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ON NON-LOCAL ERGODIC JACOBI SEMIGROUPS:
SPECTRAL THEORY, CONVERGENCE-TO-EQUILIBRIUM
AND CONTRACTIVITY

BY Patrick Crreriprto, PIERRE PATIE, ANNA SRAPTONYAN

& /A DITYA \/./\II)Y/\N/\TH,'\N

ApstracT. — In this paper, we introduce and study non-local Jacobi operators, which general-
ize the classical (local) Jacobi operators. We show that these operators extend to generators of
ergodic Markov semigroups with unique invariant probability measures and study their spec-
tral and convergence properties. In particular, we derive a series expansion of the semigroup in
terms of explicitly defined polynomials, which generalize the classical Jacobi orthogonal polyno-
mials. In addition, we give a complete characterization of the spectrum of the non-self-adjoint
generator and semigroup. We show that the variance decay of the semigroup is hypocoercive
with explicit constants, which provides a natural generalization of the spectral gap estimate.
After a random warm-up time, the semigroup also decays exponentially in entropy and is both
hypercontractive and ultracontractive. Our proofs hinge on the development of commutation
identities, known as intertwining relations, between local and non-local Jacobi operators and
semigroups, with the local objects serving as reference points for transferring properties from
the local to the non-local case.

Riésumi: (Sur les semi-groupes de Jacobi ergodiques et non locaux : théorie spectrale, convergence
vers 1’équilibre et contractivité)

Dans cet article, nous introduisons et étudions des opérateurs de Jacobi non locaux, qui
généralisent les opérateurs de Jacobi classiques (locaux). Nous montrons que ces opérateurs
s’étendent aux générateurs de semi-groupes de Markov ergodiques avec des mesures de probabi-
lité invariantes uniques et étudions leurs propriétés spectrales et de convergence. En particulier,
nous dérivons un développement en série du semi-groupe en termes de polyndémes explicitement
définis, qui généralisent les polyndémes orthogonaux de Jacobi classiques. De plus, nous donnons
une caractérisation complete du spectre du générateur et du semi-groupe non auto-adjoint.
Nous montrons que la convergence de la variance du semi-groupe est hypocoercive avec des
constantes explicites, ce qui fournit une généralisation naturelle de I'estimation donnée par le
trou spectral. Aprés un temps de préchauffage aléatoire, le semi-groupe décroit également de
maniére exponentielle en entropie et est a la fois hypercontractif et ultracontractif. Nos preuves
s’articulent autour du développement d’identités de commutation, appelées relations d’entre-
lacement, entre opérateurs et semi-groupes de Jacobi locaux et non locaux, les objets locaux
servant de points de référence pour le transfert de propriétés du cas local au cas non local.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 37A30, 47D06, 47G20, 60J75.
Keyworps. — Markov semigroups, spectral theory, non-self-adjoint operators, convergence to equi-
librium, hypercontractivity, ultracontractivity, heat kernel estimates.
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1. INnTRODUCTION

In this paper we study the non-local Jacobi operators, given for suitable functions
f:10,1] = R, by

(1.1) Jf(x) =J,f(x) — ho f(2),
where J, is the classical Jacobi operator
Juf(x) =21 —2)f" () — Mz —p) f(2),
h: (1,00) = [0,00) and A1, p € (0, 00) satisfy Assumption A below, and for two func-

tions f: Dy — R and g: Dy — R with domains Dy, D, C [0,00), we denote by fog
the product convolution given by

(1.2) fog(z)= /000 f(r)1p,(r)g(z/r)1p,(x/r) % dr.

The classical Jacobi operator is a central object in the study of Markovian diffusions.
For instance, it is a model candidate for testing functional inequalities such as the
Sobolev and log-Sobolev inequalities; see for instance, Bakry [3] and Fontenas [26].
If 4 = A1/2 = n, an integer, there exists a homeomorphism between this particular
Jacobi operator and the radial part of the Laplace—Beltrami operator on the n-sphere,
revealing connections to diffusions on higher-dimensional manifolds that, in particu-
lar, lead to a curvature-dimension inequality as described in Bakry et al. [5, Chap. 2.7].
From the spectral theory viewpoint, the Markov semigroup Q") = (€M) is di-
agonalizable with respect to an orthonormal, polynomial basis of LQ(BM), where §,,
denotes its unique invariant probability measure. As a consequence, it can be shown
that the semigroup Q) converges to equilibrium in different ways, such as in variance
or entropy, and is both hypercontractive as well as ultracontractive; see Appendix A.3,
where we review essential facts about the classical Jacobi operator, semigroup and
process. Classical Jacobi processes have been used in applications such as popula-
tion genetics under the name Wright-Fisher diffusion, see e.g. Ethier and Kurtz [25,
Chap. 10], Demni and Zani [20], Griffiths et al. [29, 28], Huillet [31] or Pal [38], as well
as in finance; see e.g. Delbaen and Shirikawa [19] or Gourieroux and Jasiak [27].
Due to the non-local part of J and its non-self-adjointness as a densely defined and
closed operator in L2(3) with 8 denoting the invariant measure of the corresponding
semigroup, a fact that is proved below, the traditional techniques that are used to
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study J,, seem out of reach. Nevertheless, our investigation of J yields generalizations
of the classical results mentioned above. An important ingredient of our approach is
the notion of an intertwining relation, which is a type of commutation relationship for
linear operators. For fixed A; and parameters f, i to be specified below, we develop
identities of the form

(1.3) JA=AJ; and VI=JzV
on the space of polynomials as well as
(1.4) QA =AQ™ and VQ =Q"V

on L?(8;) and L?(), respectively, where A : L?(8;) — L?(3) and V : L?(8) — L*(85)
are bounded linear operators. While (1.3) allows us to show that J generates an ergodic
Markov semigroup Q = (Q)+>0 with unique invariant probability measure §, we use
(1.4) to obtain the spectral theory, convergence-to-equilibrium, hypercontractivity,
and ultracontractivity estimates for Q.

The rest of the paper is organized as follows. The main results are stated in Sec-
tion 2. All proofs are given in Section 3, and a specific family of non-local Jacobi
semigroups is considered in Section 4. Known results on classical Jacobi operators,
semigroups and processes are collected in the appendix.

Acknowledgements. — The authors are grateful to Paul Jenkins and Soumik Pal for
fruitful discussions, and they would like to thank the anonymous referees for valuable
comments.

2. MAIN RESULTS ON NON-LOCAL JACOBI OPERATORS AND SEMIGROUPS

In this section we state our main results concerning the non-local operator J defined
n (1.1). Throughout the paper we make the following

AssumprionN A. The function h: (1,00)— [0, 00) is assumed to be 0 outside of (1, 00)
and to satisfy = [~ h(r)dr < co. Moreover, I1(dr) = —(e"h(e"))'dr is a finite non-
negative Radon measure on (0,00), and if h £ 0,

A1 > Lycipny T and p >,

while otherwise, Xy > > 0.

