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Analytic and arithmetic theory of
semigroups with divisor theory.

par ALFRED GEROLDINGER AND JERZY KACZOROWSKI

1. Introduction

In this paper we develop the analytic theory of semigroups with divi-
sor theory having finite divisor class group such that each class contains
approximately the same number of elements with norms < z. The theory
of algebraic numbers yields many interesting examples of such semigroups.
As in the classical case our treatment heavily depends on L-functions as-
sociated with the characters of the divisor class group. The theory of such
L-functions is in many ways similar to the classical one with (at least) one
serious exception in which L(1, x) = 0 can hold for certain characters x. If
this occurs, we call the semigroup to be of type 3 ; otherwise the semigroup
is said to be of type «, cf. 3) Definition 3.

Our first aim is to describe up to arithmetical isomorphism the structure
of semigroups under consideration, cf. 6) Theorems 1, 2, 3 and 4. We do this
by using structural G-mappings, cf. 5) Definition 4, which are counterparts
to explicit formulae in the classical theory. It turns out that semigroups of
types a and 8 have quite different structures.

Next we consider some quantitative questions. We derive asymptotic
formulae for counting functions of elements having a factorization of length
k, cf. 12) Theorem 5, and of elements having at most k factorizations of
distinct lengths, cf. 12) Theorem 6. Moreover, we show that in some sense
most sets of lengths have a typical form, cf. 12) Theorem 7. In all cases
results for semigroups of type a and f differ significantly.
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nal version has been completed during his visit to Karl-Franzens-Universitat
Graz in 1991. He wishes to thank both institutions for providing the ex-
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200 A. GEROLDINGER AND J. KACZOROWSKI

2. Preliminaries on semigroups with divisor theory

Throughout this paper, a semigroup is a commutative, multiplicative
semigroup with identity, usually denoted by 1; if not stated otherwise, we
always assume that the cancellation law holds. If S is a semigroup, then
S* denotes its group of invertible elements and Q(S) is a quotient group
of S. A semigroup S is called reduced, if S* = {1}; obviously S/S* is a
reduced semigroup. For a set P let F(P) be the free abelian semigroup with
uniquely determined basis P. Furthermore we use the standard notions of
divisibility theory in a semigroup as described in [Gi, §6].

DeFINITION 1. A divisor theory for a semigroup S is a semigroup homo-
morphism 8 : S — F(P) from S into a free abelian semigroup F(P) with
the following properties:

(D1) Ifa,b€ S and a | 0b in F(P), then albin S.
(D2) For every a € F(P) there exist aq,...,a, € S with
a = ged{day,...,0a,}.

The quotient group CI(S) = Q(F(P))/Q(0(S)) is called divisor class
group of S; we write CI(S) additively and for « € F(P) we denote by
[a] € CI(S) the divisor class containing «.

For a recent paper on semigroups with divisor theory see [HK 1]. We now
list some of the main properties of semigroups with divisor theory which
will be used in the sequel:

Properties of semigroups with divisor theory:
1) Obviously condition (D2) in the definition is equivalent to
(D2) Vpe P 3ayq,...,a, € S with p = gcd{day,...,0a,}.

2) A semigroup S has a divisor theory if and only if the reduced semi-
group S/S™ has a divisor theory. (cf. [HK 1, Bem. 2])

3)If 9, : S — D; (i =1,2) are divisor theories, then there exists a
unique semigroup isomorphism ¢ : Dy — D3 such that 92 = ¢o0 9y (cf. [HK
2, Korollar zu Satz 2]).

4) Let §; : Si — F(P;) (i = 1,2) be semigroups with divisor theories.
Then the following conditions are equivalent:

i) $1/57 = 51/85
ii) there is a group isomorphism ¢ : CI(S1) — CI(S,) such that
card(P; Ng) = card(P2 N ¢(g))
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for every g € CI(S,) (cf. [HK 1, Satz 3]).

5) If a semigroup S admits a semigroup homomorphism 8 : S — D from
S into a free abelian semigroup D satisfying (D1), then S has a divisor
theory; cf. [HK 1, Bem. 5].

6) Semigroups with divisor theory and Krull semigroups (as introduced
in [Ch]) are equivalent concepts [Ge-HK, Th.1]. Using this equivalence,
Krause proved that the multiplicative semigroup of an integral domain R
has a divisor theory if and only if R is a Krull domain ([Kr, Prop.]).

Our first aim is to derive a characterization of reduced semigroups with
divisor theory, which allows us to give a unified description of semigroups
with divisor theory, which are quite different at first sight.

Let R be a Dedekind domain, P = P(R) the set of non-zero prime
ideals, J(R) the multiplicative semigroup of non-zero ideals, H(R) C J(R)
the subsemigroup of principal ideals and R* = R\ {0} the multiplicative
semigroup of R. Then

R*/R** ~H(R), J(R) ~ F(P)
and
Or : H(R) — JI(R)SF(P)

is a divisor theory of H(R) with divisor class group being the usual ideal
class group CI(R).

Let 'y be a semigroup (for which we do not assume the cancellation
law), I' < Ty a subgroup and 7 : R* — I’y a semigroup homomorphism.

Then er = 7~ 1(T') is a subsemigroup of R* and we have

~ ~ X
ii) Rrx/Rp.~{aR|n(a) €T} =Rr.CH(R)

ProprosITION 1. For a reduced semigroup S the following conditions are
equivalent:
i) S has a divisor theory.

ii) There exist a Dedekind domain R and I',m as above such that S ~
Ry x.
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Proof. i) = ii). If S has a divisor theory, then by [G-HK, Th.4] there exist
a Dedekind domain R and a subset P, C P(R) such that

S~ H = {a € H(R) | Or(e) € F(Po)}.
Obviously H = Rr , with 7 : R — H(R)2F(P) — Q(F(P)) = Ty and

T = Q(F(Fo))-

ii) = i). Since Or | Rr,» : Rrx — F(P) satisfies (D1), Rr r has a
divisor theory. O

We conclude this section with some examples of semigroups with divisor
theory.

Ezamples. Let R be a Dedekind domain.

1) By a cycle f of R we mean a formal product
f=foor...0;,

where fo € J(R) is an ideal of R, » > 0 and o4,...,0, : R — R are
ring monomorphisms. Two elements a, 3 € R are called congruent modulo

f,a =B mod f, if

a =L mod fo and sign oi(a) = sign oi(f) for 1 <i<r.

Obviously the set of congruence classes R/f is a multiplicative semi-
group. Let # : R — R/f the canonical epimorphism and T' < (R/f)* a
subgroup. Then Rr . is a generalized ray class semigroup in the sense of
[HK2, Def. 5] and Or|Rr x : Rr,.» — F({p € P | p{ fo}) is a divisor theory
for Rr » [HK2, Satz 7].

2) Let m € Ny.

i) We set 'y = (Z/mZ,+),T < T's a subgroup, = : F(P) — (N,+)
a completely additive function and 7 : R — F (P)1>(N,+)—”>I‘o, where p
denotes the canonical epimorphism. Then Rr z = {aR | 7(aR) + mZ € T'}.

ii) Setting 'y = (Z/mZ,-),T < Ty and 7 : F(P) — (N4,-) we obtain a
multiplicative analogon to 1) .

3) Let K be a quotient field of R, K' C K a subfield such that K/K' is
finite algebraic, m = N s : R — K' = g the norm function and ' = F C
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(K'\ {0}, ) a multiplicative subgroup. Then Rr » = {aR | Nk /k(a) € F}
(cf. [Le]).

3. Arithmetical semigroups

We start with the definition of an arithmetical semigroup, which is the
central notion in this paper. Most results will be derived in this setting.

