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Séminaire de Théorie des Nombres,

Bordeaux 4 (1992), 19-42

On the period length of some
special continued fractions.

par R. A. MoLLIN AND H. C. WILLIAMS

ABSTRACT. We investigate and refine a device which we introduced in [3]
for the study of continued fractions. This allows us to more easily compute
the period lengths of certain continued fractions and it can be used to
suggest some aspects of the cycle structure (see [1]) within the period of
certain continued fractions related to underlying real quadratic fields.

1. Introduction.

Let r and s be positive integers with s > r ; and define M(r,s) to be
the value of n in the continued fraction expansion

s 1
_:q0+ 1 y
r
q1+—1
g2 + ————

where ¢, > 1.

This may be interpreted as M(r,s) = T(r,s) — 2 where T(r,s) is the
function of Knuth [2, p. 344].

Let gcd(a, ) = 1 where a and g are positive integers with a # 1. Set
s; = a* (mod gq)

where 0 < s; < ¢ and define
(1.1) Wia,q) =2 [(M(si,q) +1)/2
=1

where w is the order of a modulo ¢, and | | denotes the greatest integer
function.

Manuscrit regu le 19 avril 1991, version révisée le 27 janvier 1992 .
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' 2
In [3] we proved that if N = (%(qa" + (a* - 1)/q)) +0? a™ is an integer

with
2 if N = 1(mod 4)
7=\ 1if N = 2,3(mod 4)

then the continued fraction expansion of (o — 14 v/N)/o has period length
m given by

_1 k !
r=1 (20 + EWin0)

when ga™ > a*. Here k = w/gcd(w,n), d = ged(n, k) and

K

W'(n,q) = (2L(M(si,q) +1)/2] +1).

=1

(Note that we have made the assumption that a, while arbitrary, has been
fixed.) It seems, however, to be more appropriate to use the function
W (a, q) defined in (1.1). The reason for this is that we may always assume
that d = 1. (If d # 1, then replace a by a?, k by k/d and n by n/d). Under
the condition that ged(n, k) = 1 we get

k
7r=2n+k+;W(a,q)

Bernstein [1] noticed that for certain parametric forms of D, the con-
tinued fraction expansion of v/D has a certain cycle structure within the
period. Usually these cycles were not very long, but in some “remarkable”
cases he found cycles of length 11. In fact it is possible to develop certain
forms of N for which the cycle structure of the continued fraction expansion
of (¢ —1++/N)/c is quite intricate. A detailed description of this will form
the subject of a future paper. For now we will content ourselves with the
following example.

Consider the case where ¢ = a“ — 1 and k¥ = mw. As we shall see in
§2 it is possible in this case to show that W(a,q) = 2w — 2. Therefore,

T = 2n 4+ 3mw — 2m when ged(n,mw) = 1 and n > mw. If we put
n=mw+1wegetn=(5w—-2)m+2.
Thus for

2
N = (%((au. _ 1) amw+1 + (amw _ 1))) + 0,2 am.u.--H
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a square-free integer, we get cycles in the continued fraction expansion of
(6 =14+ VN)/o of length 5w — 2 when w is fixed. More complicated cycle
structures can also be predicted when we have further results on W(a, q).

It is easy to show that if m < ¢/2 then

(1.2) M(g—m,q) = M(m,q) +1

Hence,
M(m,q)+1 M(g—m,q)+1 M(m,q)+ M(¢g—m,q)+1
l : 2(1 J+[ q i q J= q 2q q _

Now, (in what follows all summations assume ged(m, ¢) = 1),

W(ag)<2 Y [M(m_;)ﬁt_lj

1<m<q
=2( ) [M(I_"_Q_‘IH_IJJ, ) lM(q—v;,q)HJ)
1<m<q/2 q/2<m<q
M(m,q)+1 M(m,q) +1
=2 | —
Do e e R e
= > M(m,q)+M(g-m,q)+1
1<m<q/2
= Y M(m,q)+9(g)/2
1<m<qg
= Y. T(m,q) -3 é(q)/2
1<m<q

= ¢(q) (74— 3/2),

(For the definition of 7, see Knuth [2, p. 353]). By a result of Porter [5],
we know that

12 log 2 1 /o
T, = ___ﬂ‘;g log ¢+ C +0(q~"/**"),

c="9 l::f 23 log 2 + 4y — 247%¢"(2) — 2) — 1/2

~ 1.4670780794.

R

Also ¢(g) < ¢—1 and so we have an upper bound on the value of W(a, g),
a bound which is quite good when ¢ is a prime and a is a primitive root of
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q. For example, 2 is a primitive root of 37 and W(2,37) = 106 by direct
calculation, whereas

2
36 (1?-71:’% log 37 — .032921921) = 108.368518.

