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Manin’s conjecture for a singular sextic del Pezzo
surface

par DANIEL LOUGHRAN

RESUME. On démontre la conjecture de Manin pour une surface
de del Pezzo de degré six qui a une singularité de type As. De
plus, on établit un prolongement méromorphe et une expression
explicite de la fonction zéta des hauteurs associées.

ABSTRACT. We prove Manin’s conjecture for a del Pezzo surface
of degree six which has one singularity of type A,. Moreover, we
achieve a meromorphic continuation and explicit expression of the
associated height zeta function.
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1. Introduction

In this paper, our aim is to count the number of rational points of
bounded height on the surface S C P% given by

T3 + D5 + T1T6 = T3 — ToTg = T1T2 + ToT3 + Tozs = 0,

T3T5 + T4T5 + x% = XoXy — T4xg = X125 — X326 = 0, (1.1)

xi + xox5 + Toxg = X3T4 — Toxs = T1X4 — ToTg = 0.
This surface is an example of a singular del Pezzo surface of degree 6. A
priori, it might not be clear why this is a natural diophantine problem.
However in 1989, Manin and his collaborators [FMT89] formulated a gen-
eral conjecture on the number of rational points of bounded height on Fano

varieties. There is a programme (see [BB07] or [DTO07] for example) to try
to prove this conjecture for Fano surfaces, namely del Pezzo surfaces and

Manuscrit recu le 17 aotit 2009.
Classification math.. 11D45, 14G05, 14G10.



676 Daniel LOUGHRAN

their singular counterparts. Such surfaces have a well-known classification
in terms of their singularity type and degree. See [Man86] and [CT88]| for
more information on smooth and singular del Pezzo surfaces respectively,
and [Bro07] for a general overview of Manin’s conjecture for del Pezzo sur-
faces.

The surface S has one singularity of type As, which we can resolve using
blow-ups to create two exceptional curves on the minimal desingularisation
S of S. The set of equations (1.1) correspond to the embedding induced
by a divisor in the anticanonical divisor class. Since S is singular normal
with only rational double points, by [CT88, Prop. 0.1] an anticanonical
divisor of S can be taken to be any divisor on S which pulls back to an
anticanonical divisor on the minimal desingularisation S. The anticanonical
embedding is a natural choice, for example in this embedding the lines are
exactly the (—1)-curves and Manin’s conjecture takes a simpler form. The
height function associated to the chosen embedding is the usual height on
projective space, namely given z € S(Q), we have H(z) = maxo<i<e |Zil,
where (xo,...,2s) is a primitive integer vector in the affine cone above z.
Further details about the geometry of S can be found in Lemma 2.1.

Now, S contains the two lines

L1:x1:x3:x4:x5:x620,
Lo:xo=x3=x4=25 =26 =0,

which both contain “many” rational points whose contribution will domi-
nate the counting problem. Hence, it is natural to let U = S\ {L; U Lo}
and take

Nuu(B) =#{z € U(Q) : H(z) < B}
to be the associated counting function. In this context, Manin’s conjecture
predicts an asymptotic formula of the shape

Nu(B) ~ e5 , Bllog B)P™*

as B — oo, where p = rank(Pic(S5)) = 4 and cg ,; is some constant. In this

paper, we establish a significantly sharper version of this estimate.

Theorem 1.1. Lete > 0. Then there is a monic cubic polynomial P € R[z]
such that
Nu,i(B) = cg ,,BP(log B) + O-(B"/*"%)

where Cgy = ()7 (S) I, 7(S) and

(S) =1/432 (S) (1 1>4(1+4+ 1)

a(S) = , S =(1-- -+,
8 p p P

Too(S) = 6 dudvdt.
{t,v,ueR:0<|t(ut+v2)|,|uvt],|uvt+v3],|u?t|,|u2t+uv?|ud uv<1}
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The leading constant in this expression agrees with the prediction of
Peyre [Pey95], which we shall verify in Section 2.2. The calculation of the
real density TOO(§ ) poses something of a challenge, since in our case S is not
given by a complete intersection, so standard methods for calculating this
constant do not apply. In Section 2.2 we also prove a general result which
assists in the calculation of the p-adic densities 7,(S) (See Lemma 2.3).

The second theorem of this paper is intimately related to the above
asymptotic formula. We give an explicit expression and meromorphic con-
tinuation of the associated height zeta function

1
Z = .
v () xe%(:@) H(x)s
To state the result, let Re(s) > 0 and define
Ei(s+1) = ((4s + 1)((3s + 1)%¢(2s + 1),
C(7s + 3)2¢(8s + 3)? (1.3)
C(4s +2)3¢(5s + 2)2¢(6s + 2)¢(10s + 4)

It is clear that E;(s) and Fs(s) have a meromorphic continuation to the
whole complex plane. Also Ej(s) has a single pole of order 4 at s = 1 and
Es(s) is holomorphic on Re(s) > 3/4. We then prove the following.

(1.2)

EQ(S + 1) =

Theorem 1.2. Let e > 0, then

12/72 + 2\
/Sﬂ-_—; -+ GQ(S).

Here, A € R is a constant and G1(s) and Ga(s) are complex functions
that are holomorphic on Re(s) > 5/6 and Re(s) > 3/4 + € respectively and
satisfy G1(s) <e 1 and Ga(s) <e (1 + |Im(s)|) on these half-planes.

In particular, (s—1)*Zy g (s) has a holomorphic continuation to the half-
plane Re(s) > 5/6.

Expressions for G (s) and Ga(s) can be found in (3.17),(3.19),(3.20) and
Lemma 3.8. Here E(s)E2(s)G1(s) and Ga(s) correspond to the main term
and error term in the counting argument respectively and 12/72 corre-
sponds to an isolated conic in the surface. We only prove the existence of
A, however a keen reader can build an explicit (and complicated) expres-
sion for it using the work in Section 3.5. We shall only say that A arises
naturally in the proof as an error term created by approximating a sum by
an integral and has appeared in some form in other works (e.g. [BB07]),
however it is currently severely lacking in geometric interpretation.