DEFINITION 2. A semigroup S with divisor theory 0 : S — D is called an
arithmetical semigroup, if the following conditions are satisfied:

1) CI(S) is finite.
2) There exists a norm function || - || : D — N4 such that
i) ||la|| > 1 for every a € D\ {1}.

i1) ||ab|| = ||a||||®|| for all a,b € D.

3) Condition A : There exist two real numbers a > 0 and § < 1
such that for every class g € CI(S) we have

Z (1—”%“):%z+0(z”)asz—>oo.

a€g
llali<z

Let S be an arithmetical semigroup. We write 6'7(\5') for the dual group

of CI(S) and let xo denote the trivial character. For x € C——'T(.\S'\) we define
the L-function L(s,x) as

L(s,x)= Y x([a)lla]l ",

a€l
s = o + it being a complex variable.

By a non-trivial theory of L-functions we mean that for all x € Cfl(?),
L(s,x) converges absolutely for ¢ > 1, and allows analytic continuation to
a half-plane o > 6 with § < 1; all L(s,x) should be holomorphic on this
half-plane except L(s,x0), which has a simple pole at s = 1. Condition
A implies (by partial summation) that an arithmetical semigroup has a
non-trivial theory of L-functions.

All examples of arithmetical semigroups, which are discussed below, sat-
isfy the following
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Condition A*: There exist two real numbers ¢ > 0 and 8 < 1 such
that for every class g € CI(S) we have

Z l=%z+0(m‘9) asr — 0o.

a€g
llall <=

By partial summation Condition A* implies Condition A, but it is not

obvious whether or not A* and A are equivalent. However, if

#{a € D ||| a ||= n} = O(n*) for every positive ¢,

then ;1 and A* are indeed equivalent, which follows from Perron’s formula
applied to L(s, x).

Ezamples. Let R be the ring of integers of an algebraic number field K.
Then R is a Dedekind domain with finite ideal class group and the absolute
norm N'x/q : J(R) — Ny with Ngq(I) = (R : I) is a norm function in
the sense of Definition 2. We continue the examples given in the previous
section.

1) Let f be a cycle, 'y = R/f,m: R — R/f the canonical epimorphism
and let [1] € (R/f)* denote the unit element. Then R}~ = {aR|a =1
mod f}, Cl(Ryp1)3,x), the group of f-ideal classes, is finite, Axiom A* is

satisfied and L(1, x) # 0 for every xo # x € CI(R/{[;E,) (cf. [La; VI Th. 1
and Th. 3, VIII Th. 8]).

For an arbitrary subgroup I' < I') there is an epimorphism A :
Cl(R(py,x) — Cl(Br x)

and thus A* holds for Rr » and L(1, x) # 0 for every xo # x € CTR:,,,).

Note, that for a non-principal order R’ C R with conductor fo and for
a subgroup I' < (R'/fo)* < (R/f0o)*, {a € R' |a+ f €T} = Rp &

2) For m € N; let ' < (Z/mZ,+) be a subgroup and « : F(P) —
(N, +) a completely additive prime-independent arithmetical function with
ged(m, m(p)) = 1 for any p € P. Then Rr s = {aR | m(aR) + mZ € T'}
and we assert that Ogr | Rr z : Rr,z — F(P) is a divisor theory.
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For this it is sufficient to show that for every p € P there are ay,..., 0,
in Rr 7 such that p = gcd{0r(a1),...,0r(aa)}. Let p € P; we choose two
further primes py,p2 € [p] € CI(R).

For i € {1,2} let a; = (ppo™* D =")pord@DEm=D. then g, is principal,
m(a;) + mZ = m ord([p])r(p) + mZ=0€T and ged(ar,a2) = p.
Since Q(0rRr ) < Q(0rH(R)) < Q(F(P)) there is a canonical epi-

morphism
. ) = QFP Q(F(P — .
A Cl(Rr,z) = ))/Q(anﬁr,f) — o ))/Q(an'u(ﬁ)) = Cl(R);

further
— QArH(R)) o Z/mZ
Ker(}) = " /g(aRRr,,) = /m /r

and thus CI(Rr z) is finite.

In general Rr z does not satisfy A. But if CI(R) is trivial, (Z/mZ :T) =2 °
and m(p) = 1, then h = 2 and Rp » has two L-functions: L(s, x0) = (x(s)
and L(s,x1) = (x(25)/Cr(s); (k being the Dedekind zeta function of K.
Hence, under the Riemann Hypothesis for this function, Rr  satisfies A*.

Observe that in this case we have L(1,x;) = 0 (compare [F-S], example
IIT).

Motivated by the above examples we conclude this section with the fol-
lowing definition.

DEFINITION 3. Let S be an arithmetical semigroup. We say that S is of

type o, if L(1,x) # 0 for all x € CT(?) with x # xo. Otherwise we say
that S is of type 3.

4. L-functions

In this section we point out some basic facts concerning L-functions
associated with an arithmetical semigroup S. One can expect that such
L-functions share many properties of zeta-functions used in the theory of
numbers. This is really the case. Arguing as in the classical case (cf. e.g.
[T1], [T2], [P]) we state the following facts. Proofs are omitted.

For o > 1 and every x € CI(S)

L(s,) = [[=x@) 117"

PEP
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and writing 7 = |t| + 20
|L(o +it,x)| K > foro>0+¢€€e>0.

Denoting by p = B + iy a generic zero of L(s, x) we have in case p # 1

A
<l- —r—o
Pl = o+ 20)

(A = A(S) is positive) and for fixed 6;,6,, 6< 6 <6 <1

L 1
(4.1) —L-(s,x) = E P + O(log )
B2
[y—t|<1
for |t| > 1,0 > 6. Moreover, putting fort > 0, x € Cﬁ(?)

N(t,x)=#{p=B+1iv| B> 61, |7| <t,L(p,x) = 0},

we have
(4.2) N(t+1,x)—N(t,x)Llogr (t>0).
For s = o + it,
>1 A [t] > 1
7 4log T’ =
we have
(4.3)

L'
|L(s,x)| < logT, |logL(s,x)|< loglogr, and IT(S’X)l & log2 T.

We denote by p, : [#1,00) — R the Lindeldf function associated with
L(s, x):

+ .
(4.4) px (o) = limsup log” |L(e + it, X)l

Iil—roo lOg T

Obviously sy () = 0 for o > 1 and p(61) < 2. Moreover p,, is continuous,
non-increasing and convex downwards.

5. Structural G-mappings
Let G be a finite, abelian group and let N; = N4 \ {1}. Let for ? < 1,
Hy={peC|o<Rep<1}.

We now introduce structural G-mappings. In the analytic theory of
arithmetical semigroups they play the role of explicit formulae.
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DEFINITION 4. We say that a : Ny x G — N is a structural G-mapping
of density k > 0 when there exists a real number 0 € (0,1) and a function
v : Hy x G — C satisfying the following conditions:

i) for every x € G and p € H, the number

(5.1) m(p,x) = Y x(9)v(p,9)

g€G

belongs to N;

il) m has discrete support and

(52) Y. m(p,x) = O(log7)

t<Imp<t+1

for everyt e R (7 = [t| + 20);
iii) for everyx > 1,T € R and g € G we have

(5.3) Z a(n,g)logn = kz — Z _l:_(P_p,X_)x,, + E(z,T,g)

n<z PEH,
=TI
where
(5.4) E(z,T,g) = Or,4(x)
as £ — 00;

iv) there exist constants
0<A<1/2r, A1 >0, < <1, >0
such that uniformly for

]

T
c>0, |[t——|<A, 0<a<a
27

and for every g € G we have

(5.5) o)) < A1-28T

T
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where f,,,,, denotes the Fourier transform of the function

(5.6) For(w) = famgr(u) = hdis— foru>0.
0 foru<?0.

T being the classical Euler’s gamma function.

DEFINITION 5. We say that a structural G-mapping is quasi-Riemannian,
when v = 0.