The purpose of this paper is to develop methods for improving the speed
of computing W (a, ¢) beyond that of simply using (1.1).

2. Some Alternate Expressions for W(a,q).

We will show in this section how the work of computing W (a, ¢) can be
halved. We first require

LEMMA 2.1. Ifzy =1 (mod ¢) with 0 < z,y < q then

lM(z,2q)+1J _ [M(y,Qq)+1J .

Proof. This can be easily proved by making use of results of Perron [4, p.
32].
O

We note that since s; s,,—; = 1 (mod g), we have :

@1 lM(s,-,Zq) + 1J _ [M(sw_;,q) + 1J |

Hence we can write

(w=1)/2 |
(2.2) W =4 5 [MJ

=1
when w i1s odd and

w/2-1

(2.3) Wa,q) =4,

=1

[M(s,-,2q)+IJ +9 [M(su/;,q)+1J

when w is even.
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M(sw/2) Q) +1

If a“/2 = —1 (mod q), then 2 [ 5

J:Qand

W, )/z EICUESTRY

(2.4) o

_4le(an)+1J 9

Notice that if ¢ = a* — 1, then for i < w, we have s; = a* and ¢ =
a“ — 1 = (a“"* — 1)s; + a* — 1 whereas s; = a* = 1(a* — 1) + 1. Hence,
M(s;,q) = 2. It follows from (1.1) that

(2.5) W(a,a* —1) = 2w — 2.

Also, if ¢ = a#+1 thenw = 2p and s; = a* for i < w/2. Hence M(s;,q) =1
for i < w/2 and by (2.4)

(2.6) W(a, a* +1) =4p — 2.

Thus, if ¢ = a” £ 1 it is easy to evaluate W(a,q). In the next sev-
eral sections we will show how to develop formulas for determining the
value of W(a,(a" £ 1)/q) in terms of W(a,q) when a* = *1 (mod g).
We will concentrate on the more difficult problem of finding the value of
Wi(a,(a" 4+ 1)/q) in terms of the value of W(a,q), but will indicate from
time to time how the simpler proof for the value of W(a,(a" — 1)/q) in
terms of W(a, q) can be developed. In fact we will show the following.

Main Results. In sections 4 and 5 we prove

THEOREM 2.1. (see 5.10).
W(a, (a"+1)q) = kW (a, 9)+6u—2)—8a—4|2¢/a**' | +4]3a" /29| +4 5(a, 9)—

where ) is the least positive integer such that a* = —1 (mod q), « is defined
by a® < ¢ < a®*', and

A
S(a,q) = Z X; + Z X3

al<q/2 ad >2q
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with

1 when a’ > 2q and a’/q— |a’/q] > 1/2
X; =4 —1 when a’ < q/2 and gqfa’ —|q/a’| >1/2 ¢,

0 otherwise

(herea # 2, ¢ # 3 and (a* + 1)/q > q).

THEOREM 2.2. (see (5.11)).
If u is the order of a modulo @ = (a" —1)/q > q then

W(a,Q) = (p/w) W(a,q) + 2p — 4o — 2.

In section 6 we conclude with some

Special Cases.
THEOREM 2.3. (see (6.2)).

a" —1
Wia, — 1 =dp—-4dw+2-2plw.
a% —

THEOREM 2.4. (see (6.3)).
Ifa* + 1 # 3 then

4 if a>2}

at+1
W{a, }—10[1—10/\—211//\——8 wheree_{Sl.fa____2

a*+1

Finally,

THEOREM 2.5. (see (6.4)).
W(2,(2"+1)/3)=8u—18 forp >3

and
8u— 10 when a= 3}

W(a’(a"-l'l)/?): {8#..6 when a >3

3. Some Intermediate Results.
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Let j be an arbitrary but fixed integer such that 1 < j < w. Define
7=17; =a”’ (mod ¢) and ¥* = 7] = —a™’ (mod ¢), where 0 < 7,7* < g¢.
Putt_, =1t*, =gq,t_y = 7,t*, = 7* and define t,,t} by

ti—
tig = ptioy+1; with u; = [rﬁJ ,
i1

t*

-1

. tr_
tia =p] tiy +1] with pf = l'_ZJ

Also, put A_y = A*, =0;B_, = B*, =1,

Ay =AY, =1;B;=B*,=0 and
Aivv = pit1 Ai + Ai,
Aifn = pim AT+ AL,
Biy1 = piy1 Bi+ Bia,
1 = iy Bf + Bl

fori=-1,0,1,2, ...

Put m=m; =2 l———M(7’;) + Ij )

m* = m? = lM(7*,24)+ lJ ’
M:Mj=2[-ﬂ-4—(§1-29ﬁ—lj,and

M*=M?=2 lM(iLQQ_*)ilJ where @ is as in Theorem 2.2,

Q* =(a"+1)/g>3and S =a’ (mod @), S* = a’ (mod Q*).