We will show in Lemma 2.1 that the surface S is an equivariant compact-
ification of G2, so that the work of Chambert-Loir and Tschinkel [CT02]
applies, where they have already achieved an analytic continuation of the
associated height zeta function and an asymptotic formula for the counting

Zyu(s) = Ei1(s)Ea(s)G1(s) +
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problem. However, our results are stronger for a number of reasons. Firstly,
we do not use the fact that S is an equivariant compactification of G2, so
our methods seem applicable to more general situations. We also get an ex-
plicit expression for the height zeta function in terms of the Riemann zeta
function, which gives a better insight into how these zeta functions look and
behave for a concrete example. Furthermore, whereas [CT02] only gives a
holomorphic continuation of (s — 1)*Zy g(s) to an unspecified half-plane
Re(s) > 1 — 4, we are able to show that 6 = 1/6 is acceptable, and that
0 = 1/4 appears to be a natural boundary under the assumption of the
Riemann hypothesis. As a consequence, we get an explicit (and stronger)
error term in our asymptotic formula.

The first important step in the proof of Theorem 1.2 is to relate the
counting problem on S to that of counting integral points on the associ-
ated universal torsor. Universal torsors were introduced by Colliot-Thélene
and Sansuc in [CTS87] to aid the study of the Hasse principle and weak
approximation. However, Salberger [Sal98] showed that they could be a
valuable tool in counting problems on varieties. In general a variety may
have more than one universal torsor, however in our case there is only one
universal torsor (see Section 3.1 for further details). It can be visualised as
a certain open subset 7 of the affine variety in A7 given by the following
equation

nad + nzag + naag = 0.

For our purposes, the universal torsor is a variety with a surjective mor-
phism 7 : 7 — S defined over Q, and an action of G on 7 which preserves
the fibres of 7 and acts freely and transitively on them. Exact definitions
can be found in the above references, and a concrete realisation of the
universal torsor can be found in Lemma 3.1.

To relate the two counting problems we find a suitable set-theoretic sec-
tion of the map m, which corresponds to requiring that we count certain
integral points satisfying the universal torsor equation and certain copri-
mality conditions. Previous methods for achieving this in similar problems
have been the “elementary method” [BBO7, Section 4] and the “blow-up
method” [DT07, Section 4]. The first method involves looking for divisi-
bility relations given by the equations of the surface, and then performing
a lengthy chain of substitutions to pull out any highest common factors
among the variables. The second method involves knowing which exact
points of P2 are blown-up to create your surface, and using these to guide
you through various algebraic manipulations.

Here we present a new method, which uses the action of G on the
universal torsor. Essentially, we use this action to “rescale” each point in
each fibre to a unique point. Since the universal torsor (if it exists) of a
more general variety always has a free and transitive group action on its
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fibres, this method is more likely to generalise to other situations than the
previously two mentioned methods. See Lemma 3.2 for more details.
Notation: To simplify notation, throughout this paper ¢ is any positive
real number which all implied constants are allowed to depend upon. We
use the common practice that € can take different values at different points
of the argument.

Acknowledgments: The author is funded by an EPSRC student schol-
arship and is grateful for the help and support of Tim Browning, and for
useful conversations with Per Salberger, Emmanuel Peyre, Ulrich Deren-
thal, Tomer Schlank, Tony Scholl and Régis de la Breteéche. We are also
indebted to the referee for their careful reading of the preliminary manu-
script and many useful comments.

2. Preliminary steps

2.1. Some geometry. The underlying geometry of the surface S is well
understood, and we gather some facts about it in the following lemma,
which also helps to fix some notation.

Lemma 2.1. Let S be given by (1.1). Then the following holds.

e S is a split singular del Pezzo surface of degree 6 given by its anti-
canonical embedding.

e [t contains the singular point (1:0:0:0:0:0:0) of type Ag.

e The only lines in S are given by

Li:x1=x3 =24 =25 =126 =0,
Lo:x9g=x3 =24 =25 =26 =0.
In particular U = S\ {L1 U Ly} = S\ {z5 = 0}.
e S is the closure of P? under the rational map ¢ : P? —-» S given by
oz : w51 w6) = (po(23, 5,76) : -+ & pe(w3,T5,26)) =
(—x§x5 — :1:33:(25 I X3T5T6 ¢ —T3TL5LE — a:g : .CCg.Tg : —xgxg — x5m§ : xg : argx@),
where T'(P?, Op2(1)) = (w3, T35, 76)-

e The group law on o(G2) = U extends to an action on S by trans-
lation. i.e. S is an equivariant compactification of G2.

Proof. First, it is clear that ¢ defines an isomorphism U = G2. Hence the
divisor class group of S is generated by the L; and Lo, as Pic(G2) = 0.
It is simple enough to check that the induced group law on U extends to
an action on all of S. However as mentioned in the introduction we will
not use this fact in this paper, so the proof is omitted and can be found in
[DL10].

Resolving the singularity explicitly via blow-ups creates two exceptional
curves F1 and E5 on the minimal desingularisation S. The singularity is
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of type As and Pic(g) = (F1, B, E3, Ey) = 7*, where E3 and E, are the
strict transforms of L1 and Lo respectively. Now, one can use the adjunction
formula [Har77, Ch. V, Prop. 1.5] to show that —Kg = 4E7 +2F; + 3E3 +
3Ey,, which proves that K % = 6. Also, one can show that the pull back of
the hyperplane section on S is —K o thus proving that S is a singular del
Pezzo surface of degree 6 given by its anticanonical embedding.

Finally, we note that the Ao singular del Pezzo surface of degree 6 con-
tains only two lines by the classification of singular del Pezzo surfaces
[CT88, Prop. 8.3]. These are both defined over Q, so the surface is indeed
split. O

We also include the extended Dynkin diagram of S in Figure 2.1, which
records the intersection behaviour of relevant curves on S. This can be
derived from the proof of Lemma 2.1, or found in [Der06, Sec. 5|. Here
FE1, E5, B3 and E4 are as in the proof of Lemma 2.1 and

Al:Sﬂ{xlz.CCQ:l’@:O}, Az:Sﬂ{xolezxg):O},
A3:Sﬂ{x0:x2:m420}.

These rational curves correspond to generators of the nef cone and will be
needed in our work in section 3.1.

A2 B E3
Al Es Ey
Ay —— E4

FiGURE 2.1. The extended Dynkin diagram for S.