2.1. PRELIMINARIES AND EXISTENCE OF MARKovV sEmicroup. — Anticipating Theorem
2.1 below, we already mention that the cadlag realization of the Markov semigroup @
has downward jumps from z to e "z, r,x > 0, which occur at a frequency given by
the Lévy kernel II(dr)/x; see Lemma 3.1. Also note that for h # 0, we have A > 0 and
therefore, Ay > 1. Next, we consider the convex twice differentiable and eventually
increasing function ¥: [0,00) — R given by

(2.1) U(u) =u?+ (p—h—1)u+ u/loo(l —r~")h(r)dr,

J.E.P.— M., 2021, tome 8
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which is easily seen to always have 0 as a root, and has a root r > 0 if and only if
w<1+Hh. Set

(2.2) ro=rlg,ci4ny and rp=1-ro,
and define ¢: [0,00) — [0,00) by
U (u)
2.3 = .
(23) o) =

For instance, if rp = 0, then
dp(u)=u+(p—1-h) —|—/ (1 =r=")h(r)dr,
1

and we note that J (resp. ¢) is uniquely determined by A1, p and h (resp. p and h),
so that for fixed A1, there is a one-to-one correspondence between J and ¢. As we
show in Lemma 3.2 below, ¢ is a Bernstein function; that is, ¢: [0,00) — [0,00)
is continuous, infinitely differentiable on (0, c0), and (—1)"“;% (u) = 0 for all
n=1,2,... and u > 0; see Bertoin [8] or Schilling et al. [49] for a thorough exposition
of Bernstein functions and subordinators.

As a Bernstein function, ¢ admits an analytic extension to the right half-plane
{z € C: R(z) >0}; see e.g. Patic and Savov [41, Chap. 4]. We write Wy for the unique

solution, in the space of positive definite functions, to the functional equation
Walz+ 1) = o(2)Wa(2), R(z) >0,
with Wy(1) = 1; see Patie and Savov [40] for a thorough account on this set of

functions that generalize the gamma function, which appears as a special case if
¢(z) = z. In particular, for any n € N={0,1,2,...},

(2.4) Wy(n+1) = ] (k)
k=1
with the convention szl o(k) =1.

Let C]0,1] be the Banach space of continuous functions f: [0,1] — R equipped
with the sup-norm ||-||oo, and denote by C¥[0,1] the subspace of k times continu-
ously differentiable functions with C°°[0, 1] = (r—, C*[0, 1]. We call a one-parameter
semigroup Q = (Q:)i>o of linear operators on C0,1] a Markov semigroup if for all

feCl0,1] and t > 0, Q10,1 = 10,1, Qef = 0if f > 0, Q¢ flloc < [|f]loo and
lim 0 ||Q+f — flloo = 0. A probability measure 8 on [0, 1] is invariant for @Q if for all

£€C[0,1]) and t > 0,

1
5mm:Mﬂ:Af@m@x

where the last equality serves as the definition of S[f]. It is then classical, see either
Bakry et al. [5] or Da Prato [18], that a Markov semigroup on C[0, 1] with an invariant
probability measure 8 can be extended to the weighted Hilbert space

L2(B) = {f: [0,1] — R measurable with B[f?] < co}.

JIEP. — M., 2021, tome 8
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Such a semigroup is said to be ergodic if, for every f € L%(5),

1 /7
lim — [ Qufdt=
i /0 fdt = B[f]

T—oo T

in the L?(3)-norm.
Next, for complex numbers x,a such that a + * # —n,n € N, we denote by (a),
the Pochhammer symbol given by
I'(a+ x)

(2.5) (a), = Ta)

Writing &2 for the algebra of polynomials on [0, 1] and denoting p,, (z) = z™, x € [0, 1],
we formally define

(2.6) Blpy] = An Woln 1)

and note that in Lemma 3.2 we show that r; € (0,1]. Recall that a sequence is said to

forn € N,

be Stieltjes moment determinate if it is the moment sequence of a unique probability
measure on [0,00). Our first main result provides the existence of an ergodic Markov
semigroup generated by the non-local Jacobi operator J.

Turorem 2.1

(1) (Blpn])nz0 is a Stieltjes moment determinate sequence, and the corresponding
probability measure 8 is an absolutely continuous measure with support [0,1] and has
a continuous density that is positive on (0,1).

(ii) The extension of J to an operator on L2(B), still denoted by J, is the infini-
tesimal generator, having & as a core, of an ergodic Markov semigroup Q = (Q:)i>0
on L2(B) whose unique invariant measure is (3.

The proof of (ii) makes use of an intertwining relation stated in Proposition 3.6,
which is an original approach to showing that the assumptions of the Hille—Yosida—
Ray Theorem are fulfilled; see Lemma 3.8 for more details. More generally, the idea of
constructing a new Markov semigroup by intertwining with a known, reference Markov
semigroup goes back to Dynkin [23], whose ideas were extended by Rogers and Pitman
in [46], leading to the characterization of Markov functions; that is, measurable maps
that preserve the Markov property. More recently, Borodin and Olshanski [10] also
used intertwining relations combined with a limiting argument to construct a Markov
process on the Thoma cone.

We also point out that the invariant measure /3 is a natural extension of the beta
distribution, which is recovered if ¢(u) = u, as in this case we have Wy(n + 1) = n!
in (2.6). The requirement in Assumption A that II(dr) = —(e"h(e")) dr be a finite
measure is necessary for the existence of an invariant probability measure for Q.
Indeed, as we illustrate in our proof of Theorem 2.1, any candidate for such a measure
must have moments given by (2.6). If II(dr) = —(e"h(e"))'dr is not a finite measure,
then estimates by Patie and Savov in [40, Th. 3.3] imply that the analytical extension
of (2.6) to {z € C : R(2) > r1} is not bounded along imaginary lines, a necessary
condition for § to be a probability measure.

JE.P. — M., 2021, tome 8
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2.2, SPECTRAL THEORY OF THE MARKOV SEMIGROUP AND GENERATOR. We proceed by
developing the L2(3)-spectral theory for both, the semigroup Q and the J. Recalling
that, for fixed A1, there is a one-to-one correspondence between J and the Bernstein
function ¢ given in (2.3), we define, for n € N, the polynomial P¢: [0,1] — R as

- (*l)nﬂC (A1 = Dngr (r)n zk

(2.7) Pi(x) = VCaln) kzzo =k A =D (r)e Wy(k+1)’

where C,,(r1) is given by

Cn(r) = 2n+A; —1) IO
(r)n(A =)y

Note that for h = 0, we get ¥(u) = u(u — (1 — p)) in (2.1), and the polynomials
(P)n>0 boil down, up to a normalizing constant if g > 1, to the classical Jacobi
polynomials ((P%‘L ))n>0 reviewed in Appendix A.2. Let us denote by R,, the Rodrigues

operator

1 a, ,
(2.8) R, f(r) = ol dxﬁ(x f(z))
and set
(29) A = )\1 — I — (,u — 1)1{#>1+ﬁ} — hl{#<1+ﬁ}.

We write f(dz) = B(x)dx for the density given in Theorem 2.1.(i), and define, for
every n € N, the function Sx,4n : (0,1) = [0,00) as
_ (A + n)
Puenal) = a0 )

In particular, the function

x,u,—l(l _ .,L,))\l-'rn—;t—l.

()‘1)” 1— n—
Bai+na, () = T(n) M=)t
will be useful for us in the sequel. Let us denote by L2[0, 1] the usual Lebesgue space
of square-integrable functions on [0, 1].

Prorosition 2.2, — Set Vg =1, and define, forn=1,2,..., V¢ :(0,1) = R as
by L Q=) s _ b
(2.10) Vn(.’lﬁ) = B(x) (Al)n Cn(rl) Rn(ﬁ)\1+n)\1 06)(37) - ﬂ(.’ﬁ) wn(aj)?

where ¢ is the product convolution operator defined in (1.2). Then, w, € C*°(0,1).
Moreover, if A > 1/2, then w, € L?[0,1], and if A > 2, then V¢ € CTA1-2(0,1).

Remark 2.3. — The definition in (2.10) makes sense regardless of the differentiability
of 3, since Ba,+n,x, € C(0,1) and Ry,(Ba,+n,x © 8) = RufBa,+n.n, © 5. However,
the differentiability of V¢ is limited by the smoothness of 3, which is quantified by
the index [A] — 2. Note that for h = 0, one has 8 = 5, and, by moment identification
and determinacy, it is easily checked that (2.10) boils down, up to a multiplicative
constant, to the Rodrigues representation of the classical Jacobi polynomials (P%“)
given in (A.6). In this sense, (P2),>0 and (V$),>0 generalize (T%ﬂ))ngo in different
ways, related to different representations of these orthogonal polynomials.

