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Invariants of a quadratic form attached to a tame
covering of schemes

par PHILIPPE CASSOU-NOGUES, Boas EREZ
et MARTIN J. TAYLOR

A Jacques Martinet

RESUME. Nous étendons des résultats de Serre, Esnault-Kahn-
Viehweg et Kahn, et nous montrons une relation entre des inva-
riants dans la cohomologie étale modulo 2, qui sont obtenus a par-
tir d’un revétement modérément ramifié de schémas a ramification
impaire. Le premier type d’invariant est construit a I’aide d’une
forme quadratique naturelle définie par le revétement. Dans le cas
d’un revétement de schémas de Dedekind cette forme est donnée
par la racine carrée de la codifférente avec la forme trace. Dans
le cas d’un revétement de surfaces de Riemann la forme provient
de 'existence d’une caractéristique théta canonique. Le deuxiéme
type d’invariant est défini a 1’aide de la représentation du groupe
fondamental modéré, qui est attachée au revétement. Notre for-
mule est valable sans restriction sur la dimension. Pour les revé-
tements non-ramifiés la formule est due aux auteurs précités.

Les deux contributions essentielles de notre travail sont de
montrer (1) comment ramener la démonstration de la formule
au cas non-ramifié en toute dimension et (2) comment maitriser
les difficultés provenant de la présence de points singuliers dans
le lieu de ramification du revétement, en utilisant ce que nous
appelons “normalisation le long d’un diviseur”. Notre approche
toute entiere est basée sur une analyse fine de la structure locale
des revétements modérément ramifiés.

Nous présentons aussi un survol des notions de la théorie des
formes quadratiques sur les schémas et les techniques simpliciales
de base nécessaires pour la compréhension de notre travail.

ABSTRACT. We build on preceeding work of Serre, Esnault-Kahn-
Viehweg and Kahn to establish a relation between invariants, in
modulo 2 étale cohomology, attached to a tamely ramified cover-
ing of schemes with odd ramification indices. The first type of
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invariant is constructed using a natural quadratic form obtained
from the covering. In the case of an extension of Dedekind do-
mains, fna.ins, this form is the square root of the inverse different
equipped with the trace form. In the case of a covering of Rie-
mann surfaces, it arises from a theta characteristic. The second
type of invariant is constructed using the representation of the
tame fundamental group, which corresponds to the covering. Our
formula is valid in arbitrary dimension. For unramified coverings
the result was proved by the above authors.

The two main contributions of our work consist in (1) showing
how to eliminate ramification to reduce to the unramified case, in
such a way that the reduction is possible in arbitrary dimension,
and; (2) getting around the difficulties, caused by the presence of
crossings in the ramification divisor, by introducing what we call
“normalisation along a divisor”. Our approach relies on a detailed
analysis of the local structure of tame coverings.

We include a review of the relevant material from the theory of
quadratic forms on schemes and of the basic simplicial techniques
needed for our purposes.
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Introduction

The theory of bilinear and quadratic forms over schemes has experienced a
surge of activity in recent years. Even so, it still seems that little is known
in general (see however the very recent work of Balmer [Bal], [Ba2]). As
an indication that this is the state of affairs, we note that—to the best of
our knowledge-Knebusch’s paper of the seventies [Kne] remains the only
available source on the elements of the theory. Of course, since that time
a lot of progress has been made on the theory of forms on rings, see e.g.
[Knu], and some results and definitions on forms over rings are sufficiently
functorial to work over schemes; but, for instance, the theory of bilinear
forms over the rational integers, has not yet been related to the recent work
in arithmetical algebraic geometry. (For the benefit of the reader we have
collected most of the sources on the theory which are known to us in the
bibliography—the article [Pa] contains a nice survey.) One explanation for
this might be that there is not, as yet, a real need to develop a general
theory, because few concrete examples and problems have been considered.

One of our aims here is to study a very special form, which arises from
the consideration of coverings of connected, regular, proper Z[%]-schemes.
Namely, let

T: X—-Y

be a covering of such schemes, which is obtained as a sub-covering of a
quotient 7 X >Y =X /G, where G is a finite group acting on the
connected, projective, regular Z[1]-scheme X. That is, we let X = X/H
for H a subgroup of G. Then, under suitable assumptions, among which is
the requirement that the ramification be tame along a divisor b with normal
crossings and that the ramification indices be odd, we are assured of the

existence of a locally free sheaf D, /4 over X, whose square is the inverse
different of X/Y (see Sect. 3.d). When viewed over Y and equipped with
the trace form this sheaf, defines a non-degenerate symmetric bilinear form

on Y, which we denote

E = (m(Dy i) Trxyy)
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and which we shall call the square root of the inverse different (see the
Example before Sect. 1.c.1).Note that for unramified coverings D;(%f =
Ox. In algebraic number theory this form has been studied by two of us
in [E-T] (see also [E1l]). The aim there was to compare this form with
the natural form on the group algebra, which is a sum of squares. For
coverings of Riemann surfaces it has been studied by Serre in [S2]. In [S1],
Serre had previously given a formula for the Hasse-Witt invariant of the
trace form for étale algebras over fields of characteristic different from 2 (no
ramification and dim 0). The formula in [S2] is an analogue of that formula
in the ramified case of dimension 1 (and characteristic 0). Esnault, Kahn
and Viehweg then provided a result valid for all tamely ramified coverings of
Dedekind schemes with odd ramification, which generalizes both of Serre’s
results (see [E-K-V] and [K]). In a different direction Lee and Weintraub
have generalized Serre’s formula to ramified coverings of higher dimensional
manifolds, with smooth ramification locus, see [L-W]. It was puzzling for
us to see that in higher dimension their formula looked just like Serre’s
and did not involve more terms. We wondered whether this was due to
the smoothness assumption on the ramification locus. It turns out that the
crossing points of the ramification locus do play a major role in our work,
but they do not contribute to the final result.

We will keep to the algebraic set-up and provide a generalisation to higher
dimensions of the work of Esnault-Kahn-Viehweg. We give an expression
for invariants attached to the form E. Our strategy consists in reducing to
the case of an étale cover. This case has been treated in full generality in
[E-K-V] and [K]. (The proof in this case consists of a sophisticated cocycle
computation generalizing that made by Serre to deal with the trace form
of étale algebras, see Sect. 1.h.) The invariants we consider are generalized
Stiefel-Whitney classes. They live in the étale cohomology groups modulo
2 of Y and are obtained by pulling back universal Hasse-Witt classes using
a classifying map corresponding to E (as in [J1] and [J2], see Sects. 1.d
and l.e). Following Snaith and Jardine, we shall call the i-th Hasse- Witt
invariant of E the class w;(E) in H*(Ye,Z/2Z) attached to the form E in
this way. Putting all these classes together we obtain the total Hasse- Witt
invariant of

’wt(Tr*(D)_(%E),TT‘X/y) = wt(E) =1+ wl(E)t + ’lU2(E)t2 +--.,

which is a class in the (abelian) group G*(Yet, Z/2Z) of invertible elements
in H*(Yet, Z/2Z). To determine this class we shall construct an étale cover-
ing 7z : T — Z of Y-schemes, and a sequence of locally free sheaves G® on
Z, as follows. Let G2 denote a 2-Sylow subgroup of G and put Z = X /G2,
then 7" will be the normalization of the fiber product 7/ = Z xy X. So we
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have the diagram.
T — T =ZxyX - X

TZ \. il lm

Z 4y

Our first task will be to show that with these definitions 7z is indeed
étale and that T is regular. We do this by using an explicit description
of the local structure of the cover X/Y (see Sect. 2). The natural thing
to try then is to compare the pull-back of E along ¢ with the form F' =
(mz+(Or), Trr/z). Note that by our choice of Z the pull-back map induced
by ¢ in cohomology is injective. The two forms ¢*(E) and F coincide
on the generic fiber of Z and we wish to compare their total Hasse-Witt
invariants. For this, following [E-K-V], we try to show that the orthogonal
sum H := ¢*(E)LF, equipped with the difference of forms, contains an
isotropic sub-bundle I, whose rank is half of the rank of H. With the
terminology introduced in Sect. 1.c.1, we try to show that H is metabolic
with lagrangian I. Note that hyperbolic forms are an example of metabolic
forms and the reason for trying to show that H is metabolic is that, as with
hyperbolic forms, it is expected that the quadratic/Hasse-Witt invariants of
H should then be determined by the linear/Chern invariants of the maximal
isotropic sub-bundle I. In fact this expectation is justified (see the Main
Lemma 1.15). In dimension 1, which is the situation considered in [E-K-V],
the intersection ¢*(FE) N F gives the required sub-bundle I. In our general
situation, problems appear due to the fact that the branch locus b of the
covering X /Y is not smooth. We show that the form ¢*(E)_LF is metabolic
(in a generalized sense), but to exhibit a maximal isotropic sub-bundle
explicitly we are led to introduce a sequence of forms A™ which interpolate
¢*(E) and F'. For this we decompose the normalization map T'— T” into
a sequence of Z-morphisms

T=1m7m) ... ,70 =7

numbered by the m components of the branch locus b of the covering X /Y
and which are obtained by “normalisation along a component of b” (see
Sect. 3). The form A™ is the square root of the inverse different for the
cover T /Z and A©) = ¢*(E), while AC™ = F. For 0 < h<m —1 we
have short exact sequences of locally free Oz-modules

0 — 1M 5 AB) @ A+D) _, g g

where the map on the right is the difference map (see Prop. 3.12). This
shows that the sum (A®, Tr) L(A®*+D —T7r) is metabolic.
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We need to introduce one last notation before stating our first main
result. For every h define an element of H*(Z., Z/2Z) by

n

d(G™) =D (1 + (-1)t)* e (GM)e*

=0

where ¢;(G™) = ¢;(I™) denotes the i-th Chern class of G and n denotes
the rank of G (see the Main Lemma 1.15).

Theorem 0.1. Under the above assumptions the following equality holds
in H*(Zet, Z/27)

wi(¢* (e (D 2), Trxyy)) = we(nz.(0r), (1) Trryz) 0" [ de(6™)D"

0<h<m~1
Remark. It should be noted that if we work with another divisor on Y
which differs from b by the addition of a number of irreducible non-ramified
divisors, then of course the number m of divisors will change and so the
parity of the first term in the right hand side may change; however, it can
be checked that the product of the two terms on the right remains constant
(see the remark at the end of Sect. 4.a).

The proof of Thm. 0.1 is given in Sect. 4.a. The invariants of the form
(72+(Or), Try)z) arising from the étale covering T'/Z, have been related
to other Stiefel-Whitney type invariants attached to the covering in [S1],
[E-K-V] and [K]. These are what we call the Galois theoretic classes w;(r),
which can be defined using Grothendieck’s equivariant cohomology theory.
Then, with some further work, in low degree Thm. 0.1 can be reformulated
to give a simple expression for the difference between the second Hasse-
Witt and Galois theoretic invariants. For this let us introduce an element
p(X/Y) in H?(Y.,Z/2Z) which only depends on the ramification data of
the covering X/Y. We shall denote by the same symbol (the class of) a
line bundle and its image in H?(Y,t, Z/2Z) under the composition

HY(Yy, Gyn) = Pic(Y) — Picy(Y) — H%(Ye, Z/27)

where the second map is the coboundary induced by the Kummer sequence
(note that under our assumptions we may identify ps with Z/2Z). We
define p(X/Y) as a divisor class. Let &, denote the generic point of the
irreducible component b;, of the branch locus b and consider the divisor

€ )2 — -
r= Y @& by,

R, —En

where the sum runs over the points {,’l on X of codimension 1 above the
¢, and where e(¢,) denotes the (odd) ramification index of &, The divisor
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p(X/Y) onY is defined as the direct image

€ )2 — ’
01)  px/¥)=m@ =0y [ S(Y =D pe) 0]

h & —en

where f (5;1) denotes the residue class extension degree. Our second main
result can then be formulated as follows.

Theorem 0.2.
a) Let dx/y denote the function field discriminant viewed as an element

in HY(Yet, Z/2Z), then
w1 (m(Dig ) Trxyy) = (dxyy) = wi(m) .
b) The following equality holds in H*(Ye,Z/2Z):
wa(m(Dy ) Tryy) = wa(m) + (2) U (dxyv) + p(X/Y) -

The main effort in proving this theorem, given the preceding work, goes
into a determinantal computation, which again uses in an essential way the
local description of the tame cover X/Y. More precisely in Thm. 4.2 we
show that in H%(Ze, Z/2Z):

> (aA®) +e(G®Y)) = ¢*(p(X/Y)) -

1<h<m

The origin of the coefficient (e2 — 1)/8 is in the combinatorial Lemma 4.3.
We do not have a conceptual definition of the ramification term p(X/Y).

A word about invariants of forms over schemes might help clarify the
significance of our results. Not all invariants of forms over a field extend
to invariants of forms over schemes, except in degree 2 and smaller. Global
obstructions appear. So for instance the Arason invariant, in degree 3, does
not extend to schemes, see [E-K-L-V]. The Hasse-Witt invariants we study
exist in arbitrary degree, but one should keep in mind that they are not
independent one of the other. So for instance, as might be expected from
the analogies with algebraic topology, if wi(E) and wq(E) are both zero,
then w3(E) is zero as well. The formule in Thm. 0.2 can be viewed as
expressing the difference between the “topological” Hasse-Witt invariant
and the “discrete” Galois theoretic invariant (see [J1], p. 84, [J3] Sect. 3 or
[J4] Intro.). They should also be viewed as “twisting formulae” following
Frohlich’s work [F]. Yet another interpretation is given by Kahn in terms
of equivariant cohomology (see [K]).

The invariants in degree smaller than 2 have been refined to give invari-
ants in K-theory (see [G1], [O-P-S], [Sz], [G2] and [B-O]; the last two also
deal with invariants in higher degree). These invariants are related to the
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invariants in étale cohomology via Chern class maps; we do not know if our
formula can be lifted to K-theory.

The paper is structured as follows. In Sect.1 we fix notation and recall
the necessary definitions and background material used in the rest of the
paper. We offer a rather detailed review of the basic material on forms
over schemes and their invariants as the literature on the subject is rather
scarce and/or quite technical. In Sect. 1.h we state and sketch a proof
of the result of [E-K-V] which we use in the proof of Thm. 0.2. Sect. 2,
contains the material on tame covers on which our contribution is based.
There we describe the normalization T locally (see Prop. 2.6). Next, we
analyze the normalisation procedure and decompose it into steps, which
we call “normalisation along a divisor” (see Sect. 3). Sect. 4 contains the
proofs of Thm. 0.1 and Thm. 0.2. The first will follow easily from the
preceding work. As explained above, to obtain Thm. 0.2, we have to make
more explicit the right hand side in the equality of Thm. 0.1 as well as
bring in the Galois theoretic invariants. We have collected in an Appendix,
some material on homotopical algebra which we could not find presented
in compact form anywhere in the literature.

To conclude this Introduction let us mention another related line of re-
search which consists in studying forms on cohomology of (complexes of)
sheaves. This has been pursued by Saito in [Sa] and Chinburg-Pappas-
Taylor in [C-P-T1]. Saito’s work also has as its starting point [S1], whereas
[C-P-T1] deals with forms coming from Arakelov metrics. This work sheds
new light on the role that the trace form plays in Galois module theory. We
would also like to indicate that in the future we hope to relate the material
in this paper to the programme developed in [CEPT2] and other papers of
that consortium of authors (see [E2] and [C-P-T2] for a general overview of
that programme). Other developments arising from Serre’s original formula
for étale algebras can be found in [Mo] and the references therein.