2.2. Calculating Peyre’s constant. In this section we shall verify that
the constant achieved in the asymptotic formula for Theorem 1.1 is in
agreement with the conjectural expression as formulated by Peyre [Pey95,
Sec. 2]. Since our surface is split, it is birational to P? over Q. So the
constant is equal to the following three factors multiplied together:

e The volume «(S) of a certain polytope in the cone of effective di-
visors,

e The real density 7o, (5),

e The p-adic densities [], 7(5).
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By the work of [Der07, Table 3] we know that

1
CY(S) = 4372,

which is in agreement with the constant «(S) in Theorem 1.1.

We shall now calculate the real density, which corresponds to the measure
of some region, where we consider S(R) as a real analytic manifold. Since
removing a codimension one subset does not change this volume, we may
consider the measure of the coordinate chart U = S \ {5 = 0}, with local
coordinates x3 and zg. By Lemma 2.1, this is just a reflection of the fact that
our surface is a compactification of A% with ¢ as a local homeomorphism.
Since S is given by its anticanonical embedding, we have by [Pey95, Section
2.2.1]

(5) / dxsdxg
T =
> r2 max(|a3 + x3zd|, |zawe|, |wswe + 3, 23|, |v3 + 23], 1, |z6))

_ / / drsdrsdzg
= , —>
R? Jzs>{max(|z5+x323| |cszs|,|w3me+ad |, 3 |xa+2E],1,|z6]) Ty
=3 dudvdt,

{t,v,ueR:0< [t (ut+0v2)|,|uvt],|uvt+v3],|u?t|,|ult+uv?|,usd,|uv| <1}
where we have used the change of variables
¢ w3 e —
x3 =t/u,x5 =u °, 6 = v/u.

Then noticing that we have the obvious automorphism v — —wv in the above
integral, this gives the required expression for the constant in Theorem 1.1.
We note that more generally, the real density of any anticanonically embed-
ded del Pezzo surface can be calculated similarly by knowing which linear
system of cubics in P? determines the given embedding.

The calculation of the p-adic densities for similar problems (see [BB07] for
example) have normally involved a “hands-on” approach to point counting
modulo p for each prime p. Here we opt for a more general method, which
applies to any surface that is the blow-up of P? at a sequence of (possibly
infinitely near) rational points. First we recall some definitions.

Definition. Let V' be a non-singular projective variety defined over Q.
A model for V over Z is a projective morphism of schemes V — SpecZ,
whose generic fibre is isomorphic to V. For each prime p, we denote by
Vp =V Xgpecz SpecF, the reduction of ¥V modulo p.

We say that V has everywhere good reduction if there exists a model
whose structure morphism is a smooth morphism (i.e. V, is a non-singular
variety for each prime p).
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Lemma 2.2. Let S be a surface over Q with everywhere good reduction,
and ™ : S — S the blow-up of S at a rational point P. Then S also has
everywhere good reduction.

Proof. Let S be the model of S with everywhere good reduction. Since &
is projective, the rational point P extends uniquely to an integral point P
of 8. Then the scheme S , which is defined to be the blow-up of S at P, is
a model for S. For every prime p it is clear that gp is simply the blow-up
of S, at a smooth F,-point, so S also has everywhere good reduction. [J

Now let S, S, S and S be as in Lemma 2.2. Then it is clear that for every
prime p we have #gp(Fp) = #S,(Fp) + p, since blowing up a smooth -
point replaces one F)-point by a copy of IP)Ilev which has p + 1 Fp-points.
We can use this simple fact to prove the following.

Lemma 2.3. Let S be a surface over Q which is the blow-up of P? at r
(possibly infinitely near) rational points. Then for every prime p the local

density at p is
() (1 1>’"+1(1+7’+1+1)
T = - — — .
b p p P2

Proof. We begin by noting that the definition of 7,,(.S) is independent of the
choice of model, as pointed out in [Pey95, Def. 2.2]. Since P? has everywhere
good reduction, then so does S by Lemma 2.2. Let S be the corresponding
model, then #8,(F,) = 1+ (r+1)p+p? since #P?(F,) = 1+p+p?. It is also
clear that Pic(S,) = Z™! with trivial galois action, hence the associated
Artin L-function is ¢(s)"*!. This gives the correct “convergence factors”
and the result follows. (|

Applying Lemma 2.3 to S (which is split by Lemma 2.1) with r» = 3, we
deduce the result.

3. The proof

3.1. Passage to the universal torsor. As mentioned in the introduc-
tion, the first step in the proof is transferring the problem of counting
rational points on the surface S, to counting integral points on the corre-
sponding universal torsor 7.

A variety may in general have more than one universal torsor, however
in our case there is only one. Indeed if a smooth projective variety V over
a field k£ has a universal torsor, then the set of isomorphism classes of
universal torsors is a principal homogeneous space under H'(k,T), where
T = Hom(Pic(V), Gy,) is the Néron-Severi torus. However in our case T' =
G? since Pic(S) = Z* with trivial galois action, and also H'(Q,G%) = 0
by Hilbert’s theorem 90. Hence S can have at most one universal torsor.
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However, the existence of a rational point on S implies the existence of a
universal torsor. These facts (and more) can be found in [Sko01, Sec. 2.3].
The following lemma gives us a concrete description of the universal torsor.

Lemma 3.1. Let
Cox(S) = ) HO(S,0(E))®™ @ --- @ O(E,)%™)

(n1,n2,n3,n4) €L

be the Cox ring of S. Then

o Cox(5) = Qlon, az, a, n1,m2, 13, M)/ (1203 + 1302 + Macrs).
e The universal torsor T of S is an open subset of Spec(Cox(S5)).
o We have a commutative diagram

T—">3

N

S

where w is the map
T(M, @) —(aoas T M3 | MNRNACI O3 T IR TACS

(3.1)
L EN2sNACs T NINENANS L MM na L)

e The action of a point (ki,ks, ks, ks) € G}, on the universal torsor
is m; v kin; fori=1,2,3,4, and

a1 = k1k3k4a1, a9 k%kzkg/{?zag, ag — k%kgk%]@;ag.

