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On Minkowski units constructed by special values
of Siegel modular functions

par TAKASHI FUKUDA et KernicH1t KOMATSU

RESUME. Nous construisons les unités de Minkowski du corps de
classes de rayon modulo 6, kg, de Q(exp(27i/5)) en utilisant les
valeurs spéciales des fonctions modulaires de Siegel. Notre travail
utilise la décomposition en idéaux premiers des valeurs spéciales
et la description de I’action du groupe de Galois G(ke/@Q) sur ces
valeurs spéciales. De plus, sous GRH, nous décrivons entiérement
le groupe des unités de kg a partir unités modulaires et des unités
circulaires.

ABSTRACT. Using the special values of Siegel modular functions,
we construct Minkowski units for the ray class field kg of
Q(exp(27i/5)) modulo 6. Our work is based on investigating the
prime decomposition of the special values and describing explic-
itly the action of the Galois group G(kes/Q) for the special values.
Futhermore we construct the full unit group of k¢ using modular
and circular units under the GRH.

1. Theorems

In our previous paper [1], we constructed a group of units with full
rank for the ray class field kg of Q(exp(27i/5)) modulo 6 using special
values of Siegel modular functions and circular units. In this paper, we
construct Minkowski units in kg using only the special values of Siegel
modular functions. In these works, it is essential that Q(exp(27i/5)) is the
CM-field corresponding to the Jacobian variety of the curve y? = 1 — z°.

We use the same notations as in [1]. So we explain notations briefly. We
denote as usual by Z, Q, R and C the rational integer ring, the rational
number field, the real number field and the complex number field, respec-
tively. For a positive integer n, let I, be the unit matrix of degree n and
Cn = exp(27i/n). Let G2 be the set of all complex symmetric matrices of
degree 2 with positive definite imaginary parts. For u € C?, z € &3 and
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r,s € R?, put as usual

O(u,z;7,8) = Z e(%t(x +r)z(z +71) +Hz+1)(u+s)),

z€Z?
where e(§) = exp(2ni&) for £ € C. Let N be a positive integer. If we define
20(0,z;1, s)
@(z;1, 8571, 81) = 800, z:r1.51)

for r,s,71,81 € %Zz, then ®(z;r,s;r1,s1) is a Siegel modular function of
level 2N2. Let
J= ( I(z) ~I(2) > and T = 8p(2,Z) = {a € GL4(Z) | ‘aJa=J}.
We let every element o = ( é g
D)_l for z € Gs.

Let a be a matrix in M4(Z) such that ‘aJa = vJ and det(a) = v? with
positive integer v prime to 2N. Then there exists a matrix 8, in I'y with

I, 0
az( 02 vl )ﬁa (mod 2N?)

by the strong approximation theorem for Sp(2,Z). We let o act on
®(z;7,8;71,81) by *(2; 1,85 11,81) = ®(Balz); ryvs; r1,vs1). Then @<
is also a Siegel modular function of level 2N2.

) act on &3 by a(z) = (Az+ B)(Cz+

Remark . Our definition of ®* differs from that of [5]. Let GSp(A) be
the adelization of the group of the symplectic similitudes Sp(2,Q). View
a € GSp(Q) C GSp(A) and write o' € GSp(A) to be the projection of o to
[Tpj2n GSp(Qy) C GSp(A). Then our action of & is Shimura’s action by o'

In what follows, we fix { = {5 and k& = Q(¢). Let o be the element of
the Galois group G(k/Q) with ¢ = ¢? and define the endmorphism ¢ of
k* by ¢(a) = al*’ for a € kX.