For a quasi-Riemannian structural G-mapping conditions 1) and ii) in
Definition 4 can be neglected; (5.3) and (5.4) read as follows

(5.3) Z a(n,g)logn = kz + E(z,g),

n<lz

(5.4°) E(z,9) = Oy(z).

It is evident that a quasi-Riemannian structural G-mapping of density «
can be regarded as a family of quasi-Riemannian structural C;-mappings
(Cy - the trivial group) of densities  labeled by elements of G : {a,},ec-
Formally every a, is defined on the set Ny x C;; to simplify the notation we
consider structural Cj-mappings as functions on Ny. Instead of “structural
Ci-mapping” we say simply “structural mapping”.

ProprosITION 2. The function a : Ny — N is a quasi-Riemannian structural
mapping of density k if and only if for z > 1 we have

Z a(n,g)logn = kz + E(z),

n<lz

where
(5.7) E(z)=0(z") asz—

for certain @ < 1 and, moreover, for o > 0

(5.8) G0(t) = O(RBTy,

T
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where
E(e")e~™ for u > 0,
0 foru<0.

(5.9) eatt) = {

Proof. Let a : Ny — N be quasi-Riemannian and structural and let f, ,
be defined by (5.6); we remark here that in the case under consideration £
does not depend on 7" and g. Let usfix 8 € (3',1). For N > 2, 0 < a < o
and & > 0’ we have, using the inverse Fourier transform and (5.5)

1 log(N+1)

F,,(N):= ———M — o.o(u)du
AN = s [ e

_ +°°f (t)(N + 1)21rit — N2mit
e TTTY 2mitlog(14 %)
N oo
1 logt
<</ Ogrdt+N/ 28 4t < log? N .
-N T N ot

For log N < u < v < log(N + 1) we have

—ou —ov
e

oso (W) = Foro ) = 1 2 alm) logn(grsy ~ Fao 7 1))

n<N

e(l—ﬂ)n 6(1—0)1;

B K(I‘(au +1) T(av+1)

) IKoN~7 <« 1.

Hence for log N < u < log(N + 1)
fo,a(4) = Fa,s(N) + 0(1) < log’ N < v’
and therefore uniformly for o > 9,0 < @ < @y we have
E(e") K uze”"'l"(au +1) asu—o0.
Making o — 0+ and putting 0 = oy = 3(3’ + 6) we obtain:
E(e") € u?e™ & e™ asu— oo;

(5.7) therefore follows. From this inequality we get

+oo
/ |pa(t)|dt < Co uniformly for o > 6.

-0
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Hence, by Lebesgue bounded convergence theorem

,,l_i,‘},h, f,,’,,(t) = P,(t) for all t € R.
Now it is obvious that (5.8) follows from (5.5).

6. Structural theorems for arithmetical semigroups

Our goal now is to describe the structure of arithmetical semigroups up
to arithmetical isomorphism.

DEFINITION 6. Arithmetical semigroups S; and S, with divisor theories
3,‘:5.'-—>Di, i=1,2’

and norm functions
||-||,;ISi—'>N+, i=—'1,2

are arithmetically isomorphic (or briefly a-isomorphic), if there exists an
isomorphism ¢ : S1/S; — S2/S5 such that ||01(a)|ls = ||02 o p(a)||2 for
every o« € S1/S7.

(Here 8; : S;/S) — D; denotes the homomorphism induced by 8;, compare
2. §2).

Suppose S; and S; are a-isomorphic. Then, according to 3.§2 there
exists a unique semigroup isomorphism ¢ : Dy — D such that 0 0o p =
¢ o 01. Hence the diagram

S /5% 2 pp N\
el bl N

)

S2/S2x —_— D2 /‘"."2
commutes and we have

PRrROPOSITION 3. Arithmetical semigroups (S;, 0;,|| - |l:), ¢ = 1,2, are a-
isomorphic if and only if there exists a group isomorphism ¢ : Cl(S7) —
CI(S;) such that for every pair (n,g) € Ny x CI(S,),

#{pecgNP||plhi=n}=#{peyv(@ NP ||pll. =n}.

Hence the structure of an arithmetical semigroup is completely deter-
mined by the numbers #{p € PNg | ||p|| = n},(n,9) € Ny x CI(S5).
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THEOREM 1. Let S be an arithmetical semigroup of type o with the
divisor class group G of order h. Then the function a : Ny x G — N defined

by
(6.1) a(n,g) =#{p€gnP||p|| = n}
is a structural G-mapping of density k = 1/h. '

THEOREM 2. For every finite abelian group G of order h and every struc-
tural G-mapping a of density k = 1/h there exists exactly one (up to a-
isomorphism) arithmetical semigroup S of type a having the divisor class
group isomorphic to G and such that #{p € gN P | ||p|| = n} = a(n, g) for
each pair (n,g9) € Ny x G.

THEOREM 3. Let S be an arithmetical semigroup of type 8 with the divisor
class group G of order h and let x; € G be such that L(1,x;) = 0. Then
h = 2h,, where hy = #Kker x;.

Moreover, for each g ¢ ker x1, the function
a; :N;y - N
defined by
ag(n) =#{p€gNP|[|pll = n}

is a structural, quasi-Riemannian mapping of density 1/hy. For g € ker x;
we have

(6.2) #{pegnP||pll Sz}:O(z”), <1, asz — oo.

THEOREM 4. Let G be a finite abelian group of order h = 2hy and let H
be a subgroup of order hy. Let, moreover, {a,},gn be a family of quasi-
Riemannian structural mappings of densities 1/hy and let {b,},cn be a
family of functions b, : Ny — N satisfying Y . _b,(n) = O(z?),0 < 1, as
z — 0o. Then there exists exactly one (up to a-isomorphism) arithmetical
semigroup S of type 8 having the divisor class group isomorphic to G and
such that for all n € Ny,

(6.3) #{p€gNP||lpll=n} =ay(n) forg¢ H

and

(6.4) #{p€gnNP||pll=n}=by(n) forge H.



212 A. GEROLDINGER AND J. KACZOROWSKI

Moreover, there exists x; € G satisfying L(1,x1) = 0 and ker x; = H.

7. Proof of Theorem 1

Let S be an arithmetical semigroup of type « and let 8 be the exponent
appearing in the condition A. Without loss of generality we assume that
6 € (1/2,1). Let us take any d € (6,1) and define v : Hy x G — C as
follows

1 —_—
v(p,9) =+ Z x(9)m(g,x);
x€G
m(p, x) being the multiplicity of the zero of L(s,x) at s = p.

We check if a and v satisfy conditions i) — iv) from Definition 4.

Condition i) is immediate and ii) follows from (4.2). Applying the clas-
sical Perron formula, shifting the line of integration to the left and using
(4.3) we get

> a(mg)(1~ g)bgn = 21hz + O(zeCoVIo87) |
n<lz

Hence

E(zTg)<z+ E id (Iplg)l + Z a(n, g)(l——)logn

pEH, n<2z

Lz

and 1iii) follows.

By partial summation we have using (5.3)

1) T =0+ 2L Ty T ﬁp’y))
g€G pEH, p
ly=TI<1
+sY_ x(9) / E({Z: g)dg,
geEG
Where
r2) hisno = Y 30 XD

2 2
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is holomorphic and bounded for & > 9, and

1 if x = xo,
00 ={ i

0 otherwise.
We write

(7.3) 610 = [ 2nde.

Using (7.1), (7.2), (4.1) and (4.2) we see that H(s,T,g) is holomorphic for
[t=T)]<l,c>dandforo >0t —=T| <A withd <9 <1,0< A <1
we have

log 7
(7.4) H(s,T,9) = O( - ).
Let for a > 0 o B(e* T g)
e, T,9) -
H,(s,T, g) = — e du.