We would like to acknowledge initial discussions with G. Pappas and
T. Chinburg and to express our gratitude to Q. Liu for his help and ad-
vice. The second author would also like to thank P. Balmer, J.F. Jardine,
B. Kahn, M-A. Knus and M. Ojanguren for helpful remarks concerning
their work and the literature on the subject.

1. Framework and notation

1l.a. Notation and conventions.

Induced algebras. In our local description of the structure of tame coverings
we will need the following construction. Let A be a ring and let B be an A-
algebra equipped with an action of the finite group H, which preserves the
algebra structure. For a group G and a subgroup H of G let Mapy (G, B)
denote the B-algebra of all maps f from G to B such that for all g in
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G and all h in H, f(gh) = f(g)". The group G acts on this algebra by
f(g") = f(gg)-

Normalisation. For a ring A which injects into its total ring of fractions
Fr(A) we write A for its integral closure. We will also use a tilde superscript

to denote certain objects related to the cover of schemes X /Y. This should
not cause any confusion.

Coefficients. We will work with mod 2 étale cohomology of schemes on
which 2 is invertible, so we will always identify ug with Z/27Z.

1.b. Tame coverings with odd ramification. _

In what follows all schemes will be defined over Spec(Z[3]). Let X be
a connected, projective, regular scheme which is either defined over the
spectrum Spec(Fp) of the prime field of characteristic p # 2 or is flat over
Spec(Z[3])-

Tameness. Assume X is equipped with a tame action of G, in the sense of
Grothendieck-Murre. In particular the quotient

fr:)~(—>Y=)Z/G

exists and is a G-torsor outside a divisor b with normal crossings (see
[Gr-M], [CEPT1], [C-E] Appendix and [CEPT2] 1.2 and Appendix).
Once and for all fix a subgroup H of G, and let

A:X > X:=X/H
denote the quotient map. Let
m: X =Y
be the induced map, so that # = m o A\. These maps are all finite.

Regularity and flatness. If 7 is flat, then Y is regular (see [EGAIV] IV
6.5.2). Conversely a morphism between equidimensional regular schemes
of the same dimension is flat (see [Ka-M], Notes to Ch. 4 or use [EGAIV]
IV 6.1.5). We will assume that Y and X are regular, or equivalently that
7 and A are flat. Note that being quotients of a normal scheme by a finite
group Y and X are certainly normal, however it is only under the above
regularity assumptions that we will be able to give a precise description of
the local structure of the quotient maps (see Lemma 2.3). It follows from
these assumptions that 7 is flat as well.

Different; branch and ramification loci. The different D5 Iy is the annihi-

lator of Q}( v (see [Mi] Rem. 1.3.7). The reduced closed subscheme of X
defined by the different is the ramification locus of 7, which we denote by
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B = B(X/Y). Then b= b(X/Y) is the reduced sub-scheme of Y defined
by the image of B under 7. There are decompositions

o(X/Y)= J[ t» and BX/Y)=]]Bus,
1<h<m hk

where the by, are the irreducible components of b and where for any fixed
integer h between 1 and m, the Bh  are the irreducible components of B
such that 7T(Bh7k) = by,

The tameness assumption on the ramification implies that the ramifi-
cation locus B(X/Y) on X is a divisor with normal crossings. For each
irreducible component by of b, let &, denote the generic point of by, and
Iet Eh denote a generlc point of the branch locus on X above &n. Put

h = )\(fh) Let e(fh) (resp. f (§h)) denote the ramification index (resp.
residue class extension degree) of §;L over &p.

Parity. We assume that the inertia group of each closed point of X has odd
order, so every point has odd inertia and in particular the integers e(f;l)
are odd.

The base change. Choose a 2-Sylow subgroup G2 of G and consider the
quotient Z := X /G2. We will show in Sect. 2, that by the parity assump-
tion X is étale over Z , S0 Z is regular and flat over Y. We give a local
description of Z/Y analogous to that of X/Y, without using the regular-
ity of Z in (2.4). As mentioned in the Introduction our main effort will
go into the construction of Z-schemes which will allow us to reduce our
computation of the invariants to the case of an étale cover.

Memotechniques. For future reference and to help the reader with book-
keeping, we anticipate some of the notation to come. Components of the
branch locus b will be numbered by A (from 1 to m). We fix points y in
Y and % in X over y. The n components of b which are in the image of a
component of the ramification divisor through Z will be numbered by ¢ (see
(2.2); of course there might be none of these). Let I(Z) denote the inertia
group of z for the covering X /Y, this is a group which is the direct product
of n cyclic groups indexed by the components of b through y. Let e, denote
the order of the /-th component. In describing the local structure of our
coverings we will consider the spectrum S = Spec(A4y) of a ring containing
a regular sequence of parameters ai,... ,an, providing a sufficiently small
étale neighbourhood of y in Y (see Lemma 2.3). Then, we will construct
coverings

S(—Xge——)?s
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corresponding to inclusions of algebras

Ay ‘—‘_’HAy[ti,l,--- 7t'i,n] dl—ag>H HAy[tla--- ,tn] 3
i i \J()

where t;, = tze/ ““* for a certain divisor e;, of e, and where t;* = a; (see
also the diagram just before Sect. 2.a). The index ¢ arises from the double
coset decomposition of G with respect to H and I(Z). Analogously, the
index 5(i) arises from a coset decomposition g;I(%)g; > N H\H (see (2.b)).
Fixing ¢ and going to the fields of fractions we obtain a sequence of abelian
Galois extensions of the field Ky = Fr(A,). Namely let

Mz = Fr([[ Aylts,--- stal) » Liz = Fr(Ayftis,--- ,tin])
3(@)
and H; = I(z)/I(z,1), then we have the diagram of fields

K, = Fr(4)) = M}® —> L, = M{®) — M; .

\_/

H,

There is an analogous description of S «— Zg and quite naturally, in the
local description of the normalisation T of 7" = Z xy X, we will consider
algebras indexed by pairs (j,7) (see Prop. 2.6). Moreover the algebras
appearing in the local descriptions will be decomposed according to the
characters of the group H;, which will be indexed by a set A(z), whose
elements will be o’s (see Lemma 2.5).

1l.c. Quadratic forms on schemes.
Quadratic forms on schemes are defined by generalizing the familiar defi-
nitions given for such forms over fields or rings (see e.g. [Kne] and [Knu]
Chapt. VIII). The only definition which is not straightforward is that of
a metabolic form (see below Sect. 1.c.1). However, for the definition of
the invariants, it is also good to have an algebraic description of the set of
isometry classes of forms of given rank over a scheme Y. We will recall the
description in terms of non-abelian first cohomology sets, and the descrip-
tion in terms of homotopy classes of maps from Y to a certain classifying
space. For completeness, we briefly go over the basic material on forms
over schemes. As usual, since 2 is invertible over Y, then the theory of
symmetric bilinear forms is equivalent to that of quadratic forms. Here we
will concentrate on the former.

Let Y be a scheme. A vector bundle E on Y is a locally free Oy-module
of finite rank. The dual of a vector bundle E is the vector bundle EV such
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that, for any open subscheme Z of Y
EV(Z) = HomOZ(Elz,Oz) .

There is a natural evaluation pairing < , > between E and EV and one
can identify E with the double dual EVV by

k:E=EVY
such that < a,k(u) >=< u,a >. A symmetric bilinear form on X is a
vector bundle E on Y equipped with a map of sheaves
B:E xy E— Oy,

which on sections over an open subscheme restricts to a symmetric bilinear
form. This defines an adjoint map

Y=¢B: E—-F v ’
which because of the symmetry assumption equals its transpose:
\
o=¢ ESEWVE BV

We shall say that (E, B) is non-degenerate (or unimodular) if the adjoint
¢ is an isomorphism. (Note that some authors call non-degenerate forms
spaces.) One can show that a form on a locally free module of rank n over
a ring R in which 2 is invertible is non-degenerate if and only if locally in
the étale topology it is isomorphic to

Ty + -+ TmYm + 022 ,a ERX ifn=2m+1is odd ,

see [Sw] Cor. 1.2, [Knu] IV (2.2.1), IV (3.2.1) or [M-R] 1.11.5 (In [M-H] I
(3.4) it is shown how to diagonalize a non-degenerate form over a local ring
in which 2 is invertible.) Morphisms among forms, orthogonal sums and
tensor products are defined as expected.

{ T1Y1 + - + TmYm if n =2m is even

Example 1.1. Let 7 : X — Y be an oddly, tamely ramified cover as in
Sect. 1.b. We obtain a non-degenerate symmetric bilinear form on Y by
letting

_ ) —1 =
Dt = 0x| ¥ =N
h:‘fh_’fh

E = m(Dy}),

and by considering the bilinear form B : E xy E' — Oy given by B(z,y) =
tracex,y (z-y) (see [EGAIV] IV 18.2.1). Note that twice the divisor defining
E is isomorphic to the (relative) canonical divisor of X/Y and that if 7 is

étale, then D;(%E = Ox.
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There is a further useful way to view a form over a scheme. For F a vector
bundle over Y, let P(E) — Y denote the associated projective scheme.
Then, giving a symmetric bilinear form on F is equivalent to giving a
section of the invertible sheaf O(2)p(x) over P(E) (a section of S2(E)) (see
[Sw] Lemma 2.1 and [Del]).

1.c.1. Metabolic forms. The notion of a metabolic form was introduced
by Knebusch for his definition of the Witt group of a scheme in [Kne].
Hyperbolic forms are metabolic and the greater generality of the latter
notion is the right one in the global situation of non-affine schemes (see
below). More recently in [Bal], [Ba2] Balmer has extended the notion of a
metabolic form in the context of triangulated categories with duality and
he has shown its usefulness. In fact the interpolation procedure which we
will set-up in Sect. 3 shows that even in our very special situation it is
quite natural to consider forms as self-dual complexes (see the remark after
Prop. 3.12).

Let E be a vector bundle over Y. A sub-Oy-module V of F is a sub-
bundle of F if it is locally a direct summand, i.e. for any y in Y, there is an
open Z containing y such that V|z has a direct summand in E|z. If a V is
a sub-bundle of E, then V and the quotient E/V are both vector bundles.
Let now (E, B) be a form. For a sub-module i : V' C E one defines an
orthogonal complement, which is the sub-Oy-module V1, whose sections
over the open Z consist of those sections of E which are orthogonal to all
sections of V' over any open subset of Z. Alternatively:

Vi—ke(EB E S VY.

If furthermore V is a sub-bundle of E, then iV is an epimorphism, and if
(E, B) is non-degenerate, then ¢p is an isomorphism (by definition). So
under these assumptions we have an isomorphism

a:E/Vt=yY
E/V+ is locally free and V' is also a sub-bundle. There also is an isomor-
phism

B:Vt=(E/V)V.
(The form (E/V)V can be identified with the sub-Oy-module of E whose
sections over Z C Y are the linear forms ) : E|z — Oz which vanish on V,

so V1 = o' ((E/V)V).) The maps a and 8 correspond to bilinear maps
which are perfect dualities, obtained by “restriction” from B:

V xy E/Vt = Oy
Vixy E/V - O0y.

A further duality is
Vi xy E/Vl - Oy ,
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which gives V = V1. We have the following commutative diagrams
E — E/ VI = 0
¥B ! la )
EY - VYV = 0
and
0o - Vvt - F
Bl LB
0 - (E/V)V — EV
A sub-bundle V' of a non-degenerate bilinear form (E, B) is a totally isotro-
pic sub-bundle (also called a sub-lagrangian) if V C V+. If V is a sub-
lagrangian of (E, B), then V1 /V is a sub-bundle of E/V and the form on
V+/V obtained by reducing B modulo V is non-degenerate. A sub-bundle
V of a non-degenerate form (F, B) is called a lagrangian if it is such that
V = V<. The form (E, B) is called metabolic if it contains a lagrangian. If
V is a lagrangian in (E, B), then rank(F) = 2-rank(V) and V is in a sense
a maximal totally isotropic sub-bundle. Using the above, we see that V is
a lagrangian in F if and only if one has a commutative diagram

0 — Vv - E - VvV S0

id | lvB lid
0 - VvvW - EVY = | VAN ||

That is a metabolic form is given by a symmetric/self-dual short exact
sequence (see [Kne] Chapt. 3).

Example 1.2. A special case of the notion of a metabolic form is that
of a so-called split metabolic form, which corresponds to the case of a split
exact sequence. Let (U, C) be a form with adjoint ¢. The split metabolic
space associated with (U, C) is the form M (U, C), which has as underlying
bundle U & UV and form B the form with adjoint

@ id
id 0 ) °
The form H(U) := M(U,0) is called hyperbolic. For a form (E, B), the
form (ELE, Bl — B) is metabolic. It is shown in [Kne| Prop. 3.1 and 3.2,
that M(U,2C) = H(U), and that
M(U,C)LM(U,-C) = H{U)LM(U,-C) .

Since 2 is invertible, a split metabolic form is isomorphic to a hyperbolic
form: just consider the equality

id ——%go ¢ id id 0\ _ (0 i
0 id id 0 —1p 4id ) " \id 0 )~

Moreover, for an affine scheme Y, one shows that any metabolic space
is split metabolic (loc. cit. Cor. 3.1) and that for any non-degenerate
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form (E,B) over Y, there is a splitting analogous to the classical Witt
decomposition. Namely (E, B) is isometric to the orthogonal sum of a
form which does not contain any sub-lagrangian (i.e. is anisotropic) and
a form which is split metabolic (loc. cit. Prop. 3.3). (One should be
aware that such a decomposition does not determine either summand. One
obtains a better analogue of the Witt decomposition by working inside the
Grothendieck-Witt ring of Y [Kne] Thm. 4.3.) Over a complex elliptic
curve there exist infinitely many non-isometric metabolic forms which are
not split metabolic (see [Knu] VIII (1.1.1)).

Example 1.3. In our set-up, metabolic forms will be useful in comparing
two forms over an irreducible scheme Z which are isometric when restricted
to the generic fiber of Z. Namely if (E, Bg) and (F, Br) are defined over
Z and agree on the generic fiber

Elnz =F|7}z )

then under suitable assumptions (ELF, Bgl — BF) is metabolic (see e.g.
Prop. 3.12). A natural approach is to consider the sub-sheaf G of E|,, =
F|,, defined as

G:=<e—fleecE,feF >,
and the exact sequence

0—-ENF—-FElLF—-G—0,

where the maps are obtained by restricting to E' L F' the maps defined at the
level of the generic fibers given by the diagonal map and the map sending
(z,y) to (z — y)/2. Then, if G is locally free, it follows that EN F is a
sub-bundle of £ L F', which is a lagrangian and

ELF/ENF~(ENF)V~gG.

The point is that G might not be locally free in general; on the other hand G
is certainly locally free in the case of Dedekind schemes, which is the case
which was considered in [E-K-V].

1.d. Classifications.
As with forms over fields, non-degenerate, symmetric, bilinear forms of
a given rank n over a scheme Y can be considered as torsors under an
orthogonal group and hence are classified by the non-abelian cohomology
set

H'(Y,0(n)) .
Jardine shows in [J1] how to identify this set with the set of morphisms

[Y,BO(n)]

from Y to the “classifying space” BO(n) inside the homotopy category of
(étale) simplicial sheaves on Y. This leads to one approach to the invariants
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of forms on schemes which is very close to the approach to characteristic
classes following Borel (see [St] App. 10 and Rem. 1.d.2 below). We think it
is worthwhile to go over Jardine’s description in some detail. The powerful
techniques and ideas he exploits are seldom presented in a form suitable
to the non-specialists. Going over this material also allows us to see how
simplicial schemes arise quite naturally in our set-up (see the Appendix).