JIEP. — M., 2021, tome 8
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We call two sequences (f)n>0, (9n)n>0 C L*(3) biorthogonal if B[fmgn] = 1 for
m = n and B[fmgn] = 0 otherwise, and then write f,, ® g,, for the projection operator
given by f — B[fgn]fn. Moreover, a sequence admitting a biorthogonal sequence will
be called minimal and a sequence that is both minimal and complete, in the sense that
its linear span is dense in L?(3), will be called exact. It is easy to show that a sequence
(fn)n>0 is minimal if and only if none of its elements can be approximated by linear
combinations of the others. If this is the case, then a biorthogonal sequence is uniquely
determined if and only if ( f,,)n>0 is complete. Next, a sequence (f,)n>0 € L?(8) is said
to be a Bessel sequence if there exists a constant B > 0 such that, for all f € L2(f),

S Blfaf1? < BAIF.

n=0

The quantity B is a Bessel bound of (f,,)n>0, and the smallest such B is called the
optimal Bessel bound of (f,,)n>0; see e.g. Christensen [16] for further information on
these objects that play a central role in non-harmonic analysis.

We write o(Q) for the spectrum of the operator Q; in L?(3) and o, (Q;) for its point
spectrum, and similarly define o(J) and o, (J). For an isolated eigenvalue ¢ € 0,(Q;)
we write M, (0, Q:) and Mgy(p, Q¢) for the algebraic and geometric multiplicity of o,
respectively. We also define, for n € N,

(2.11) A =n(n—1)4+An=n%>+ (A — 1)n,

noting that A; = Ay, which explains our choice of notation, and recall that o(J,) =
0p(Ju) ={=An: n € N}; see Appendix A.2. Writing Q; for the L?(8)-adjoint of @,
we have the following spectral theorem for Q.

TuroreM 2.4. — Lett > 0.
(i) Then,

Q=) PV
n=0

where the series converges in operator norm and (P$),>0 C L?(B) is an exact Bessel
sequence with optimal Bessel bound 1 and unique biorthogonal sequence (Vﬁ)n>0 C
L2(B), which is also exact. Moreover, for alln € N, P¢ (V%) is an eigenfunction of Q
(Q;) with eigenvalue e=*nt.
(ii) The operator Qq is compact; that is, the semigroup Q is immediately compact.
(iii) The following spectral mapping theorem holds:

o(Qi) {0} = 0,(Q¢) = etor(D) = gto ) = {e_/\"t in € N}.
Furthermore, o(Q,) = o(Q;) and, for any n € N,
Mae ™, Q) = My (e, Q) = Ma (e, @) = My (e, @) = 1.

(iv) The operator Q; is self-adjoint in L2(B) if and only if h = 0.

JE.P.— M., 2021, tome 8
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The expansion in Theorem 2.4.(i) is not valid for t = 0 since (P%),>0 is a Bessel
sequence but not a Riesz sequence, as it is not the image of an orthogonal sequence
under a bounded linear operator having a bounded inverse; see Proposition 3.20 below.
The sequence of non-self-adjoint projections P¢ ® V¢ is not uniformly bounded in n,
see Remark 3.19, and, in contrast to the self-adjoint case, the eigenfunctions of Q;
and Q; do not form a Riesz basis of L2(3). Finally, it follows from Theorem 2.4.(iv)
that P¢ # V¢ foralln =1,2,...

2.3. CONVERGENCE-TO-EQUILIBRIUM AND CONTRACTIVITY PROPERTIES. We call a func-
tion ® : I — R, defined on an interval I C R, admissible if

(2.12) ® € C*(I) with both ® and —1/®” convex.

Given an admissible function ® we write, for any f : [0,1] — I with f,®(f) € LY(3),
(2.13) Ent?(f) = B[(F) — D(AL)

for the so-called ®-entropy of f. An important special case is ®(r) = 72 with I = R,
so that (2.13) gives the variance Varg(f) of f € L?(3). Recall that in the classical
case h = 0, we have the following equivalence between the Poincaré inequality for J,
and the spectral gap inequality for Q)

Ay = inf el

f Var,g“ (f)
= Varg, (Q f) < e M Varg, (f) for f € L?(8,) and t >0,

where the infimum is over all functions f in the L?-domain of J, such that
Varg, (f) > 0; see e.g. Bakry et al. [5, Chap. 4.2]. The above variance decay is optimal
in the sense that the decay rate does not hold for any constant strictly greater
than 2X;. Another important instance of (2.13) corresponds to ®(r) = rlogr and
I = [0,00). It recovers the classical notion of entropy for a non-negative function,
written simply as Entg(f). Here the classical equivalence is between the log-Sobolev
inequality and entropy decay,

(1) =48, [f']uf}
Allg = inf ——F———=
logS H} Ent,ﬁu(.]g) "

= Entgu(Qg“)f) < e~ Mowst Entg, (f) < oo for f € LL(B) and t > 0,

>0

where the infimum is over all functions f in the L?-domain of J u such that

Entg, ( f?) > 0. Note that the optimal entropy decay rate is obtained only for
g = A1/2 > 1, in which case, A(lﬁ)gs = 2A1, while otherwise A(llci)gS < 2MA1; see,
e.g. Fontenas [26]. We review these notions for the classical Jacobi semigroup in the
appendix. For more details, we refer to Chafai [14], Ané et al. [2] and the relevant
sections of Bakry et al. [5]. However, due to the non-self-adjointness and non-local
properties of J, it seems challenging to develop an approach based on the Poincaré
or log-Sobolev inequalities. For this reason, we take an alternative route to tackling
convergence to equilibrium by using the concept of interweaving relations recently

introduced by Patie and Miclo in [34, §3.5] and [35].
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Now, consider the function p : [0,00) — [0, 00) given by

A -1 A -1

4 2
and recall that for h # 0, we have A; > 1. Note that p is a Bernstein function, as it
is obtained by translating and centering the well-known Bernstein function u — /u.
In the literature p is known as the Laplace exponent of the so-called relativistic 1/2-
stable subordinator; see Bakry [4] or Bogdan et al. [9]. Recalling that any Bernstein
function ¢ is analytic on the right half-plane, and writing

plu) = \fu+

ag = sup{u > 0: ¢ is analytic on {z € C: R(z) > —u}} € [0, 0],

we denote
(2.14) dy = inf{u € [0, ay] : #(—u) = 0} with the convention inf @ = a,.
Then dy < a4, and if ay = oo, one has lim,,_o ¢(u) = —oo. So, in any case,

dy € [0,00). For € € (0,dy) U {dy}, we write

(215) drl,s = rll{u<1+h} + (d¢ +1-— 6)1{/t21+ﬁ}3

noting that if dy = 0, then ¢ = 0. Next, for any m € (1, c14n) + #,A1) and € €

(0,dg) U {dy}, we denote by 7 a non-negative random variable, whose existence is

provided in the theorem below, with Laplace transform

(dre)pw) (A1 —m)p)
Moy (A1 = dryc)p(u)”

and write Q4 = fooo Qi+ sP(7 € ds).

(2.16) E[e "] = u >0,

Tueorem 2.5. — Lett > 0. Then, for allm € (1¢,<14n} 41, A1) and e € (0,dg)U{dg},
the following hold:

(i) For any f € L2(B),
Varg(Q:f) <

and m(>\1 — drl,s) > drl,s()‘l — m)
(ii) The function ¢\ : u s —logE[e™"T], defined in (2.16), is a Bernstein func-
tion. Therefore, T is infinitely divisible and there exists a subordinator T = (7¢)i>0

with S any f € LL(B) with Entg(f) < oo, one has
Entg(Qi4+f) < ¢ Nioss! Entg(f),
and if Ay > 2(1guc14n) + 1), then

Entg(Qei-f) < e M Entg(f).