( 9 o TD(au+1)

Then, using the Henkel’s integral [S-Z]
P w —an— d
I'au+1) 2w /;e v v

taken round the contour consisting of the half-line (—co,—1/e) on the
lower side of the real axis, the circumference C(0,1/e) and the half-line
(—1/e,—o0) on the upper side of the real axis, we get

1 w dw
(7.5) Ho(s,T,g)_%/le H(s+ alogw, T, g) —-

Let now 0 < Xy < A1,071 <3 < 1 and ag = min(d2 — 91, L(A1 — A2)).
Then for 0 < @ < ap,w €1,Re s = 0 > 0,, [t — T'| < x2 we have

Re(s + alogw) > 02 + alog|w| > 02 — ag > 0y

|Im(s+ alogw) —T |=|t—-T+ cargw |< t = T|+ aom < A1
Hence, using (7.4) and (7.5)

d
|Ha(s, T, 9)| < / P |H (s + alogw, T, g)|%
l
1
<< OgT '
T
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Since H,(s,T,g) = fo,”;g”r(ﬁ) condition iv) is satisfied with A = *2 /(21:)
and D, = 32. O

8. Proof of Theorem 2

Let a be a structural G-mapping of density k = 1/h. We construct an
arithmetical semigroup S as follows. Let {Py(n)}(n,g)en, x denote a family
of sets satisfying:

1) #P,(n) = a(n, g) for all (n,g) € Ny x G,
2) Py(n) N Py(n') =0 for (n,g) # (n',q').

We write

Py=J Bn), P={JP.

Let D = F(P). For a € D and g € G we write as usual

(8.1) Qa)y= >, k
p*lapt e

PED,

and put

S={aeD|)_ Qy(a)g=0}.

geEG

S 1s a subsemigroup of D and the injection 8 : S — D is a divisor theory.
It can easily be seen that CI(S) ~ G.

We prove now that S with a suitably defined norm-function is an arith-
metical semigroup satisfying requirements of Theorem 2.
We define the function ||| on P as follows: ||p|| = n whenp € |J P,(n).
gE€G
Next, we extend it to D multiplicatively.

Using (5.3) and (5.4) we have

Yo1=Y 3 a(ng)+0(=""?)

IIpll <= 9€eG Vr<n<zr
peEPr
< lo;z E Ea(n,g)logn.}-x‘/? Lz/logz.

n€gn<z
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Hence

X < b X i < ososs

peEP |p||$r
peEPr

and consequently

Z LIS IT (- || po=ee( u+0(1>)—(logx)"<‘>

llall <= ||]'||<T llpll <=
a€l er pEP

Hence, by partial summation, all L(s,x),x € G converge absolutely for
o > 1. Therefore

L(s,x):H(l—X([p ) foro>1.

iy llpll*

Taking logarithm, derivating and using (5.3) we arrive at (7.1). But this
time (7.1) is valid for o > 1 only. We want to continue analytically L'/L
to the left; for this we need more information about H(s, T, g) (defined by

(7.3)).

Let us consider

Ho(o +it,T,9) = fomgr(t/2T).

For o > 0 this is an entire function and according to (5.5).

1
|Ha(s,T,9)] = O(=27)

uniformly for o <o < 2,[t = T| < 27)X,0 < @ < ay.

From the classical theorem of Stielties-Osgood [S-Z, page 119] there exist
a sequence a, — 0,0 < «, < ap and a function Hy(s,T,g) holomorphic
for

(8.2) V<o<?2, [t-T|<27

such that lim H, (s,T,g9) = Ho(s,T,g) uniformly for s = o + it satisfying
n—oo .
(8.2).
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Let I be the same contour as in the proof of Theorem 1. For 3/2 < ¢ <
2,|t —T| < 2rX,w € | we have Re(s + a,logw) > 3/2 — o, > 5/4 for
sufficiently large n. Hence

[H(s + anlogw, T,g) = H(s, T,0)| < callogw| _ max |H'(2)
z .!,S (o 'Y 08 w

< ay|log w|/ E75/*log £dE < ap|logw|
1
and consequently

\Ha, (s,T, 9)— H(s,T, g)| < / Rew| H (s 4 arn log w, T) g) — H(s, T, g)|'|d“;'

1
<<an/eR.ew| Tg;u||d |<<a"_)0
l

as n — o0o. This means that H = H, and H is holomorphic for s =
o+it,o >0, |t —T| < 2r). Moreover, for such s we have

log T

|H(s, T,g)| = lim |Hq,(s,T,9)| <

Hence, according to (7.1), L'/ L has analytic continuation to a meromorphic
function on ¢ > ' and in this region we have

(” X) Z2X) +0(log).

LI
T(sy X)
B>0
[v=t|<1

Thus L'/L has simple poles at s = p with residues m(p, x) and (in case
X = Xo) a simple pole at s = 1 with residue —1.

For ¢ > 1 we have
s LI
L(s,x) = L(2,x) exp{/ 7 (z:x)dz};
2

the path of integration consists of two line segments joining 2 with 2+ it and
o+it. This gives analytic continuation of L(s, x) to a meromorphic function
on the half-plane o > ?'. L(s,x) has zeros at s = p with multiplicities
m(p, x); L(s, xo) has a simple pole at s = 1.



Semigroups with divisor theory. 217

For o' < o < 2,[t| > 1 we have
o+t

12,01 < exp{Re [ 2 (2,002}

241t

= exp{Re z / m(p’X)d + O(log 7)}

pEH, 241t
Jv—1<1

_ H |;+ 1; - le(p,x)_rou) — £00)
+it—p

Hence L(s, x) is of finite order for o > 8. The Lindelof function y, is there-
fore well-defined (see (4.4)) and, as usual, it is non-increasing, continuous
and vanishes for ¢ > 1. Let " € (9’,1) be such that u,(?") = 1/2 for

all x € G. Using Perron’s formula and shifting the line of integration to

o=0", we get
Z ( ||a|| :c+O( L )

llal|<=
a€g

where @ = Re s L(s, xo). Condition A therefore follows.
s=1

Since L'/L(s,x),x # Xo are regular at s = 1, we have L(1,x) #0 (x #
Xo). Hence S is an arithmetical semigroup of type a. Using Proposition
3 we see that S is uniquely determined up to a-isomorphism; Theorem 2
therefore follows. O

9. Proof of Theorem 3
Let us consider the function
a
Z(s) = = = .
(s) =] Zs:x0) =, o>1
X€G n=1
The local factor corresponding to p € g N P equals

x(9)y-1 _ 1 -3
O e

X€EG
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Hence the coefficients a,, are non-negative. Since the zero of L(s,x1) at s =
1 cancels the pole of L(s, x0), Z(s) is holomorphic at s = 1. From Landau’s
theorem it follows that the series ) >° , a,n™" converges absolutely for
o > 6y with 6, < 1. Hence Z(s) is equals to its Euler product and thus
L(s,x) # 0 for o > 6y, (s,x) # (1,x). In particular we see that there
exists exactly one character x with L(1,x) = 0. It is necessarily real and
thus h = 2hy; = 24 ker x;.

Using the Borel-Caratheodory and Hadamard three circle theorem we
see that p,(c) = 0 for ¢ > 6. Applying Perron’s formula we obtain for
0 e (90, 1)

> x(9) Y ag(n)logn = 1 (x)z + O(z"),

9EG n<lz
where
1 if X = Xo,
a(x)=4 -1 ifx=x,
0 otherwise.

Thus Zn.gx as(n)logn = %z—l—Eg(:c), with E,(z) = O(2?) as  — oo and

{1 for g ¢ ker x4,
€, =
7 0 for g € ker x;.

