only the sum
of the two first terms i.e (B, —1)/¢". If B, > ¢", then ng > 1. If we set
fr = min (ng,my(g — 2) — 1), the sequence u, — q%n is increasing from the
term of index 1 (which is equal to (B, — 1)/¢") until the term of index f;.
Hence

B -1

Az

Jr.
O

Remark 2.8. Note that when the genus ¢ is growing to infinity and when
B, > ¢", then f, = {Br 7 J + 1 for g sufficiently large, by the Drinfeld-
Vladut bound.

Lemma 2.9. Let q and r be two integers > 0 and let g > 3 be an integer.
Suppose that By > 1 and B, > 1. Let Q, be the sum defined by:

my(g—2)—1
B 1 < B.+m—1 )
Qr Z (q")™ B, —1 ’

m=0

where m,(n) denotes the quotient of the Euclidian division of n by r. We
have the following lower bound

1 ifr> %52
q" Br—1 :
Q=4 (7) i B, < mi(g—2)
mr(g—Q)—l 3
B, . 9
(1 + i) if By >my(g—2) andr < %2

Proof. Let N and k be two integers such that N > k > 0. Let us study the
following sum:

N-k

(2.7) QN k,z) = 3 ( kzz )x

i=0
By derivating k times the classical equality

Zx 1—=x

T 1-z

N+1

I
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the following formula holds:

28)  QW.kw) =g _i)kﬂ _ xivik; Zij)( o > (1:5)

Let us set j = N + 1 — k 44 in the previous formula, then

j=N+1-k
Then
e P ()
+(1—:E)N_kj::< N;-l ) <1fx>j,
QN k) = g~ (-0 (10 )

Nk N
(29 QIN,ka)=(1—az)N O<NJT1>< >

Let us remark that @, = Q (m,(¢9—2)+ B, —2,B, —1,1/¢"). From
Formula (2.9) we obtain

0, — <q’“q: 1>mr<g—2)—1 (mr(g)‘l ( my (g — 2;+ B, —1 ) (qr 17 1)]-) |

Jj=0

If B, <m,(g — 2) then m,(g —2) > 3 (m,(g — 2) + B;). Let us set

1

s = {2(m7«(g—2)+BT—1)J.

Let us remark that
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> (mr(g—Q)—l—Br—l)( 1 )J‘
=0 J qg—1
mr(g_2)+Br—1

G TR )

j=s+1

q"—1
But
Z( my(g—2)+ B, — 1 > ( 1 )j
=0 J qg-—1
> mr(g_%+3r_1( melo =2+ B ) (LY
B s+1 J q"—1 .
Then
i( my(g—2)+ B, —1 ) < 1 >3
=0 J q -1
- qr -1 ( q'r )mr(g2)+BT1
T \¢ -1 '
Therefore

Q . (qr _ 1)mr(g2)1 ¢ —1 < q" >mr(g2)+Brl
T = T r r
q q"—1

q

r By—1
> (755)
= qr—l

If B, > m,(g — 2), then

(mT(g_2}+BT_1 ) :jﬁlmr(g—2)+Br—1—z‘
<mr(g—.2)—1> b mr(g—2)—1—1
J

> (ngr(—QQ_) ;—)BiTl_ 1)J
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D) () (et )]
> <1 + (q:ni(il)(—ij(—;f?g)—_ll))mr(g—2)—1 |

Therefore

<Qr _ 1>m7.(g—2)—1 <1 . ( me(g—2)+ By — 1 >mr(g_2)_1

qr q" —1)(mr(g—2)—1)
BT )mr(gQ)l

v
™

Q>

g

Lemma 2.10. Let q¢ and r be two integers > 0 and let g > 3 be an integer.
Suppose that By > 1 and B, > 1. Let Q, be the sum defined by:

1 <Br+m—1>
(g")m B, -1 ’

where my(n) denotes the quotient of the Fuclidian division of n by r. If
B, +1< (my(g—2)—1)(¢" — 1) we get the following lower bound

r B, my(g—2)
q BT+mr(g—2)—1>(1>
> — — .
O = (qr—l) BT( B q"

T

my(g—2)—1

Qr=

m=0

Proof. The term ( .

By
qT—l) is the value of the infinite sum

i 1 (Br+m1>
m:O(qT)m B, —1 .

As proved later in Lemma 4.2 the term

B, ( B, +my(g—2)—1 ) (1 )mT(g—z)

B, P

is an upper bound of the remainder. O
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3. Lower bounds on the class number

In this section, using the lower bounds obtained in the previous section,
we derive lower bounds on the class number h = h(F/F,) of an algebraic
function field F'/F,. Let B, = B, (F/F;) be the number of places of degree r.