1.d.1. Cohomology sets. We start by giving precise references for the clas-
sification in terms of first cohomology sets. The orthogonal group of a given
form is a group scheme. It is, however, most easily defined in terms of its
associated functor of points. Let R be a ring in which 2 is invertible. Models
over R are R-algebras. The functor we are interested in is a functor from
models to sets which satisfies some special properties, making it a sheaf
for the (Grothendieck) (fppf)-topology. Let (M, Bas), (N, Bn) be two qua-
dratic forms over R. Let Isom(Bys, By) denote the functor from models
over R to sets, which sends an extension R’ of R to the set of isometries
between the forms Bj; and By extended to R'. If Bj; = By, this defines
a sheaf

O(Byy) :=Isom(By, Byr)

which is the orthogonal group (functor) of (M, Bys) ([D-G] 111, Sect. 5, n.2).
This sheaf is representable by an affine scheme, but this property does not
make the discussion any easier. Let us fix a quadratic form (M, Bys) over
R. We say that the quadratic form (N, By) is a twisted form of (M, Byy)
if there is a (fppf)-covering R-algebra R’ such that (N, By) becomes iso-
morphic to (M, Bpy) over R'. Recall that a torsor X under a (sheaf of)
group(s) G over a sheaf Y (e.g. a scheme) is a sheaf X covering Y, which
is equipped with an action of G such that

XXGEXXYX

under the map given on sets of sections by (z,g9) — (z,zg). (We are
essentially saying that the action of G on X is simply transitive.) In loc.
cit. one finds a proof that the map

(N, By) — Isom(By, By) ,

is a bijection between the set of isometry classes of twisted forms of (M, Byy)
and the set H'(R, O(Bys)) of isomorphism classes of torsors under O(By)
over R. This is a pointed set, pointed by the class of the trivial torsor. All
goes through for a scheme Y in place of the ring R and in our set-up the
torsors X are schemes.

Example 1.4. In view of what we have recalled about non-degenerate
forms, we see that non-degenerate for1~ns of rank n, over a scheme Y over
which 2 is invertible are classified by H(Y, O(n)).
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Example 1.5. One can give a cohomological description of metabolic
forms over a ring R (see [K-O2] and [Knu] IV (2.4.2)). If O(2n,n) denotes
the group functor which sends an extension R'/R to the group of isome-
tries of the hyperbolic space H(R™) = R™LR™" which stabilize R™",
then metabolic spaces (with a distinguished lagrangian) are classified by
H(R,0(2n,n)).

By the Theorem of Torsor Descent recalled below, one can “compute” the
cohomology set H! in terms of a set (of orbits) of cocycles, and more
precisely as the cohomology of a cosimplicial group, called the Amitsur
complex. In fact one first identifies the set H'(Y, O(Bys)) with the direct
limit of sets of torsors which are trivialized over a given covering Y’ — Y
(i.e. a sheaf epimorphism). More generally for any (sheaf of) group(s) G
one has
H'(Y,G) =lim H'(Y'/Y,G),

where the limit is taken over the coverings Y’'/Y . The sets on the right are
defined by

HY(Y']Y,G) := ker(H\(Y,G) — H'(Y',Q)) .

(Here ker consists of elements in the inverse image of the distinguished
point.) We recall the definition of the Amitsur complex and of the first
cohomology set H(Y’/Y,G) in the Appendix, see (5.4). The Theorem of
Torsor Descent is the following statement (see [D-G] III, Sect. 4, n. 6.5).

Theorem 1.6. Let Y’ — Y be a sheaf epimorphism, and let G be a sheaf
of groups. There is a canonical bijection

HY(Y']Y,G) = H\(Y']Y,G) .

1.d.2. Morphisms in the homotopy category. Let now [Y, BG] denote the
set of morphisms between the simplicial sheaves Y and BG in the homotopy
category (see Appendix 5.c for definitions). The next result is due to Jardine
[J1] Cor. 1.4. We sketch a proof of this in Appendix 5.d.

Proposition 1.7. For any sheaf of groups G on 'Y, there is a bijection
H'(Y,G) < [Y,BG] .

Remark 1.8. The proposition is an algebraic/combinatorial version of a
result which is quite typical in geometry, where principal G-bundles on a
space Y are classified by maps into a classifying space BG, so that the
bundles are obtained by pull-back from a universal bundle FG on BG (see
[St] Sect. 19). For certain groups G, one has a very explicit description of
the space BG. For instance the classifying space for the real orthogonal
group O(n,R) is given by the Grassmann manifold G, (see [M-S] 5.6).
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In the first two sections of [Mac-Mo] Chapt. VII, the reader will find how
to identify principal G-bundles over a space Y with G-torsors over Y, in
the case of a discrete group G. For the simplicial version of this see [Cu]
Sect. 6. A version of the proposition for simplicial sets can be found in
[Go-Ja] Thm. 3.9.

1l.e. Cohomological invariants I: Hasse-Witt.

Let (E, B) denote a non-degenerate form over a scheme Y on which 2 is
invertible. We recall the definition of the Hasse-Witt invariants w;(E) at-
tached to (E, B) in H*(Yet, Z/2Z), following Jardine’s work and [E-K-V].
We begin by defining the invariants in low degree. Then, we give two defini-
tions of the higher degree Hasse-Witt invariants: the first is by pulling back
universal classes, the second is via the decomposition of the cohomology of
the complement of the quadric defined by B inside the projective bundle
associated to E.

l.e.l. Low degree. To a form (FE, B) of rank 1 over Y, there corresponds
a class

w1(E) = wi(E,B) :=[(E,B)] in H'(Ys,0(1)) = H (Y, Z/2Z) .

Let det(—) denote the top exterior power operation. Then the first Hasse-
Witt invariant of a form (E, B) of arbitrary rank, is

w1 (E) := wi(det(E), det(B)) ,

where the right hand term is the Hasse-Witt invariant of the rank one
form (det(F),det(B)) as defined above. Thus, under the map induced in
cohomology by the map Z/2Z = uy — G, the first Hasse-Witt invariant
is sent to the first Chern class c;(E):

H'(Y,Z/2Z) — Pic(Y) = H'(Yet, Gn)

wi(B) +— a(B) = [det(E)] ,

(see [Knu] I11.4.2). Below we shall view c; as taking values in H?(Y,
Z/27), via the coboundary map coming from the Kummer sequence.

In degree 2 one Let m : X — Y can define an invariant by a construc-
tion, which generalizes that of the Clifford algebra. Namely, to a form
(E, B) over Y, one associates a sheaf C(E) of algebras over Y, called the
Clifford algebra of (E, B) (see [K-O1], [Knu] IV (2.2.3); in odd rank one
only considers the even part of the full Clifford algebra). The algebra C(FE)
is an Azumaya algebra, that is an Oy-algebra which locally in the étale
topology is isomorphic to the Oy-algebra Endo, (W) of endomorphisms of
some Oy-bundle W. The class of this algebra in the Brauer group of Y is
2-torsion and is called the Clifford invariant of (E, B)

C(E) :=[C(E)] in oH (Ye;, PGL(2")) C 32Br(Y),
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where n/ = n/2, if the rank n of E is even, and n’ = (n—1)/2, if the rank is
odd. The Clifford invariant can be viewed in 2H?(Ye:, Gy) (see e.g. [Mi]
Chapt. 4, Thm. 2.5). The invariant we will be interested in is a lift of this
invariant under the map

oH? (Yo, 2/2Z) — 2H?(Yei, Gpn) -
In [F], Fréhlich has shown how to construct an extension
ap:1—7/2Z - O(B) —» O(B) — 1,
which, in the case B is the standard form, gives rise to a map
AVHE Hl(Yet,O(")) - H2(Yet, Z/2Z) .
The second Hasse-Witt invariant of (E, B) is
wz(E) = wa(E, B) := Aa([(E, B)]) ,

see also [E-K-V] Sect. 1.9, and [J2] Appendix. (Note that the Pinor exten-
sion constructed in [A-B-S] gives ws+w?.) Further approaches to invariants
in degree 2 are given in [Pat] and [Pa-S].

1.e.2. Universal classes. To obtain invariants in higher degree one has to
work harder. The approach outlined here is that of Jardine [J1]. It relies
on his computation of the cohomology algebra of the classifying simplicial
scheme BO(n) (over the big étale site of Spec(Z[4]). The computation
shows that this algebra is a polynomial algebra over a finite number of
elements. These elements are the universal Hasse-Witt invariants. We
will use these universal invariants to give one definition of the Hasse-Witt
invariants of forms, but also, in Sect. 1.f below, to define invariants of
orthogonal representations. As before let Y be a scheme over Spec(Z[1]).

Theorem 1.9. The cohomology ring H*(BO(n)et, Z/2Z) is a polynomial
algebra over the algebra H*(Spec(Z[3])et, Z/2Z), with n distinguished gen-
erators HW;, where for 1 <i <n, deg(HW;) = 1.

This allows one to define the Hasse-Witt invariants of a form (F, B)
over Y as follows. Recall from Prop. 1.7 that if (£, B) has rank n, then it
corresponds to an element [E] in the set [Y, BO(n)] of homotopy classes of
maps from Y to BO(n). One sets

wi(E) = wi(E, B) := [E]"(HW) .

It can be shown that in low degree these classes agree with those defined
in the previous paragraph (see [E-K-V] Sect. 1.9 and Sect. 1.h below).
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1.e.3. Projective bundles. A further, equivalent, way of defining higher
degree invariants proceeds along the lines indicated by Grothendieck’s defi-
nition of Chern classes in [Gr]. Following Delzant, Laborde has shown how
to use this approach to define invariants in étale cohomology for quadratic
forms over schemes (see [Dz] [La]). His work has been detailed in [E-K-V]
and proceeds as follows.

Given a non-degenerate form (E, B) over Y of rank n, one considers
the complement U of the quadric associated to B in the projective bundle
p: P(E) — Y. By identifying the form with a section s : Oy — S2(FE) (as
in the end of Sect. 1.c), one obtains a non-degenerate form on the invertible
sheaf O(1) := Op(g)(1)|y. This form defines a class n in H'(Uet, Z/2Z).
The following result is Claim 5.2 in [E-K-V].

Theorem 1.10. Let p’ denote the restriction to U of the bundle map p.
For any integer i > 0, one has the decomposition

H'(Ua2/22)= D  p"(H Y, 2/2D))7 -
0<j<inf(i,;n—1)

Corollary 1.11. There ezist unique elements wi(E), w2(E),... ,wn(E) in
H*(Yet, Z/2Z) such that

= > P (wai(E)n .

0<j<n—1

The equivalence of this definition of the Hasse-Witt invariants w;(E)
with the previous one is shown in [E-K-V] Prop. 1.4.

l.e.4. Azxiomatic approach. We give a list of properties characterizing the
Hasse-Witt invariants w;(E) = w;(E, B) in H*(Yet, Z/2Z).
(HWO0) Normalization. wo(E) = 1, wi(E) = [(det(E),det(Bg))] and
w;i(E) = 0 for ¢ > rank(E) + 1.
(HW1) Functoriality. For any morphism f:Z — Y,

f*(wi(E)) = wi(f*(E)) -
(HW2) Whitney formula. Let wi(E) = 5>_, w;(E)t* be viewed as a formal
power series. Then for non-degenerate forms (E, Bg) and (F, Br) one
has the identity

Remark 1.12. The topological Stiefel-Whitney classes satisfy a list of
properties analogous to the ones above (see [M-S| Chapt. 4). The two
kinds of invariants can be related as follows (see [Ca]). Let Y be a compact,
connected, locally connected topological space and write R(Y) for the ring
of continuous real valued functions on Y. One can compare the Hasse-Witt
invariants and the topological Stiefel-Whitney classes in the context of the
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correspondence between bundles over Y and modules over the ring R(Y').
There is a homomorphism

H'(Spec(R(Y))et, Z/2Z) — H'(Y,Z/2Z) .

A non-degenerate form (E, B) over R(Y') determines an orthogonal bundle
E over Y. This defines a homomorphism from the Grothendieck-Witt group
L(R(Y)) to the Grothendieck group KO(Y) of orthogonal bundles over Y.
Let G*(—, Z/2Z) denote the group of invertible elements in the cohomology
ring H*(—,Z/2Z). Then, as shown in [Ca] Thm. 5.18, the Hasse-Witt
invariants w; and the topological Stiefel-Whitney classes sw; give rise to a
commutative diagram

L(R(Y)) — KO(Y)
we | 1 swy

G*(Spec(R(Y)),Z/2Z) — G*(Y,Z/2Z)

1.f. Cohomological invariants II: Galois theoretic.

Let 7 : X — Y be a tamely and oddly ramified cover of degree n as in
Sect. 1.b, and assume Y is connected. The classes w;(m) we are going to
define in this section will depend on the natural representation of the tame
fundamental group of Y defined by w. In fact we will only need the class
ws, but since it does not cost more effort we give the general definition.

The cover 7 is determined by a homomorphism e, from the tame-odd
fundamental group (Y )" into the symmetric group Sy,. For étale covers
this is well known: in this case m;(Y)"° equals the fundamental group of
Y and the homomorphism is described in-say—[Mu] Remark at the end of
Sect. 12. For general tame covers see [Gr-M] 2.4.4. In principle we should
indicate the dependence of m1(Y)%° upon the choice of a base point and the
fixed branch locus, but we do not need to be so precise.

Let K denote the algebraic closure of the residue field of some point
on Y. By embedding S,, into the orthogonal group O(n)(K) by permuta-
tion matrices we obtain an orthogonal representation of the discrete group
m1(Y)%°, which we denote by p,. We want to use this representation to
pull back universal classes to the cohomology of m(Y)%°. Consider the
composition ¢ of the map

H'((BO(n)/Y )et, Z/2Z) — H'(BO(n)/K)et, Z/2Z)
induced by the change of sites given by Spec(K) — Y and of the map
Hi((BO(n)/K)et, Z/2Z) S H'(BO(n)(K),Z/2Z) ,

which is induced by a map € on simplicial sheaves defined as follows. View
the simplicial scheme BO(n) as the simplicial sheaf it represents and let
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I™*BO(n)(K) denote the constant simplicial sheaf attached to the simplicial
set BO(n)(K) of global sections of the simplicial sheaf BO(n). Here I'* is
adjoint to the global section functor and ¢ is the counit of the adjunction:
a map from I™*BO(n)(K) to BO(n). To obtain €* one has to use the
isomorphisms

H/(BO(n)(K), Z/22) = [[*BO(n)(K), K (Z/2Z, 1)
and _
H'((BO(n)/K)et, Z/2Z) = [BO(n), K(2/22,4)]
where K(Z/2Z,1) is the Eilenberg-MacLane presheaf of simplicial abelian

groups, and then precompose with e (see [J3] Sect. 3 and Appendix 5.c).
Next, from the orthogonal representation p, we have the map

pr : H'(BO(n)(K), Z/2Z) — H*(m(Y)"*,Z2/2Z) ,

which is obtained by identifying the first group with the cohomology of the
discrete group O(n)(K). Thus, using Thm 1.9, we let

wi(px) = pp(c(HW:)) in H'(m(Y)",2/2Z) .