Furthermore, if 11, <145y +p < A1/2 € Nand &: I — R, I C R, is an admissible
function as in (2.12), then, for any f: [0,1]— I such that f €LY(3) and Entg(f) <00,

Ent(Qui-f) < e MV End(f).

m()\1 — drhg)

T el e 2t gy
dy, (A —m) a(f)
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Remark 2.6. Since m(A1 —dy, )/dr, (A1 —m) > 1, the estimate in Theo-
rem 2.5.(i) gives the hypocoercivity, in the sense of Villani [51], for non-local Jacobi
semigroups. This notion continues to attract research interest, especially in the area
of kinetic Fokker—Planck equations; see, e.g. Baudoin [6], Dolbeault et al. [21] or
Mischler and Mouhot [36]. We are able to identify the hypocoercive constants, namely
the exponential decay rate as twice the spectral gap and the constant in front of
the exponential, which is a measure of the deviation of the spectral projections from
forming an orthogonal basis and is 1 in the case of an orthogonal basis. Note that in
general, the hypocoercive constants may be difficult to identify and may have little to
do with the spectrum. Similar results have been obtained by Patie and Savov [41] as
well as Achleitner et al. [1]. Our hypocoercive estimate is obtained via intertwining,
which suggests that hypocoercivity may be studied purely from this viewpoint, an
idea that is further investigated in the recent work [43] by the second and fourth
author.

Remark 2.7. — The second part of Theorem 2.5 gives the exponential decay of Q
in entropy, but after an independent random warm-up time. Note that, for A; <
2(1{u<14n) +p) the entropy decay rate is the same as for Q) while under the mild
assumption Ay > 2(1y,<145) + 1), we get the optimal rate 2A; irrespective of the
precise value of u. The proof relies on developing so-called interweaving relations,
a concept which has been introduced and studied in the recent work [35] by Miclo
and Patie, where the classical Jacobi semigroup Q(™) serves as a reference object; see
Proposition 3.21 below.

Remark 2.8. The additional condition A;/2 € N for the ®-entropic convergence in
Theorem 2.5.(ii) ensures that we can invoke the known result (A.11) for the classical
Jacobi semigroup Q(*1/2). However, our approach allows us to immediately transfer
any improvement of (A.11) to the non-local Jacobi semigroup Q.

Next, we recall the famous equivalence between entropy decay and hypercontracti-
vity due to Gross [30]. For any ¢ >0 and f €L (fm) such that Entg,, (f)<oo, one has

(m) (m)
Entg, (Q™ f) < e Mosst Entg, (f) <= [|Q\™ [lamg <1, where 2 < g < 14 eMoss,

where we use the shorthand ||-||,—¢ = [|'[[Lr(8,)—Le(8) for 1 < p,q < co. To state our
next result we write, if Ay —m > 1, ¢y > 0 for the Sobolev constant of J, of order
2(A1 —m)/(A1 —m — 1), and recall that as a result of the Sobolev inequality for Jy,,
one gets ||Q7£m)||1%OO < et~ P/ (a=m=1) for 0 < ¢ < 1, which implies that Q™)
is ultracontractive, that is, Hth) |l 00 < 0o for all t > 0; see Appendix A.3 for more
details. We have the following concerning the contractivity of Q.

Turorem 2.9. For anym € (1f,<14ny +1, A1) and e € (0,dg)U{dg}, the following
hold:
(i) Fort > 0, we have the hypercontractivity estimate

(m)
1Qt1rll2sqg <1 for all q satisfying 2 < q < 1+ eMoss’,
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and furthermore, if A1 > 2(1 <145y + i), then
|Qtsrll2—q <1 for all q satisfying 2 < g <1+ et

(i) If, in addition, Ay —m > 1, then for 0 <t < 1, we have the ultracontractivity
estimate
[Qt4rll100 < Cmtf()‘lfm)/(klfmfl),

where for Ay > 2, one can choose m = X1 /2, yielding cx, ;2 = 4/A1(A1 — 2).

2.4. BOCHNER SUBORDINATION OF THE SEMIGROUP. — We write Q7 = (QF );>o for the
semigroup subordinated, in the sense of Bochner, with respect to the subordinator
T = (T¢)1>0 whose existence is guaranteed by Theorem 2.5.(ii), that is,

Qf = /0 QsP(m € ds),

so that Q7 = Q.. Note that QT is also an ergodic Markov semigroup on L2(f)
with 8 as an invariant measure, and its generator is given by —¢(™)(=J) = log Q,;
see Sato [48, Chap. 6].

Tarorem 2.10. — For anym € (1{,<14n) -+, A1) and e € (0,dy)U{dg} the statement
of Theorem 2.4 holds for QT and t > 1 if (A\n)n>0 is replaced with

(m)n(Al - dr1 E)n>
log - 5
( (drye)n(A1 —m), n>0
and the assertions of Theorem 2.5.(ii) and Theorem 2.9.(i) hold for QT if Ay is replaced
with

m()\l — drl,e)
drl,e(Al — m)
and T with 1. Moreover, for allm and € such that 1 < Ay —m < (m—d,, .)(A1—m—1),

1
Q7 f(x) =/0 FW)a (,y)8(dy)

log

for any f € L2(B) and t > 2, where the heat kernel qt(T) satisfies the estimate
m(A; —d,, )\ (1-20)/2

dr, (A1 — m))

for Lebesgue-almost all (z,y) € [0,1]%. As above, if A1 > 2, one can choose m = A1 /2,

yielding cx, j2 = 4/A1(A1 — 2).

67 @,9) ~ 11 < (B[ Gamm/amm 0] 1) <eo

We point out that the Markov process realization of @ (resp. @7) has "only negative
(resp. non-symmetric two-sided) jumps and can easily be shown to be a polynomial
process on [0,1] in the sense of Cuchiero et al. [17]. Markov semigroups obtained
by subordinating Q with respect to any conservative subordinator 7 = (7¢)¢>0 with
Laplace exponent ¢(7) (growing fast enough at infinity, e.g. logarithmically) are also in
this class, and we obtain the spectral expansion of the subordinated semigroup from
Theorem 2.4 by replacing (A, )n>0 with (¢(7)(\,))n>0. Note that in the aforemen-
tioned paper the authors investigate the martingale problem for general polynomial
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operators on the unit simplex, of which J and —¢(”) (—J) are specific instances. In par-
ticular, J is a Lévy type operator with affine jumps of type 2 in the sense of [17]. For
such operators, existence and uniqueness for the martingale problem have been shown
in [17] under the weaker condition A; > p. However, Assumption A allows us to obtain
the existence and uniqueness of an invariant probability measure.

3. Proors

3.1. Previminaries. — We start by proving some preliminary results that will be
useful throughout the paper. We first give an alternative form of the operator J,
which will make some later proofs more transparent. Recall that II, given by II(dr) =
—(e"h(e")) dr, is a finite non-negative Radon measure on (0, c0).

Lemwa 3.1. — One has [ rII(dr) = h < oo, and the operator J defined in (1.1)
may, for suitable functions f: [0,1] = R, be written as

Jf(x) =21 —z)f"(x) = Mz —p+h)f'(2)
—|—/ (f(efrz) — f(x) —|—a:7‘f'(a:)) H(dr).