Proof. The calculation of the Cox ring, the map 7 and the action of the
Néron-Severi torus on the Cox ring can be found in [Der06]. That the

universal torsor is an open subset of Spec(Cox(S)) is well-known, see [HKO0O0,
Cor. 2.16, Prop. 2.9] for example. O

In fact, everything we need to know about the universal torsor can be
deduced from first principles. Firstly, it is not actually necessary for us
to calculate explicitly which open subset of Spec(Cox(S)) the universal
torsor corresponds to. However, it is easy to check that the action given in
Lemma 3.1 is well-defined and that it preserves the fibres of m. Moreover,
7 is surjective on its domain of definition since ¢ ~! o 7 is surjective onto
U, where ¢ and U are as in Lemma 2.1. And also, it is easy enough to see
that 7 hits every point on S \ U as well, hence it is surjective.

In particular, when we consider the universal torsor as being over U, it
is simple to see that we get a free and transitive action on the fibres of 7
on the corresponding open subset where n119n3n4 # 0. That is, it is clear

that Spec(Cox(S)) \ {mmanzns = 0} is a U-torsor under G2,.
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Now to find a suitable section of the morphism 7. Bearing in mind that
we are counting points on U where x5 # 0, we see that the rational points
which have some coordinate equal to zero lie in the image of the points on
the torsor where ajasag = 0. These are exactly the curves Ay, A; and As
given in Figure 2.1. They are rational curves, and it is easy enough to show
that the corresponding counting functions satisfy

Nu(B) = 5B +O0(B'), Nyy(B) = Nay(B) = 0(B).

Since these have been taken into account, we can now assume that each
coordinate of each rational point is non-zero.

Lemma 3.2. Above each rational point x € U(Q) with non-zero coordi-
nates, there is a unique integral point (c,m) on the universal torsor satis-

Jying
(a1, mn3na) = (a2, mmena) = (a3, mnn3) = 1,

(m2,m3) = (M2,ma) = (M3,m2) = 1,
n1, M2, M3, M4 > 0, 1z # 0.

Proof. We should note that we are guided to the above coprimality condi-
tions by Figure 2.1, whereby two variables are coprime if and only if the
corresponding curves do not intersect each other.

First let (a,m) be an integral point on the universal torsor lying above
a rational point with non-zero coordinates. Suppose that there is a prime
p | (1, @1). Then using the torsor action in Lemma 3.1 with k1 = 1/p, ks =
p2 ks = ks = 1, we map

m o= m/p, M2 PPN,

ay — al/p, Q2 = paa, Q3 Pag.

So we have successfully managed to divide 77 and a1 by p, and left the
other variables as integers, meaning that if they have any common factor
we can remove it. A very similar argument works for n3 and 74, so we can
assume

(a1, mm3ns) = 1.

We now fix our choice of a; modulo {£1}, meaning that from now on we
impose the condition |kjksks| = 1. This simplifies the action on ag and a3

to
a9 720527 ag +— @ag.
ks k4
Carrying on with the same procedure, if p | (ag,m1), take k1 = 1/p, ke =
ks =1,ks = pto get (ag,m) =1 and for p | (ae,m4) take k1 = ko = 1, ks =

D k4 = 1/p to get (CK277’]4) =1



Mamnin’s conjecture 685

We have now come to interesting part of the proof, since so far we have
not used the equation of the universal torsor, but now we are driven to
use it since it encodes divisibility conditions. Namely, if p | (a2, 72), then p
must also divide ny or as. But (ag,n4) = 1, so we are safe to choose k1 =
ks = k4 = 1,ke = 1/p and keep a3 as an integer. So we have successfully
shown that we can choose

(cg,mimans) = 1.

We fix this choice of ap modulo {£1}, which is equivalent to requiring
ka| = |ks|.
| 2r‘the|1"(:e))z|aude1r should now be familiar with the method and can check that
we can assume (ag,n17m2n3) = 1 after performing the following

° pr | (Oég,T]l), choose k:l = 1/]), kg = k3 = 1,k4 =D,

o pr | (Ozg,T]g), choose ]ﬁl =Dp, ]CQ = kg = 1/p, k4 = 1,

e If p | (a3, 7m2), contradiction since (ag,n3) = (ag,n2) = 1.
So fixing as modulo {£1}, we are restricted to

|ka| = k3| = [kal.

But if p | (12,713,74), choosing ky = p? ko = k3 = ks = 1/p then gives
(n2,m3,m4) = 1, and moreover the torsor equation implies they must also
be pairwise coprime. Finally, by choosing the 7; to be positive, we have
used all degrees of freedom in the torsor action and so the choice of integral
point is unique. O

Using this lemma, we see that counting those points x € U(Q) satis-
fying the height bound H(x) < B, is equivalent to counting the unique
integral points above them on the universal torsor which satisfy the bound
H(m(a,m)) < B. Naively, this corresponds to 7 separate height conditions.
However, using the map ¢ from Lemma 2.1, we know that we actually have
3 degrees of freedom. With this in mind, we define

X2B

4,23, 3\ 1/3
X5 = <771772773774> ’ (3.2)

2 2
M1 N213M4 -1/3
X3 = <1 2 ) = (Brtmni)

B
1/3

o (mimdming\ _ (mug
0 X2B B ’

and let @;(aq, )

= ¢i(as X3, X5,1Xg) for i = 0,1,2,4, and p3(az) =
p3(X3, Xs5,1),P6(0r1)

= ¢6(1, X5, 01 X¢). Then it is clear that the height
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condition H(m(a,n)) < B is equivalent to the condition

@i, a2)], [@3(az)| < 1,i=0,1,2,4, (3.3)

Finally, on noticing we have the obvious automorphism a; — —aj on
the torsor, we have shown the following.

Lemma 3.3. The counting function for U satisfies

12
Ny(B) = 2T(B) + — B + O(B*?)
T

1003 + n3as + muaz = 0, (3.3), (3.4),
= — — 1
T(B) = am) ez - (Qnmnn) = (a2, mipm) = (n,m) = 1,
(B)=#1 () (g, mmans) = (n2,m4) = (n3,m4) = 1,
Q1,M,72,73, 74 > 0,0ZQO[:; 7é 0.