Moreover put

_ (¢ N ¢
20 = 44 +<—3 C _<:2 C3
Li2+¢-¢ -2 2-C+¢*—-2¢
T\ 2-C+ ¢ -2 ¢+2P-203-¢ )¢
We note that zg is a CM-point of Gy associated to a Fermat curve y? =

1 — z°. For an element w in the integer ring O of k, let R(w) be the the
regular representation of w with respect to the basis { —¢, ¢4, ¢2+¢4, 3 }.
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Then R(p(w))zo = 20, ‘R(p(w))JR(p(w)) = vJ and det R(p(w)) = v2,
where v = N /g(w). Futhermore we put

s =t () (29 (19, ()

for ri,s; € Z
The main purpose of this paper is to prove the following:

Theorem 1.1. Let k = Q(exp(2ni/5)) and k¢ the ray class field of k
modulo 6. We put

(\Il(zo;Z,0,0,0;0,0,0,0) 3
U(20; 2,4,2,0; 0,0,0,0) ) °

Then € is a unit in ke and the conjugates of € with respect to kg over Q
generate a unit group of full rank 19.

We note that kg is a Galois extension of Q and k¢ = Q((3, v/24, ¢). Now
we put
Ok = (§(24 — V24) (1 - O)* /s
for0<:1<1,0<35<4,0< k<3, where

,

1 if (4,k) = (0,0),(0,1),(0,2),(0,3),(1,0),(1,1),(1,2),

2 if (4,k) =(2,0),(2,1),(3,0),

djk =495 if (j’k) = (1’3)’

10 if (45,k) =(2,2),(2,3),(3,1),(3,2),(3,3),

(20 if (5,k) =(4,0),(4,1),(4,2),(4,3).

Let M be the Z-module generated by 6;;x in kg. Then M is a free submodule
of the integer ring Oy, whose rank is 40 (cf. [4]). It is easy to see that
Ore/M = (Z/3Z)® using PARI. Hence, if  is an integer of kg, then 3c

has rational integral coefficients with respect to {6;jx}. Our second result
is the algebraic expression of ¢ which was defined analytically.

Theorem 1.2. Let € be as in Theorem 1.1. Then we have

3c = —2858190000 — 1424316001 + 4914330992 — 1993566003 + 4974360010
4189636011 — 786330012 + 1625670513 — 64650920 — 17916921
4471270922 — 1987860923 + 1866030 + 17160p31 — 12546032 + 5406033
— 200040 — 20041 + 256042 — 116943 — 8731626199 + 13544346101
— 7219410102 + 1194996103 + 14518860110 — 2269440;11 + 1222116112
— 1025100713 — 180966120 + 284946,19; — 774840122 + 131640;23
+ 5016130 — 39720131 + 21816130 — 37560133 — 526149 + 836141
— 4660142 + 86143 .
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2. Proof of Theorem 1.1

We extend o to the element of G(ks/Q((3, ¥/24)) and let 7 be the Frobe-
nius automorphism ({%‘3_/—55) Then G(ks/Q) =< 0,7 >. The action of 7 for

ke is given by
(1) (3=¢ and V24 =(2V24

because Ni/q(¢ +2) = 11, ~¢ = 2 = 24 (mod (¢ + 2)) and ¥ =
242/24 = (—(¢)?V/24 = (224 (mod ¢ + 2). Put oy = ¥(2; 2,0,0,0;
0,0,0,0)% and oz = ¥(z; 2,4,2,0; 0,0,0,0)3. Then o5 is an algebraic
integer in ke (cf. Prop. 2 of (3], [2]). The action of 7 for a; is determined
by Shimura’s reciprocity law. Namely we see that

®(z0; 7,835 71,51)% = &(B(20); 7, 1155 71, 1181)3
for r,s,71,51 € §Z2, where
3 0o -1 1
P 2 2 0 -1

111 26 46 —59 | €Tt
2% -13 —13 20

On the other hand, it is known that
(2) ®(B(20); m, 1155 11, 1181)3 = B(20; 7', 5’5 71, 51)° ¢34

for some integer m. Here, r',s', 7}, s| are elements in %Z"’ determined from
T,5,7T1,51 explicitly by translation formula for theta series. Since the con-
vergence of the left side of (2) is slow, we use the right side of (2) for high
precision calculation after we determined the actual value of m by calcu-
lating approximately both sides of (2) with low precision. In this manner,
we get rapid convergent formulae of o] . For example,

o] = ¥(=;3,0,4,5;3,0,0,3)%,
o = ¥(;23,4,4;0,3,0,0°G,
a’ij = ‘I’(Zo; 1,2,4,2; 3’ O,O,O)BCé