Theorem 3.1. Let F/F, be an algebraic function field defined over Fy of
genus g > 2 and h the class number of F/F,. Suppose that the numbers By
and B, of places of degree respectively 1 and r are such that By > 1 and
B, > 1. Let us denote by K1(i, B) and Ky(q,j, B) the following numbers:

. ([ B+i o &1/ Bri-1
Kl(lvB)_< B ) and KQ(Qa]aB)_Z(:)qZ’< B—-1 )
Then, the following inequality holds:
—1)2 _
h 2 (q 1) K2(Q7T 1uBl)qgleT
(g+D(g+1) - B
q(q —1)’K2 (q,5-(g — 2), B1) < By +my(g—2)—1 )
(9+D(g+1)— B B, -1
—1)?K;(r—1,B —1)—
(31) + (q ) 1(7" ) 1) ( B’r “!‘mréq 1) 1 >
(9+1)(@+1) - B .
(¢ —1)°Ky (sp(9 — 1), B1) ( By +m,(g—1)—1 )
(g+1)(g+1) =B B, -1
where Q, can be bounded by any of the three lemmas 2.7, 2.9 and 2.10.

Proof. The result is a direct consequence of the equality (1.1) which gives an
expression of h, the upper bound (1.3), the lower bound (2.5) and Lemmas
2.7, 2.9 and 2.10. Remark that for ¢ = 2 and g = 3, we have respectively
Q, =0and Q, =1 (cf. Remark 2.6). O

Let us give some simplified formulas which are slightly less accurate but
more readable. Note that these simplified formulas are not interesting for
g = 2, hence we have:

Corollary 3.2. Let F'/F, be an algebraic function field defined over F, of
genus g > 3 and h the class number of F/F,. Suppose that the numbers By
and B, of places of degree respectively 1 and r are such that By > 1 and
B, > 1. Then the following four results hold:

(1) Let us set

[\

0 if SE<r<g-2
fr=¢1 if rgg%ZandBT<qT;
min (LE;rT:qlTJ +1,m.(g—2)— 1) if r< % and B, > q";
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then
h > ﬁ g—1 qur(g—Q) -1 n (B — 1)f .
T (g+1D)(g+1) g (mr(9=2)=1(g" — 1) g )

(2) if Br <m,(g—2) then
(@—1> o d
> e (71)
(3) if B, >m,(g—2) andr < % then
(q_ 1)2 g—1
SRRk ( g2 1)
(4) #f By +1< (molg—2) — )(q" — 1) then

(-1 41 r\Br B, +m,(g—2)—1 1\ mr(9-2)
h2 e [(wg—l) Br ( B, () ‘

Y

Br >mr(92)1

Remark 3.3. If we set L = qg_lm which corresponds, to the

first lower bound on h given in [8, Theorem 2] and if we denote by L the
bound (3.1), then

Ly = Ks(q,r = 1,B1) QrLa
q(q —1)°Ka (q,5-(9 — 2), B1) ( B, +my(g—2)—1 )
(g+1D(g+1) =B B, -1
(q—1)°Ki(r —1,By) ( B, +my(g—1)—1 )
(g+1)(g+1) B B,
(¢ —1)*Ki(sr(9 — 1), B1) ( B, +m,(g—1) -1 )
(g+1(g+1) - B Br—1 ’
which gives in the case r = 1 and if we choose the lower bound on @, given

by Lemma 2.7:

/ qg_Q —1 (B1—1)f1
! <q9‘3(q - 1) q
g(q —1)? (Bl+g—3)
(g+1D(@+1)—B \ Bi—1
(q—1)° (Bl+g—1>
(g+1)(g+1)— B By '
Remark 3.4. Let us remark that in [8, Theorem 2] Lachaud - Martin-

Deschamps study the worst case (see also Theorem 1.1). In the worst case
r =1, By =1 and g > 2 (third bound given in [8, Theorem 2]) we obtain
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the same lower bound. More precisely, if we denote by Lg the third bound
in [8, Theorem 2]), namely

qg—1
q+g+ag’

then our bound L] obtained using the lower bound of @, given by Lemma
2.7 satisfies the following inequality:

(q—1)%¢' B1—1
q+9+g9q q

Ly = (¢’ - 1)

Ly > L3+ fi.

4. Asymptotical bounds with respect to the genus g

We now give asymptotical bounds on the class number of certain se-
quences of algebraic function fields defined over a finite field when ¢ tends
to infinity and when there exists an integer r such that:

lim inf 7BT (F /Fq)

> 0.
k—+o00 g(Fk)

We consider a sequence of function fields Fj,/F, defined over the finite
field F,. Let us denote by gj the genus of Fj, and by B, (k) the number of
places of degree r of Fj. We suppose that the sequence g; is growing to
infinity and that for a certain r the following holds:

lim inf B (F) = py > 0.
k—+oco gk
We also assume that By (k) > 1 for any k.

Let us denote by m,(z) the Euclidean quotient of = by r. Let a and b be
two constant integers and let n be any given number such that 0 < n < 1.
Then there is an integer ky > 0 such that for any integer & > kg the
following inequalities hold:

(4.1) prge(1 =) < By(k) < 2 (g2 = 1) (1 +m).
(4.2) 1 —n) <milg—a)—b< 1 +y).