We note that we have the natural upper bound a; < 1/X2Xg given
by . However, we can actually do better than this, which will be quite
important to improving our error term later on. Notice that g and @3
imply

1
<o < — (1 —a?X:-X2).
X3 X2 _a2_X3X52< A5 6>

Rearranging this in terms of a;, we deduce the stronger bound

V2
Xev/ X5
3.2. Mobius inversion. Now we shall use Mdbius inversion to remove

the coprimality conditions on the «;’s. Recalling the counting problem in
Lemma 3.3 and the height conditions (3.4), it makes sense to define

>0,X5<1
N:{ €Z4Z m,n2,713,74 s A5 XS 1, } 36
K (n2,m3) = (M2,m4) = (M3,m4) = 1. (36)

(65} S (3.5)

Then it is clear that

T(B)=> Y S
nNeN a1>0

(a1,mmn3ng)=1
P6(a1)<1

where
o3 75 0, (33) hOldS, }

S =# {a2,a3 €Z: (ag,mmans) = (az,mmnn3) =1,
m203 + Nz + naaz = 0.
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Now using Mé&bius inversion on (as,n1m2m3) = 1 gives us
S= > u(ks)Sk
k3|ninans
where

agag # 0,(3.3) holds,
Sky = F# S az,a3 €Z: (a2, mnans) = 1,
Na? + n3an + ksnaaz = 0.

However Sy, # 0 if and only if (k3,n2m3) = 1, so
S = Z ,U,(k‘g)Skg.

k3lm
(k3,m2m3)=1

A similar argument yields

T(B)=Y > ks >, pka) D ek (37)

neN  kslm ka|mn2 a1>0
(k3,m2m3)=1 (k2,kang)=1 (a1,mmnana)=1
P6(on)<1

where

asaz # 0, kanzas + maad + ksnuas = 0, }
S = ,ag3 €L 2 il . .
kaks = 9 {OQ as |@i(au, kaas)|, [pa(keae)| < 1,1=0,1,2,3.

3.3. Sum over a2 and a3 via congruences. In this section, we shall
perform the summation over as. We note that there are no conditions on
ag other than the equation of the universal torsor, so we find that

a2 7& 0, ]627’]3&2 = _77204% (mOd k3n4)7 }
kaks = 7 {a2 @i, ko) |, [Pa(koa2)| < 1,i=0,1,2,3.

However since (kans, ksny) = 1, ag is uniquely determined modulo ksny.
For any integers ¢, ng, a,b with a < b, we have the simple estimate

b—a

#{neZNnla,b:n=ny (modgq)}= + O(1).

Using this and the change of variables ¢ +— kot X3, we see that
1
kaksnaXs
where F(u,v) is defined by the following result.

Sko ks = F1(X5,01X6) +O(1) (3.8)

Lemma 3.4. Let

Fi(u,v) = / dt
{teR:,0< [t (ut+v?)|,|uvt],|uvt+v3|,|ut],|u2t+uv?|<1}

for u,v >0 and (u,v) # (0,0). Then
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(a) Foru #0,
2
Fi(u,v) < —.
1( ) ) = \/ﬂ
(b) Fi(u,v) is piecewise differentiable with respect to u and v.

Proof. The differentiability condition is clear, so it remains to prove the
inequality. First let M(u,v) = vol{t € R : |t(ut + v?)| < 1}, then we
have M(u,v) = vol{t € R : v*/4u? — 1/u < > < 1/u + v*/4u?} after
completing the square. If v*/4u? > 1/u, then using the simple fact that
va+0b < y/a+ Vb for all non-negative real numbers a and b, we deduce

that
M(u,v) = \/v4/4u2 +1/u— \/7)4/4u2 —1/u<y/2/u.
Similarly, if v*/4u? < 1/u then M (u,v) = \/v*/4u? + 1/u < 2//u. O

We now have our first error term in the counting problem (3.7). First
recall that 34, [u(k)| = 2¢(") where w(n) is the number of prime divisors of
n, that we have the stronger bound on oy given by (3.5), and the definition
(3.6) of V. Using these, we see that the overall contribution to the error
term from (3.8) is

<y D k) Y (uk) Y1

ningning <B kslm kez|mine o |< Xﬁﬁfxs
w(N1)ow nin2
< B2 9w(n1)gw(nin2)
12 1/2

ningnini<n 203 Ty
gw(n1)ow(n2) BL/6

12 " " 2/3 1/3 1/2
ninan3<B 771772773/ 771/ 772/ 773/

< Bl/2 < BZ/SJrs

since 2¢(") < d(n) < nf, where d(n) is the usual divisor function. This
error term is clearly satisfactory for Theorem 1.1.

3.4. Sum over ;. Recall that the main term in our counting problem
is given by (3.7) and (3.8). Applying Mobius inversion to remove the copri-
mality condition in the sum over «; gives

Y R(Xs,aaXe) = Y. pk) > F1 (X5, a1k X6).
a1>0 k1lmnana 0<a1<1/k1 X2 X6
(a1,mmn3ng)=1
P6(on)<1
A natural step is to now apply Euler-Maclaurin summation. To simplify
our notation in what follows, we shall use Stieltjes integral notation, and

also use {-} to denote the fractional part of a real number.
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Lemma 3.5. We have

> F1 (X5, 1k Xg) =
0<a1<1/k1 X2X¢

—— (X E(n,ki,B
le(; 2( 5)+ (’I’], 1 )7

where for u > 0 we have

1
w2
u
Fy(u) = /0 Fy (u,v)dv,
= dodt,
{t,weR:0< |t (ut+v2)|,|uvt|, |uvt+v3|,|ut],|u2t+uv?|,u2v<1}

and

1 v v 1 1
Bnk,B) = | {k1X§X6 fari (xa X§> - {k1X§X6 b (e X§> |
We also have the bounds
6
X
Proof. Euler-Maclaurin summation gives

> F1 (X5, a1k1 X6)
0<a1<1/k1 X2 X6

|E(n, k1, B)| < Fy(u)

IN

1

1 ron
= /klxgxﬁ Fi (Xs5,vk1 X¢) dv — /legXG Fy (X5, vk1X6) d{v}.
0 0

Changing variables and applying integration by parts gives the first part of
the lemma. As for the first upper bound, recall the properties of F} given
in Lemma 3.4. Then we have
1 6

E(n, k1, B)| < 2F, (X5,) O (X5,0) € .