Note that by a result of Friedlander and Parshall in [F-P] one has an iso-
morphism

HYBO(n)/K,Z/27Z) = H(BO(n)/C,Z/2Z)

and this last group can be identified with the i-th singular cohomology
group with modulo 2 coefficients of the group O(n)(C) (this is a simplicial
version of the classical comparison theorem between étale and singular co-
homology for algebraic varieties over C, see e.g. [Mi] Thm. 3.12). Hence
the algebra H*(BO(n)/K,Z/2Z) is generated by Stiefel-Whitney classes
SW; over Z/2Z. The image under the first map in the composition above
sends HW; to SW;.

We now want to push the element w;(p,) forward to H*(Yer, Z/2Z). This
is achieved by the analysis of the spectral sequences converging to the equi-
variant cohomology H*(Ye:, m1(Y)4%;Z/2Z) (see [E-K-V] Sect. 3.1). Be-
cause we are working with oddly ramified coverings, we obtain the canonical
map

can : H(m (Y)°,Z/2Z) — H'(Yy,Z/2Z) .
We let
wi(m) = can(wi(pr)) -
Note that there is also a canonical map
can: HY(m(Y),—) — H'(Yer,—) ,
compatible with the above map, whose origin is explained for instance in

[K] Proof of Prop. 6.1 (see also [Gil] Lemma 1.16; in [Go-Ja] III Rem. 1.3
a map from a space X to the classifying space of its fundamental group is
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constructed). We shall use a version of this map for the non-abelian H?! in
Sect. L.h.

Remark 1.13. In low degree the Galois theoretic invariants we have de-
fined have interpretations in terms of the properties of the map 7. So w;(7)
is (also) the function field discriminant, and wz(7) can be interpreted as
giving an obstruction to an embedding problem (see [J2]).

l.g. The main lemma: comparing Chern and Hasse-Witt invari-
ants.
Here we state and sketch a proof of a result from [E-K-V] which is one
of the main tools in calculating the Hasse-Witt invariants. The result can
be viewed as answering the natural question of determining whether these
invariants vanish on metabolic forms. As we have recalled above, such forms
are the right generalization of hyperbolic forms to the setting of forms over
(global) schemes and so one would expect their properties to be determined
by the (linear) properties of the lagrangians they contain. It turns out that
the invariants do mot vanish, that is they do not define invariants on the
Witt group. However, they are indeed determined by the Chern classes
of a lagrangian. Note that the Clifford invariant of a metabolic form is
trivial, as can be seen by using the cohomological description of the second
example in Sect. 1.d.1 (see [K-O2] and [Knu] IV (2.4)).

As a preparation for the general statement we observe the following. Let
R be a ring in which 2 is a unit. Then, the second Hasse-Witt invariant
of a hyperbolic form H(I) over an invertible R-module I equals the image,
under the coboundary map induced by the Kummer sequence, of the class
of I in the Picard group: that is the first Chern class (see [O] Thm. 19).

For a bundle V of rank n over Y let ¢;(V) denote the i-th Chern class of
V in H?(Yet,Z/2Z) (see [Gr]). The following equality holds

(V) =a(VY).
Define an element of H*(Yet, Z/2Z) by

n

d(V) = (14 (-1)t)* e (V)E* .

=0
Lemma 1.14. Let (E,B) be a metabolic form with lagrangian V. Then
we(E) =dy(V) .

In particular
1+ wy(E)t +wo(E)t? = 1+ n(-1)t + <c1(V) + (g) (-1Hu (~1)> t2 .

This is Prop. 5.5 in [E-K-V]. We shall use the result in the following
form (see loc. cit. Thm. 6.2, Cor. 6.3).
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Corollary 1.15. Let Y be an irreducible scheme with generic point . Let
(E,Bg) and (F,Br) be non-degenerate forms which are isometric when
restricted to 1.

a) wi(E) =wi(F) and c1(E) = 1 (F).

b) As in the ezample at the end of Sect. 1.c.1 consider the ezact sequence

0O-FENF—-FEIF—-G—0.

Assume that G (and ENF) is locally free, and that (ELF, Bl — Bp)
is metabolic with lagrangian ENF = GV. Then

wi(E, Bg) - wy(F, —Br) = di(G) .

c) we(E) +we(F) = c1(G) + c1(E). In particular this sum belongs to the
image of the Picard group modulo 2 in H*(Ye,Z/2Z). .
d) w(E, Bg) - w(F, Br) - w(E,—Bg)? = Y ;(1 + (=1)t)"*c;(GLE)t* .

Part (a) is proved independently (see Sect. 4.b). Part (b) follows directly
from the lemma and (d) follows from the lemma applied to the form

(ELFLELE,BglBrl — Bpl — Bg) .

One proves (c) along the lines of [E-K-V] p. 185 and one uses that wi(E, —q)
=n-(-1)+wi(E,q).
We will apply the Main Lemma to the metabolic forms of Prop. 3.12.

1.h. The étale case.
As mentioned in the introduction, the case of étale covers has been consid-
ered in full generality in [E-K-V] Thm. 2.3. The result is the following.

Theorem 1.16. Let w : T — Z be an étale cover, with Z connected over

SpecZ[i]. Consider the non-degenerate form (E, Bg) = (m(O1), Tr7/7)

over Z. Then

a) wi1(E) = wi(w) and this also equals the function field discriminant
(dr/z)

b) wa(E) = wa(m) + (2) U (dr/z) -

Kahn has extended this result to the higher degree Hasse-Witt invariants
in [K] Thm. 6.1. The formulation of this more general result requires the
definition of another set of classes attached to m, and so we do not go into
this. (Note that the Conjecture 2.4 of [E-K-V] turns out to be slightly false
as stated.)

Since this theorem is one of the main ingredients in the proof of our
Thm. 0.2, we summarize the main steps for a proof. The strategy for (b)
consists in computing the difference of the classes w2(E) and we(w). The
computation is made possible by the fact that these classes are the image of
the same element under two coboundary maps which correspond to locally
isomorphic short exact sequences. More precisely:



a)

b)

d)
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Let S, denote the symmetric group on n letters. Up to isomor-
phism, the degree n cover m : T — Z corresponds to an element [e]
in H'(m(Z),Sn) and hence under the canonical map of Sect. 1.f, to
a class, again denoted [e] in the first étale cohomology set H'(Zet, Sy,)
(see e.g. [Mi] Chap. I, Thm. 5.3).

There are two embeddings/sheaf homomorphisms of S,, into orthogonal
groups:

O(n)

O(n)(K)
where O(n) is the orthogonal group of rank n and O(n)(K) is the

group of points of O(n) with values in a geometric point Spec(K) of Z
(whose choice is irrelevant).
Corresponding to these embeddings, [e] defines classes in the cohomol-

ogy of the orthogonal groups:

[ox] € HY(11(Z), 0(n)) —="—> |E] € H'(Zet, O(n))

le] € HY(m1(Z), Sn) ———> [e] € H(Zet, Sn)

\

can

[ox] € H'(m1(2), O(n)(K)) — [n] € H'(Zet, O(n)(K))

One checks that [E] is the class corresponding to (E, Bg) by the clas-
sification recalled in Sect. 1.d.1 (see [S1] 1.4 or [W] Sect. 6). Because
the signature of a permutation equals the determinant of the corre-
sponding permutation matrix one deduces that w;(E) = det[E]. Also
w (m) = det[n].

There are two exact sequences of étale sheaves:

—~—

() 0—>2Z/2Z - O(n) - O(n) -0

and
N

(B) 0—Z/2Z — O(n)(K) — O(n)(K) — 0,
where the second is the K-points of the first (see [F] Appendix 1,
[E-K-V] Sect. 1.9 and [J2] Appendix). By pulling back along the em-
bedding of S,, into the orthogonal groups we get central extensions:
(as) 0—Z/2Z — S, — Sy —0

and .
(Bs) 0—-Z/2Z— S, — S, —0.
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Note that in the first of these ,Svn, is not a constant group (see [E-K-V]
Lemma 2.11). However these two extensions are locally isomorphic (see
[E-K-V] Lemma 2.10).

e) The above four exact sequences give rise to coboundary maps A which
fit into the following diagram:

H(Zet, O(n))

/

Hl(Zet,Sn) Hz(Zet,Z/ZZ)

T~

HY(Zet, O(n)(K))

/

)

f) Consider the diagram

HY(Zet, O(n)) H2((BO(n)/Z)et, Z/2Z) > HW,
\ %
H2(Zey, Z/27) c
/ k

H(Zet, O(n)(K)) H*(BO(n)(K), Z/22)
where the map c was defined in Sect. 1.f. The class of HW3 corresponds

to the sequence a and that of ¢(HW?2) to 8. So from [Gir] VIII 6.2.10
(ii), we deduce that

Ao([E]) = [E]*(HW2) =: wa(E)

and that
Ap([r]) = [n]"(c(HW2)) =: wa(r) .

Here we use the fact that HW; corresponds to the extension « and that

c(HW?>) corresponds to 8. So wa(E) — wa(mw) = Ang([e]) — Apg([e]) -
g) Now Aqg — Aggy = Apg—ps , and the central extensions ag and s are

locally isomorphic, so the difference of their classes in the equivariant

cohomology group HZ(Sy,Z/2Z) is locally split and hence defines a

unique element (f) in H'(Z, Z/2Z) such that

Bag—ps(=) = (f) Udet(-) ,
see [E-K-V] Prop. 2.8.

h) One computes that (f) = (2), so the theorem follows by using again
the fact that (dr,z) = det([e]).

Remark 1.17. We give some indications to show how little is known about
invariants of étale algebras over a field F' of characteristic 2 (for more details
see [W] and [Deg]). Essentially one only knows how to deal with the first
invariant of such an algebra. An étale algebra E over a field F' corresponds
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to a class [e¢] in H(GF, Sy), where G = Gal(F;/F) denotes the absolute
Galois group of F and n denotes the degree of F over F. In characteris-
tic different from 2 the image of [¢] in H(GF,Z/2Z) ~ F*/F*? given by
the signature homomorphism equals the discriminant d(E/F). Moreover
in characteristic different from 2, the discriminant can either be defined as
the discriminant of the bilinear trace form on F or, in case E is defined
by a polynomial f, in terms of the roots of f. In characteristic 2 one has
HYGF,Z/2Z) ~ F/P(F), where P(z) = z2 + . The image of [e] in this
group can be identified with an additive discriminant d*(E/F), which in
the case of an algebra defined by a polynomial has first been considered
by Berlekamp (see loc. cit., [Be] and [Ber-M]). In characteristic 2 one
does not consider the bilinear trace form, given by the first coefficient in
the characteristic polynomial, but rather naturally the second trace form,
which is the quadratic form defined by the second coefficient. This leads
to the definition of another invariant with values in F//P(F'), namely the
Arf invariant Ar f(E/F) of this quadratic form. It turns out that this in-
variant differs from the additive discriminant (by a small amount): indeed,
d¥(E/F) — Arf(E/F) equals 0 in case the degree E over F is congruent
t0 0, 1, 2 or 7 modulo 8 and equals 1 if not (see loc. cit.).

2. Construction of the étale cover 7/Z

Let m : X — Y denote a tamely and oddly ramified cover of projective,
regular schemes over Spec(Z[3]), which as in Sect. 1.b is obtained as a
quotient cover from a cover 7 : XY corresponding to a group action
()Z' ,G), with X regular and connected and X = X /H for some subgroup
H of G. Let G5 denote a 2-Sylow subgroup of G and let Z := X /Ga.

Lemma 2.1. a) The morphism ¢ : X — Z is étale. In particular Z is
reqular.
b) The base change ¢ : Z — Y is flat.

Proof. For (a) we have to show that X/Z is unramified and flat. Let us

begin by showing that Z is normal. This follows from the fact that X is
normal together with the fact that for any open U of Z we have that

(2.1) 0z(U) = 0x (' (U)% .

By the parity assumption on the ramification, ¢ is unramified and because

Z is normal, to show that ¢ is flat, it is sufficient to show that for any 7

in X and z = (<) the morphism Oz, — O ; is an injection (see [Mi]

Chapt. I, Thm. 3-20). But this is clear, since for any (affine) open U of Z

containing z we have the inclusion Oz(U) — O (¥~ 1(U)) (see (2.1)).
Part (b) follows along the same lines used in Sect. 1.b.
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Put T" := Z xy X and let T be the normalisation of 7”. Our aim is to
show the following.

Theorem 2.2.
a) The pull-back map ¢* : H*(Yer, Z/2Z) — H*(Zet,Z/2Z) is an injec-
tion.
b) The natural map 7z : T — Z is étale.
c) The scheme T is regular.

Proof. Part (a) is a consequence of the fact that the degree of the cover
Z]Y is odd and the fact that the composition ¢, o ¢* is multiplication by
the degree [SGA4] IX 5.1.4. Part (c) follows from (b) and Lemma 2.1 (a).
The proof of (b) will occupy the rest of this section.

Our strategy consists in exhibiting for any closed point z of Z an étale
neighbourhood U of z, such that Ty :=T xz U — U is étale. This will do,
because Ty coincides with the normalisation of T}, := T” x z U. Our choice
of U allows us to exhibit T;; as an étale Kummer cover of I/ in the sense of
[Gr-M]. In fact U will be defined as Z xy S, where S is a neighbourhood
of the image y of z in Y. The result will then follow from a study of the
local structure of the tame cover X /Y. The key result is Prop. 2.6 below.
The picture is the following.
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2.a. Local structure of the covering X /Y.

Let us introduce some notation. Consider a point T in X. We need to
describe the inertia group I(Z) at z for the cover X /Y. Because of the
tameness and regularity assumptions, I(Z) is the product of the inertia
groups of the components of the ramification locus, which pass through z.
Namely, recall from Sect. 1.b the decompositions

bX/Y)= ][ tn and B(X/Y)=]]Bus,
1<h<m hk
where the by, are the irreducible components of b and where for any fixed
integer h between 1 and m, the Eh,k are the irreducible components of B
such that fr(éh,k) = byp. For any h let I denote the inertia group of a
generic point of Eh,k. This only depends on h up to conjugacy, because the
action of G conjugates the inertia groups. Write ey, for the order of Ij,. Let
(2.2) J@) = {£|1<€<m,3k:% € By}
= {1,2,...,n},

(after reordering if necessary). Because X /Y is tame, the group Iy is cyclic
and we shall often identify I, with Z/e,Z. Then

I@= [] = [[ z/ez.
eJ(%) (@)
From the results in the appendices of [CEPT2| and [C-E] we deduce our
first auxiliary result for which it is crucial that the schemes X and Y be
regular. Note that the result is stated there for X flat over Z, but the proof
goes through mutatis mutandis for X defined over a finite field F;,. Recall
the notation Mapy (G, B) from Sect. 1.a.

Lemma 2.3. Let y be a closed point of Y and let T be a closed point such
that 7(Z) = y. There exists an affine étale neighbourhood of y
S = Spec(4,) ,

where Ay is an algebra containing a sequence ai,as,... ,an of regular pa-
rameters, such that

X xy S = Spec(05(S))
s an isomorphism of schemes with a G-action, where
OX(S) = Mapl(i)(G,ng)
and

By = Ayltr, ... ta] = AT, ...\ TRl /(TS —aa, ..., TS —ay)

with each e; prime to the residue characteristic of y and ty = Ty, so that
t;" = ag. The eg are the orders of inertia and the a; are local equations for
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the by. Moreover the algebra Ay is a domain and it contains enough roots
of unity of order prime to the residue characteristic of y. The inertia group
I(Z) acts on Bz through its action on the cotangent space. More precisely,
if the group I, acts on the cotangent space of the £-th component by the
character xg, then Iy acts on tg by xq.