We study the asymptotic behaviour of the binomial coefficient

B,.(k) +my(gr —a) — b
B, (k) ’
and for this purpose we do the following;:

(1) we use the generalized binomial coefficients (defined for example
with the Gamma function);
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(2) we remark that if u and v are positive real numbers and if v’ > w and
v/ > v, then the following inequality between generalized binomial
coeflicients holds:

!/ /
( u —1—/1) ) > ( u+v ) :
u u
(3) we use the Stirling formula.

So, we obtain:

Lemma 4.1. For any real numbers e,n such that e > 0 and 0 < n < 1,

there exists an integer ki such that for any integer k > ki the following
holds:

43) (- g < (WO cq g g

VK B,.(k) VK
where
_ Ty + 1
=\ =)
and

VI3

Cy = -
2m(qz —1)(1+n)
are two positive constants depending upon n and where
1-n

<Hr . %)uw%

1
()

r %(q%—l)
qz
q2 = ( T ) \/a
qz —1

Proof. By the previous remark we know that:

(T—n) (pr+ 2 B.(k) +my(gr —a) — b
( " gk(ln_(:;)ﬂr ) ) = ( Br(% )

g2 (1 41)
= ( (g5 —1) (14 1) )

and

14+n
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Using the Stirling formula we get

NT""% 1—nm\ 9k
(gku—n)(wi)) oa [t -
gr(L = n)pr k=too \/Gk b (%)’
and
ro\ Ha?-1) i o

L3 (1 +1) S q /i
97’“((]%—1) (I1+mn) k=400 /Gk q%—l 1
0

Let us recall that for evaluating asymptotically the class number hy, we
need to evaluate asymptotically the sums ¥;(k) and Xo(k), respectively
defined by the formulas (2.5) and (2.6), with respect to the parameter k.

4.1. Asymptotical lower bound on X3 (k). First, let us consider the

sum
Ik A
s Z o ¢7 " Ko (g, — 1, Bi(k)) Qr(K),
where
Ks (g7 — 1, By( Z_jl ) Fi—l
2 \4, , B 7 k:) 1
i=0

and

my(gr—2)—1
_ r(k)+n—1
at= % (Tem)

n=0
For evaluating asymptotically the sum 9(k), we have to evaluate asymp-
totically Q, (k). Let us set

Me®) Br(k) +n— 1 n
TT<X7k): T;) ( Br(kﬁ)—l )X >

where M, (k) = m,(gr — 2) — 1, then

Q) =T, ().

q
Let us set .
son -5 ("7 )

n=0
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then

1
(1— X)Br(k)’
But S, (X, k) =T,(X, k) + R, (X, k), where

B.(k)+n—1 n
R (X, k) = X
n>%;(k) ( Br(k) -1 )

Sy (X, k) =

By the Taylor formula the following holds:

X (X — t)Mr(k)
(X k) = (M, (k)+1) .
Ro(X, k) /O AT (t, k)dt

We have to compute the successive derivatives of S, (X, k):

B, (k) M, (k)! ( By(k) + M, (k) >
(1 — X)Br (k)M (k)1 B, (k)

SPMH D (X k) =

Then

dt

R.(X,k) = B.(k) ( B, (k) + M, (k) )/OX ( (X — ¢)Mr(k)

B, (k) 1 — ¢)Br(B)+M: (k) +1
Lemma 4.2. There is an integer ko such that for k > ko the function
(& —
fr(t) = (1- (;)Br(k)'i‘MT(k)"Fl

is decreasing on [0, q%]

Proof.
fit) =
(qir _ t)MT(k)—l

1 VBT (~M (1= 1)+ (M) + Bolh) + 1) (ql -1)).

The derivative vanishes for ¢ = qir and for
M, (k 1 1
B, (k) +1 ) q
Let us choose a real number € such that 0 < € < 1. From (4.1) and (4.2)
there exists an integer ko such that for £ > ko the following holds:
M, (k) < 1—e
By(k)+1 = g5 -1

Hence
1-— T—1)1 1
po (1=9@-11 1
q§_1 qr C]T
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If € is choosen sufficiently small, then
(1= —1)

g2 — 1
and tg < 0. O

> 1,

We conclude that

() < (P ) (3

Lemma 4.3. Let q be a prime power and let v > 1 be an integer. Then if
q >4 orr > 2, the sequence of remainder terms R, (q%, k‘) is such that
1
By (%)

lim ——4 L
koo S, (L k)

Proof. By Lemma (4.1), for any real number € and 1 such that ¢ > 0 and
0<n<1, weget

1 02 1 Mr(k)+1
R, <k> < (14 OB, (k)2 g <)
" (14 €)Bi( )MQQ 7

1, 14+n

But

Then

r 1% -1) )
(4.4 (ﬂ ) et

A direct computation for the two particular cases ¢ = 2,7 = 2 and ¢ =
4,r = 1 shows that for these values we have

q% 1(q%-1)
@)

gz — 1

In all the other cases we derive from the inequality (4.4)
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q% 1(q%-1)
( B ) = \/a'

q> —1

r %(q 2-1)
Hence, if ( 2 ) < /q then for n sufficiently small, g2 < q and so

g%—1
1 Mr(k’)+l
lim B, (k)¢ () =0.

k—+o0 r

r B, (k)
(1) ()
q- q —1

which tends to the infinity.