This proves (6.2). Moreover, using the Borel-Caratheodory theorem once
more we see that |L'/L(s, x)| € log7 for |s — 1| > 1,0 > 6. Hence writing

() = { E,(e*)e”"" for u > 0,
Pog )= 0 for u < 0,

we get (s = o +it):
oty [T Ey(u)
‘Prr(zr') = : ?_T_I—du
11 — L e1(x)s log 7
= 3T 2 X(y){—-L—(s,x) — fo(s,x) - ’S—_l—} =0(—)-
X€G
From Proposition 2 it follows now that a, is a structural, quasi-Riemannian
mapping of density 1/h; and the result follows. O
10. Proof of Theorem 4

By an obvious modification of the proof of theorem 2 we construct an
arithmetical semigroup S satisfying (6.3) and (6.4). It remains to prove



Semigroups with divisor theory. 219

that it is of type 3. Let x; be the non-trivial character of G/H. Then
X1 = X100, where ® : G — G/H is the canonical surjection is a real
character of G. Of course ker x; = H and by (5.7) we have (k = 1/hy)

Yox=% /mZay(n)logn€f§_1 +0(1) = == +0(1).

9€H 2% n<e

Hence L(1, x1) = 0 and the result follows. O

11. Corollaries to structural theorems

CoROLLARY 1. Let G be a finite abelian group of order h, h = 2h;, and
X1 a non-trivial real character of G. If the Generalized Riemann Hypoth-
esis (G.R.H.) for Dirichlet’s L-function (mod h?) holds, then there exist
infinitely many non a-isomorphic semigroups of type 3 with divisor class
group isomorphic to G and such that L(1,x1) = 0.

Proof. Under the G.R.H. the function

(\ ) { w(h1) if n is prime, n = 1 (mod h3),
aln) =
0 otherwise,

is a quasi-Riemannian, structural mapping of density 1/h;. Now it suffices
to apply Theorem 4 with a, = a for g € ker x; and

k for n = 2,
by(n) = 0

otherwise,

forg€kerx;k=1,2,.... O

COROLLARY 2. Let G be a finite abelian group. Then there exist infinitely
many non a-isomorphic arithmetical semigroups of type « with divisor class
group isomorphic to G.

Proof. It is evident that if ¢ : G' — G is a group epimorphism and a :
N; x G' — N a structural G'-mapping of density «, then ay : Ny x G — N
defined by

ag(n,9)= >, a(n,g)

9'€6="({g})

is a structural G-mapping of density k# ker ¢. Let us observe now that for
every finite abelian group G there exist a natural number ¢ and a group
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epimorphism ¢ : (Z/qZ)* — G. Moreover, the function a : Ny x(Z/qZ)* —
N defined by

1 when n is prime, n 4+ ¢Z = g,

a(n,g) = {

0 otherwise,

is a structural (Z/qZ)*-mapping of density 1/¢(q). Hence ay is structural
of density 1/h,h = #G. Together with a4, the functions (k = 1,2,...)

(k) ag(n,g) for n > 3,
(14, (n,g) = ~
ag(2,9)+k forn=2,

are structural of densities 1/h. We apply now theorem 2 and observe that
the resulting semigroups are non a-isomorphic. 0O

12. Quantitative aspects of factorization in arithmetical semi-
groups

Throughout this chapter, let S be a semigroup with divisor theory 0 :
S — F(P), finite divisor class group G and Gp = {g € G | gN P # 0}.
Every element a € S\ S* has a factorization a = u; ... u; into irreducible
elements uq,...,ur € S, where k is called length of the factorization. Since
in general S is not factorial, several factorization properties were introduced
to describe the non-uniqueness of factorization.

If S is an arithmetical semigroup and Z C 05 a subset defined by a
factorization property, one can study the asymptotic behaviour of the cor-
responding counting function

Z(z)=#{a € Z |l <=}

These investigations were started by W. Narkiewicz (in the case where S is
the multiplicative semigroup of the ring of integers in an algebraic number
field), and among others the following sets have been considered, for every
k €Ny,

M. = {0a | k € L(a)},
My = {0a | min L(a) < k},
Gr = {0a | #L(a) < k},

Fy = {0a | a has at most k distinct factorization};
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here L(a) denotes the set of lengths of possible factorizations of a. Con-
cerning the contribution of various authors to the study of the asymptotic

behaviour of these and other counting functions, see ([Ge3], [HK3], [HK-M])
and the literature cited there.

We deal with M}, M, G and a set being defined later. In this chapter
we introduce the necessary notions to state the results; the proofs will be
carried out in the following chapters.

Let £(S) = {L(a) | a € S\ S*} denote the system of sets of lengths
and for L € £(5) let

A(L)y={s—r|r<srs€LjtgLforr<t<s}
the set of distances and

AGS)= |J A@).

L.e£(S)

We recall briefly the notion of block semigroups. Let H C G be a non-
empty subset and F(H) the free abelian semigroup with basis H, i.e. every
element S € F(H) has the form

S=J] g™ with v,(S) €N,
gEH

and we call

o(S) =) vy(S) EN

gEH
the size of S.

The subsemigroup B(H) = {S € F(H) | 3,env4(S)9 = 0 € G} C
F(H) is called block semigroup over H and the elements of B(H) are called
blocks. Block semigroups were introduced in [N] and it was first observed
in [HK1] that they admit a divisor theory.

Let the block homomorphism 3 : S — B(G) be defined by B(a) =1, ifa €

S* and by
B(a) = [p1] ... [Pm]
ifla=p1...pm.

For a € S and g € Gy we set v,(a) = v,(B(a)) and we write £(H) and
A(H) instead of £(B(H)) and A(B(H)). The importance of block semi-
groups for the investigation of non-unique factorizations in semigroups with
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divisor theory lies in the following fundamental correspondence between S
and B(Gy) (cf. [Gel, Proposition 1]):
i) an element a € S is irreducible if and only if B(a) is irreducible
n B(Go)
if) L(a) = L(8(a)).
ili) A(S) = A(Gyp) and £(S) = £(Go)-

If Z is either My, My, or Gi, we proceed as follows: we show that Z is
a finite union of sets of the form
Q(H,s) = {0a|a € S\S™ with vy(a) = s, for every g € Go \ H},

where H C Gy is a subset and s € N@o\H  This turns out to be a
purely combinatorial problem and the remaining analytical task is to study
Q(H, s)(z), which will be tackled in chapter 14.

In order to state our result on Mj(z), we define, for a non-empty subset
H of G, Davenport’s constant
' D(H) = max{o(B) | B € B(H) irreducible } € N,

which has turned out to be an important invariant in the qualitative as
well as in the quantitative study of non-unique factorization. The value of
D(G), however, is known just for special types of groups i.e. p-groups and
groups with maximal p-rank r < 2 (cf. [M]).

THEOREM 5. Let S be an arithmetical semigroup with divisor class group
G and k € Ny. Then

z(loglog z)"g) )

(logz)? 7
where V() € C[X] has positive leading coefficient and b‘(,’) € N with 0 <
) < deg V) 1.

If S is of type a, then deg V() = kD(G) — 1.
If S is of type 3, then deg V() = kD(G \ ker x1) — 1.

U xr ’
M,& Nz) = l?g_a;V( )(loglog z) + O(

Next we consider the sets Gy for ¥ € Ny. By definition the following
conditions are equivalent:
i) A(S)=0.
i1) #L =1 for every L € £(5).
ili) G = Gy = 05 for every k € N,
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It can be seen easily, that, if A(S) # 0, then S 2 Gy for any k € N;. In
the next proposition we list all cases with A(S) = 0, and since it will be of
interest in a moment, all cases with #A(S) = 1.

ProPoOSITION 4. Let G be a finite abelian group.
1) i) A(G) =0 ifand only if G € {C4,C>}.
ii) A(G) = {1} if and only if G € {C;,C?,C2}.
iii) In all other cases #A(G) > 2 and 1 = min A(G).