0 €

Proof. — Since (e"h(e"))’ < 0 and

/ e"h(e")dr = / h(r)dr =h < oo,
0 1

one obtains that lim,_, e"h(e") = 0. Consequently, one has for all y > 0,

(y) = /00 (dr) = — /Oo(erh(er))'dr =eYh(e?) — lim e"h(e") = eYh(e?).

=

T—00

Thus, by Tonelli’s theorem and a change of variables,

/Ooo rTI(dr) = /OOO T(r)dr = /OOO o h(eVdr = /1°° Mo — < oo,

which yields

) d oo —r o
|G - s+ arp@) B <+ [ HD g
0 z 0 z
Integration by parts and a change of variables give

/miﬁiﬁjl@humy:7/me”f@”@ﬁﬁﬂf
0 0

X

—— [ feTonE)dr = ~ho f(a),
0
and the lemma follows. O

In the sequel we keep the notation

(dr) = —(e"h(e"))dr, r >0 and II(y) = e’h(e?), y > 0.
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Let ¢ : [0,00) — [0,00) be the function given by

(3.1) V() =

The following result collects some useful properties of the functions ¢ and qﬁfl given
in (2.3) and (3.1), respectively.

u—+r
u+1

d(u+1).

Lemma 3.2

(i) ¢ is a Bernstein function satisfying lim, o ¢(u)/u = 1.

(i) r1, given in (2.2), satisfies r1 € (0,1] with ry = 1 if and only if p > 1 + h.
Additionally, if pn > 1+ h, then ¢(0) = u— h — 1, while if u < 1+ A, then ¢(0) = 0.

(iii) Suppose p < 1+ h. Then rj)rfl is a Bernstein function that is in correspondence
with the non-local Jacobi operator Jld,r/l with parameters A1, Moy = 1+ and the non-
negative function h¢r«1 (r)= 7"71H¢r«1 (logr),r > 1, where My is the finite non-negative
Radon measure given by

Iy (dr) = e~" (II(dr) + II(r)dr) , > 0.
Furthermore, gy = I hey (r)dr < oo with fgy 2 1+ Ny and Ay > pgr .

Proof. — First we rewrite (2.1) using integration by parts to get, for any u > 0,

(32) W(u)=u?+(u—h—1)u+ u/loo(l —r h(r)dr = u® 4+ (u—h—1)u
—|—/O (e7"" — 1+ ur)II(dr).

Since, by Lemma 3.1, we have fooo rII(dr) < oo, we recognize ¥ as the Laplace ex-
ponent of a spectrally negative Lévy process with a finite mean given by ¥/(01) =
@ — h — 1. In particular, ¥ is a convex, eventually increasing, twice differentiable
function on [0,00) that is zero at 0. Therefore, it has a strictly positive root rg if
and only if 4 < 1+ A. By the Wiener-Hopf factorization of Lévy processes, see
e.g. [33, Chap.6.4], we get for U (0%) > 0 (resp. ¥/(07) < 0) that ¥(u) = ud(u)
(resp. ¥(u) = (u—rp)p(u)) for a Bernstein function ¢. That lim, oo ®(u)/u = 1 then
follows from the well-known result that lim, ., «~2¥(u) = 1, which can be obtained
by dominated convergence since II is a finite measure. This completes the proof of (i).

Next, we show ¥(1) > 0, which, by the convexity of ¥ is equivalent to rg € [0, 1).
Indeed, from (3.2) and an application of Tonelli’s theorem, we get

V(1)=p—h+ /000(1 — e "(r)dr >0,

where we used the assumption g > h. If ¢ > 1 + A, then rg = 0, and we obtain
from (3.2),

ouw)=u+(pnp—h—-1)+ / (e — 1+ wr)I(dr),
0
which gives ¢(0) = p — A — 1. On the other hand, if rg > 0, then the fact that
U(0) = —rop(0) = 0 forces ¢(0) = 0, which completes the proof of (ii).
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To show (iii), we write

Uy (u) = ULH U(u+1).

According to [15, Prop.2.2], ¥; is the Laplace exponent of a spectrally negative
Lévy process with Gaussian coefficient 1, mean Iy and Lévy measure H¢rfl. Observe
that ¥} (07) = ¥(1) > 0 and

u—+ry

Uy (u) (u—|—1—r0)¢(u—|—1):uu+1

So the Wiener—Hopf factorization of ¥; shows that ¢;€ is a Bernstein function. More-
over, integration by parts of Hd’r{ gives

- Ou+ 1) = ugy (u).

007 o .
Ry :/0 gy (r)dr 2/0 e "II(r)dr < h < oo,

where the boundary terms are easily seen to evaluate to 0. Finally, using the assump-
tion p > h, we get that fhgy = 1+u—ﬁ¢rfl +ﬁ¢rfl > 1+u—ﬁ—|—ﬁ¢r/1 > 1+ﬁ¢r«1,
while the condition Ay > Hey follows from the assumption that Ay > 1y, 145 +p =

3.2. Proor or THeorewm 2.1.(i). Before we begin we provide an analytical result,
which will allow us to show that the support of § is [0, 1] and will also be used in
subsequent proofs. We say that a linear operator A is a Markov multiplicative kernel
if Af(z) = E[f(xM)] for some random variable M. With dy as in (2.14), we denote,
for any € € (0,dy) U {ds},

(3.3) dy. = 1{“<1+h} + (d¢ +1-— 5)1{#>1+ﬁ}7

recalling that for dy = 0, we have ¢ = 0, so that at least d; . > 1. Note that dy . = d,, ¢
if r; = 1, explaining the notation. By [41, Lem. 10.3], the mapping
(3.4) Pa, . (u) =

u

— 20,
P KON

is a Bernstein function, and, by Proposition 4.4(1) in the same paper, we also have
that, for any m € (1y,c14ny + 1, A1),
. o(u)
3.5 =— >0,
(35) Galw) = 2,
is a Bernstein function. We define the following linear operators acting on the space
of polynomials &, recalling that for n € N, p, () = 2™, z € [0,1].
(di,e)n Wy(n+1) ;q(O)

7n7v*n:7nandU n — ns
Wo(n+1)m *oaP (), b= G ?

(3.6) Mgy, pn =

where V. is defined for any m € (1{,<14ny + #, A1) and ¢, was defined in (3.1).
We write B(C]0,1]) for the unital Banach algebra of bounded linear operators on
C[0,1] and say that a linear operator between two Banach spaces is a quasi-affinity
if it has trivial kernel and dense range.
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Lemwva 3.3. The operators A¢d1,£ , Vg and U¢rx1 defined in (3.6) are Markov mul-
tiplicative kernels associated to random variables X¢d175 , Xgx and X¢f1 , respectively,
valued in [0,1], and hence moment determinate. All 3 random variables have con-
tinuous densities, and all 8 operators belong to B(C[0,1]). Furthermore, Mgy, . isa
quasi-affinity on C[0, 1] while V- and Uy have dense range in o, 1].

Proof. — The claims regarding the operators A a, . and Vg and corresponding ran-
dom variables have been proved in [41]; see Th. 5.2, Prop. 6.7(1) and §7.1 therein. Let
W: [0,00) = [0,00) be the function characterized by its Laplace transform via

e 1
e W(x)de = ——, u>ro,
/0 U (u)
and note that W is increasing. Moreover, since ¥ has a Gaussian component, W is
at least continuously differentiable; see e.g. [33, §8.2]. The law of the random vari-
able X, is given by
51

P(Xyy € dr) = Y (0)W'(=logz)dz, =z € [0,1].
So it clearly is supported on [0, 1] and has a continuous density. The claims concern-
ing Uy, were shown in [42, Lem. 4.2], where we note that W(0) = 0 since ¥ has a

Gaussian component. ]

Now, suppose p > 1+ h, so that, by Lemma 3.2, r; = 1. Then, for all n € N; (2.6)

reduces to
Blpa) = 220D,
1)71

Since A; > p = 1, we get that ¢} given in (3.5) is a Bernstein function. Indeed, if
p =1, we must have i = 0, and the function v — w/(u + A; — 1) is Bernstein since
A1 > 1, see e.g. [49, Chap. 16], while if p > 1, Proposition 4.4(1) of [49] guarantees
that ¢} is a Bernstein function. One straightforwardly checks that

Blpa) = Wi (n+1)
for all n € N, and it follows from [7] that (8[pn])n>0 is indeed a Stieltjes moment
determinate sequence of a probability measure S. Its absolute continuity follows from
[39, Prop. 2.4].