2.b. Local structure of the coverings X/Y and Z/Y. _
For a Y-scheme V let us write Vg for V xy S. Since by definition X = X /H,
we deduce from the result of the previous section that

X5 = Spec (Mapz(a)(H \G, Bi)) :

A similar result holds for Zg with G5 in place of H, since Z = X /Ga. We
now want to obtain an alternative description of Xg and Zg (see (2.4) and
(2.4) below). To this end let {g;}1<i<r denote a system of representatives
of H\G/I(Z). For g an element of G, let § denote the class of g in H\G.
The group I(Z) acts from the right on H\G, and the g; form a system of
representatives for the orbits in H\G under this action. Let H% := g lHg;.
The stabilizer of g; is I(z,1) := I(z) N H% and the map
Mapyz(H\G, Bz) — [[ Bi®?,
1<i<r
which sends f to (f(g;)): is an algebra isomorphism. For fixed ¢, let {hg’()t)}
denote a system of representatives of (g;1(%)g; ') N H\H, where 1 < j(i) <
s(z). Then, the hy()i)
representatives of G/I(Z). The map
Map;G.Bx) — [I II B

1<i<r 1<5(8)<s(3)

gifor 1 <i<randl<j(i) < s(¢) form a system of

which sends f to (f (h;l()z) 9i))i @) is an algebra isomorphism. These two
isomorphisms fit into the commutative diagram

~ 1@
Mapy) (H\G,Bz) — [Li<i<r 5( )

1) ! 1(2)

Mapr(G,Bz) — Ili<i<, (ngj(i)gs(i)Bi>

The vertical map (1) sends the map f to the map g — f(Hg). The vertical
map (2) is given by the diagonal embedding of Bé(m) into [ ], i()<s(i) B
Again from the results in the appendix of [CEPT2], we deduce the second

auxiliary result. For this result it is vital that X is regular.
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Lemma 2.4. For any (i,£), with 1 < i <r and 1 < { < n, there exists a
divisor e; 4 of eg such that

1@,0) = [] Zeie/Ze, .

LeJ(®)
So for any 7 we can write
By = £(m )= Ayltin, .- tinl ,
where t;  := t;‘/ £ Finally
(2.4) Xs = Spec(Ox(S)) with Ox(S)= [ B -

We obtain an analogous description of Zg by considering a system of rep-
resentatives {v;}1<j<s for G2\G/I(Z). However, since I(Z) has odd order
we see that for any j, the intersection I(Z)N ng is reduced to the identity.
So we do not need the previous lemma and the analogue of (2.4) is more
simply

(24) - Zs = Spec(0z(S)) with 0z(S)= [[ Bje

1<5<s
which is a product of s copies of B;, = B;.

Remark. The two notations B;; and B;, are used in order to emphasize
that the first appears in the decomposition of Ox(S) and the second in
that of Oz(S), and that, as in our big diagram above, “X is on the right”
and “Z is on the left.”

2.c. Local structure of the covering 7/Z; integral closure.
From the isomorphism of Y-schemes (Z xy X) xy S & Zg x5 Xg and using
(2.4) and (2.4) we obtain

T¢ =Spec(Or/(S)) with Op(S)=  []  Bje®a, Bay
1<i<r,1<5<s

Let Fr(R) denote the field of fractions of a domain R. In particular write
Ky, = Fr(Ay).

We now determine an explicit description of the integral closure Cj . ;
of Bjs ®a, By inside Fr(B;;) ®k, Fr(Bg;). Note that the latter is a
product of fields. Indeed it follows from Lemma 2.3 that Fr(Bz)/Ky is
separable, since by tameness the polynomials T;* — a; are separable (e is
prime to the residue characteristic). For i as above, let

H; = Hy(z) := I(z)/1(Z,1) .
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The group H; is the Galois group of the extension Fr(B;;)/Ky. From
Lemma 2.4 we deduce a group isomorphism

§:H; = H Z/eisZ .

eJ(®)
Let H; denote the group of characters of H; and let A(¢) be the set of
sequences o = (a;¢) such that for every £ in J(Z), we have 0 < a; ¢ < €;.
Define a character x : Z/e; ¢Z — A, by the requirement that for all v in
Z / e,-1 gz

5—1
xe(w) ==, “/tie .

The next result is clear.

Lemma 2.5. Fvery character x in fI\z can be written uniquely in the form

x= [] x¢*,

LeJ (@)
with 0 < a0 < e;¢. This establishes a bijection between fI: and A(1).

Proposition 2.6. The integral closure Cjz; of Bjz ®a, Ba,; inside the
product of fields Fr(Bj.) ®k, Fr(Bz:) admits the following description as
a Bj ;-algebra:
Cjwi=Bjal{t;y ®tig : L€ J@)}] .
Proof. Let us consider the morphism of F'r(Bjz)-algebras
L: FT(B]@) ®Ky Fr(Bx,i) — Map(H’ivFr(Bj,m)) )

which sends @ @ b to the map h +— ab®. This is an isomorphism. To see
this, it is sufficient to show that it is an injection, because the dimension
of the range and the source over F'r(B;.) both equal the order of H;. The
injectivity is a standard result (see e.g. [F1] p. 132).

Let us now pass to the integral level. We know that B;; = Bz and hence

Map(H;, Bj ;) are integrally closed, because X is regular and Xg / X is étale,
so that Xg is also regular (hence normal). So ¢ restricts to an injection
Cjzi — Map(H;, Bjz). For all i and £, we have that (ti—,el ® ;)% =1, 50
we obtain one inclusion for the proposition:

Bj,w[{t;el ®ti’g : Le J(%)}] C C',a:,i .
It will thus be sufficient to show that
26)  o(Bialltid ®tie} €€ J@)]) = Map(H;, Bs) .

We first show that the characters x form a basis of Map(H;, Bj,). We
know that Map(H;, Bjz) is a free Bj;[H;]-module of rank one, with a
basis given by the map d such that d(g) = d41 (Kronecker delta). Since
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B;  contains the e; ¢-st roots of unity and since the order of H; is prime to
residue characteristic of z, it is known that the idempotents e,, for x in f{:
form a basis of Bjz[H;] over Bj,. So the set of (d|x) = > ,ep, x(g)ds™
for x in H;, is a basis of Map(H;, Bjz) over Bj;. Now, (d|x) = x, so
the characters x in E indeed form a basis of Map(H;, Bj,). Hence to
prove (2.6), it suffices to show that for £ in J(Z), the character x, belongs

to ¢ (Bj,z [{t;} ®tie} : LEJT (%')}]) This is clear, since by definition, we
have
L(ti_,el ® ti’e) =X¢ -

This concludes the proof of the proposition.

Remark 2.7. Prop. 2.6 also shows that for every (i, ) the algebra Cj;
(obtained by normalisation) is a Bj-algebra and a free Bj;-module of
finite type with a basis given by the set of 6;(a), for a = (o4 ¢) sequence in
A(7), defined by

0:() = [[ e @tis' = ] G ®@tie) .
2eJ(@) LeJ(T)

We shall write Cjz; = @, AG) B;20;(a). This will be generalised below,
see Prop. 3.6.

2.d. Proof that T'/Z is étale.

We now come back to the proof Thm.2.2 (b). Let ¢ be a closed point of T,
such that 7z (t) = z, with z lying over y. Let S be defined as in Lemma 2.3.
PutUd = Zg = Z xy S. Then U is an étale neighbourhood of z and Ty = Ts
is an étale neighbourhood of {. We have shown that

U = Spec( H Bj.) and Ty = Spec( H Cjzi) -

1<j<s 1<i<r,1<j<s

Prop. 2.6 shows that Cj,; is a polynomial algebra over B;, and that the
variables raised to a power prime to the residue characteristic are units in
the ground ring, hence T;y — U = Zg is étale, and this concludes the proof
of the theorem. (Note that indeed (2;, ;@)% =1.)

3. Normalisation along a branch divisor

Recall the notation introduced in Sect. 1 and the diagram used in the
proof of Thm. 2.2. The aim of this section is to first construct a sequence
of schemes T® over T” indexed by the m components of the branch locus of
7 : X — Y, such that T = 7" and such that 7™ = T, the normalisation
of T©) (see the definition after Prop. 3.3). Then we define forms (A, Tr)

over Z, where AW := (wh)*(D;1/2

P /Z) is equipped with the trace form (see
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Lemma 3.8). These forms all agree on the generic fiber of Z and are such
that
A = (17).(0r) and AO =" (m.(Dy})) -

Moreover for 0 < h < m — 1 there are short exact sequences of locally free
Oz-modules

(3.0) 0—I® 5 AW g AG+Y) L, g
and as we will see in Prop. 3.12 the form
A®, (-)*Tr) @ (AT, (-1)*1Tr)

is metabolic, with lagrangian I®. The point is that the maps in the
sequence (3.0) are explicitly given. This will allow us in the next section
to apply the Main Lemma (Cor. 1.15) and complete the proof of Thm. 0.1.
One could try to obtain a sequence analogous to (3.0) for A® @ A(™)
however the resulting “kernel sheaf” would not be locally free in general.
To deduce the properties of the forms (A", Tr) we analyze the structure
of the schemes T over an étale neighbourhood, generalizing the results
of the previous section (see Sects. 3.c and 3.d).

One can view the normalisation T' as the “normalisation along (the in-
verse image of) by [[...[[bm” (see below). For 1 < h < m we will define
T to be the normalisation along b1 []...]]br. More precisely T(*) will
be defined as Spec(N®) for a certain coherent Oy-algebra N(*) obtained
by partial normalisation, namely by “gluing” algebras N(")(U), for U open
in Y, which are the intersection of Oy (U)-algebras indexed by points £ of
codimension 1 in U. (In particular, this interpolation procedure depends
on the choice of an order on the branches of b, but the final result is in-
dependent of this choice.) We will have the following diagram of schemes
and morphisms

M) — pm=1) — > ... —>p(0) = PX s x

3.a. Localisation at primes of height one.
The aim of this section is to formulate a slight generalisation of a well
known result of commutative algebra, which motivates the definition of the
schemes T® (see Lemma 3.2). As before, for a ring A we let Fr(A) denote
the total ring of fractions of A.

We begin with the following elementary observation.
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Lemma 3.1. Let R be an integral domain and let f : R — A be a ring
homomorphism. Suppose that f is flat and that A is finite over R and
reduced. Then we can view R as contained in A and Fr(A) = AQgr Fr(R).

Proof. We show that there is a ring homomorphism
g:Fr(A) - A®gr Fr(R)

given by sending z/a to £ ® (1/a), which is an isomorphism. Note that f is
injective. Indeed, if r is a non-zero element of R, then the map on R given
by multiplication by r is injective on R, hence, because of flatness, the map
on A given by multiplication by f(r) is injective too. It also follows that
every non-zero element of R is regular in A, that is it is not a zero-divisor.
We write R C A. Let a be a regular element of A. Since A is finite over R
it is integral over it and so there exist rg, r1, ..., Th—1 in R such that

a"+rp10" 4 e+ =0.

Because a is regular we can assume that 79 # 0 and we see that a is
invertible in A @ F'r(R), indeed

1 —
a_(an—1®_+a7L—2®’rn_1+...+]_®r—l>:—1.
70 To To

So the map g is well defined and is clearly an isomorphism.

Next we note a generalization of the well-known fact that a normal noe-
therian ring equals the intersections of its localizations at the primes of
height one.

Lemma 3.2. Let R be a noetherian, normal ring which is a subring of a
ring A. We assume that A is a finite, flat R-module. Then

A= () 4,
p, ht(p)=1

where p runs over the prime ideals in R, which are of height 1.
Proof. We show that there is an exact sequence

0— Fr(A)/JA— P Fr(4)/4,.
p;ht(p)=1

Let q be a prime ideal of R and let B be an R-algebra. We write B, for
the ring S~!B obtained by localising B with respect to the multiplicative
set S = R\ ¢. So B, = BQ®g R,. Since, by assumption, A is flat over R
we have, as above, that every non-zero element r of R does not divide zero
in A. In particular the canonical map A — F'r(A) induces an injection
of A, into F'r(A) and the intersection is to be viewed in F'r(A). The fact
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that R =, ht(p)=1 ftp, Can be interpreted as giving the exactness of the
sequence
0—Fr(R)/R— @ Fr(R)/R,.
piht(p)=1
By the flatness of A over R we deduce the exactness of the sequence

0— (Fr(R)/R)®@rA— @ (Fr(R)/R,) ®rA .
p:ht(p)=1
Again by flatness we can consider A = R®rp A and A, = R, Qr A as
subrings of Fr(R) ®g A, which by Lemma 3.1 we can identify with F'r(A).
So the last exact sequence can be rewritten as

0— Fr(A)/JA— D Fr(4)/4,,
p,ht(p)=1

which concludes the proof.

3.b. Partial normalisation; definition of N® and T,

Let U be an open affine in Y, we want to define a ring N (U) by partial
normalisation of the ring Or/(0~1(U)), where § := ¢omo (see diagram before
Sect. 3.a). For ease of notation let us write W := §~}(U). The scheme W
is affine and open in T”, and Op/(W) is a finite and flat Oy (U)-algebra.
Let Ky (U) denote the ring of fractions of Oy(U). By Lemma 3.1 we can
write

Oy(U) Cc Op(W) and Fr(Op(W)) = O (W) ®oy (U) Ky (U) .
Note that
W =71 (U) xy ¢~ (U) and Op«(W) = Ox (v~ (U)) ®0oy ) O2(¢ (1)),
and, with the obvious notation,
Or(W) ®oy vy Ky (U) = Kx(n ' (U)) @y vy Kz(67'(U)) ,

the tensor product of the fraction fields. The extensions Kx/Ky and
Kz/Ky are finite and separable, thus the tensor product is a separable
Ky-algebra, and hence semi-simple. So we see that Or(W) is contained
in the reduced ring F'r(Opr(W)) and 7" is reduced.

Notation. For a subring B of Fr(Op(W)) we write B for its integral
closure.

We are going to define a finite sub-algebra of Op(W). Let us apply
Lemma 3.1 to Oy (U) — Op(W). We obtain
Oy(U) C OT/(W) C OT/(W)

—

and clearly Fr(Op(W)) = Fr(Op(W)).
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Let now S denote a subring of Fr(Op/(W)) which contains Oy (U) and
which is such that every non-zero element of Oy (U) is regular in S. For
any codimension one point { of U we put S¢ = Sp, where p = p¢ is the
ideal of height one in Oy (U) corresponding to £. Recall that we denote by
&, the generic point of the component by, of the branch locus b(X/Y). Fix
an integer h with 1 < h < m. For any codimension one point & of U let

Or(W)e if &€ {&r,--. En}
S (€) = { . :
Or(W)¢ if not .

So for any £ we have the inclusions

Or/(W) c S(¢) € Fr(Op(W)) .

(3.2)

Definition. N®(U) := Neer; cotim(e)=1 S0 (€)-

)

Remark. (a) It follows from Lemma 3.2 that N (h)(U ) is a ﬁmte sub-

algebra of Op/(W) and for all £ in U we have (OT/(W))g = (OT/(W)g)
(More generally for any prime ¢ of R we know that R\ g consists of non-zero

divisors of A, so normalisation and localisation commute, namely (Aq) =

(A)q-)
(b) Since for any h the divisor by is the closure of &, we see that &,
belongs to U if and only if U meets by,.