If M(v,q) is even, then m = M(7,q), tm = 0 and t,,—q = 1. If M(7,q)
is odd then m = M(7v,q) + 1. We replace the value of y,,—1 by that of
Mm—1 — 1 and put g, =1, t,,, =0, t;n—y =1 and t,,,—o = 1. We deal with
the continued fraction expansion of ¢/v* in the same way.

The purpose of this section is to relate the value of M to that of m and
the value of M* to that of m*. We divide the problem into 2 cases.

Case1l: Q > a’ (Q* > a’). Here S = S* = a’.
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Define r_y = q and r; = (tj_1 @’ + (=1)"""4,_4)/q,
rt=(th, o +(=1)'A7)/e (i2-1).
We have that r_q, r*,, 7o, r§ are integers.
r—a =((a"77 = )/q)r=1 + o,
rty = ((a"77 = *)/q)riq + 1o,
Tic1 = Mi Ti+ Tip,
rioe =+ ria(i20).

Thus for 7« > —2 we have that r; and r} are integers.

LEmMA 3.1. If -2 <i<m*—3 thenr} >r},,.
Proof. The result certainly holds for i = —2, —1,0. Also the result holds
if 7 is even. Now since r; is an integer we get
t}_ya’ = (=1)"*" 4; (mod q)
and 0 < AY_, < A%. =gq, with ¢}_; ¢/ > 0.

Thus, if 7 is odd and r; < 0, then we can only have 7} = 0. But r; =0
only if t7_;al = A}_;. Since

(3'1) A} 7t —¢ B} = (—l)i i1,

we get A
tii(@®y* +1)/g=B,.

Thus, ged (A¥_,,B*_;) = 0 (mod t}_,) ; whence t}_; = 1. It follows that
i—1=m*—1ori—1=m*—2. Since m* is even and ¢ is odd we get
it = m* — 1, which is impossible since i < m* — 1.

LEMMA 3.2. If -2 <i<m*—3 thenr! >rl,,.

Proof. The result is certainly true for 1 = —2,—1. Now if ¢ > 0,
(3:2) g(r} — rlp) =t — e’ + (=1)° (A5, + A4);

thus if ¢ is even, we get r¥ > r¥ ;. If iis odd, s < m* — 3 and 7} < 7%,
then r} =r} ,. For
a’t;_y = A}, (mod gJ,

o’ 1] = —A7 (mod g),
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and 0 < A} ,, AT < A%. =4

Thus ‘
Wty = Al + 51,

al tt = —A? + sqq,
where sq, sy are integers,
d(ty — 1) = Al + A + (51— s2)q,
and
T —Tig =81 — S2.

If 72 < r? , then sy —sy < 0. Now A} + A7_; < A}, < AL,. =g ; thus,
if sy — s2 #0, then s7 — s2 < —1 and t}_; <t} which is impossible.
Hence sy = s and r} = r}, ;. Also,

ol platt = —plp AT+ plpsag (s2 > 0),
@’ tf_y = A, + s24;
hence,
a’ (pipati — tic1) = —(pipr A} + Aloq) + s2(piyr — 1)g
and, '
0 <altiy, = Al —s2(pip — e

Since A}, < A}, = ¢ we have p},, =1, and alt},, = A}.,. By the
same reasoning as that used in Lemma 3.1 we can now prove Lemma 3.2.

O

We use the notation {z} to denote the fractional part of any real z;

le, {z} =z —|z].

We are now able to prove

THEOREM 3.3. Ifg# 2 anda’ < Q* then M* = m* +4 when a’ > 2q and
{a’/q} > 1/2, M* = m* — 2 when o’ < q/2 and {g/a’} > 1/2 ; otherwise,
M* = m* 4+ 2 when a’ > 2¢/3 and M* = m* when o’ < 2¢/3.

Proof. For convenience we will use the symbol k to represent m*. We
divide the proof into two cases.
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Case A. a’ < q.

From (3.1) we have A}_, v* = 1 (mod ¢); hence, A}_, = —a’ (mod gq)
and A}_, = ¢ — a’, since 0 < A}_, < A} = ¢. It follows that A}_, =
q—pi(g—a’) and p} = |¢/(g — a?)]. Thus p} = 1if and only if ad < q/2.
Also, if p} =1, then t}_, =1 and A} _, = a’.

By definition of r}_, we get rf_, = 0, hence k > 1. Alsot}_,; = pj_,+1
and A} _, = A} _,—pi_ 140 = q—aj t%_;. From this we can deduce that
rio=landr}_, =ri_y+ph_g Thog = Hi—g. H pi_o > 1then ri_5 >
ri_o > ri_; = 0. By Lemmas 3.1 and 3.2 we see that M(5*,Q*) =k — 1.