Now suppose <1+ A, so that Ay >1+ p>1, and observe that (2.6) factorizes as

_Weln+1) (r)n

where, by the above arguments, the first term in the product is a Stieltjes moment

sequence, whereas the second term is the moment sequence of a beta distribution
(see (A.3)). Consequently, in this case, one also has that (8[pn])n>0 is a Stieltjes
moment sequence, and we temporarily postpone the proof of its moment determinacy
and absolute continuity to after the proof of Lemma 3.4. We write wd’r{ [Pr])n>0 for
the sequence obtained from (2.6) by replacing ¢ with ¢y, defined in (3.1) and with
the same A;.
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Levmva 3.4. For all e € (0,dy) U{dg} and m € (1 <c14n)y + i, A1), we have the
following factorization of operators on the space &2,

(3.7) Bhoa, . = Ba,,.., PmVg;, =0 and 6¢«U¢« =8,
where the second identity holds if 4 > 14+ h and the third if u < 1+ h.

Remark 3.5. — Once we have established the moment determinacy of 8 for y < 1+,
the operator factorizations in Lemma 3.4 extend to the space of bounded measurable
functions. Indeed, (3.7) implies

Byx Xps D Ba,.. BuxXey @By and By x X, @B,

where the second identity holds if p > 1+ A and the third if p < 1+ h; By, Ba,, .,
By, and B¢« are random variables with laws 8, B4, ., Bm and ﬁ¢/ respectively, and

ry,e?

» denotes the product of independent random variables.

Proof. — By (3.6), we have for all n € N,

(dl )n 5[}7 ]_ (dl,s)n (ri)n W¢(n+ 1) _ (dl,E)n (ri)n
Wyn+1) "™ 7 Wy(n+1) (A)n n! n! (A)n
By considering the cases rj = 1 and r; < 1 separately, we obtain the desired right-hand
side, noting that Bg, . is well-defined since Ay > dy + 1, due to Ay > p = (u—h) +h
and [41, Prop.4.4(1)].

Next, we note that by Lemma 3.2.(iii), u > 1 + & if and only if r; = 1. So, for all
n €N,

ﬁm [V¢fnpn] =

5[A¢d1,5pn] =

W¢(’Il+ 1) 3 [p ] o W¢(7‘L+ 1) (m)n . W¢(Tl+ 1)
I M A)n (A
which, by linearity, shows the second identity.
Finally, we know from Lemma 3.2.(iii) that poy =1+ th. Hence, 0 is the only

= B[pnl;

non-negative root of u — ugbr/l (u), and therefore,

Wy (n+1)
Boglon) =~
Straightforward computations give that, for any n € N,
(r1+1), Wy(n+2)

Wor (1 =000 — oD)
v ri n
and U¢rf1pn(x) = 252)) pn(z) = MPMI)

Putting these observations together yields

1 o+ 1), (n4+1) We(n+2)
PoglUerpd = 503, Tav ) v 1 o+ )

1 1
= 7N N n W, 1) = nl
B () Woln + 1) = Bp
where we used the recurrence relations for both, the gamma function and Wy; see
e.g. (2.4). This completes the proof. O
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Now suppose that for p < 1+ A, the measure 3 is moment indeterminate. Then, as
the sequence ((di1,e)n/Ws(n+1)),5, is a non-vanishing Stieltjes moment sequence,
it follows from (3.7) by invoking [7, Lem. 2.2] that also the beta distribution Sq4
is moment indeterminate, which is a contradiction. Therefore, we conclude that in
all cases, 8 is moment determinate, and consequently we have the extended operator
factorizations of Remark 3.5.

To obtain the absolute continuity of 5 in the case u < 1 + A, we note that the

factorization
5[;0 } _ W¢(n+ 1) (rl)n
implies, by moment determinacy, that 5 is the product convolution of two absolutely

r],€

continuous measures, and hence, again absolutely continuous.
If we take € = dg, then d;, . = r and d1 . = 1. In this case, we denote Xy = X¢d1 .-
For y1 > 1+ A, we obtain from Remark 3.5 that

(3.8) Byx Xo @B, and By x Xy 2 B,

r
Since, by Lemma 3.3, the law of Xy is supported in [0,1] and has a continuous
density, we obtain from the second identity in (3.8) that the support of § is [0, a] for
a constant a < 1, and 8 has a continuous density that is positive on (0, a). But since
the law X, is also supported in [0, 1], we deduce from the first identity in (3.8) that
a=1.

The case 1 < 1+ h follows from analogous arguments with 8y, and X4- replaced
by ﬂd)rfl and X¢f17 respectively, where we note that, since He > 14+ th’ the support
of Bqﬁr/l is [0,1] and 6¢rfl has a continuous density that is positive on (0,1). This
completes the proof of Theorem 2.1.(i). O

3.3. Proor or Turorem 2.1.(ii). — We start by proving the following more general

intertwining that will be useful in subsequent proofs, recalling the definition of Ay,
in (3.6). '

Prorosition 3.6. — With d,, - and di - as in (2.15) and (3.3), respectively, we have,
for any € € (0,dy) U{dg},

(39) JA‘/)dl,s = A¢ Jd on P.

dy e T,

Remark 3.7. — Note that A; is the common parameter of the Jacobi type operators
in (3.9) while the constant part of the affine drift as well as the non-local compo-
nents are different. The commonality of A; is what ensures the isospectrality of these
operators, as their spectrum depends only on Ap; see Theorem 2.4.(ii) and (A.7).

We split the proof of Proposition 3.6 into two lemmas. Among other things, our
proof hinges on the interesting observation that intertwining relations are stable under
perturbation with an operator that commutes with the intertwining operator, see
Lemma 3.9 below. Let L, be the operator defined as
(3.10) L, f(z) = zf"(2) + pf'(z),

write I, f(x) = —h o f'(x), where h satisfies Assumption A, and set I = L, + 1.
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Lemwva 3.8. With the notation of Proposition 3.6, one has
(311) ]LA¢d16 :A¢d15Ldr1,£ on L.

Proof. — Using i = [ h(r)dr, one obtains for any n € N,
Lp,(z) = n(n — D)pp-1(z) + pnpp—1(z) — npn_l(x)/ h(r)r*(”*l)rfldr
1

= n*pn-1(x) + (= h = npp_1(x) + npp—1(x) /1 TR (1 -

= (n —ro)d(n)pn—1().
Combining this with (3.6) gives

d e)n d g)n
]LAzdeEPn(ﬂU) = V[f(dg(izj—l) (n—r0)p(n)pn—1(x) = (VV;(T)L) (n —ro)pn—1(x),
while on the other hand,
Mo, Ly 0alo) = iy = 1) G2 (0) = (0= 1) (G202 o),

where the second equality follows by considering the cases r; = 1 and r; < 1 separately.
Now, the lemma follows from the linearity of the involved operators. O

For a Borel measure 7 on [0, 1], define A, f(z) = fol f(zy)n(dy), and denote by D,,
the operator given by D,, f(z) = 2" 4= f(x)

dx™

Lemma 3.9. — Let n be a Borel measure on [0,1] satisfying fol y"n(dy) < oo for all
n € N. Then

D, A, f =AD, f
for alln € N and f € C*[0,1].