(c) If £ is in U but differs from all of the &, then O (W)e = Op(W)e
and so for h = m we get

N(m)(U) b ﬂ OT'(W)§ = OT’(W) ,
£€eU, codim(§)=1

where the second equality follows from Lemma 3.2.

The next proposition summarizes some further basic properties of N(® (U),

which allow us to define the coherent Oy-algebra N used to construct
T,

Proposition 3.3. Let U be an affine open in' Y and let h be any integer
with1 < h<m.
a) Let & be a point of codimension one in U, then

N® @) = 57(¢) .

b) Let D(f) be a standard open subset of the affine open subset U in'Y.
Then

N®(D(f)) = NB @)y .
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c) The assignment U — N®(U) defines a coherent Oy -algebra N ) such
that for any affine open subset of Y the restriction of N ") to U is
isomorphic to the quasi-coherent module associated to N (U).

Definition. For 1 < h < m, let T .= Spec(N (h)) be the affine Y-
scheme which is defined by the coherent Oy-algebra N(*) of the previous
proposition (see [EGAI], 1.9.1.4) or [Ha] II, Ex. 5.17).

Part (a) shows that we can rewrite the definition of the sub-Oy (U)-algebra
N®(U) in Op(W) as
(3.3) NP (U) = N N®@)e .
£€U, codim(£)=1

Compare with Lemma, 3.2.
Proof. (a) Let R = Oy (U) and let A = Op(W). Let p' = p¢ be the prime
of height one in R corresponding to £ and, if &, lies in U, let pp, denote the
prime corresponding to &,. We shall also put §(») (p) = S[(Jh) (&). From the
sequence of inclusions A ¢ S®(p') ¢ ;1;/ we deduce that A ¢ NW(U) ¢
A. Also, if p is a prime of height one in R which is different from all of
the pp, then A ¢ N (U) Ap,. So we deduce the desired equality in this
case:

N®W@), = Ay = SP () .
Suppose now that p’ = py, for some h, say h = 1 after reordering if necessary.
Since N(W(U) ¢ S®) (p;) we deduce N®)(U7),,, € X,:. To show the reverse
inclusion we start by checking

(ﬂ st (p)> =(5™ )y, -

P P

The left hand side is clearly contained in the right hand side. The other
inclusion can easily be checked for finite intersections. Let x be an element
of the right hand side. Since z is in Fr(A), we can write * = a/s with
ain A and s in R\ {0}. If s is not in p;, then = belongs to the left
hand side. If s belongs to p1, let g2, ... , g, be the primes of height one
different from p; which contain s. (They are finite in number because R
is noetherian.) Thus z lies in (y¢(p, go.. g} 5™ (p). Now, z also lies in

Npe (P1,g2,esan} S (h) (p)p, and because we are intersecting over a finite set we
see that = belongs to (ﬂpe{phqzym,%} S(h) (p))pl. Write = b/t with ¢ in
R\p1 and bin (Npeqp, 4. gn} S(h) (p)/;:[‘hen z = tz/t with tz in (), S®) (p).

It remains to verify the inclusion A, C S™(p),,. This is clear for p one
of the p;, because then A C A, = S®(p). So let us suppose p is not any
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of the p;. What has to be checked is Ay, C (Ap)p,. Let g be an element
of ;1;:, say g = a/s1 with @ in A and s; in R\ p;. By Lemma 3.1 we can
write @ = a/t, with t in R\ {0} and so g = a/(s1t). If ¢ does not belong
to p, then g is in (Ap)p,. Analogously, if t does not belong to p;, then g is
in Ay, C (Ap)p,- So assume ¢ lies in p N p;, then s;¢ does too and we are
presented with two cases:
Case 1: V(p) NV (p1) # 0.

Let M be a maximal ideal containing both p and p;. Since Y is regular Ry,
is a regular local ring and hence a factorial ring. The ideals p and p; are of
height one in Rjs and so they are principal. Let r and 71 denote generators
of p and p; respectively. The fact that p and p; are distinct implies that
r ¢ pr and r1 ¢ p. The factorization of s1t in Rys is sit = r"rlu/v,
with v in R\ pUp; and v not in M. From this we obtain the equahty
vst; = ur™r]?, which holds in R. So we can write g as

(nl)‘

Now, va/r7* belongs to A, and so we see that g lies in (Ap)p, .

Case 2: V(p)NV(p1) =
Let 1 be a uniformizing parameter for the discrete valuation ring R,,, . Here
R=p+p; and also R = p+ p?. So we can find | in R such that

a va va

g=—=—

st wvsit ur"r1 ur"

i =r;mod p? and ) =1modp,

so r} is a generator of p;R,, not belonging to p. In R, we write s;t =
(r})™u/v with » and v not in p; and we deduce that vs;t = (r])™u with
(r})™ not in p and u not in p;. Then

a va 1 wa

9= slt - st T u (r’l)"l)

and we again conclude that g lies in (A4,)p,-
We now proceed to prove part (b) of the proposition. We begin with a
lemma.

Lemma 3.4.
N®©); =85
£

Proof. We prove that the right hand side is contained in the left. The other
inclusion is clear. Let z be an element of (), S[(jh) (&) Since z is in Fr(A)
we can write z = a/s with s in R\ {0}. Let {q1,...,qn} be the primes of
height one in R which contain s. By definition z lies in Sg’ ) (p) if p is not
one of the g;. Since for all 1 < i < n, = belongs to Sl(]h) (gi)f, for all i we can
find n; such that f%x is in Sy(g;). Thus there is an £ > 1 such that féz
belongs to (1, S(h) (p) = NW(U) and we deduce that z is in N®)(U);.
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Let Py (resp. Py) denote the set of primes of height one in Oy (D(f)) (resp.
Oy (U)). On the one hand, the previous lemma implies that

NO©); = (] S @)s -
pEFPy
On the other hand, it follows from the definition that

N®D(f)) = () 855 @) -
pEPs

Indeed, since @ is affine we have that W = §=1(U) — U is induced by the
inclusion Oy (U) C Or(W), hence 671(D(f)) = Dw(f). It thus follows
that for any p in Py
h h
S5l ®) = SP®)s -
To conclude the proof of part (b) of the proposition it suffices to show that
if pis in Py \ Py, then
SM(p); = Fr(Op(W)) .
Let A = Op/(W). And write z in Fr(A) asz = a/s with a in A and s in
R\ {0}. If s is not in p, then z belongs to S,(Jh ) (p) and thus to S[(jh) (p)s- I
s lies in p, then we work inside the discrete valuation ring R,. Since s and
f both are both in p, there exist integers n and k such that s™ and f* have
the same valuation in R,. So in R, we can write

u
snsz;a

with 4 and v in R\ p. We rewrite = (as" 'v)/s"v as (as""v)/f*u to
get z in S[(,h ) (p)s- This concludes the proof of part (b) of the proposition.

Let us prove part (c) of the proposition. Write Fl(jh) for the coherent sheaf
on U associated to the Oy (U)-module N®(U). Note that F((Jh)(D( f) =
Fl(]h)(U )5 = N®W(U)y, so part (b) implies that

h
Fy(D(f)) = N®I(D(f)) .
Lemma 3.5. Let U and V be open affine subsets of Y, with V C U, then
Rl = F

Proof. To show this identity of sheaves on V it is sufficient to show they
have the same sections over the elements in a basis B for the topology of
V. We choose for B the set of principal open sets of U which are contained
in V. Let D(f) be an element of B. From the previous displayed formula
we deduce that

FPv(D(f) = EP(D(f)) = N®(D(f)) .
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Note that D(f) = D(f|v). Since D(f|v) is a principal open subset of the
affine V, we also deduce that

FP(D(f)) = F(D(fIv)) = N®(D(f)) -

This implies that Féh) |y and F‘(,h) coincide on B.

We now glue the sheaves F((]h) together into a sheaf N(®). Let U and V be
open affine subsets of Y. The intersection U NV is again affine, because Y
is proper (and hence separated) and so the previous lemma implies

FPluay = FPlurw = Fyy -

This is sufficient to show the existence of N® having the properties an-
nounced in the proposition.

3.c. Local structure of (™,

Let qz : U = Zg — Z denote the étale neighbourhood constructed in Sect. 2
using a sufficiently small étale neighbourhood ¢ : S = Spec(4y) — Y of
y = ¢(2). The aim of this section is to describe the structure of TM xy S
and relate it to the partial normalisation of T (see Prop. 3.6).

Write U for the image of q. Let us assume that y belongs to the inter-
section of the divisors by, ..., by, with 1 < n < m and that U does not
intersect the remaining divisors of the branch locus. We have that on U the
divisors by, ..., b, are defined by sections a1, ..., an, which means that, if
&y denotes the generic point of by, then for any point £ of codimension one

inU
_J 0 if&#E

ve(ae) = { 1 ife=¢
Note that by the construction of Ay, the sequence a1, ..., an is part of
a regular system of parameters at y, in particular n < dimY. In what
follows we shall denote by the same letter points of codimension one and
their associated primes.

For 1 < ¢ < n consider the divisor g*(by) of S. It can be written

¢ =Y vyla)m
nes)

where 7 runs over the set S(!) of codimension one points of S. We have
that g(n) = &; if and only if a; belongs to 7, so ¢*(b;) can also be written

g*be)= Y {n}-
a(n)=&e

Recall that for 7 in X above y, in (2.2) we have defined J = J(T) to be
the set (of indices) of irreducible components of the branch locus b covered
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by a component of the ramification divisor, that go through z. We again
identify J with the set {1,...,n}. For any h, let us partition J into

(3.5) Jp=Jp@)={feJ:1<L<h}
and
Jy=J@)={eJ:h+1<L<m}.

So for h > n, the set J} is empty. Recall that C; . ; is the integral closure
of Bjs ®a, By inside Fr(Bj;) ®k, Fr(Bg;). This algebra appears in

- h - .
the next proposition as C’](z), ; for h = m. The proposition generalizes the
remark after Prop. 2.6.

Proposition 3.6. For any integer h with 1 < h < m, we have:
8) (I5)® = (TM)s = 15"
b) Té,h) = Spec(Orm) (S)) , where Orm (S) = [i<i<r1<j<s C}Qi with
h h
a€A(i)
and for o = ()

oM () = It o T et -

Proof. Let us fix some notation. Let
R:=0y({U) , K:=Fr(R) , L:=Fr(4y)

and let the total ring of fractions of O7+(8~1(U)) be denoted by F. So
F is also the total ring of fractions of N(®)(U') and of the integral closure

Or (6-1(U)).

To prove part (a) we write the two sides of the first equality as in-
tersections over the set S() of codimension one points 7 of S. Consider
the right hand side. By definition T(®) = Spec(N®), so T @y § =
Spec(¢*(N®)) and because S is affine

T® @y S = Spec(q*(N™)(S)) = Spec(N M (U) @r 4,) ,
see [EGAI] Cor. 9.1.9. Below we will show that
(3.6) NO@) erdy= (| NP (U) R 4),
nes(l)

(see after (3.6)). Now we consider the left hand term in Prop. 3.6 (a).
The scheme (Té)(h) is the normalisation of the scheme Té along the divisor
g*(b1) U...Ug*(b). Also Ty = Spec(O7/(6~1(U)) ®r Ay). Let us denote
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by P the set of codimension one points 1 of S such that there is A’ with
1 < k' < h and v,(g*(bp)) > 1. Then

(T5)™ = Spec(N§”(S))
with N$”(S) = Nyesw N5 (S)(n) where

(Op(071(U)) ®r Ay)y if € Py

NP(S)(n) = {
(Or(07X(U)) ®r Ay)y ifn ¢ Pi

Claim. We claim that since S is étale over U, taking the integral closure
commutes with étale base change and localisation, namely

(O (971(V)) ®r Ay)y = (O (671 (U))™ ®r Ay)n -
Indeed, O+(8~1(U))™ is finite over R, so B := Or/(071(U))~ Qg Ay is
integral over A, and hence

Or/(971(U)) ®r Ay C B C (Op(67'(U)) ®r Ay)~ -

We show that B is normal. Note that being the base change by an étale
morphism Spec(B) is open in the regular scheme Spec(O7(6~1(U))~) and
so is regular. This implies that B, is normal for every p, which proves the
claim.

Thus

N ()= () Or (67 V) @r Ayn) N ( ) Or(07:(V)) Ok Ay -
nEP, né¢Py
From this and the definition of N®)(U) (see also (3.2)) we deduce that

NV (8) = N®(U) @r 4y ,

which by (3.6) shows part (a) of the proposition.
We now look more closely at N (U ) ®Rr Ay. This will give us TM @y S
and part (b) of the proposition. We have the inclusions

Rc Op(6~1(U)) c N®U) c Op(6-1V)) .
Since A, is flat over R we also have the inclusions
A,=R®rA, COr(071(U)) ®r 4, c NW(U) @R 4,

—_

- OT/(G—I(U)) ®r Ay .

The Ay-algebras so obtained are finite over A, and every non zero element
of A, defines a regular element in them by flatness, so by Lemma 3.1 the

total ring of fractions E of the last three algebras equals OTf(/0_rl/(U ))®rL.
We have that L = A, ®g K and we claim that this implies E = A, Qg F'.
For this we need to see that L/K is algebraic which can be seen as in [Mi]
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I Prop. 3.19. Indeed, a non-zero element a of A, is invertible in Ay ®g K
and Ay is a domain so that, as we saw above,

(Or(67(U)) @R 4y)~ = O (67 (U))™ ®r Ay -

Let £ run over the set U () of codimension one points in U. From the
inclusion
F F
NB@) I;I N(D)e

we obtain the inclusion

F ®R Ay SN H F ®R Ay
NOU)erd, L NOU)orA,’

14
from which we deduce the equality
N(h)(U) ®r Ay = ﬂ N(h)(U)g ®r Ay .
geu®
Claim. We claim that
NOU)erAy= (| (N®(U) @R Ay)y -
nes®)

Indeed

Or(0~Y(U)) ®r Aye if&cUN{&,... ¢}

Or (071 (U) ®r Ays fEEUN{EL,... &)

In any case N®)(U); ®g Ay is finite and flat over A, ¢, which is a domain
and is normal. We deduce from Lemma 3.2, that

N(h)(U)g ®r Ay = {

(3.6) N®@)e @r Ay = [ INOU)e @R Ay
n—§

where 7 runs over the points in SV such that q(n) = £. The claim follows
from the fact that (N®(U)e @ Ay)y = (N®(U) ®g Ay)y. Note that we
have also obtained equation (3.6).

So we have to consider the (N(®)(U)s ® A, ),. From the work in Sect. 2
and the definition of N® we have

H;é;g; (Cjei)n if g(n) € {&,... ,&n}

(NO(U) @R Ay)y =
[Tisisr (Bjo ®a4, Bei)y if q(n) € {&1,--- ,&n}

1<5<s
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and we are reduced to describing C’J( w) i =y EJ(';.)z(n), for a fixed pair (%, )
in the given range, where

(Cjz,in if ¢(n) € {&1,-.. ,&n}

(Bj,m X4, Bz,i)n if g(n) € {&1,--- ,&n}

h h h
c® o= ) EX.) = @ BjutP(a) .
TIES(I) aeA(i)
Note the equivalence of conditions on 7:

q(n) € {&1,... &} =3Il a €,
and let Q)5 denote the set of n which satisfy one of the conditions in the
equivalence. Write Bj ; » := (B} z)n-
Case 1: n € Qp. In this case, by Prop.2.6,

E® (1) = (Cjailn = Bianl{ti; ®tie : L€ J@)] -

However, if a¢; does not belong to n, then ti ; @t lies in Bj 2l ® tigl

Indeed, then t?fél = ay is a unit in Bj;, and hence ti_,g1 = tf’/ / a¢ belongs

to Bj s, Thus, since we are assuming that 7 is in Q4, to show that ¢ does
not belong to J,'l, it suffices to show that a; does not belong to . Hence in
this case

(36) (Cizily = Bjegl{l®tie : L€} U{t;; ®tip : L€ T}]
h
a€cA(l)
Case 2: n € Qp. In this case

E® (0) = (Bja ®4, Bog)y = Bianl{l®tie : €€ J@))] .