Since k is even we have M* = k = m*.

If u}_, = 1, then r}_, = rf_, = 1. In this case we get M(S*,Q*) = k—2
and M* = m* — 2. Now
= [iJ -1,
al

* _ AI:—I - q9- aj
Bk—1 = A:_z - aJ'

iamameo (3] 1) =00 [2]

al

Also p}_, = 1if and only if A}_,/Aj_; < 2, which holds if and only if

v <2(s-0[3))

(5)> e

or

if ux > 1, we get

. pp ol —q+pr(g—d?
o= k : k( )=“;_1’

and
thoo = Py thq +ir=pp > L
Since t;_, # 1, we cannot have r§_4 = r{_, ; thus, ry_5 > ri_,.
fri_,>2,thenri_;>ri_,>ri_y>rp=1
In this case M(S*,@Q*) =k + 1 and M* =m* + 2.

fri_,=1thenrj_, >rf_,>r;j_,=r;=1,and
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M(S*,Q*) =k, M* =m*.
Since pu} = |A}/Ai_,] = lg/(g — a’)|, we see that r}_, = puf — 1 =11if
and only if 2 < ¢/(g—a?) < 3 ;ie., ¢/2 < a? <2¢/3. Also r}_, > 2 if and
only if @/ > 2¢/3.

Case B. a’ > q.

By (3.2) with ¢ = k — 3 we must have r;_; > ry_o. Also ry_, > rj_,
and r},, = —1. Now rj_; < rjifandonly if (t;_,—1)a’ < A}_,+A;_, <
A} = q. Since q/a’ < 1, this can occur if and only if ty_, = py = 1. In this
caseweget rp —ri_y =1l,and rj_, = pi_,7i_+ri = (uj_ +)ri_, +1.
Hence M(S*,Q*) = k+1 and M* = m* + 2. Now t;_, = 11f and only
if A}/A3_, < 2. Also, since A}_, = —a’ (mod ¢) and A}_, < ¢, we get
0< Aj_, =tq—a’ < gq, wheret = |a?/q] + 1. Since A} = g we see that
t;_, = 1 if and only if {a?/q} < 1/2.

We have seen that if y} > 1 then r}_, > r;. Also
rior = (= Dri+ri - 1.

If r; = 2 then M(S*,Q*) = k+2and M* = m*+ 2. If r;y > 2 then
ry=1(r; — 1)+ 1, M(5*,Q*) =k +3and M* = m*+4. Also, r};, =2
if and only if @/ + A}_, = 2¢. Since A}_, = —a’ (mod ¢), this can hold if
and only if ¢ < a’ < 2¢. Collecting all of the above we get the Theorem.

O

THEOREM 3.4. Ifa? < Q then M = m +2 when a’ > g and M = m when
a’ <gq.

Proof. Use similar reasoning on the r; sequence to get results similar to
Lemmas 3.1 - 3.2. The result then follows.

g
Case 2. Q < d (Q* < /)

Here we define 7_5 = ¢ and
ri = (Qt: + (=1)" Bi)/a,
r} =(Qt} + (=1 B})/a",
where h = p — j. In this case vy, = 7] = at < q.

As before r_q, r*,, 7o, rj are integers. Also (for i > —2)
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Ti—2 = fhi Ti—1 + Ty,

rig = pi ri + 1l

By using methods similar to those used above we can prove.
LEMMA 3.5. If -2 < i< m* — 3 thenr} > 0.

LEmMA 3.6. If -2<i<m* =5 thenr} >r},,.

THEOREM 3.7. If a7 > @Q then M* = m* — 4 when Q* < a"/2 and
{a*/Q*} > 1/2, M* = m* + 2 when Q* > 2a"* and {Q*/a"} > 1/2 ;
otherwise, M* = m* — 2 when Q < 2a"/3 and M* = m* when Q > 2a"/3.

THEOREM 3.8. Ifa’ > Q then M = m—2 when a® > Q and M = m when
h
a" < Q.

In the next sections we refine some of these results.

4. Some Refinements.

We will need to put Theorems 3.3 and 3.7 into forms in which we can
use them to relate W(a, @*) to W(a,q). We do that in this section.

LEMMA 4.1. Ifj > 0 and h = u — j then |g/d’] = |a*/Q*].
Proof. a*/Q* = a*q/(a" + 1) = ¢/(a’ + a™*) < q/d’.

If |g/a’] # |a*/Q*] then |a*/Q] < |g/a?] - L.

Let 1 > a*/Q — |a*/Q*] = &1 > 0 and g/a’ — |¢/a’| = €2 > 0. Note
that ¢; < 1 —1/Q*. Also, a®/Q* — ¢/a’ = —1/(Q*a) thus, if |a*/Q*] <
lg/a’]| —1then —1/(Q*a’) < e1—€2—1 < —1/Q*—¢q, and 1/(Q*a?) > 1/Q*

which is impossible.