Proof. — Tt follows from the assumptions that
1
D, Ay f(x) = 2" / y" 1) (ay)n(dy) = Ay Do f (). 0
0
Proof of Proposition 3.6. — Tt is now an easy exercise to complete the proof of Propo-

sition 3.6. Let us write
A =D, + \D;.

Then, for any f € £, we get from Lemmas 3.8 and 3.9 and the linearity of the
involved operators,

Ty, f=@L—A) Ny, f=Ns,  (La,.—A)f=Ay, Ja, . f O

Having established the necessary intertwining relation, we are now able to show
that J extends to the generator of a Markov semigroup.

Levva 3.10. — The operator (J,2) is closable in C[0,1], and its closure is the
infinitesimal generator of a Markov semigroup Q = (Q¢)¢>0 on C[0,1].
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Proof. We want to invoke the Hille-Yosida—Ray theorem for Markov generators,
see [12, Th. 1.30], which requires that & and, for some ¢ > 0, (¢ — J)(<?) are dense
in C[0, 1] and in addition, J satisfies the positive maximum principle on &2.

The density of & in C[0, 1] follows from the Stone-Weierstrass theorem. To show
that (¢ — J)(&?) is dense in C]0, 1] for some ¢ > 0, we set ¢ = dy. Then dy . = 1,
in which case, we write Ay = A¢d1,s. By Lemma 3.3, Ay is injective and bounded
on C10,1]. So, the inverse A;l is a linear operator on Ay(Z?). But since Ay, is a
Markov multiplicative kernel, we get by injectivity that A4(2?) = & and A;l(ﬂ) =
Z. Putting these observations together, we deduce from the first intertwining in
Proposition 3.6 that

J= A¢J,1Ad_)1 on 2.
Hence, for any ¢ > 0,
(g = I)(P) = (¢ = AJe, AT NP) = Molq = Je)AS (D) = Aola = I)(2),

where we used the trivial commutation of Ay with ¢. For h # 0, Assumption A
guarantees that Ay > ry since Ay > 1 and r; =1 —rg € (0, 1]. Therefore, & belongs
to the domain of J,,, which is explicitly described in (A.1), and as & is an invariant
subspace of the classical Jacobi semigroup Q") we get that & is a core of J ry s See
[12, Lem. 1.34]. Hence, we obtain from the reverse direction of the Hille-Yosida—Ray
theorem that (¢ —J,,)(Z?) is dense in C[0, 1] for any ¢ > 0. Since the image of a dense
subset under a bounded operator with dense range is also dense in the codomain,
(¢ —I)(P) =As(q — J,)(Z) is dense in C[0, 1] for any g > 0.

Now, consider f € & and zo € [0, 1] such that f(zo) = sup,ep 1) f(®). If 2o =0,
one has f’(z) < 0 and therefore,

Ifa) = uf O) = 50 [ ) Ldr < FO)u—1) <.

If 2o € (0, 1], we use Lemma 3.1 to write

Jf(zo) = wo(1 — 20) f" (x0) — (Mrzo — ) f'(20) +/ (fle™"xo) — f(x0)) ;

0 Zo

8
=
2
=

and we observe that

[ e - sen)

If x € (0,1), we must have f”(z9) < 0 and f'(x9) = 0, from which one obtains
Jf(zp) < 0. On the other hand, if zy = 1, then f/(1) > 0 and so,

Jf() <=M —p) f(1)<0
since Ay > u. This shows that J satisfies the positive maximum principle on £, and
it follows that J extends to the generator of a Feller semigroup Q = (Qq)¢>0 in the

sense of [12, Th.1.30]. The fact that Q is conservative, i.e., Q¢1j9,1) = 1o,1), follows
from

Zo

t
Qiljo1) = Loy = / QsJ1jp,1ds =0,
0

which is a consequence of J1jy 1) = 0; see e.g. [12, Lem. 1.26]. O
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Proofof Theorem 2.1.(ii). — To complete the proof it suffices to establish the claims
concerning the invariant measure. For f € & we have,

ﬂ[JA¢f] = B[A¢JT1 f] = ﬂrl [Jfl f] = O’

where we have used Proposition 3.6 with ¢ = dg, Lemma 3.4 and the fact that
Br, is the invariant measure of Q). This shows that 8J = 0 on the dense subset
Ay(Z) = & of C[0,1], which implies that 3 is an invariant measure of Q; see for
instance [5, §1.4.1]. To show uniqueness, we note that any other invariant measure E
of @ must have all positive moments finite and satisfy

BlAd, f] = BlIAsf] =0

for any f € &, where we again used that Ay(Z?) = &. By uniqueness of the invariant
measure of J,,, we obtain the factorization 5]\4, = By, on &, and the moment deter-
minacy of 8 then forces 5 = (. Finally the extension of @ to a Markov semigroup
on L2(B) is classical, see for instance the remarks before the theorem, and it is well-
known that if @ has a unique invariant measure, it is an ergodic Markov semigroup;
see e.g. [18, Th.5.16]. O

3.4. Proor or Prorosition 2.2. — To prove Proposition 2.2, we first show two aux-
iliary results, the first of which provides a characterization of the functions w, ap-
pearing in (2.10). We recall that the Mellin transform of a finite measure v, resp. an
integrable function f, on R, is given by

M, (2) =v[p.—1] = /000 ¥ ty(dz), resp. My(2) = /OOO 2?7 f(2)dx

which is valid for at least z € 1+iR. We denote by E, , (resp. E}, ), with p < g reals,
the linear space of functions f € C*°(R.) such that there exist ¢,¢’ > 0 for which,
for all k£ € N,

lim |gFH1—P—c
x—0 dx kf

(resp. the linear space of continuous linear functionals on E, , endowed with a struc-
ture of a countably multinormed space as described in [37, p.231]). For any n € N
and z € [0, 1], we denote

P(a) = B ()P ) = P ETT R B 0)

where R,, denotes the Rodrigues operator defined in (2.8) and the last identity follows
from (A.6). For any complex number a we recall that the Pochhammer notation (a),
to any z € C such that —(z + a) ¢ N is given in (2.5), and, for the remainder of the
proofs, we shall write (-,-) ; for the L2()-inner product, adopting the same notation
for other weighted Hilbert spaces.

’—0 and  lim |gFt1te—a
Tr—r00

dkf ‘_0

We know from Lemma 3.3 that X, has a continuous denbity L on [O 1] The
corresponding Markov multiplicative kernel is given by Ay f(z) = fo )dy.
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We write ¢*(y) = «(1/y)1/y and denote by /A\¢ the operator given by /A\qgf(x) =
L F ey )dy.

Prorosition 3.11. — For any n € N, the Mellin convolution equation
(3.12) Rpw(z) = p{ (x)
has a unique solution, in the sense of distributions, given by
AL —)n
(3.13)  we(e) = L BT Ry, 0 A)(@) €E= U Eryy.
(Al)n q>ro
Its Mellin transform is given, for any z € C with R(z) > rg, by
o 1 ()\1 — rl)n F(Z)
(3.14) My, (2) = ol W Cn(r1) m MBA1+n,>\1 (z) Ma(2).