We show

. . . (h) .
We have thus shown that for every n of codimension one in S, E; () is

contained in the right hand side of equation (3.6). Taking the intersection
over all n and applying Lemma 3.2 to deduce ﬂn Bj sy = Bj, we obtain

h h h
C](,z)z ﬂEJ(,z)z(n) - @ Bj,-’toz( )(a) .
a€A(L)
To show the reverse inclusion let z be an element of the right hand side.

Since for any 7 of codimension one B; . is contained in Bj; ,, we see that

z certainly belongs to Bjan[{l®tie : L€ J,}U{t;; @ty : L€ )],
and so it belonlgs to EJ( x) ;(n) in case 7 lies in Q. If n does not lie in Qp,
then for £ in J, we have Bj;,[1 ® t;g] = Bj,gw,[ti_’e1 ® t; ¢] and so again z

belongs to EM .(n). This concludes the proof of the proposition.

3,21
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3.d. The inverse different and the interpolating forms A(.
Consider the cartesian diagram of schemes

’

X =V xy X 2> X
o
Y’ 2 Y
and let Dx/y be the different of X/Y’, which we recall is the Ox-module
defined as the annihilator of the module of relative differentials.

Lemma 3.7. Suppose that © and ¢ are finite and flat, then
¢*(Dx/y) = Dy /y' -

Proof. We show that the sections of the two sheaves coincide over the basis
for the topology of Y’ given by the ¢~!(U), where U runs over the affine
opens of Y. Let U be one such and put V = 7~ 1(U), V' = (r 0 ¢ )"} (U),
U =¢"'(U),A=0y(U),B=0x(V),A' =04 (U'),and B' = O/ (V).
By definition Dx/y (V) = AnnB(Qg/A). The module Q}?/A is finite over B.
Let {di,...,d,} be a system of generators for it. Then z — (zdy, ... ,zd,)
induces the injection

B/Dx/y(V)— [] Bdi .
1<i<r
Since ¢ is flat, B’ is flat over B, so we have the injection
B'[Dx;y(V)-B' — ][] B'd:,
1<i<r
and hence Dx,y(V) - B = Amng (¥ cic, B'd;). Now, B =B®4 A’ and
9}3’/A’ = QlB/A ® 4 B'. We deduce from this that 2i<i<r B'd; = Q}B,/A,
and hence that
Dx)y (V) B = Anng (QL, a) =Dx'y .

This concludes the proof of the lemma.

Using the fact that flat base change commutes with higher direct images
(see e.g. [Ha] III 9.3), we deduce from the lemma that, in the previous
notation,

¢"(m(Dx/y)) = (WO)*(DT’/z) )
and also that
are (D z) = Drow 7 -
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Lemma 3.8. The square root of D,

™ 75 exists and so that of Dy /5 also

erists.

Proof. This follows from the local description given in the previous section.
Indeed, by Prop. 3.6 (b) we have that Ora) (S) = [[1<i<r1<j<s C](’;)l ith

M = Bial{1®tig : L€ T} ULt} @tig : LE LY.

J,%,

Since for any £ in J,’l, tz‘_el ® tie is a unit in C'J( z) ; we obtain that

(h h
=[lcz 4

(3.8) T(h)/Z

with dg? = Heej;:(l ®t; )¢~ (see for instance [Mi] I Sect. 3 Ex. 3.9).
So the square roots exist because the e; ¢ are odd.

For future reference we also note the equality

(38) a3(0)+(Drily ) = (mo)u (Dl ) -

Definition 3.9. For any 1 < h < m we let

A® = (mp), (D;},,/;“/Z)

This is a locally free sheaf on Z, which gives rise to a form on Z when
endowed with the trace form. In particular

A© = (vro)*(D;}//;) = ¢*(m.(Dx/v))

and
A = (72).( ;(1,,3/2) = (72)+(Or) .

Lemma 3.10. Forl < h, k' < m the forms (A®,Tr) and (A"), Tr) agree
on the generic fiber of Z.

In fact the forms are isomorphic outside the inverse image in Z of the
branch locus b.

Remark. As noted in [S2] and [L-W], in case Y is a complex algebraic
curve the existence of the square root of the inverse different amounts to
the existence of a canonical choice of a theta characteristic on Y (or also
to a canonical spin structure on Y).
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3.e. Local structure of the modules A(?.,
Let gz : U = Zs — Z denote the neighbourhood constructed in Sect. 2,
using a neighbourhood S of y = ¢(z), and write

AP(S) == (g5 (AM))(Zs) .

Recall that for 7 in X above y, and for any h we had defined in (3.5)
a partition of the set J = J(Z) into the union of J; = J;(Z) and
Jy(Z). Also recall the notation introduced for Lemma 2.5, where we had
parametrised the characters of the group H; in terms of sequences (o ¢).
For a = (a4 ), write

ai(h)(a) — Ht Otzth €, ®Htaze’

Led; LeJy LeJ
where ¢; ¢ = 0 or ¢; ¢ depending on whether o; ¢, which by definition satisfies
0 < a4 ¢ < ey, is strictly smaller or strictly larger than e; /2. Put
D(h)(a) Bj,xai(h) () and D(h) : @ D(h
a€cA(i)

Note that D( )(a) is a rank 1 module, so that the above should be viewed
as a decomposmon into eigenspaces according to the characters of H;.

Lemma 3.11.

AW = J] Db

1<j<s,1<i<r

Proof. This follows from equation (3.8) and Prop. 3.6. Indeed by (3.8) we

can write N "
AP (§) = HC( ) (d(',i))_1/2

3,28

and by (3.6)(b)
h h
Crai = @ Biub (@) .
a€A(i)
Therefore we obtain a basis for the (j,4)-th component of A()(S) by con-
sidering the products

H t; a,e® H tazz H tazz (€:,6—1)/2

Ledy, Ledy, LeJy!

with o running through A(7). We rewrite this and obtain the desired result
after a permutation of the a’s. For £ in J; consider 1 ® ta” (eie=1)/ 2,
When (e;¢ —1)/2 < a;p < €4, we put O‘;,e = a0 — (€0 — 1)/2, S0 that

aé,e lies between 0 and e; ¢/2. When 0 < ;¢ < (€50 — 1)/2, we put a;,e =
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;¢ + (eie +1)/2, so that in this case a;, lies between e; (/2 and e;, and
we write

1®ta” (eie—1)/2 __ ( ez£®t:zel)(l®taz£ (ezl_l)/2),

atl (ezl 1)/2 —€4,L

which gives 1® ¢, =t,"® tzz’e.
We are now in the position to prove that the A have the expected prop-

erties.

Proposition 3.12. a) For any 1 < h < m — 1, there are short ezact
sequences of locally free Oz-modules

_, () 328 A (h) (h+1) _, g(b) __,
0 I AV A g 0.

Here I™ s given by the intersection of A®) and AP+ viewed inside the
generic fiber, G is the Oz-module generated by A® and AP and the
map into GM) is the difference map.

b) For any 1 < h < m, the form (A® (=1)PTr) @ (AP (—1)+1Tr)
is metabolic with lagrangian I™ = g(W)V,

Proof. Part (b) is clear (see the example at the end of Sect. 1.c), so we
only need to check that the modules are locally free. Because G*~1(S) =
ACP=D(8)+AM(S) and TP (8) = AP-D(S)NAM(S), from the previous
lemma we obtain the decompositions

gt &=11 Il i@

a€A(1) 1<j<s,1<i<r

and

1= 1 I 5@,

acA(i) 1<5<s,1<i<r

where Gji™%(a) = Dii(0) + Dj(e) and Li™(e) = Dii(@) N

Remark 3.13. Our aim is to compare the forms on A© and on A(™).
The fact that for each h the forms A @ A(*+1) are metabolic should be
interpreted in the framework of forms in triangulated categories (here the
derived category D?(Z) of bounded complexes of locally free sheaves on
Z). Then our construction should say that A(®) @ A™) is metabolic in this
more general context. Note that, as shown in [Ba2] the usual Witt group
of Z equals the Witt group of D%(Z).
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Proposition 3.14.

a) If h & J(Z), then for all i and j and all a in A(7),
1" V() = 6% V() = D V() = DY) .
b) Denote by Ap(i) the set of sequences a in A(i) such that e;n/2 < a; .
Ifhe J(3), then
Gyi V(@) = Bjab(" (@) and Ij7(@) = Bjar" (@)
where

0Dy ={ A7) ad )
¢ 8" V(@) ae An)

-1, _ | 0P V(@) ¢ AnG)
i (a)—{ () e An)

c) The eigenspaces g};)(a) and Dg-,;)(a) are related as follows. For any
couple (2,7) and any h in J
g5 () o ¢ Ap(i)
D(h) (a) =
gJ(’,’;_l)(a)(ti,he"”'_""”‘ ®1) o€ Ap(i)

The proposition follows from the equalities

0" V(a) = (3 @1)9M (@) i0< an < ein/2

o (a) = (t ™ @ 1)8" V(0) if ein/2 < cip < esn

4. Proofs of the main theorems

4.a. Proof of Theorem 0.1.
We showed in Prop. 3.12 that the form

(A(h) ( )hTr) (A(h+l), (_1)h+1T,r)
is metabolic with lagrangian GV, so the Main Lemma (see Cor. 1.15 (b))
implies that for 0 < h <m — 1 in H*(Ze, Z/27Z)
(40)  w(AW (=1)PTr) - w (AP (~1)PHTr) = dy(GP)
where, we recall, dy(V) = 1 o (1 + (—=1)t)"*c;(V)t* . This implies that
we(A@, Tr) - we (A, (=)™ Tr) V™ = [T d(gh—D) 0"
1<h<m

To obtain the claim of Thm. 0.1 from this we simply have to remember the
equalities just prior to Lemma 3.10.
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Remark. As noted after the statement of Thm. 0.1, if d = b,,41 denotes
an irreducible divisor on Y not contained in the branch locus b and b =
bU by, 41, then for the statement of the theorem we might as well work with
b instead of b. This can be seen as follows, let F = A(™*1) = (74),(Or),
then the sequence of Prop. 3.12 corresponding to h = m is

0F—-F®F-G¢M=F_0
and so by the Main Lemma 1.15
wi((72)«(Or), Trr/z)wi((2)+(Or), =Trr)z) = d(G™) = dy(F) .

4.b. Proof of Theorem 0.2.

We begin by reducing the theorem to the étale case by using the base
change ¢ : Z — Y. For this we use (1) functoriality: for both kind of
classes ¢*w;(—) = wi(¢*(—)), and (2) the fact that, as we saw in Thm. 2.2
the pull-back map ¢* : H*(Y) — H*(Z) is injective.

To see the equality of the first Hasse-Witt classes, recall from Sect. 1.e.1
that wq(F, Br) = wi(det(F'),det(BF)), which shows that we have the
equality

w1((r2)+(Or), Tr) = wi(¢" (me(Dx /), Tr)
because the forms coincide on the generic fiber and thus have isomorphic de-
terminants. Moreover these determinants equal the function field discrimi-
nant (drz) = (dgv/z), so the first part of Thm. 0.2 follows (see Sect. 1.h).

The same reasoning also shows that
{ wi(AQ, Tr) = un (AW, Tr) 0<h<m

c1(A@) = ¢; (A™) 0<h<m
We now consider the second invariants. From the Main Lemma 1.15 (c) we
deduce that
wa(AP™D Tr) + wy(A®, Tr) = e (AD) + ¢ (GHD)
Thus we obtain
m
wa((m2)-(Or), Tr) + wa(@ (D), Tr) = 3 et (AM) + 1 (G .
h=1
Remark 4.1. Note that when m is even the right hand side of the last

expression equals det(G), where
det(G) = Y _ det(g™)-D" .

h=1
By the result in the étale case, presented in Sect. 1.h, we see that

wa((m2)+(O1), Tr) = wa(nz) + (2) U (dy/z) -
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Thus by the result for w; and the functoriality of the Galois theoretic wa,
we are reduced to showing the next theorem.

Theorem 4.2. The following equality holds in H*(Ze,Z/2Z):
> (ad®) +a@® D)) = ¢*((X/Y)) ,

1<h<m
where p(X/Y) has been defined in terms of ramification data in (0.1).

The proof is given in the next section and makes heavy use of the local
calculations performed above.
4.c. Determinantal calculation.
For the proof of Thm. 4.2 we start by examining both sides of the desired
equality. The right hand side is defined as a divisor of Z and we use
the same notation for its class in Pic(Z), as well as for the image of this
class in H?(Z.,Z/2Z). Now, from the very definition of Chern classes, we
first observe that the left hand side can also be considered as the image
in H%(Z,Z/2Z) of an element of Pic(Z). Namely it is the image of the
divisor defined by 3", 1<, det(AM) + det(GA—1). In fact, as in [E-K-
V], p.176, for any h, the inclusion ay, : A® — G*=1) induces an exact
sequence

(4.2) 0 — det(A®) — det(Gh~D) — coker(det(ap)) — 0
Hence there exists a divisor A(®) in Div(Z) such that in Pic(Z)
—det(AM) + det(ghV) = AP |
where we denote by [D] the class of the divisor D. We conclude that in
Pic(Z) @ F
(4.2) > det(A™) +det(g" D) = Y (Al
1<h<m 1<h<m

Therefore to show the theorem we are reduced to showing the following
congruence in Div(Z)
(4.2) A=¢*(p(X/Y)) mod?2,
where we denote by A the divisor 3 p<p, A,

To show (4.2) it suffices to work in Div(Zs), where as before S is a
suitable étale neighbourhood of a point y in Y and where Xg and Zg are

as described in Sect. 2. For further notation refer to the diagram there. So
we have to show in Div(Zg)

(4.2) g5(8) = g5(¢" (p(X/Y))) mod 2.

We start by examining the right hand side of the congruence. By diagram
commutativity we deduce that ¢%(¢*(p(X/Y))) = ¢5(¢*(p(X/Y))). By
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definition p(X/Y) = m.(T'), where I is a divisor on X (see (0.1)). We then
deduce that g% (¢*(p(X/Y))) = ¢5(¢*(m(I'))). By [EGAII] II 1.5.2, under
our hypotheses we have that ¢*(m.(I')) = 754(¢%(T)). Since Xg and S are
étale over X and Y respectively, the divisor ¢ (I') of Xg corresponds for
Xg — S to what I' is for X — Y. Let us denote this divisor by I's. Hence
we have proved that the right hand side of the congruence (4.2) is equal to
¢s*(rs«(I's)), namely ¢s*(p(Xg/S)). We record this as

(4.2) 9z(¢"(p(X/Y))) = ¢5"(n(X5/5)) -

We now describe p(Xg/S) . The points of codimension 1 which are ramified
in Xg — S considered as points of codimension 1 of S are those above the
generic points & of the branch divisors by, with £ in J(Z), which as usual
we identify with the set {1,...,n}. Welet {nx,, 1<k <7, 1 <1< n}
be those primes. By definition we have

e, —
(4.2 o(Xs/8) =3 ( X D e

kl v—Nke

It now follows from the description of Xg given in (2.4), that for each
¢ such that 1 < £ < n and each v — 1y, the e, run through the set
{eie,1 < i < r}. So we have to determine, for each e; ¢, how many v have
this ramification index and for each such v, the index f(v) (or at least its
parity). From the decomposition of Ox(S) given in loc. cit. we observe
that a prime of Ox(S) will be the product of a prime in one component
and the whole ring in the others. This observation leads us to study what
happens in each factor Ay[t; 1, ..., tin) of the decomposition. If follows from
the definition of Ay[t;1,...,tin], that for each 7y e, the primes v of this
algebra above 7, will have the same inertia index. We are thus led to the
following claim.