It follows that |g/a’] = |a*/Q"].

LEMMA 4.2. {a*/Q*} > 1/2 if and only if {q/a’} > 1/2

Proof. Let ¢ = amq + 7 for 0 < r; < a’, and a® = Q*mq + 7, for
0<re < @*.

By Lemma 4.1 we have that |g/a’] = my = mp = la*/Q*]. Also, since
a"/Q* < q/a’, we see that if a"/Q* — |a"/Q*| > 1/2 then ¢/a’ — |g/d’| >
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1/2. If ¢/a’ — my > 1/2, then r/a’ > 1/2 and ry > (a’ + 1)/2. Hence,
q/a’ —my > 1/2+1/(2a-’) Now, a"/Q*—mg-—(q/aJ my) = —1/(Q*a?),
hence

a"/Q* — [a*/Q*] = /a’ —1/Q%a’ > 1/2+1/(2¢°) - 1/(Q*a?) > 1/2.
O

LEMMA 4.3. If h = m — j, then Q* < a*/2 if and only if @’ < q/2.

Proof. If Q* < a* then (a"+1)/q < ah/2, q > 2(a”""’+a'h) and ¢ > 2a7.
If ¢ > 2a7, we must have a* > 2. For if a* = 1, then p = j and Q* =
(¢’ + 1)/q Since Q* > 1 we would have ¢ < a’ whlch is not possible. Also
if ¢ > 2a’"then ¢ > 2a7 41 = 2(a’ +1/2) > 2(a* % +a~*) > 2a=*(a" +1).
It follows that @* < a*/2. (here gcd(Q*,a) =1 and h > 1).

O
LEMMA 4.4. Ifh = u — j, then Q* < 2a*/3 if and only if a’ < 2¢/3.

Proof. If Q* < 2a*/3 then a’ + a=™* < 2¢/3 and @/ < 2¢/3. If @ < 2q/3
then a*~* < 2q/3 and 3a* = 2qa® — k for k > 0. Since k = 0 (mod a*)
we have k > a* and it follows that a# < 2ga*/3 — a®/3. If a®/3 > 1, then
Q* = (a"+1)/g<2a"/3. Ifa*/3< 1, thenh=1,a=2,3. Ifa® = 3 then
3" <2¢—1and ¢ > (3" +1)/2 which means that @* < 2, an impossibility.
By similar reasoning it is possible to exclude the case where a* = 2.

O

By using the same kind of reasoning as that used above we can also
prove.

LEMMA 4.5. Ifh = p — j then Q* > 2a* if and only if a’ > 2q.

LEMMA 4.6. Ifh = p—j > 0 then |a’/q] = |Q*/a"| and {Q*/a"} > 1/2
if and only if {a’/q} > 1/2.

With these results we can now give a different version of Theorem 3.7.

THEOREM 4.7. Ifj # p and a’ > @Q then M* = m* —4 when @’ < ¢/2 and
{g/a’} > 1/2, M* = m* + 2 when a’ > 2¢q and {aJ/q} > 1/2 ; otherwise,
M* = m* — 2 when a’ < 2¢/3 and M* = m* when a’ > 2¢/3.
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We define the symbols
0 when o’/ > Q
€ = . ;
’ 1 when a’ < Q

0 when a’ > 2¢/3
and 17; = i .
’ 1 when a’ < 2¢/3

We can now combine the results of Theorems 3.3 and 4.7; (recalling the
definition of x; given in theorem 2.1).

THEOREM 4.8. IfQ > ¢ > 2 and j < p, then M} = m; + 2x; — 2n; + 2¢;
when Qx > q.

Proof. We note that if ¢; = 0 then n; = 0. First assume that j # u.

Case 1. ¢; = 0.

In this case Q* > g implies that a’ > ¢, hence

M* =m* 4+ 2x; = m* + 2x; — 21, + 2¢; .
Case 2. ¢; = 1. In this case ¢/ < Q*.
Case 2a. 7; = 0. Here @/ > 2¢/3 and M* = m* + 2 4 2x; = m* 4+ 2x; —
2n; + 2¢;.
Case 2b. n; = 1. Here @’ < 2¢/3 and M* = m* 4+ 2x; = m*+2x; —2n; +
2¢;. .
We note that M, = 2 and mj, = 0. Also in this case
a"+1>2Q>2¢+2
and we get a’ > 2¢. Hence €; =0, n; = 0. Furthermore
{a"/q}=1-1/¢> 1/2.

Thus, MI’: = m; +2x, — 20, + 2¢,.