2) Let K < G be a subgroup of index 2 and Go C G a subset such

i) A(Go) = 0 ifand only if G € {C2,C3} and G, C {0}U(G\K).
ii) A(Gy) = {1} if and only if G = Go = C3.

iii) A(Go) = {2} if and only if G € {C4,C3} and Gy C {0} U
(G\ K).

iv) A(Go) = {2,4} ifand only if G = Cgs and Go C {0}U(G\K).
v) In all other cases #A(Gg) > 2 and 1 = min A(Gy).

Proof. 1) If G € {Cy,C3}, then A(G) = 0. If #G > 3, then 1 = min A(G)
(see [Ge2, Theorem 1], for example). Because max A(G) < D(G)—2 ([Gel,
Prop.3)), it follows A(G) = {1} for G € {C3,C3}.

To show that A(CZ%) = {1}, take irreducible blocks Ay, ..., A;, By,...,
By € B(C}) with Ay...A; = By...By,i < k and j & L(A;...4;) for
i < j < k. Then it has to be verified that £k = ¢ + 1. We proceed by
induction on . For ¢ = 2 this follows from the special form of irreducible
blocks of size 4 and 5.

The induction step is similar to that of Prop. 3 in [Gel].

If G ¢ {Cy,C2,C;,C2,C2}, then either C3 or C3 are subgroups of G,
or exp(G) > 4. In each case it can be seen easily that #A(G) > 2.

2) If Gy and G are as in 1) - iv), then A(Gj) has the asserted form. If
G € {C3,C4,Cs} and Go \ {0} 2 (G \ K), then 1 = min A(G)).

Now assume G ¢ {C,,C2,C3,C4,Cs} and choose k € Ny maximal such
that G ~ G9r @ H and K ~ Cy & H. We construct irreducible blocks
By, B, € B(G\K), such that By B3 has a factorization into three irreducible
blocks.
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a) k> 4. For g € Cy; with ord(g) = 2k let
B, = (—3¢,0)%(59,0)(g,0) and B, = (g,0)%*.

b) k> 2 and #H > 2. For g € Cyi with ord(g) =2k and 0 #h € H let
B1 = (_g) _h)('—ga h)(-—g,O)(3g,0) and B2 = (910)2k'

c) k= 1. If H contains an element g of order 4, then choose
By =B; = (1:9)2(1)29)(1’0)
If H contains three linear independent elements e, e4, e3 of order 2, then
choose
B, = (1, ey )(1, 62)(1, e1 + 62)(1, 0) and
By = (1,e2 + e3)(1,e1 + e3)(1,e1 + €2)(1,0).

It remains to verify that for G & {C2,C2,C3,C4,Ce} #A(Go) > 2. Just
as before, this can be seen by obvious examples. O

For a non-empty subset H of G we set
p(H) = max{#H' | H' C H with A(H') = 0}.

In the following chapter we derive upper and lower bounds for the invari-
ant p(G) and determine its precise value for some special types of abelian
groups.

Finally for H C Go with A(H) =0 and k € N let

S(Go, H, k) = {s e N\¥ | 0 £ F(H,s) C Gi};

we set S(Ga,Go, k) = 0; if #H = p(Ga), then obviously S(Go, H, k) is
finite.

THEOREM 6. Let S be an arithmetical semigroup with divisor class group
G, A(S)# 0 and k € Ny. Then

x

z(log log z)b°
WV(log log 1.‘) + 0(_(3_&_)’

G =
x(2) (log z)1 — 20+

where V € C[X] has positive leading coefficient, by € N with 0 < by <

degV + 1.

If S is of type «, then Ag = Lfl,

1 h=1,
7= 2r

1 .
-,;(1 — cos 5F otherwise ,
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and

degV = ma.x{ Z sgls € S(G, H,k),
gEG\H
H C G with A(H) =0 and #H = p(G)}.

If S is of type 3, then Ao = %p(G\ker X1),Y = min{l, %(1 — cos Zhl)} and

deg V > max{ Z sy|s € S(G\ ker x1, H,k),
g€(G\ker x1)\H
H C G\ kerx; with A(H) =0 and #H = p(G \kerx1)} .

In [Gel, Satz 1] it was shown that in the semigroup S sets of lengths
have a well-defined structure. Indeed, it was proved that there exists a
constant M(S) such that for every L € £(S)

L=
{.’81,...,20, y;y+61) "')y+61) y+d’
y+ 6 +4d, e Y+ b +d, y + 2d,

y+6+(k—1d,...,y+6+(k—1)d, y+kd, z,...,25}

with #1 < -+ < 24,1 > 0,0 < M(S),8 < M(S) and d < D(G) — 2.

There are examples which show that a, 3 and ! can be strictly positive.
However, most L € £(S) have a typical form which is (at least if S is of
type «) as simple as possible. To make this precise, we define the following
sets

T ={0(a) |L(a) = {z1,..., Za, ¥,y +1,...,y+ k,z1,...,25} with
z1 < .- < zg;0,8 < M(S) and A(L(a)) C {1,2}},
Ts = {0(a) | A(L(a)) C {6}} with é € {1,2}, and we show:
THEOREM 7. Let S be an arithmetical semigroup with #A(S) > 2.
1) If S is of type «, then

z

Ti(z) =3S(z) + O(W)
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2) If S is of type 3,G its divisor class group and G, the set of classes
containing prime divisors, then we have:

If G=Cs and Gy C {0} U (G \ ker x1), then

z(loglog z)? 2(loglog z)7 .

Ty(z) = 8S(z) + 0=’ log 277"

otherwise

T(z) = 0S(z )+0(’”8°:f)§fh) ).

In both cases § € N.

13. Some results on p(G)
The following properties are easy consequences from the definition.

ProPOSITION 5. Let G be a finite abelian group.

1) p(Cy) =1, and if #G > 2, then

#G -2

g tr+l,

2<p(G) <L

where r denotes the 2-rank of G.

2) IfG = @ Gi, then u(G) > 1+ L. (u(G:) — 1).

Proof. 1) Let #G > 2; then for every 0 # g € G A({0,¢}) = 0 and thus
u(G) > 2.

Let G() = {a1,...,ak,b1,...,b1} - G with A(Gn) = @,#Gn = [.L(G),
ord (a;) > 2 and ord(b;) < 2. Since for every a € G with ord(a) >
3 A({a,—a}) # 0, it follows k < #02;2' Further we have [ < u(C3).
Because p(Cj) = r+1 (this can be seen directly or by the next Theorem)
we are done.

2) Let i € {1,...,r},H; C G; a subset with 0 ¢ H;, A(H;) =0 and
#H; = u(G;)—1; furtherlet m, : G; — € G; be the canonical embedding.

=1

Then A({0} U U mi(H;)) = 0, which implies the assertion. O
i=1
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The subsequent results rest upon a characterization due to L. Skula of
subsets H of a finite abelian group G with A(H) = @. For this we define
the cross number

k(B):Zv—”(-B—)

ey ord(g)

of a block B € B(G).

PRrOPOSITION 6. For a subset H of a finite abelian group G the following
conditions are equivalent:

1) A(H)=0.
2) k(B) =1 for every irreducible block B € B(H).

Proof. [Sk, Theorem 3.1] O

ProPOSITION 7. For n = py ...prpf_',_ﬁ' ...p* with distinct primes py, ...,

pr and kyyq > 2,..., ks > 2 we have

3 S
1+ [5]+ Y ki< u(Ca) < din),
t=r+1

where d(n) denotes the number of divisors of n.

Proof. The right inequality is due to J. Sliwa [SI, Theorem 3].
For the left inequality it suffices to show that

1) u(Cpip,) 24
2) F‘(Cp") >k+1
then Proposition 5.2 implies the assertion. 1) is true, since for ¢ € G with

ord(g) = pip2, A({0, 9,p19,p29}) = 0; and 2) holds, since for g € G with
ord(g) = p*, A({0,9,p9,...,p*7'¢})=0. O

Next we consider elementary p-groups. For p € P and r € N, C, may
be viewed as an r-dimensional vector space over the finite field F),.