In [1], we showed that Ny,/q(cs) = 2*8. This was done by examining all
possibilities of o, of ? and of ®. In a similar manner, we can show that

Nieo ty=15)(@1) = Ny =15) (02) = 2%
noting that G(ke/Q(v/—=15)) = { 7%, or%¥1, 027%, 372+ | 0 <i < 4}.
Since the ramification index of 2 in kg over Q is 5 and the relative degree
is 4, exactly two prime ideals 931 and ‘B2 divide 2 in ks. We put p; =
PB;NQ(v/—15) for i = 1,2. Since 2 splitsin Q(v/—15), p1 and p are distinct.
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This means (a;) = (a2) = PEPS in ke, which shows that ¢ = a1/0s is a
unit in kg.

In the next section, we will prove Theorem 1.2 without assuming Theo-
rem 1.1. We can calculate the approximate values of log |€?| (p € G(ks/Q))
with arbitrary precision using Theorem 1.2. It is a routine work to verify
that the rank of the 20 x 20 matrix (log|a;;|) is 19, where

Tird gt if 0<4,7<9,

Torl —goT™ i 0<i<9,10<5 <19,
ol —gom™  if 10<i<19,0<5 <9,
oriord _ go?t™if 10 < 4,5 < 19.

Mm M M M

3. Proof of Theorem 1.2

Since a; is an algebraic integer in kg, 3a; has rational integral coefficients
with respect to {6;;x}:

301 = > aijklije  (aijr € Z).
0<i<1,0<5<4,0<k<3

If we know the actions of o, 62 and ¢ for a1, then we can easily determine
aijr by solving numerically the simultaneous equations

(3) > a6 = 3] (p € G(ks/Q).

0<i<1,0<5<4,0<k<3

In the preceding section, we computed all possibilities of af, afz and
of °. Our computation shows that

of = W(x;1,1,0,0;3,3,0,0%" ¢,
a‘{2 = V(z;2,0,0,0; 0,0,0’0)37’,2&?27

3

of' = U(z;1,1,0,0;3,3,0,00°7° ¢

for some 141,19,13, M1, Mg, m3 € Z. We first determine mi, mg, m3 so that
all elementary symmetric polynomials of of are rational integers. We next
determine %1, 1492,%3 so that (3) has a integral solution. Fortunately we have
only one possibility (i1, 12,13, m1, me, m3) = (4,1,1,0,0,0) which means

of = ¥(20;3,1,1,3; 3,3,3,3)°¢4,

of = U(z;3,0,4,5; 3,0,0,3)°,

of = ¥(x;225,3;0,0,3,3)%2
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and hence

(4) 30y = 2161566000 — 3650048001 + 340476600 — 1246686003
— 3668460010 + 622260911 — 577620012 + 1055348¢,5 + 46686020
— 79500021 + 367320022 — 133980923 — 1320g30 + 11286031
— 10380032 + 3780033 + 1460040 — 246041 + 220042 — 86043
+ 6618000100 — 991836601 + 8276880102 — 2650686103
— 1104486110 + 1656000111 — 13809660112 + 2210406;,3 + 138180120
— 2072460121 + 863700122 — 276420123 — 3840130 + 28800131
— 24000132 + 7680133 + 400149 — 600141 + 500142 — 1660143 .