5. The formulas.

We are now in a position to derive the formulas relating W(a, @) and
W(a,@*) to W(a,q). If v is the order of a modulo Q* then

(5.1) W(a,Q*)=2> M}

Jj=1

Thus our first problem is to determine v. To this end we give
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LEMMA 5.1. IfQ* < 3 and p is the least positive integer such that a*+1 =
0 (mod Q*) then v = 2.

Proof. Certainly 2u = 0 (mod v). If v is odd then g = 0 (mod v). In this
case —1 = (a®)*/"* = a” = 1 (mod Q*) and Q* divides 2 which contradicts
that @* > 3. Thus, v is even and & (= v/2) divides y. Put A = pu/k. Since

(a® = 1)(a®"+1)=0 (mod Q%),

let @* = @Q1Q2 where a* =1 (mod @) and a* = —1 (mod Q). Hence,
a* =1 (mod Q,) and ¢* = 1 (mod Q,) whence Q, is even. If Q; = 1
then a* = —1 (mod @*). By definition of y we must have k > p but since
p =0 (mod k) we get kK = p, and v = 2p.

If @y = 2 and Q3 is odd, then since a®* = —1 (mod 2) we get that
a®* = —1 (mod @Q*); whence, v = 2u. Suppose @; =2 and Q, = 2*7' Q'
with s — 1> 1. If Q* = 2* Q' does not divide a* + 1 then 2*~' properly
divides a® +1 and a® = =14 27" t for odd t. Now, —1 = a* = a** =
(=1)» +2°=7 Xt (mod 2%). If ) is even then 2* divides 2 which is impossible.
If X is odd then 2* divides 2*~ ')t ; i.e. Mt is even which is also impossible.
Thus « = p.

O

Note that we may also assume that if @Q* = (a”+1)/g, then p is the least
positive integer such that a = —1 (mod @*). For, if this is not the case,
then suppose A is the least such integer. By Lemma 5.1 we have that 2\

|
divides 2u or A divides p. Since a* = —1 (mod Q*) we get ¢ = ¢’ (-Z-'\_i——l)
for some integer ¢'. It follows that we can write Q* = (a*+1)/¢' for ¢’ < g.
Thus by replacing the value of y by that of A and the value of ¢ by that of
q', we have the form of Q* which is desired.

In view of the above remarks we can now rewrite 5.1 as

2 2
(5.2) W(a,Q )= M;=2) M;-2
j:] j::]
(by 2.4). Now
Wia,q) =23 [(M(si0) +1)/2].
=1
Since a” = —1 (mod g), there is a least positive A such that a* = -1

(mod ¢) and w = 2X. Also p = 0 (mod A), kK = p/X is odd and 7}_; =
—a~ A=) = _g72¢* = a’ = 5; (mod q).
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Thus

*
Yii = Si Or Y] = Sx-i-

By (2.4) we have
A—1
W(a,q) =43 [(M(si,0) +1)/2] +2

A—1
=43 L(MOT, 9+ 1/2 +2

Since m3} = 0 we get

A
(5.3) Wa,q)=2) mi+2

=1
By Theorem 4.8 and (5.2) we get

"
W(a,Q*) = Z(m’; +2x; + 2n; + 2¢5) — 2

i=1

" I3 I I
=2) mi+4d x4, mi+4d> -2
j=1 =1 3=1 J=1

(5.4)

We now need to evaluate each of these sums. We note that

7?’21+1),\+i = —a' = 135—; (mod g);
thus

I A (x=3)/2  (214+3)A

Yom=lme 3 Y m

j=1 =0 (2441)A+1

2A
-1
:Z m’;—f—(ﬁ2 )Z Mmr_j (where mg = 2)
A w—1 221
=3 w4 (552) [ X my e
=1
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*

Since 73,_; 7* =1 (mod ¢) we get,

whence,
22-1 A—1 A
E m; = E miy_q = E mi\_; (where m} = 0)
J=A+1 i=1 i=1

It follows that

" A
Z m;=k—-14k« Z m’;
Jj=1 J=1
Thus, by (5.3) we get
"
(5.5) 2 mi=rW(a,q) -2
j=1

Recall that « is defined by a* < ¢ < a®*'. Thus we find that

a* +1

at—o— <al:.—n-—1 +a-—-(o+1) <

Thus

n

(5.6) Zei:u—a-—l.

=1

Also
a®"' < 2a"/3 < 2¢/3 <2a°T"/3 < a°t.
Thus .
Z i =a— 1 + a,
where

0 if a® > 2¢/3
771 i a” < 2q¢/3|"°

N 0 if a® > 2¢/3
7TV a® < 29/3(°

Now o0 = 1 — 0* where

— Q* < qll—() +a—0.

35
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However, since 3a”®/4 < a® < ¢ we have 6* = |3a”/(2q)] and

(5.7) Z ni = o~ |3a”/(2q)].