LEMMA 1. Let p € P,r € Ny and H C C; with A(H) = 0 and #H =

#(Cy)-

1) For an irreducible block B € B(H) we have k(B) = 1 if and only if
o(B) = p.
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2) H contains a basis ey, ..., e, of C.

3) If ac H witha= Y a;e;,0<a;<p—1,then ) (p—a;)=p—1.

=1 i=1

T T
4) If a,a’ € H with a# a' anda =} a;e;,a’ = Y ale;,0 < a;,a] < p—1,

=1 =1

then a; # a! for every a; # 0.

Proof. 1) is obvious.

2) Let {ey,...,e,} C H be a basis of the subgroup H generated by H.
Then 1 < k < r, and since by Proposition 5 k < r implies u(H) < p(Cy),
it follows k = r.
3) Since B = a [[ ef™" is an irreducible block in B(H) with o(B) =1+
=1

S _1(p— a;), 1) implies the assertion.
4) Assume to the contrary, that a, = @} # 0 for some 1 € {1,...,r}.

Then there are n; € N such that

r

B=a"""d" || e}’ € B(H)

i=1
i
isirreducible, but a # o' implies Y n; > 0, and thus o(B) = p+)_ n; >
J#i J#i

p, a contradiction. 0O

THEOREM 8. Forp € P and r € N4

1+ (r=2[3]) +p[5] < u(Cp) <1+ [pg].-

Proof. 1) For the left inequality it suffices to show that p(Cz) >p+1,
since then it follows

w(C) = p(CEH & C ) > 145 [F]+ (- 2[3]) 1.

For a basis ey, e of C; we consider H = {0,ie1+(1—i)es | 0 < i < p—1}.

Let
p—1

B =[] (ier + (1-i)es)™ € B(H)

=0
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be irreducible. Then

r—1
Znii =0 mod p and
=0

r—1

Zni(l —1)=0 mod p.

=0

r—1 p—1
Therefore 3 n; = 0 mod p, and because o(B) = 3. n; < D(CY) =
1=0 i=0

2p — 1, it follows o(B) = p.

2) To show the right inequality, we take a subset H C C, withA(H) =0
and #H = p(Cy). There is a basis e;,..., e, of Cy such that

H={0,81,...,er,a“),...,a(")}

. T 5 .
with a() = Z; ag-')ej and 0 < ay) <p-1
J=

Let D be the set of all subsets D C {1,...,7} with #D < r — 2, For
1 <7<k, we set

D(a(i)) ={1<j<r| ay) =0},
and for D € D let
N(D) = #{1<i<«|D(a®) = D}.

Since p(C,) = 2, it follows D(a'?) € D, for 1 < i < &, and therefore

Y N(D) = &.
neD
By Lemma 1.4 we have, for every j € {1,...,r}
Y N(D)<p-2
DED
J€D

and hence

~

N(D) < r(p—2).
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On the other hand, since #D < r — 2 for every D € D, it follows

2Y ND)<Y D N(D).

DeD Ji=1peD
J€D

Putting it all together we obtain

r 1 1
“(Cp)=1+r+“:1+r+l§)N(D)S1+1'+§7‘(P—2)=1+5rp.

a
14. The function Q(H,s)(z)

Let S be an arithmetical semigroup with divisor theory 9 : S — F(P),
divisor class group G and Go = {g € G| gNP # B}. Further let H C G, be
a subset and s = (54),eq,\# € N?\F_ It can easily be seen that Q(H,s)
is not empty if and only if the following two conditions hold:

i) 3 ,eGo\mr 89 = 0 implies H # 0.
i) 3 9€Go\H Sg9 is contained in the subgroup generated by H U {0}.

If S is of type «, then Go = G; otherwise G \ kerx1 C Gy. In the
extremal case when b, = 0 for all g € ker x1 (see Theorem 4), we have

G\ ker x1 = Gy.

Having at our disposal the non-trivial theory of L-functions we can es-
~ tablish asymptotics for Q(H,s)(z) as z rends to infinity.

ProrosiTION 8. With all notations as above and Q(H,s) # @ we have

x

z(loglog )b )
(log z)! 2o

Q(H,s)(z) = (log z)1—2e0+7

V(loglog z) + O(

where V' € C[X] has positive leading coefficient and by € N with 0 < by <
degV + 1.
If S is of type «, then Ay = #h—",

dogV = { 2 geG\H 51 H #0,
Ygea\nSg—1 H=0,
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and

%(1 —cos 2&) - otherwise.

1 =1lor H=0,
‘7:
h

If S is of type B, then Ao = 2#((G \ kerx1) N H),

degV = { 2. geGo\(Huker x1) 59 H ¢ ker x1,
X:ye('r'o\(m.ﬂmr x1) %9~ 1 H Ckerys,

and
_{1 H =0,

min{1,2(1 - cos23%)}  otherwise.

Proof. If S is of type a, then the proof is essentially the same as in [Ka].
If S is of type 3, then the proof differs in some technical details; required
changes are, however easy to perform. 0O

15. Proof of Theorem 5

Let S be an arithmetical semigroup with divisor class group G,Go C G
the set of classes containing prime divisors and k > 1.

Since B(Gy) has only finitely many irreducible elements, the sets

Ux(Go) ={B € B(Gy) | minL(B) < k} and
Ui(Go) ={B € B(Go) | k € L(B)}

are finite. Thus

*

MP = |J 0 (v(B))ea),

BeU{"(Go)
and Proposition 8 implies Theorem 5 with

max{o(B) | B € U,(c')(G)} —1, if S is of type a.

o —
deg V"= 1\ max{ Y v,(B)|BeU"(Go)} -1, if S is of type B.
gEG\ker x1

So it remains to verify the following Lemma.
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LEMMA 2. 1) For every non-empty subset H C G
kD(H) = max{o(B) | B € U"(H)}.

2) For every non-empty subset H C G and every proper subgroup K of
G with G\ K C H we have

max{ Y v,(B)|B €U (H)} = max{o(B) | B € U;"(G\ K)}.
gEG\K

Proof.

1) Let H C G. Since for B € Ux(H), o(B) < (min L(B))D(H) < kD(H),
and since UL (H) C Ur(H), it follows

max{c(B) | B € Ui(H)} < max{o(B) | B€ Ux(H)} < kD(H).

On the other hand let B € B(H) irreducible with ¢(B) = D(H). Then
B* ¢ UL(H) and o(B*) = kD(H), which implies

kD(H) < max{o(B) | B € UL(H)}.

2) Obviously max{ ;\, vy(B) | B € Ux(H)} >
gEG\K
max{ €z\rvy(za) | Be UL(H)} > max{o(B) | B € UL(G\ K)}¥
gEG\K
max{o(B) | B € Ux(G\ K)}.

So for B = [[ a; [[ b; € Ux(H) with ¢; € G\ K and b; € K N H we
=1 =1

have to find a B' € Ux(G \ K) with o(B') > u.

1
We consider a factorization of B = [] C; into irreducible blocks C; with
i=1
! = min L(B) < k, and we set

'".j T}j
— ) ()
C;= H a; H by’ .
=1 i=1

Let u; > 1. Because — Y 7, agj) =S4, Ej) € K and af,? €EG\K it
uj—1

follows that — 3 al’) = a8 € G\ K, and therefore

=1

w;—1

C';« — a(()J) H agJ)
=1
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is an irreducible block in B(G \ K).
!
Ifu; =0, weset C; =1¢€B(G\K). Finally B' = [ C} € B(G\ K) with
i=
minL(B')<I<kand o(B')=u. O

16. Proof of Theorem 6

PRrOPOSITION 9. Let S be a semigroup with divisor theory, finite divisor
class group G,Goy = {g9 € G | g contains a prime divisor}, A(Gy) # 0 and
k € Ny. Then there exists some z € Ny such that

Ge= |J U ew#s= | U ewm#s).