Similarly we have
of = U(z;4,0,3,5;0,0,3,3)3¢E,
ag2 = P(z;0,4,1,2;0,0,3, 0)3cg’

ags \I’(Z() ) 373,111; 3, 3,3, 3)34(%

and

(5) 3ap = —1495680000 + 1907046001 — 107412602 + 162486003
+ 2698260010 — 3490260011 + 203586012 — 171360013 — 36306020
+ 47520021 — 142500922 + 25866023 + 1080930 — 7140931 + 4380032
— 8460033 — 120040 + 160041 — 100042 + 20043 — 1893120199
+ 3130446101 — 2138520102 + 573726103 + 3202260119 — 530466111
+ 364866112 — 4982460113 — 40566190 + 67320197 — 23298622
+ 64680123 + 114630 — 9486,31 + 6600132 — 1866133 — 126140
+ 200141 — 146142 + 46143 .

It is straightforward to deduce Theorem 1.2 from (4) and (5).

4. Construting the Unit Group Using Modular Units

It is natual to ask how large subgroups are generated by our units. In
[1], we constructed a subgroup of Ey, with full rank. Namely, if we put
&1 = ¥(z;2,0,0,0;0,0,0,0)'"",
g2 = U(z0;2,4,2,0;0,0,0,0)"""",
e3 = 1-(s,

then By} =< &f | 0 < i < 2,p € G(ke/Q) > is a subgroup of Ejg of free
rank 19. Furthermore Ey =< € | p € G(ks/Q) > is also a subgroup of free
rank 19, where ¢ is the unit defined in Theorem 1.1. Let W be the torsion
subgroup of Ei,. Then W is a cyclic group generated by (3. We note
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that Eo contains W because e§2 ~7 = (23. On the other hand, the torsion
subgroup of E; seems to be < (3 >.

Now, note that ks = Q((15 + v/24). We gave the minimal polynomial
of (15 + v/24 to PARI’s function bnfinit. Then Alpha 21264 of 667MHz
computed a free basis of E, in 30 hours under the GRH (Generalized Rie-
mann Hypothesis). It is then a routine work to find Ex, /W E1 = (Z/5Z)3,
Ey,/E> = (Z/3Z)** ® (Z/120Z) and Ey,/Ey B, = Z/5Z (under GRH). Un-
fortunately the function bnfcertify failed to remove the assumption of
GRH.

Next we construct a new unit. In the same manner as preceeding sec-
tions, we see that 3; = ¥(2;3,0,1,0; 0,0,0,0)'2 and By = ¥(29;5,1,1,0;
0,0,0,0)'? are integers of kg and satisfy

Nis/(B1) = Nisjo(B2) = (21°3%)12.

If 81/B2 is an integer of kg, then B1/f2 is a unit of kg. It is not easy to prove
theoretically the integrality of 81/B2. However, by expressing f1 and S2
with 6;;x, we can show computationally that 8, /B2 is an integer of k. Hence
we obtain a new unit 4 = 81/B2. The free rank of < &} | p € G(ks/Q) >
is 15. The unit ¢4 fills the gap between E, and E) Ej.

Theorem 4.1. If the GRH is valid, then the full unit group Exs of ke is
generated by the conjugates of €2, €3 and €4 (¢ and €1 are not needed).

Namely we suceeded in construting Ej, using modular units and cyclo-
tomic units. Finally we remark that the class number of kg is 1 again under
GRH. This seems to suggest some relations between modular units and the
class number.

5. Conclusion

The essential part of our work consists in the explicit description of the
action of the Galois group G(ks/Q) =< 0,7 > on the special values of Siegel
modular functions. Shimura’s theory permits us to describe the action of
7. But no theory is known for that of 0. In this paper, we determined the
action of o by experiment based on numerical calculations. It is the next
problem to construct a theory which enables us to handle the action of o.

In a similar manner, we can construct another Minkowski units

(‘I’(zm 2’0,070; 3,0a073))12 <\I/(Z(); 2’07070; 0137070))12

(205 2,4,2,0; 0,3,0,0) ¥(205 2,4,2,0; 3,0,0,3)

and so on.

High precision calculations for theta series were done by TC, an inter-
preter of multi-precision C language, which is available from
ftp://tnt.math.metro—u.ac.jp/pub/math-packs/tc/ .
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