B0, k1, B) ) TR (X0 <
For the second upper bound, note that |uvt| < 1 and |uvt + v3| < 1 imply
that v < 21/3 hence

91/3

Fy(u) < /0 F1 (u,v)dv < \;la
O

3.5. Making a lower order term explicit. The counting problem (3.7)
now stands as

_ Fy(X5) (ks3) (k2) (k1)
T(B) = 7726;/ N4 X3Xg Z Z kq

ks|m 3 ka|mn2 2 kilmmsma
(k3,m2m3)=1 (k2,k3ns)=1

+ T1(B)
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where T7(B) denotes the same expression, but with F»(X5)/k1 X¢ replaced
by E(n, ki, B). It turns out that there is a term of order B in 77, which
we shall handle by performing the sum over 72 explicitly. Taking out the
factors which depend on 7, and recalling the definition of N in (3.6) and
the height conditions (3.2), we see that

Ty(B)=BY3 % ! > ,u(kl)TQ(m,ﬁs,m,kl,)?E)) (3.10)

ninin3<B k1 |ninsns
(m3,m1)=1
where we define
= 3/2
X5 =m/X5" = \/B/(ninin?) (3.11)

and

12(7717 n3, N4, kla ‘N(E))
o) k 1% k
§ 77;/3‘E (77’ klu B) z : ( 3) : : ;22) :

X k 5k
12<Xs 3lm 2|nin2
(n2,m3m4)=1 (k3,m2m3)=1 (k2,kgna)=1

This is essentially a sum involving an arithmetic function and a real val-
ued function, so partial summation is the natural method to use. However
first we need to unravel this arithmetic function to get a multiplicative
function in 7. To simplify our notation, let

¢*(ar, - an) = ]I (1—1>, (3.12)

pl(at,.an) p

and we use the shorthand ¢*(a) = ¢*(a,a). There will also be unfortunate
2-adic conditions we shall need to take care of, so we define

No = {(n,n3,ma) €N’ : 24 or 2 [ mma}, N = N2\ NG

Lemma 3.6. We have
> 1/3
To(n1,m3, M4, k1, X5) = (1, m3,m4) Y Vs (2)13 > E(n, K1, B),
ﬁzS}g
where

¢(77177737774) = ¢*(771a773774) H (1 - 2) 3

plm p
pin3na
p#2

—1
_ &*(12) Tppms (L= 2) 5 (m2,m3ma) =1,
Ui s na (12) = { p;:];séh ( p)

0, otherwise,
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and if (n1,m3,n4) € N;, then

577177737774 (772)7 22 ‘ 2,

Vi s (12) = { 0, otherwise.

Proof. One can verify the following expression

H k I k * * 2
> Mo M e T (1-2),
ks|m 3 ka|min2 2 plm p
(k3,m2m3)=1 (k2,k3na)=1 PiN2n3na

by checking its value at prime powers and recalling that (n2,n3) = (72,m4) =
(7’3’ 774) = 1.

We want this to be written as a multiplication function of 12 times some
other arithmetic function independent of 7. In order to do this, we need to
split up the product over primes, but we can only safely do this if it is non-
zero, i.e. if 2 { m1 or 2 | nen3ns. So we have defined vy, ;, », be zero exactly
when 2 | 1,2 1 nan3ns and the coprimality conditions are not satisfied, and
simplified its definition in the remaining cases. O

Note that v, ,, 5, is a multiplicative function of 7, but vy, . », is not.
The next natural step is to find the average order of vy, ;, ,,. However to
simplify our notation and argument, from now on we shall assume that
(m1,m3,m4) € No. The other case is almost exactly the same, the only differ-
ence being the condition that 7o must be even, and it will still contribute
a power of B to the main term and give the same error term. With this in
mind, we have the following.

Lemma 3.7. Let V(s) be the Dirichlet series associated to Uy, y,n, and
V(s) = V(s)/C(s). Then V(s) is a holomorphic and bounded function on
Re(s) > 0 satisfying 0 < V(1) < 2¢M) and

Z Uny msma () = V(l)X + O(Qw(nl)Xa)_
n<X

Proof. For p # 2, it is easy to see that

1- % ) p )( mmnsna,

~ ky _ _
Ui (P7) = (1552) . plnptnem,

0, otherwise.

Then by considering Euler products, one can check that V(s) is equal to
s)V'(s 1—1/p\ " 1-1
e, I (4 528) T (v o)
plmnsna pln1,p#2
PiN3Na




692 Daniel LOUGHRAN

where V’(s) is some function corresponding to the Euler factor at the prime
2. So V(s) has the properties stated in the lemma. Ignoring convergence
issues for now, we have

Y Oomsna (1) = D (T * 1) % 1)(n)

n<X n<X
= Z Z(gm,nzsm * 1) (d)
n<X d|n
—x i (ﬂm,namji* U)(d <Xa Z | (T, n3,n4 * N)(d)‘>
d=1

where we have used the trivial bound [x] = 2+O(x). To make this rigorous,
first note that
tim 3 s <Dy )05)71 = T (1),

s—1 = ds s—1

Next, we need to find an expression for the Dirichlet series VT (s) of
| (U1 mama * 1) It is easy to verify that

. k /I; s s p _17 kz]‘?
(Vnmama * W) (P°) = { Om mona(7) k> 1.

9

By considering Euler products, one can check that V¥ (s) is a holomorphic
and bounded function of s on Re(s) > 0 and satisfies

1
<< H < 6) < 2‘*)(771)
ol (p—2)p
pinsng

on this domain. Thus we are done. O

We shall now perform the summation over 72, and to do this we will
need a slight abuse of notation. Namely, we define

E(t) - E(n17t7 13,14, kl, B)7

where F is given in Lemma 3.5, and for this we also need to think of X5
and Xg as being functions of 75. Recalling the expression we had for T5 as
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given in Lemma 3.6 and using Lemma 3.7, by partial summation we have

1/3 =
Z Vn1,773m4(772)772/ E(n2)

n2<Xs
~1/3 ~, ~ X5 "
= X%PES) Y v ) = [ v () (1B (D)
n2<Xs O msi
N Xs e 1/34e
- V(l)/ BB+ O <2W<’71>yE(X5)|X51/3+ )
0