Moreover,

r

+(q2-1)
Nowif(,ng) = q (ieif g =2and r = 2 or if ¢ = 4 and
r

r = 1) we have ¢ = ¢'*". But B,(k) > agy where a is a positive constant.
Then for 7 sufficiently small, we have

1<qz:q’7<( a ),
q q —1

gk 1
(%) eols-(x)):
q q

Now, we can establish the following proposition:

which implies

Proposition 4.4. Let q be a prime power q and let r > 1 be an integer.
Assume that
B, (k)

lim inf = = pr > 0.
k—+oo g

Then, the sum

(g2 B.(k)+n—1
at= X ()

n=0

q B, (k)
@r(k )k—>+oo (qT—1> ‘

Hence, there exists a constant C > 0 such that for any k

9r=2 4 r By (k)
Yo(k) = ¢%~ 1 Z ( q ) q*.
- T

noq q —1

satisfies
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Proof. If ¢ > 4 or r > 2, the result is given by Lemma 4.3. Let us consider
the particular cases of r = 1 and ¢ = 2 or ¢ = 3. In these cases, first assume
that the following limit exists:

Let us do the same study as in Lemma 4.1. Let a be a constant integer and
let n be any given number such that 0 < n < 1. Then there is an integer
ko > 0 such that for any integer k > kg the following inequalities hold:

(4.5) pagr(l —n) < Bi(k) < pige(1+mn).

We study the asymptotic behaviour of the binomial coefficient:

()

For any real numbers €, n such that e > 0 and 0 < 1 < 1, there exists an
integer k1 such that for any integer k > ki the following holds:

Cr g Bi(k) + gr —a Cy o,
@) -0 << R ><(1+6)mq2,

[ i+l
Oy = T
! 2w (1 —n)
pr+1
) — |
T\ 2mu(l+)

are two positive constants depending upon 7 and where

(i + 1
n=\ T

where

and

H
and
(4 1
o ()
Hence,
1
(4.7) lim M:o

k=too Si(g, k)
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Indeed, for any real number € and 7 such that ¢ > 0 and 0 < n < 1, we get

(M1+1)H1+1>9k(1+77) <1)gk

M1 .
Ky

Ry (5k) < 02q2<1+e><1+n>u1¢92< ;

and

1 g \F19e(i=n)
S (k) > <> .
1(q ) 1
Then

Ry §’k> 2
— 1 S Cq" (1 +€)(L+m)p/gr

S1(3.k)
(G tm (q— 1)“1(1_") (1> "
't q q

Let us study for 0 < p1 < V4 — 1 the function

(DY g1y
f(ul)_< s )( q) q

This function is increasing since the derivative
f' () 1 1
log(f(u1)) = =log|(l1+—)(1—=))>0
(log(f(112)) f() 11 q
with p1 < ,/q — 1. In particular, we have:

(1) for ¢ =2, f(u1) < 0.89;
(2) for ¢ =3, f(u1) < 0.81.

Then in each case, for n sufficiently small,

() )

and consequently we obtain the limit (4.7). Then as

. Bi(k)
1 = 0
k—l>r-ir-loo gk pa =0,

~
—

=

for any € > 0 there exists kg such that for each k > kg

Q1(k) > (1 —¢) (q:l)Bl(k)'

q —
Suppose now that we have the weaker assumption
Bi(k
lim inf L

=pu1 >0
k—+oco g H
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and suppose that there is a real number € > 0 such that for any kg, there
exists an integer k > kg such that

Qi(k) < (1—¢) ((L)Bl(k).

We can construct an infinite subsequence (Q1(k;)); of (Q1(k))gsuch that
the previous inequality holds for any 7. Next we can extract from k; a
subsequence k;; such that

Bi(k;.
lim 1(hi;)

, =pu=>p >0
J—+oo gk

Using the previous result we conclude that for j sufficiently large

Qi(ki) > (1—e¢) (q>B1(k) |

which gives a contradiction.
O

Corollary 4.5. Let q be a prime power q and let r > 1 be an integer.
Assume that

B, (k
lim inf (k) = pr > 0.
k—+oco gk

For any o such that 0 < a < pu, there exists a constant C' > 0 such that for

any k:
zg(k)>CK 1 > q]gk.
> 1

4.2. Asymptotical lower bound on ¥;(k). Let us consider now the
sum

gr—1

Si(k) =) A
n=0

Using the inequality (2.5), we will obtain for this sum a lower bound which
is negligible compared with the one obtained for (k). More precisely, the
best we can do with this inequality is given by the following proposition:

Proposition 4.6. For any n such that 0 < n < 1, there exists a constant
C > 0 such that for any k

at*
(k) > C=—
1(k) > N

where

(Mr n %)uw%

()

q1 =

S =
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Proof. From the inequality (2.5) we know that
Su(k) = K Ba(i) B0 T )y
K1 (g = . Ba(hy) (PO o= D),
This inequality can be written in the following way
2100 2 (Katr Ba(0) + s K (ol = 1) B (0) )

(PO mo 1),

As for k sufficiently large the following holds:
1— B, (k r 1
e (1) < o < i - (£22)).