H  s€S(Ga,Hk) H sE€S(Go,H,k)N
A(H)=0 A(H)=0 {0,...,2} G0\

Proof. 1) For a subset H C Gy with A(H) # 0 fix a block C = C(H) €
B(H) with #L(C) > k; then #L(CC') > k for every C' € B(H). For
every g € Gog we define

wy, = max{v,(C(H)) | H C Gy with A(H) # 0} .

These numbers have the following property: if for a block B € B(Go)
A({g € Go | v4(B) > w,}) # 0, then #L(B) > k.

2) For H C G, with A(H) = 0 let T(H) the set of all t € N\H such
that

Q(H,t)N{0a | #L(a) >k} #0.

By [C-P, Theorem 9.18] T'(H) has only finitely many minimal elements
(Wipll respect to the usual orde; in NOO\F) 'say ¢7:1 . tH77 We chqose
afi € S with v,(a™7) = t;”J for every g € Go \ H and with #L(a"7) >
k.

For every g € Gy we define

uy = max{vg(aH’j) [1<j<my,HCGo with A(H)=0}.

By construction we get, for every H C Go with A(H) = § and every
t € T(H),

GrN{0a |vy(a) >u, Vg€ H, vy(a)=t,V9EG\H}=0.
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3) Let z = max{uy, w, | g € Go}. Then

U U a@H,s)cGe=

H,A(H)=#s€S(Go,H,k)

L {Bal#L(a) < k, vy(a) > z Vg € H, v,(a) < z Vg € Go \ H}Z
HCGo

(2)

U {.3¢

H,A(H)=9

U U Q(H,s). O

H,A(H)=% se5(G,,H k)N
{0,...,z2=1}Fo\¥

Proposition 8 and 9 imply Theorem 6 except for the assertion on degV/,
if S is of type B. In this case we obtain

degV = max{ S s, Is€S(Go,H k), HCGy
gE€(G\ker x1 )\ H

with A(H) = 0 and#(H N (G \ ker x1)) = (G \ ker x4 )} .
So it remains to prove the following Lemma.

LEMMA 3. degV > max{zgem\kﬂx,)\ﬁ, s, | s' € S(G\ kerx1, H', k),
H' C G\kerx; with A(H') =0 and #H' = p(G \ ker X1)}.

Proof. Let H' C G \ kerxy with A(H') = 0,#H' = p(G \ kerx1) and
s' € S(G \ kerxy, H', k). For the canonical projection = : NFo\H' _,
N(G\ker xO\F' we have S(G \ kerx1, H', k) C 7(S(Go, H', k)). Thus there
exists an s € S(Gy, H',k) with m(s) = s’ and the assertion follows. O

17. Proof of Theorem 7

Let S be an arithmetical semigroup of type a with #A(S) > 2. Then
[Ge2, Theorem 1] implies

as\Tvc |J QG\{g},0).

gEG\{0}
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So the assertion follows by Proposition 8.

If S is an arithmetical semigroup of type # with #A(S) > 2, then
Proposition 8 together with the following Proposition 10 imply the result.

From now on till the end of this chapter, let S be a semigroup with
divisor theory, G its divisor class group, K < G a subgroup of index 2 such
that G\ K C Gy = {g € G | g contains a prime divisor} and #A(Gy) > 2.

By [Gel, Prop. 6] there exist a block By € B(Gy) and a constant M(G)
such that for every B € B(Gy)

* L=L(BiB)={z1,...,20,y,y+4d,...,y+kd,z1,...,25},
with z; < -+ < zg, d = min A(Go), a, B < M(Go) and A(L) C
{1,...,D(Gp) — 2}.

If G = Cg¢ and Gy C {0} U (G \ K), then by Proposition 4,
2 = min A(Go) = min A(G\ K) and D(G\ K) = 6 > 4. In all other
cases Proposition 4 implies that 1 = min A(Gp) = min A(G\ K) and
#A(G \ K) > 2; since by Proposition 3 in [Gel] maxA(G \ K) < D(G \
K) -2, it follows D(G\ K) > 4.

Because in both cases min A(Gg) = min A(G \ K) we can choose

By € B(G\ K) (as can be seen by the construction used in the proof of
Prop. 6 in [Gel]).

ProrosITION 10. There exists a block By € B(G \ K) such that, for every
B € B(Gy), L = L(BB,y) has the form (*) with:
1 < -+ < zg,d=min A(Go),a,f < M(Go) and A(L) C {1,2}.

The proof of Proposition 10 will be carried out in a series of lemmata.

LEMMA 4. There exists a block By € B(G \ K) such that for every B €
B(Go)
L(B2B) ={u1,...,ur,20,-- -, 2M(Go) }

with uy < -+- < ZM(Go) and |z,—+1 - z,-l < 2 for 0 < ) < M(Go) - 1.

Proof. Since D(G\ K) > 4, there exists an irreducible block C = []i_, g: €
B(G \ K) of size 4. Because C' = [[i_,(~9:) € B(G \ K) we obtain
A =CC" = [],(9:)(=g:) € B(G\ K). Now it can be easily verified that
By = AM(Go)+1 has the required property. O
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LEMMA 5. Let B € B(Go) with vy(B) > D(Gg)+ 1, for every g € G\ K,
and with min L(B) = r € N;. Then one of the following two conditions
holds:

a) B has a factorization of the form B = C, ...C, with irreducible C;
such that L(C1C2) N {3,4} # 0.

b) For every ¢ € G\ K, B has a factorization of the form

B=(-9)9) [] C;-

j=2

Proof. Suppose that a) does not hold and choose an element ¢ € G\ K.
Then we set

u = min{o(C,) |B has a factorization B = C; ...C,
with irreducible C; and v,(Cy) > 0},

and we have to prove that u = 2. Assume to the contrary, that u > 3.

k3
Let B =C;...Crand Cy = g [] a;. Then at least one element of as, ..., a,
=2

is in G\ K. Without restriction let a; € G\ K. If a3 € K, we put s = 3; if
a3 € G\ K, we assume a4 € G\ K and put s =4. So by = Z a; € G\K.
i=2

Since vy, (Cz...Cr) = v, (Cy ... Cy) — v, (C1) > v, (B) — D(Go) > 1,

we may assume that Cy = [] b;. We define C] =g - b, H a; and Cj =
=1 - J=s+1

I1a: [I bj. C7 and Cj are blocks with C{C} = C;C2. Cj is irreducible

=2 =2

and Cj is a product of three irreducible blocks at most. Since a) does

not hold, Cj is irreducible. But then we obtain B = C{C4Cj3...C, with

o(C}) < u, a contradiction to the minimality of u. O

LEmMMA 6. Let B € B(Gy) with vy,(B) > D(Go) + 7, for every g € G\ K,
and with min L(B) = r € N;. Then condition a) of Lemma 5 holds.

4
Proof. Let CC' = [](gi)(—g:) as in the proof of Lemma 4.

=1
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Assume, that condition a) does not hold. Applying Lemma 5 four times,

we obtain .
B =[G ]G
i=5

=1

But then B = CC' l_[;=5 Cj, a contradiction to = min L(B). O

LEMMA 7. There exists a block By € B(G \ K) such that for every B €
B(Go)
L(B';B) = {13(),... ,:L'M((;o),u1,. . ,u,}

with g < -+- < u, and |z;41 —2;| <2 for 0 < i < M(Gy) — 1.

Proof. By Lemma 6 and an inductive argument it follows that every block
B € B(Gg) with

vg(B) 2 (M(Go) — 1)2- D(Go) + D(Go) + 7,

for every ¢ € G\ K, has this property. O

Finally, it is easy to see that Proposition 10 holds with By = By B2 Bj.
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