Claim. For each pair (i,£) with 1 <i <r and 1 < ¢ <n the sum

(0,0 = Y f(v)

”_"Uc,t
ev=e;p

is odd. More precisely
(¢, 0) = eéve = H €ih -

1<h<n
h#L

Note in passing, that the index f(v) is odd as it is the residue class degree
associated to the extension Bz /Bé(m’z), which is of odd degree.
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To prove the claim let us simplify notation a little and write A = A, so
that S = Spec(A). Recall that Xg = Spec(B), where

B = A[t171, .o ,tl,n] X +ee X A[tryl, ce ,tr,n] .
Let us treat the case n = 2, so that B equals
AT 1, Ty o) /(T1 5 —a, Tr 5% —ag) X -+ - X A[Ty1, Tr ) /(Tr5 —a1, Trg” —ag) .

Let us consider X(4,£) for £ = 1. Thus 7 is a prime of height one in A,
which contains a; and which defines an element z in S. We are looking for
the number of elements in the fiber Xg, and for v in this fiber, we want to
determine f(v). By definition

Xs,, = Spec(B ®4 k(z))
and, since 71 contains a;, we see that B ® 4 k(z) equals
k(2)[T1,1, Tol/(Ty 1" Trg” — a2) X - X k(2)[ T, Trpl /(Try" Tr5" — az2) -

A prime in this algebra is the product of a prime in one of the components
with the other (full) components. Thus, for instance, the primes with
ramification index e;; correspond to the primes in the first component,
that is to the primes of k(z)[T1,1, T1 2] which contain (T7}")+(T7 5° —az). In
turn these are determined by the primes in the algebra k(z)[T}2]/(T15" —
az), which we find by decomposing the polynomial P = Tf112'2 — ag into
irreducible factors. Now ag # 0 in k(z), the index e; g is prime to the
residue characteristic of k(z) (by tameness) and the field k(z) contains the
e1,2-th roots of unity, so it follows that P decomposes into a product of ¢;
polynomials, which are irreducible over k(z) and of same degree f;. This
gives g1 elements v11,...v1,4, in Xg, with fi = f(r11) = ... = f(v1,4,)-
Hence the sum (%, £) equals

fra)+--fng) =afi=e,

which is 611,1 in this special case. This completes the proof of the claim.

Thus finally we deduce from (4.2) and the claim

p(Xs/S)= (D

k.t 1<i<lr

2

)k,e mod 2,

and therefore

e, —
@2) 45 (X)) = 65" (DY s mod 2.

ke 1<i<r




Invariants of a quadratic form 651

We now consider the left hand side of the congruence (4.2). Using the fact
that taking determinants commutes with base change, we obtain that

g5(A) =AS) = > Al(s),
1<h<m

where the A("(S) are obtained as in (4.2), via an exact sequence involving
det(AM(8)) and det(G"~1)(S)), (see Sect. 3.d). The following is clear.

Lemma 4.3. Let e be an odd integer. Then
(e-1)/2 2

SRR WS

e/2<a<e

From Prop. 3.14 (c) we deduce that if h is not in J(%), then A®)(3) is
trivial. If instead £ is in J(Z), then using the lemma, Prop. 3.14 (c) and
taking the discriminant and the product over the o, we obtain

e 8 -1
det(G5V) = (¢, © )det(DYY) .
Thus, for £ in J(Z),

e2 1

43)  det@VS) = [ TI (i F )des(AO(s)) .

1<j<s 1<i<r

and A®(S) is defined as a Cartier divisor of Zg, by the function

2
€i,0”

BO=T] II e ® ) -

1<5<s 1<iLr
We then conclude that A(S) is defined by

2
e; 2—1
8

s= 11 II II e

e J(3) 1<j<s 1<i<r

).

For any ¢ in J(&) we put Ny = [[;<;<, €ir and we write N = [[, N¢. Using
the fact that for all ¢ we have t;,%¢ = ay, we then obtain for the N-th
power
N ’ e?l—l
_ [ et Tse i
LeJ(@)
Since the integers N, N;, s and the eg’e are odd we obtain that

e2 -1
B=pN= H alzls"sr( ) mod 2 .
1€(3)
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Therefore we conclude that

ez, —
A(S) = ¢S*(Z( Z z,€8 1)77]3,() mod 2 .

kl 1<i<lr

Hence the result follows from this last equation together with (4.2), (4.2)
and (4.2).

5. Appendix. Simplicial techniques

5.a. Simplicial objects.

We recall the definition of a simplicial object in a category C. Let A de-
note the category whose objects are the ordered sets [n] = {0,1,2,...,n},
whose morphisms are all non-decreasing monotone maps. This category
can be shown to be equivalent to the category, denoted by the same letter,
generated by the objects [n] and for 0 < ¢ < n by the maps

O :n-1—1[n o :[n+1—[n],

which are respectively the increasing injection which does not take the value
i in [n], and the non-decreasing surjection which takes the value 3 twice in
[n]. (To complete the identification one should also add a list of identities
which describe the commutation rules satisfied by these maps, see [G-Z] II
Lemma 2.2, [Mac] pp.172-173, [Mac-Mo] VIII 7, [Mal] Sect. 2 or [Go-Ja] I
(1.2).) The maps &, are called (co)faces and the maps of, (co)degeneracies.

A simplicial (resp. cosimplicial) object in a category C is a functor X :
A°PP — C (tesp. Y : A — 7). We write X,, = X([n]) and 97 = X(.,) for
the faces and o = X (0! for the degeneracies on X. So a simplicial object
in C is determined by the X,, and the identities satisfied by the faces and
degeneracies. Simplicial objects in a category C form a category SC.

If C = Set is the category of sets, one speaks of a simplicial set. We let
S = SSet. Starting with a simplicial set X one obtains (in a functorial
way) a topological space | X|, called the realization of X. Conversely, given
a topological space T" one defines a simplicial set S(T"), called the singular
set. This is the origin of simplicial techniques. In fact the realization
functor is left adjoint to the singular functor (see e.g. [Go-Ja] I Prop. 2.2).

Example 5.1. Given a (small) category B one obtains a simplicial set
N(B) called the nerve of the category, by letting

N(B), = Hom(En, B) ,
where E, is [n] viewed as a category, and Hom denotes the set of functors,
see [Mac-Mo] VIII 7 or [Seg]. (Note that any ordered set (E,<) defines
a category whose objects are the elements of the set and where there is

a morphism from object z to object y precisely if z < y in E.) The set
N(B)y, can be identified with composable strings of n arrows in B. Faces are
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then given by suitable compositions and degeneracies by inserting identity
arrows.

Example 5.2. As a particular case we consider that of a groupoid B, that
is a category in which every morphism is invertible. The trivial groupoid
T(U) on a set U is the category whose objects are the elements of U and
the morphisms are given by U x U. Composition is given by (z,y)o(y,2) =
(z,2). (This is equivalent to the category with one object and one arrow.)
Then the nerve NT(U) = N(T'(U)) is given by

NT(U): U UxU UxUxU

T
TiTiT

where we leave it to the reader to make the degeneracies and faces explicit.

Example 5.3. If we consider a group G as a category with one object e,
then the nerve construction gives the classifying simplicial set of G, denoted
BG. One can check that this is the simplicial set (with only one vertex)
given by

BG: ¢ 5 G G xG
(—

TITiT

Here the two maps G — e are the same, e — G is given by the inclusion of
the identity, and the maps G x G — G are Jyp = pra (second projection),
01 = p (multiplication), and &2 = pr; (first projection). The realization
|BG| of BG is an Eilenberg-MacLane space of the form K(G,1), that is it
has G as fundamental group and all other homotopy groups reduced to the
identity.

Example 5.4. The nerve of the trivial groupoid on G gives the “universal
bundle” :

EG := NT(G) ,
which maps to BG.

Further examples of simplicial objects are given by actions of groups (X, G).
A G-sheaf on a scheme X, can then be identified with a simplicial sheaf on
the simplicial scheme associated to the action (X, G).

5.b. The Amitsur complex.

The Amitsur complex is a cosimplicial group defined as follows (see [D-G]
ITI, Sect. 4 n. 6). Let Y be a scheme or more generally a sheaf and as before
Thm. 1.6 let Y’ be a covering of Y, that is a sheaf epimorphism. Let F' be
a contravariant functor on sheaves on Y, with values in a category C. Let
K,—1 = (Y'/Y)™ denote the n-fold fiber product over Y of Y’ with itself,
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with coordinates numbered from 0 to n — 1. Consider the simplicial sheaf
=
e K=Y} S Ki=(Y/Y)? 2 K=Y,
= —
where for 0 < ¢ < n the face maps 9} : K,, — Ky, are defined by omission
of the i-th coordinate and the degeneracies o' : K, — Kp41 are obtained
by “duplication” of i-th coordinate. Next apply the contravariant functor
F to this, to get the cosimplicial object in the target category C,

F(Ko) _7—; F(K1) F(Ky) ---,

irirl

with induced maps: cofaces &, = F(9?) : F(Kp,-1) — F(Ky,) and codegen-
eracies 0, = F(o7) : F(Kn41) — F(Ky). We will be interested in the case
where

F(_) = MOTSh(_7G) ’
which, for G a sheaf of groups, takes values in the category of groups, and
we will then write

C™Y']Y,G) = Morgp(Y'/Y)",G) .
The resulting cosimplicial group is the Amitsur complez defined by Y'/Y
and G. Define further a subset HO(Y’/Y,G) of C° as the equalizer of the
maps 9], 89 : C° — C, that is

H(Y'/Y,G) = {z € C°(Y'/Y,G) | 8}(z) = &K (2)} .
This is in fact a subgroup of C°. The set of 1-cocycles is
(54)  Z\(Y'/Y,G):={f € C'(Y'/Y,G) | 8(f) = &(f) - 33(f)} -
Now, z in C? acts on the right on f in C! by the rule
fre=(0i@)" f-8(),
and Z! is stable under this action (use the equalities between maps from
CO to C? : 320} = 034}, 090} = 9289, and 098 = 038Y).
Consider the orbit space

(5.4) HY(Y'/Y,G) == Z}(Y'/Y,G)/C°(Y'/Y,G) .
This is the cohomology set we need in Sect.1.d. It has as distinguished
point the unit in C!.

Remark 5.5. When the group G is abelian, then the Amitsur complex is
a cosimplicial complex of abelian groups, and so its cohomology equals that
of the associated normal complex with differential given by the alternating
sum 8" = Y ,(—1)%9; (see [Mal] Thm. 22.1, [Cu] Sect. 5). This is the
complex considered in say [K-O1] Chapt. V or [Knu| II.2, where one can
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see how it gives rise to higher cohomology groups and how it is related to
Galois and Cech cohomology. See also [Mi] Chapt. I Prop. 4.6.

5.c. The homotopy category of simplicial sheaves.

As was seen in the main text homotopy classes of maps between simplicial
objects can play a clarifying role in our subject. We just say a few words
to introduce some relevant notations and refer to the work of Jardine—say—
for more details. The starting point for what we are going to describe is
the remarkable (and by now classical) fact that one can study spaces up to
homotopy by using simplicial sets. Namely, by inverting certain morphisms
called weak equivalences in the category S of simplicial sets, one obtains a
category denoted Ho(S) equivalent to the category of CW-complexes with
morphisms homotopy classes of maps. The equivalence is given by the
realization and singular functors, see [Go-Ja] Thm. 1.11.4. By abstracting
what was necessary for the definition and study of the homotopy category
Ho(S), Quillen arrived at the notion of a closed model category. Given a
closed model category C one can define the homotopy category Ho(C) to be
the category with same objects as C and with morphisms between X and
Y given by the set

[X,Y] := n(Wx, Wy)

of homotopy classes between certain objects Wx and Wy, which are weakly
equivalent to X and Y (cofibrant and fibrant..., see [Go-Ja] p. 75).

In [Br|, Brown has considered a closed model structure on the category
of sheaves of simplicial sets on topological spaces. Then Jardine has defined
a homotopy category for any Grothendieck site in [J5]. It is this last work
that lays the foundations in the right generality for our needs. For instance
it is there that one finds the definition of cohomology of a (fibrant) simplicial
sheaf X, with coefficients in an abelian sheaf F' as

HYX,F):=[X,K(F,i)],
where K (F,1) is the simplicial abelian sheaf obtained by iterated applica-
tion of the construction giving BF' (see [J5] Sect. 2 and [J3] Sect. 3; the
motivation for this again comes from topology, see e.g. [Go-Ja] I11.2.19).

Recall that this entered the definition of the Galois theoretic classes in
Sect. 1.f. A further application of these ideas is given in the next section.

5.d. Torsors and homotopy.
Here we sketch a proof of Prop. 1.7, which states that for any sheaf of
groups G on Y, there is a bijection

H'(Y,G) < [Y,BG],

where the left hand side is defined in terms of the cohomology of the Amit-
sur complex. We follow Jardine [J1].
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As a first step in obtaining the description of torsors under G, in terms
of homotopy classes of maps into BG, we give an alternative interpretation
of Amitsur 1-cocycles. So let

F: Y xyY -G

be an element of Z1(Y'/Y,G) (see (5.4)). Using f we want to define a map
from the simplicial sheaf NT(Y’/Y) to the classifying sheaf (BG/Y’). Both
of these simplicial objects are defined in the Appendix (5.a). That is, we
want a simplicial map

(_
NTY')Y): Y S Y xyY & Y xyY' xyY
— =
(fi) 1 ! fl !
«—
BG/Y): Y &5 G = G xy G
— =

By unwinding the definitions it can be seen that putting f; = f and
fZ(xa Y, Z) = (fl(a"a y)7 fl(y7 z))

makes the second square commutative, precisely because f is supposed to
be a 1-cocycle. Proceeding in this way and after having checked that two
cocycles defining the same element of H! give homotopic maps, one obtains
a bijection

H'(Y'/Y,G) = n(NT(Y'/Y),BG) ,

where m(—, —) denotes homotopy classes of simplicial maps. It is the con-
tent of [J1] Prop. 1.1, that for a locally trivial fibration V' — Y, the canon-
ical map from V into the classifying space NT'(Vp) of the fundamental
groupoid induces a bijection

m(NT(Vp), BG) < 7(V,BG) .

This can be paraphrased by saying that the fundamental groupoid preserves
weak equivalences and that a hypercover has the fundamental groupoid as
Cech resolution. (Also BG is right adjoint to fundamental groupoid.) An
important result of [J5], inspired by Brown’s [Br] Thm. 1.1 and Sect. 3 (5),
shows that the set [Y, BG] is given by

[Y,BG] = limn(Z,BG) ,

where the limit is taken over simplicial homotopy classes represented by
locally trivial fibrations Z — Y. This a generalized Verdier hypercovering
theorem. Thus putting everything together we obtain the expected result.
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