L+n/) = me(ge — 1)
Then, the best we can obtain is
B, (k) +m, —1
s = (((FO e ),

where big Omega is the standard Landau notation.
Using Lemma 4.1 we obtain

a
El(k‘) e <m> ,

1-n

IN

where

(1r + %)’H%

(1)

Proposition 4.7. The value q1 introduced in the previous proposition is
such that

o ifq>4orr>2then q1 <gq;
o ifr =1 and q =2 or q =3 then for n sufficiently small

q’r /'1’1(1_77)
o= <q’" - 1> &

q1 =

O

Proof. The function

8
]
/~
= |
—
SI=
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is an increasing function. Then

namely,

We refer to the proof of Lemma 4.3 to see that when ¢ > 4 or r» > 2, the
right member of this last formula is < ¢'~7. Whenr =1 and ¢ =2 or ¢ = 3
the formula (4.8) obtained in the proof of Proposition 4.4 holds and gives
us the result. O

Conclusion 4.8. We conclude that in any case, the lower bound found on
Y5 is better than the lower bound found on ;.

4.3. Asymptotical lower bounds on the class number. In this sec-
tion, we obtain asymptotical lower bounds on the class number of certain
sequences of algebraic function fields as the consequence of the conclusion
of the previous section and of Proposition 4.4.

Theorem 4.9. Let F/F, = (Fy/Fy)i be a sequence of function fields over
a finite field Fy. Let us denote by gy the genus of Fj, by h(Fj/Fq) the
class number of Fy/Fy and by B;(Fy/Fy) the number of places of degree i
of Fi,/F,. Let us suppose that for any k we have By(Fy/Fq) > 1 and that
there is an integer r > 1 such that
lim inf 7BT (Fk/Fq)
9k

k—o0

= 1 (F/Fy) > 0.

Then for any o such that 0 < a < p,(F/Fy), there exists a constant C > 0

such that for any k
g \® \%
=)

1

Moreover, we can improve the previous theorem in the following way:

Theorem 4.10. Let F/F, = (F/Fy)r be a sequence of function fields
over a finite field F, and let r > 1 an integer. Let G/Fgr = (Gr/Fy )i be
the degree r constant field extension sequence of the sequence F/F,, namely
for any k we have Gy /Fy = Fy ®r, Fgr. Let us denote by gi the genus of
Fi and G, by h(Fy/F,) the class number of Fy,/F, and by B,(Fy/F,) the
number of places of degree r of Fy,/F,. Let us suppose that

lim inf 7ZBi(Fk/Fq)

k
—00 i\r gk

= p1(G/Fgr) > 0.
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Then for any a such that 0 < a < Lpui(G/Fq), there exists a constant
C > 0 such that for any k

e () )

Proof. For r = 1 the result is yet proved by the previous study, then we
suppose 7 > 1. We know that

Bi(Gr/Fqr) = iBi(Fr/Fy),

i|r

then

iB;( Fk/IF i inf B (Gk/Fqr)

k—o0 gk

hm mf Z

i|r

— 1 (G/Fyr).

Let us consider the families D = (D;);, where D; = {Qi1,--+,Qic; } and
where the ¢; elements @;; are formal symbols. Given a positive integer
n, let us denote by N,,(D) the number of formal combinations 3, ; ; jQ;
such that all the «; ; are positive and ;i3 ; i j = n. For each k we define
the two following families Dy, and Dy

e for Dy, D; is the set of places of degree i of the function field Fy/F,
and consequently ¢;(k) = B;(F)/F,).

o for D}, we choose cj(k) = 1 and c;(k) such that 3=, ic;(k) =
rel(k) + s+ 1 with 0 < s < r—1. For 1 < i < r we choose
¢i(k) = 0. Then the following holds:

" ir
We note that
chg(k:) =1+rc. (k) < Zici,
in ir

namely the total number of points in UD] is less than the number
of points in UD; and their degrees are bigger. We conclude that
N, (Dy) > Np(D'y).