I
It remains to evaluate ) x,. We first prove

=1
LEMMA 5.2. Ifj > A+ 2 then xa4; + x; = 1.
Proof. We first note that since j > A + 2 we have

> al >aM? > e (g-1) 2 4(g - 1) > 2;

Thus _
0 if {a"*7/q} < 1/2
Xots = {1 if {a"*i/q} > 1/2}
and 0 if {a’/q} <1/2
= {1 if {ai/q} > 1/2}‘
Now

a*J = —a’ (mod g).

Thus, if a**/ = gla*ti/q| + r for 0 < 7y < ¢ and @’ = q|a’/q] + 7 for
0 < ry <g, then y = ¢~ ry. Since {a**i/q} = r/qg = 1 — rp/q and
{a’/q} = r2/4q, the result follows.

O
Since
" A 2\ KA
D= Dt Y vkt D
af>2q ai>2q i=A+1 i=(k—1)A+1

and « is odd we get

n A
k-1
ZZ( 5 )A+(X,\+1+X2,\+1)—1+Z Xi

n,">2q a.">2q

by lemma 5.6. If a*t' > 2¢, then xag2 + x2a41 = 1 ; if ' < 2¢ then
g = 2*+1 (here a = 2). In this case Y41 = 0 and since 2* = —1 (mod ¢) we
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get 2221 = 2 (mod g¢); thus {a®**'/¢} < 1/2 when A > 1 and x3,47 = 0.
Thus, if ¢ # 3 and a # 2 then when ™' < 2¢ we get Xp+1 + X2p+1 = 0.

. 2q
Since 0 < pyee) < 2 we get

Xp+1 + X2p41 = 1 — [2¢/a**?| unless ¢ = 3and a = 2 in which case

Xp+1 + X2p+1 = 1. With the exception of this case we get

i Xi = (K;I) A—[2¢/a*].

i=A+1

Given the definition of S(a,q) in Theorem 2.1 we see that it depends for
its value only on the values of a and ¢. Now {r/s} > 1/2 implies that
[2r/s] —2[r/s|] =1, and {r/s} < 1/2 implies |2r/s| — 2|r/s| = 0 ; thus,

we can write

S(a,q) = [2/a] + Y (2la/a’] - [2q/d])

atlq/2

+ Y (|24'/q) - 2|a*/q))-

ai>2q

(5.8)

The [2/a] term here occurs because {¢/a*} = 1/2 when a* = 2.
Also

(5:9) > xi= (554) A~ 120/ ) + S(a)

i=1
If we put together the formulas (5.3)-(5.7) and (5.9) we get

W(a,Q*) = kW(a,q) + 6p — 2) — 8a — 4|2¢/a**"|

(5.10) + 4|3a”/2q] +4S(a,q) — 8

(here a # 2, ¢ # 3 and Q* > ¢). This is Theorem 2.1.

By using the results of section 3 we can also derive by much simpler
methods that

-

(5.11) Wi(a,q) = (p/w) W(a,q) + 2p — 4o — 2
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under the assumption that u is the order of a modulo @, (an assumption
which can be made without loss of generality), and the assumption that
g < Q. This is Theorem 2.2.

6. Special Cases.

In this section we will develop formulas for W(a,q) for certain special
values of g. We first note that when ¢ = a* + 1, then we can easily evaluate
S(a,q). We have that a/ < g/2for j =1,2 ..., A — 1. For such values of
J we get

la/] = @ + 1/a’| = >

and

|2¢/a] = |2a*~7 + 2/ai| — 22~
unless aJ = 2.

Since ¢/2 < a* < 2q, we get

if a#2
1 if a=2}~

0
S(a,q) = 2a*" — [20*" +2/a| = { _

Now, when ¢ = a* + 1 and @* = (a” 4 1)/(a* 4+ 1) is an integer larger than
2, then p = 0 (mod A) and we have

LEMMA 6.1. If Q* is as given above, A # 1, and a # 2, then the least value
v such that a” = —1 (mod Q*) is p.

Proof. Let k = p/). Since 2v is the order of a modulo @* and a?** =1
(mod @*) we have 2v dividing 2k or Ak = 0 (mod v). Put v = Ax/t for

AR 1

t > 1. Since a” = —1 (mod 2 5y _:_1 ) we get that a**+1 < (a”+1) (a* +1)
a

(6.1) a* < a’t* 4 ¥ + a*.

Since @* > 1 we must have k > 1 and since « is odd we must have k > 3.
Also,v>1,and A> 1. If Ak > p+ A+ 1then Ak —v -2 > 1 and

a2 <aM A< 14a+a7" <1+42/a, by (6.1).

Since a > 2, this is impossible.
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Hence,
Ak<v+4+A+1

or
Ak < Akft+ A+ 1.