— 1 - o
= V%" [ WP BwXa)du+ 0 <BE|E(X5)|X51/ 3“) .
0

We now note an interesting feature, namely that E ()75) is actually inde-
pendent of B. Indeed, viewing X5 and Xg as functions of 79, we find that
X5(uXs) = u3 and Xg(uXs) = mnsna/u??. Hence E(uX5) is indepen-
dent of B and moreover by (3.9) we deduce that

Hence referring back to (3.10), the overall error term contribution to 71 (B)
in this case is

=1/3
< Bl/3+e Z 77%/32w(771773774))(5 /3te
nin3ni<B
1/24¢ 3/4+e
< B Y. m<B

nindnd<B 3 Ty

which is satisfactory. Now we can finally make the main term of T} explicit,
which in the case (n1,13,74) € N is

o~ 1 ~ —_
B Y palimmmm) o u(kl)/ WA B (uXs)du.
71,m3,M2ENo T34 k1|ninang 0

We know that E (’U,ng)) < 6/u!/3 is actually independent of B, so letting the
sum over the 7; go to infinity, we get a main term of the form A\ B where
A € R is some constant and an error term of the order

1
< B1+E Z —— < B3/4+€
7711177;:3772>B 771 34

which is satisfactory. This was only for the case (1, n3,n4) € No, however it
is clear that the sum over the case where (11,713,74) € N7 is almost exactly
the same and hence it is omitted. So returning to the original problem
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(3.10), we have shown that there exists a constant A € R such that

Ti(B) = AB + O(B%/**9),
3.6. Summation over the n;. We now know that

nenv  MX3Xe

where X3, X5, X and A are given by (3.2) and (3.6), F; is as in Lemma 3.5,
and we define

p(k3) w(ka) w(ky)
)= 3 :
kalm 5 kelmm 2 kalmnsna
(k37772773):1 (kg,k37]4):1

when (n2,m3) = (92,m4) = (n3,m4) = 1 and ¥(n) = 0 otherwise. We have
already simplified a very similar sum in Lemma 3.6, and using a similar
method one can check that

o) = 0" e oo’ [T (1-2)  (13)

plm p
PiN2n3ng

when (n2,m3) = (n2,m4) = (n3,m4) = 1 and ¥(n) = 0 otherwise. Recalling
the height conditions (3.2) it follows that

n\1/3
T(B) = B2/3 Z A(n)Fy <<B> ) +A\B + O(B3/4+5)

n<B

where

m 1/3
A= Y dm) () . (3.14)
4,,2,,3,,3 __ 772
MMaN3N=n

Hence we have the expression

n<B
(3.15)
for the counting function.

3.7. The height zeta function. In this section we shall prove Theo-
rem 1.2 on the height zeta function Zy g (s) as defined in (1.2). A standard
application of Perron’s formula [Tit86, Lemma 3.12] gives us an expression
for the counting function Ny g (B) in terms of the zeta function via an
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inverse Mellin transform. Then performing the corresponding Mellin trans-
form tells us that for Re(s) > 1 we have

Zum(s) = s / W Ny (w)du (3.16)
1

where s = o+t is a complex variable. Recalling (3.15), we have Zy g (s) =
Z1(s) + Za(s) where

Zy1(s) =2s /100 w3 Y AR <<Z>1/3> du,

n<u
_12/7% 42
N s—1

Ga(s) = s/loo w5 R(u)du,

Zs(s) + Ga(s), (3.17)

and R(u) is some function such that R(u) < u%/**¢ for all ¢ > 0. From this
it follows that Ga(s) is holomorphic on the half-plane Re(s) > 3/4+¢, and
moreover

G 1 3/4+4¢ |1 +Z’§|
2(s) < |s]/ u u du < < 1+t
1 147 — 1

on this domain (note that here we use the common abuse of notation that
¢ is allowed to take different values simultaneously). In particular Zs(s) has
a meromorphic continuation to the same half plane with a simple pole at
s =1 of residue 12/72 + 2.

Now that Z(s) is under control, let us turn our attention to Z; (s). Define
A’s Dirichlet series by D(s) = > 72 ; A(n)n~%. Then by choosing a suitable
s to make sure that change of sum and integral are valid, we can simplify

Z1 by
Zi(s) = 23;A(n)/n w3 R, <(u) > du
0 1/3
= 2sD <5 - 2) / w8, ((1> ) du
3/ 1 U
2
_D <s _ 3) Gra(s). (3.18)
where
1
G1a(s) = 6s / W36 By () du. (3.19)
0

A standard application of [Tit86, Lemma 4.3] combined with (3.9) now tells
us that G1,1(s) is a bounded and holomorphic function on the half plane
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Re(s) > 5/6. Recalling the definition of A in (3.14), we find that

e}

19(7717 n2,ns3, 774)
D(s+1/3) = Z ds+1 zs+1nss+1n3s+1
4

771,71277137774_1 ™ 2

H Z P p p p ‘)
- = plAst1ki+(2s+1)kz2+(3s+1) (kz+ka)
P

After recalling the expression for ¥(n) in (3.13) and using the fact that
¥(n) # 0 if and only if (ne,n3) = (ne,ny) = (n3,ng) = 1, this sum greatly
simplifies and it is easy to see that D(s +1/3) =[], Dp(s + 1/3) where

1 1 2 1-2/p
Dy(s +1/3) = 1+ <1 o p> <p23+1 -1 T p3s+l — 1 T pls+l — 1)

. 2 1 1 2
T p plstl — 1 p28+1_1+p35+1_1 :

Recalling the definition of E(s) and Es(s) given by (1.3), we can prove the
following.

Lemma 3.8. We have
D(s + 1/3) = E1($ + 1)E2(S + 1)G172(8 + 1)

where G12(s + 1) is holomorphic and bounded on the half plane H = {s €
C : Re(s) > —1/3+¢}.