We also have

/ o iBi(FJFy) — s — 1 .
hminfﬁ _ lliminf il 1Bi(Fr/Fy) — si _ pi(G/Fq )
k—oo gk r k—oo gk r
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Using the Drinfeld Vladut bound on the constant field extension (G /Fyr )
of (Fi/Fy)r we get

. k) 1. 2ifr 1Bi(Fy/Fq) — sp — 1
limsup ——= = — lim sup
k—o0 9k T k—oo gk
1 Bi(Gg/Fyr) — s, — 1
= — limsup LGi/Fyr) = s
T k—oo TJk
1/ x
< - <q2 - 1) .

Then we can apply the previous study with u = w to find an as-
ymptotic lower bound on N, (D) and consequently an asymptotic lower
bound on N, (D) and on h(F}y/F,). O

Remark 4.11. We find the asymptotical bounds of Tsfasman (cf. The-
orem 1.4 [12, Corollary 2]) and those of Lebacque (cf. Theorem 1.6 [9,
Theorem 7]) in the particular case of families reaching the Generalized
Drinfeld-Vladut bound (by attaining the Drinfeld-Vladut of order r [1]).
But we give here a completely different proof based upon elementary com-
binatorial considerations.

5. Examples

In this section, we study the class number of certain known towers
F|Fq = (Fy/Fy) of algebraic functions fields defined over a finite field
Fq. Let r > 1 be an integer. As previously, we consider the limit y,(F/F,)
for the tower F/IF,, defined as follows:

B, (k
pr(F/Fq) = likrgg)lf ;i )

5.1. Sequences F/F, with p,(F/Fq) = %(q% —1). In this section, for
any prime power ¢ and for any integer r = 2/ such that f is an integer > 1,
we exhibit some examples of sequences of algebraic function fields defined
over [, reaching the Generalized Drinfeld-Vladut bound of order r [1].

Moreover, we know accurate lower bounds on the number of places of
concerned degree r. Then, by using the results of the previous sections, we
can give lower bounds on the class number for each step of these towers.
Note that we also obtain asymptotical bounds which reach the bounds of
Tsfasman [12]. However, these can be obtained directly from [12, Corollary
2] since it is known that any tower is asymptotically exact by [7].

We consider the Garcia-Stichtenoth’s tower Ty/Fqr over Fyr constructed
in [5]. Recall that this tower is defined recursively in the following way. We
set F1 = Fgr(21) the rational function field over g, and for ¢ > 1 we define

Fit1 = Fi(ziq1),
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where z;11 satisfies the equation

T r
q2 _ .q92+1
Zipn T2 =2
with
Zj .
T; = for i > 2.
Ti—1

Let us denote by gj the genus of Fj, in Tj/F,r. Let Tl/IE‘q% = (Gi/Fq%)
be the descent of the tower Tj/F4- on the finite field Fq% and let T /F, =
(H;/Fq) be the descent of the tower T/F4- on the finite field F,, namely,
for any integer 1,

F, = G; ®p qu and F; = H; ®Fq qu.

a2
Let us prove a proposition establishing that the tower 15 /IF, reaches the
Generalized Drinfeld-Vladut Bound of order r.

Proposition 5.1. Let q be prime power and r = 2f where f is an integer
> 1. The tower Ty /F, is such that

B, (H 1 -
lim r(Hy) =—(q2 — 1),
k——+o0 gi r

and

Bi(Hy) > 1 for any integer k.

Proof. First, note that as the algebraic function field Fj/F,- is a constant
field extension of Gy/ Fq%, above any place of degree one in G/ Fq% there

exists a unique place of degree one in Fj,/F,r. Consequently, let us use the
classification given in [5, p. 221] of the places of degree one of Fj,/Fqr. Let
us remark that the number of places of degree one which are not of type
(A), is less or equal to 2¢" (see [5, Remark 3.4]). Moreover, the genus gy
of the algebraic function fields Gy /Fq% and Fj,/Fg- is such that g, > ¢ by

[5, Theorem 2.10], then we can focus our study on places of type (A). The
places of type (A) are built recursively in the following way (cf. [5, p. 220
and Proposition 1.1 (iv)]). Let a € Fyr \ {0} and P, be the place of F; /F,r
which is the zero of 1 — a. For any o € Fgr \ {0} the polynomial equation

T

2 5 T .
zd° + 29 = a1 has ¢ distinct roots uq,---u z in Fyr, and for each u;

q2
there is a unique place P, ;) of F2/Fyr above P, and this place P, ;) is a
zero of 23 —u;. We iterate now the process starting from the places P, ;) to
obtain successively the places of type (A) of F3/Fgr,- -, Fy/Fgr,---; then,

each place P of type (A) of F/F, is a zero of z —u where u is itself a

zero of u4? 4 u =~ for some v # 0 in F,r. Let us denote by P, this place.
Now, we want to count the number of places P, of degree one in Gy/ Fq%,
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that is to say the only places which admit a unique place of degree one P,
in Fy/Fgr lying over P,

First, note that it is possible only if u is a solution in Fq% of the equation
ud” +u = v where v is in IFq% \{0}. Indeed, if u is not in Fq%, there exists an
automorphism o in the Galois group Gal(F}y/G}y) of the degree two Galois
extension Fy/Fgr of G /F o such that o(P,) # P,. Hence, the unique place
of Gk/IFq% lying under P, is a place of degree 2. But u?”? + u = ~ has one
solution in Fq% if p # 2 and no solution in Fq% if p = 2. Hence the number
of places of degree one of G/ Fq% which are lying under a place of type (A)

of Fy,/Fyr is equal to zero if p = 2 and equal to gz —1ifp # 2. We conclude
that

Bi(G/F 1)
lim —— 97
k—+o0 [

=0.