It follows that (t —1)(k—1) < 14¢/A. Since k > 3, we have that 2(t—1) <
1+t/Xor2t—t/XA <3. Ift =3, this can only occur for A = 1. But from
(6.1) we get

a® S an./.'l +ax/3+1 +a,

whence
a< a2s/3-1 <1+ a % 4 g <142/a

which means that a = 2 ; this value is excluded by hypothesis. If ¢t = 2
then A is even and A > 2. If A > 2, then 2t —t/A > 2t —t/2 > 3t/2 > 3,
which is impossible. If t = 2 and A = 2, then by (6.1)

a‘2':. _<_ aﬁ,+‘2 +am +a‘2
and we get

QSaSa"—QS1+a‘2+a_"<1+2/a2<3/2

a contradiction. Hence we must have t = 1 and v = Ak = p.

By using similar techniques it is easy to prove

LEMMA 6.2. If g =a“ —1 and @ = (a" — 1)/(a* — 1) Is an integer greater
than 1 then the order of a modulo Q is p.

From Lemma 6.2 and (5.11) with ¢ = a“ — 1 we get « =w — 1 and

"o
W[a, au ﬂ:ﬁW(a,a‘“‘—l)+2p—4w+2.
- w

a

By (2.5) this becomes

a* —1

1] =4dp—dw+2-2ufw,

(6.2) W [a,

au;



40 R. A. MOLLIN AND H. C. WILLIAMS
which is Theorem 2.3.
When ¢ = a* + 1 we get 2¢ > a* for 1 < i < X and S(a,q) = 0.

Furthermore, o = A,

1if a=2
A1y
[24/e J‘{Oif a>2}’

|3a*/q] = 1 and W(a,q) = 4X — 2 by (2.6). Hence by Lemma 6.1 and
(5.10) we get

ri1 '
(6.3) w [a, %}T{T] = 104 — 10 — 2u/A — ¢

where e is as in Theorem 2.4 which is now proved.

It should be noted that we have only proved (6.3) when a* +1 # 3.
However, it can be easily shown that in this case

W(2, (2" +1)/3) =8u —18 for p >3

This holds because M*(2F,(2" +1)/3) = 4 for 3 < k < p— 2 and
M*(2,(2"41)/3) = M*(4,(2"+1)/3) = M*(2+~1,(2"+1)/3) = M*(2"*,(2"+
1)/3) = 2. Thus (6.3) holds for a* — 1 = 3.

We have also excluded the case where ¢ = 2, but it is also easy to show
that

M*(a,(a" +1)/2) =4 for 2<i<p—1, M*(a*, (a" +1)/2) =2 and

2if a=3
M*(a,(a" +1)/2) = 43 a3l

Thus by (2.4) we get

a* +1 8:—10 when a=3
4 —_— ] =
(6-4) W(“’ ) ) {Su—ﬁ when a>3}’

which is Theorem 2.5.

Undoubtedly many more results concerning this remarkable function
W (a,q) remain to be discovered. We conclude this paper with a short
table of values W (a, q).
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Table of Values for W (a, gq)

Parameters : 2 < a < 10

2<¢g<50

q/a 2 3 4 5

3 2 - 0 2

4 . 2 -

5 6 6 2 -

6 - - - 2

7 4 10 4 10
8 - 2 - 4

9 10 - 4 10
10 - 6 - -

1 22 8 8

12 - - - 2

13 26 4 10 10
14 - 14 - 14
15 6 - 2 -

16 - 8 - 8

17 14 38 6 38
18 - - - 18
19 46 46 20 20
20 - 6 - .

21 12 - 4 10
22 - 8 . 8

23 28 28 28 62
24 - - ) 2

25 50 50 26 -

26 . 4 - 6

27 50 - 24 50
28 - 10 - 14
29 82 82 34 34
30 - - - -

31 8 86 8 4

32 . 24 - 24
33 18 - 8 28
34 - 50 - 50
35 32 28 12 -

22

26

38

20

28

12

34

10

'O o o

[« N N

22

10

14

18

28

50

18

82

18

12

= L -1

[+ <IN

28

26

34

40
12

30
12

10

38

46

14

62

82

40
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Table of values for W(a, g) (continued)

g/a 2 3 4 5 6 7 8 9 10
37 106 46 46 106 6 20 42 20 8
38 - 54 - 24 - 4 - 24 -
39 34 - 18 10 - 38 10 - 18
40 - 6 - - - 10 - 2 -

41 54 22 30 54 126 126 54 10 12
42 - - - 14 - - - - -
43 38 134 16 134 4 10 38 64 64
44 - 32 - 12 - 26 - 12 -
45 36 - 16 - - 36 12 - -
46 - 36 - 66 - 66 - 36 -
47 72 72 72 154 72 72 72 72 154
48 - - - 12 - 2 - - -
49 64 130 64 130 42 - 20 64 130
50 - 4 - - - 6 - 42 -
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