Proof. Defining Gy 2(s +1) = D(s +1/3)/(E1(s + 1)E2(s + 1)), it is clear
that it will be enough to show that G12(s+1) = [[,(1+O(1/p'*<)) on H.
A routine calculation tells us that

1 3 2
Dy(s +1/3) (1 - p4s+1> =1- pls+2 + phs+s

1 1 1 2
+ 1_5 1_p4s+2 p25+1_1+p3s+1_1 :

Now on H we have the following estimates

1 1 1 1
phs+z = O (p2/3+a> »op2stl 1 0 <p1/3+5> ’

1 1 1 1
pist3 o (p5/3+5> CopEstl 1 O <pa> :

So on ‘H we have

1 3 1
Dy(s +1/3) (1 - p4s+1) =1- pls+2 T P2l _ 1

2 1 1
p3stl — 1 (1 N p4s+2> +0 (p1+a) :

_l’_
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And finally an easy calculation gives us
Dy(s+1/3) 3 2 1 4
Eip(s+1) Cophst2 phst2  pBst2 T pTst3

2 1 0 1
+ p85+3 - p4105+4 + pl+£

where E ;(s+1) is the corresponding Euler factor of Ey(s+1), thus proving
the claim. 0

Thus letting
Gl(s) = G171(S)G1’2(S) (3.20)
and combining (3.17),(3.18) and (3.19) with Lemma 3.8, we have proved
Theorem 1.2.

3.8. The asymptotic formula. In this section we shall prove Theo-
rem 1.1. Our starting point is the expression for the counting function given
by (3.15), which we shall simplify using partial summation and the prop-
erties of the Dirichlet series D(s) deduced in Lemma 3.8. In what follows
let M(B) =3,<p A(B).

Lemma 3.9. We have

M(B) = EQ(liZZ’Q(DBI/?)Q(IOgB) + O(B7/8—2/3+5)

where @ € R[z] is some monic cubic polynomial.

Proof. Letting T' € [1, B], Perron’s formula [Tit86, Theorem 3.12] tells us
that for non-integral B we have

1 1/3+e+iT Bs Blte
B)=— D(s)—d .
M(B) 27Ti/1/3+g_¢T (5)= s+0< - )

Changing variables and using Lemma 3.8 we deduce that

1 14e+iT o BS J o Bl—i—a
M(B) = 2m’B2/3/1+5_iT Ey(5) B2 (3)Cha(s) ;g s + O | g |

Now let a € [7/8,1) and let I be the rectangular contour through the points
a—iT,a+1T,1+¢e—iT,1+ec+iT. Then, as we have already shown, Fs(s)
and G 2(s) are holomorphic and bounded inside this contour, and E;(s)
has a pole of order 4 at s = 1. Recalling that {(s) has a simple pole of order
1 at s = 1 with residue 1, we have lims 1 Fy(s)(s — 1)* =4.32.2 = 72.
Also we have the following Taylor series

BZ (log B)" 5—1)”
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which gives us the residue

BQ(log B)

B* | Ea(1)Gia(1)
s — 2/3} N 144

where @ € R[z] is some monic cubic polynomial. So letting

£(s)= Y am) - 2092 girsgoy py

n<B

Res,_y {El(s)EQ(s)GLg(s)

and applying Cauchy’s residue theorem to the contour I', we deduce that

a+iT 14+e—iT a+iT Bs
E(s) < B72/3 (/ +/ +/ ) ‘El(S)
a—iT a—iT 14-e+iT S

From [Ten95, Ch. I1.3.4, Theorem 6] we have the bound
C(o +it) < [t|1=B3if g e [1/2,1].

Bl+a
d .
s + T

Note that our choice of a implies that in the strip a < Re(s) < 1, we have
40 —3,30—2,20—1 > 1/2, 50 | E1(s)| < [¢t|*!79)7=. Then the contribution
from the first horizontal contour is

S

14e—iT Ite
/ Ei(s)—|ds < / T34 B%do
a—iT S a
< Bl+€T€ + BaT3—4a+E
T )

and the same bound is obtained for the other horizontal contour. For the
vertical contour we will use well-known estimates for the fourth moment of
the zeta function. First note that

a+iT T |E ;
[ ooy [ 1B 1)
a—iT -7 1+t
Now let 0 < U <« T and consider the following dyadic interval
2U | Ey(a + it)| 1 v J(U)
——=dt — E it)|dt = ——
B < o [ e inja = D2,
say. Holder’s inequality now tells us that

J(U) < Jo(U) 4 J5(U) 2 I (U)VA

where Ji(U) = gU |C(k(a—1)+ 1+ kit)|*dt. Now by convexity [Tit86, Ch.
VII.8] and the fact that we have fOT 1C(1/2+it)|* < T'log* T by [HB79, Th.
1], we see that for o € [1/2,1] we have

s

dt.

El(s)

S

2U
/ (o + it)[*dt < U=
U
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Hence we deduce that J(U) < U'*®. Now summing over these dyadic
intervals we find

T\E it
/ [Blat il g, o e,
0 1+ |t]
The same estimate holds over the interval [T, 0], and so putting everything

together we find an overall error of

Bl-i—e
E(s) < + BoT2/3+¢,
T
Taking T = B,a = 7/8 + ¢, the error we obtain is satisfactory for the
lemma. 0

Using this lemma we can deduce the following.

Lemma 3.10. We have

HSZBA(n)FQ <<g)1/3>

_ B(1)G1a(1)

1
(/ FQ(U)dU) Bl/3P(10g B) + O(B7/8—2/3+5)

144 A

where P € Rz] is some monic cubic polynomial.

Proof. For ease of notation let C' = E3(1)G12(1)/144. Applying partial
summation, using (3.9) and Lemma 3.9 we deduce that

S A@)F, <<g>1/3>

n<B

= Fy(1)M(B) - /13 M(t)dE <<1t%)1/3>

¢ ["r ((;) Y 3) 4 (1Qogt)) + 0 (BT/-2/3+)

It remains to simplify the main term. In what follows we focus on the
leading term of the polynomial (), the lower order terms being dealt with
similarly. After changing variables we deduce that it equals
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where all the implied lower order terms are easily seen to be of the order
O(BY3(log B)? [4_1/5 Fa(u)ufdu). On using (3.9) to deduce that

B—1/3
/ Fy(u)ufdu < B~1/6+
0
the result follows. O

Hence, combing Lemma 3.10 with (3.15), we deduce the asymptotic for-
mula given in Theorem 1.1. One can also verify the leading constant, after
noticing that 7.(S) = 6 fﬂl F>(u)du and using Lemma 3.8 to deduce that

[T, 7(S) = E2(1)G12(1).
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