Let us remark that in any case, the number of places of degree one of
Gy, /Fq% is less or equal to 2¢". Moreover, as Gy, /]Fq% is the constant field

extension of Hy /I, of degree &, any place of Hy,/F, of degree i < r dividing
r is totally decomposed in Gk/IFqg by [11, Lemma 5.1.9] since r = 2/ and
so is a place of Hy/F, lying under only some places of degree one (at most
%) belonging to Gy /F 5 Hence, we have for any integer ¢ dividing r such
that ¢ <,
L Bi(H/F)
k—+o0 Ik

Then, as the Garcia-Stichtenoth tower Tp/F, attains the Drinfeld-Vladut
bound [5], we deduce the first assertion by the relation }=;_; ;. iB;(Hi/Fq)
= B, (Fy/Fq). Now, consider the place Py in F;/Fr of degree one corre-
sponding to the pole of z1 in Fy/Fgr. Then, by [5, Lemma 2.1}, the place
P, is totally ramified in F/F;. Moreover, the unique place P’ in Fy/Fr
lying above P, has degree one and is totally ramified in Fy/F» for any
integer k since P’ is a place of type (B) by [5, Section 3|. Hence, since the
place Py is invariant under the action of the Galois group Gal(F,-/F,),
the place Ps N Hy/F, in H/F, has degree one and is totally ramified in
Hj,/H, for any integer k, and the proof is complete.

=0.

O

Remark 5.2. In the previous example, we explicitly prove that the tower
T»/F, reaches the Generalized Drinfeld-Vladut Bound of order r for any
integer r such that r = 2/ where f is an integer > 0. In fact, it is possible
to prove that the tower T5/F, reaches the Generalized Drinfeld-Vladut
bound of order r for any even integer r. Indeed, let us set r = 2¢, then as
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limy 4 0o W =¢'—1and Bi(Fy/Fpt) = il iB;(Hy/F,), we have:
2 ,
Bi(Hy/Fq) _ 1 B;i(Hy/F Bi(Fy/F
lim inf — ZM>7ZM_1 fwz

GE—+0 g gt —1 gk—>+oo gr(qt — 1)

¢ -1 g il2t

Hence, it shows that for a certain integer m > 1, we have:

liminf — Z w

>1
gk—H—OngZ 1 q2—1 ’

mBm (Hy/Fq)

o =¢% —1 by [3, Lemma IV.3].

which implies : limg, 4

Theorem 5.3. Let ¢ be prime power and r = 2/ where f is an integer
> 1. Let us consider the algebraic function fields Fy/Fq and Hy/F, of
genus gy constituting respectively the towers To/Fyr and T /F,. There are
two positive real numbers ¢ and ¢’ such that the following holds: for any
€ > 0 there exists an integer kg such that for any integer k > ko, we have

qT' Bl(Fk/FqT)
h(F/Eyr) 2 e 1) 7,
q —_—

where Bl(Fk/qu) > (qT - 1).q%(k_1) -+ 2q% and
qr BT(HIC/FQ)
h(H,,/F,) = c/( ) .
q =1
where B.(Hy/Fy) > & (qg - 1) (1 —¢) and
gk_{(q’°)’“r(q7")"1 (¢") > —2( N+ 1 if n is odd
(@) + (") —%( ) 5 qr)f—(qr)f_l—i-l if n is even .

Proof. By a property of the Garcia-Stichtenoth tower [5] and by Proposition
5.1, we have

n+1

_ o BiE/Fer) -
Plo/Fe) = B =g~ !

and
B, (Hy/F 1, -
T‘( /f/ q) — 7(q§ o 1)
T
Moreover, we have By (Fy/Fyr) > (¢" —1).q2%*~Y 4+ 2¢2 by [5] and we have
By (Hy/F,) > 0 by Proposition 5.1. Hence, we have also
ST iBi(H/Fy) > (¢" — 1).q2% 7Y 4 2¢5.

ir

Br(T2/Fy) = gkl—lggoo Ik

Then, we can use Theorem 4.9 for the tower Ty /F,r and use Theorem 4.10
for the tower T5/IF, for assertion (2). O
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Remark 5.4. Note that it is absolutely natural to use the descent of the
Garcia-Stichtenoth tower since the recursive equation of this tower is de-
fined over IF,. Another argument would be to use the fact that this tower
is a tower of Drinfeld modular curves by Elkies [4] which implies that it is
defined over F,.

5.2. Sequences F/F, with p,(F/F,) > 0 for certain integers r >
1. In this section, we study the class number of few towers defined over
different finite fields IF,, whose we only know that for a certain integer r, we
have p,(F/Fq) > 0 or p1(F/Fg) > 0. Hence, we only obtain asymptotical
lower bounds on the class number of these towers, which could also be
obtained from the Generalized Brauer-Siegel Theorem ([12, Corollary 2],
[14, Part II]). The studied towers are all tame towers exhibited by Garcia
and Stichtenoth in [6]. Let us recall the recursive definition of an arbitrary
tower defined over IF,.

Definition 5.5. A tower 7 is defined by the equation ¢(y) = ¢(z) if ¥ (y)
and ¢(x) are two rational functions over I, such that

T =Fy(xo, z1, 22, ...) with ¢(xi41) = ¢(z;) for all i > 0.

5.2.1. Examples 1: some tame towers of Fermat type. Let us recall
some generalities about the towers of Fermat Type [6].

Definition 5.6. A tower 7 over F, defined by the equation
y" =a(x+b)" + ¢, with (m,q) =1

is said to be a Fermat tower if for each ¢ > 0, the field I, is algebraically
closed in F; and [Fjy; : F;] = m.

Now, we can give the following result:

Proposition 5.7. Let | be a power of the characteristic of Fy and let ¢ = 1"
with r > 1. Assume that

r=0 mod2orl=0 mod 2.
Then the equation
Yyl = —(x+ 0"+ 1, withb € F}

define a tower F|F; = (Fo, F1,...Fy,...) over F; such that for any « satis-
fying 0 < a < r(%—2)7 we have:

wnmen((;2)'9")

Proof. By Theorem 3.10 in [6], the equation
Yyl = —(x+ )"+ 1, with b€ F}
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defines a Fermat tower 7 /F, = (To, T4, ... Ty, ...) over F, such that p; (7 /Fy)
= l—% Then the tower F/IF; is the tower such that 7 = F, ®p, F is the
constant field extension tower of F of degree r. Hence, the tower F/IF
satisfies lim infg 00 >0, 1B (5:/%) = w1 (T/Fq) = 1% and we conclude by

using Theorem 4.10. O

We can obtain a similar result with other examples of Fermat towers
exhibited in Section 3 of [6], in particular Example 3.12.

5.2.2. Examples 2: some tame quadratic towers. Let us give few
other examples of towers for which we are be able to give very good asymp-
totics for the class number.

Proposition 5.8. Let us consider the tower F/F3 defined over Fs recur-
siveley by the equation
o x(x—1)
N a:—i—l '
Then the tower F /Fs = (Fy, F1, .. ...) defined over 3 satisfies

(Fu/Fa) € 0 ((3@3)”) .

Proof. By Example 4.3 in [6], the equation y? = 1(57;11) defines a tower

T/Fy = (To,Th,... Ty, ...) over Fg such that ui(7/Fg) > 2/3. Then the
tower F/Fs is the tower such that 7 = Fg ®p, F is the constant field
extension tower of F of degree r = 2. Hence, the tower F/F3 satisfies

lim infy 00 325, B (5:/@ = 111(T/F9) > % and we conclude by using The-

orem 4.10. U
Now, we also have the following result:

Proposition 5.9. Let us consider the tower F/F3 defined over Fs recur-
stvely by the equation
o z(l—x)

a; +1
Then the tower F /Fs = (Fy, F1,...F,,...) defined over F3 satisfies

h(Fk/F3)6Q<<3(Zé> ) )
£(1-2)

Proof. By Example 4.5 and Remark 4.6 in [6], the equation 1> |

defines a tower 7 /Fs1 = (To,T1,... Ty, ...) over Fg; such that ,u,l(’T/IF'gl) >
2. Then the tower F/F3 is the tower such that 7 = Fg; ®p, F is the
constant field extension tower of F of degree r = 4. Hence, the tower F/Fs

satisfies liminfy o0 Do), w = 11(T/Fs1) > & and we conclude by

using Theorem 4.10. O
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Then, we also have:

Proposition 5.10. Let us consider the tower F /Fy defined over Fs recur-
sively by the equation

s z(z+2)
oz +1
Then the tower F /F5 = (Fo, F1,...F, ...) defined over Fs satisfies
25\ 2\ "
h(Fy/F Q —
(Fi/F5) € 5(24>
; ; 2 _ x(x+2)
Proof. By Example 4.8 and Remark 4.6 in [6], the equation y* = xé_l

defines a tower T /Fo5 = (Ty, T4, ... Ty, ...) over Fg1 such that pi(7 /Fa5) >
1. Then the tower F/F5 is the tower such that 7 = Fo5 ®p, F is the
constant field extension tower of F of degree r = 2. Hence, the tower F/Fj

satisfies liminfy o0 >0, % = 11(T/F25) > % and we conclude by

using Theorem 4.10. O
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