Proof. — The proof is an adaptation of the proof of [41, Lem.8.5] to the current
setting. Since the mapping z — M,(z) = M,~(1 — z) is analytic on R(z) > 0 and
|M,(2)] < M,(R(z)) < oo, for any R(z) > 0, see for instance [41, Prop. 6.8], we deduce

from [37, Th.11.10.1] that ¢ € Ej ,, for every ¢ > 0 and ¢* € EJ, ; for every p < 1. So,

for w € Ej ,, ¢ > 0 and with 0 < R(z) < ¢, p.(z) = 2% € Eg 4, we have

Y 1 1/2? 1
M) = By e, = [ ([ wlont/s) 5 ay)aas
0 1

= 1 1w(r)L(x/r) %dr v* e = 1w(r) rxzflL(a:/r)%dx dr
I 0,
= 1 w(r) 1(ur)271L(u)du dr = 1 uw*u(u)du 1 r*Lw(r)dr

J, (] Joe | :

=M, (2) My (2).
On the other hand, for any n € N, we get, from [37, 11.7.7] and a simple computation,

Mo (5) = 1 O = VO gy

So we deduce that the Mellin transform of a solution w to (3.12) takes the form

_ Moo (2) 1 ['(z) (r).—1 Wg(2)

W= T VO Ry M T T T
_ 1 ; I'(z) AM—=r)n (A1)em1 ;
=~ VCul 1)1"(2—71) o Ot Mgs(2)
o 1 ()\ — rl)n F(Z)
=~ ﬁ Cn(r1) T Mo (2) Mg (2).

Since for R(z) > rg, z — Mp(z) is analytic with |Mg(z)| < Mg(R(z)) < oo, we deduce
from [37, Th.11.10.1] that 8 € E;_ ,, for any ¢ > ro. Hence, by means of [37, 11.7.7],
we have that w € E; , with w = w, is a solution to (3.12), and the uniqueness of
the solution follows from the uniqueness of Mellin transforms in the distributional

sense. 0
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Lemma 3.12. For a >rg and b € R, we have the estimate
[Mp(a+ib)| < Clo| =2,

which holds uniformly on bounded a-intervals and for |b| large enough, where C > 0
is a constant depending on ¢ and the considered a-interval, and A is given in (2.9).

Proof. — By uniqueness of W, in the space of positive-definite functions, the Mellin

transform of 3 is given by

(r)z—1 Wy(2)

(A1)zm1 T'(z) 7

where z = a + ib, with a > ry > 0. Invoking [40, Eq. (6.20)], we get the following

estimate, which holds uniformly on bounded a-intervals and for |b| large enough,
W¢(a + 1b)

3.15 _

(3.15) ’ I'(a + ib)

Mp(z) =

’ < Oy |p[O+7(0)

with Cy > 0 a constant depending on ¢, and where, for any y > 0, 7(y) = fyoo v(ds)
with v denoting the Lévy measure of ¢. We know form Lemma 3.2.(ii) that ¢(0) =
uw—h—11if g > 1+ h and ¢(0) = 0 otherwise. Moreover, if 4 > 1 + kA, we obtain
from (2.3) that v(dy) = H(y)dy. Thus to utilize the estimate in (3.15) we need to
identify 7(0) in the case u < 1+ . To do that, let us write

U(u) = (u—ro)¢(u) = (u—ro)er,(u = ro),
where ¢, (u) = ¢(u+rg). From the fact that ¥(rg) = 0, we conclude that U(u+rg) =

udy, (u) is itself a function of the form (3.2), which gives v, (dy) = I, (y)dr, y > 0,
where v, is the Lévy measure of ¢, and II,, the Lévy measure of ¥(u + ry) obtained
via (3.2). As ¢y, is a Bernstein function it is given, for u > —rg, by

o0
Oro () = n+u+u/ e Yo, (y)dy
0

for some k > rg. Thus, for u > 0,

$(11) = by (u—r0) = K + (u— ro) + (u — ro) /OOO e (T T (y)dy

o oo
=(k—rp)+utu e eV T, (y)dy —ro / e e, (y)dy
0 0
o0 oo Y
=(k—r9) +u-+ u/ e eV, (y)dy — rou/ e*“y/ e Ty, (s)dsdy
0 0 0

[e§] Y
=(k—ro)+u+ u/ e (e'”uro (y) — ro/ e'osum(s)ds> dy.
0 0

The third equality follows from Tonelli’s theorem, justified as all integrands therein
are non-negative, and using e”*¥ = fyoo ue " “5ds. Thus we deduce

Y 0o
p(y) =Y, (y) a ro/ e Pfo(S)dS - / e vy, (ds),
0 Y
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where the latter follows by some straightforward integration by parts and shows that v
is indeed the Lévy measure of ¢. Next, an application of [41, Prop.4.1(9)] together
with another integration by parts yields fooo e "V (y)dy < fooo TI(y)dy = h. Putting
the different pieces together, we get 7(0) = 7,,(0) < £, so that in all cases 7(0) < A.
Therefore, we can deduce from (3.15) that

Wy (a + ib)
T

(3.16) a + ib)

‘ < Cy b PO+,

which, as before, holds uniformly on bounded a-intervals and for |b| large enough.
Next, we recall the following classical estimate for the gamma function
(3.17) ‘bllim Co|b| /D=3l (0 4 ib)| = 1,

— 00
where C; > 0 is a constant continuously depending on a. Combining this estimate
with the one in (3.16) we thus get, uniformly on bounded a-intervals and for |b| large
enough,

\Mg(z)\ < C|b\_>‘1+'1+¢(0)+ﬁ

for a constant C' > 0. Since C' is a function of Cy and the constants in the estimate
for the gamma function, it follows that it only depends on ¢ and a-interval on which
the estimate holds. Finally, the fact that A = XAy — r; — ¢(0) — & follows from Lemma
3.2.(ii). O

Proof of Proposition 2.2. — Note that R, 8x, +n.x, € C*(0, 1) and trivially, 8 € L1[0, 1].
Then, well-known properties of convolution give R, (Bx,+n.x, © 8) = RnBa,+n,2, © 5,
and that w, is a well-defined C'*°(0,1)-function. To show that A > 1/2 implies
wy, € L?[0,1], we note that the classical estimate for the gamma function given in
(3.17) yields that, for z = a + b with a > n fixed,

I'(z)

[b]—oo| T'(z — n)

I'(z) T(z4+A —1)

lim ()‘1)” F(Z—n) F(z—l—)\l +n— 1)

|b] =00

Bai+n,xq (Z) = =C,

where C' is a positive constant depending only on a, A1, and n. Thus, we get from
(3.13) that M,,, has the same rate of decay along imaginary lines as Mg. So Lemma
3.12 together with Parseval’s identity for Mellin transforms shows that w,, € L2[0, 1].
Finally, since w,, € C*(0, 1), the differentiability of V¢ is determined by the differen-
tiability of 8. Invoking Lemma 3.12, we get for a > ry and |b| large enough that

(@ +1ib)"Mg(a +ib)| < CJp|" ™4
uniformly on bounded a-intervals, where C' > 0 is a constant. A classical Mellin

inversion argument then gives € CT21-2(0,1) if A > 2. O

3.5. Proor or Tueorem 2.4. — To prove this result we need to develop further inter-
twinings for J and lift these to the level of semigroups. We write J o for the non-local
Jacobi operator with parameters Ay, foy and h¢rfl, as in Lemma 3.2, which is in one-

to-one correspondence with the Bernstein function ¢y, defined in (3.1).
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Lemva 3.13. For any m € (14,<14r} + i, A1), the following identities hold on &:
in the cases p > 1+ h and p <1+ h, respectwely

Proof. — Tt suffices to prove that Ly Vy: = V- IL and ]L<¢>,“1 U¢rf1 = U¢r/1]L hold on &,
where we write ]Ld,rfl = L%rf1 + ]Ihqs/l and refer to (3.10) and the subsequent discussion
for the definitions, as then the same arguments as in the proof of Proposition 3.6 will
go through. In the case p > 1 + h, we have, for any n € N and using the recurrence
relation of the gamma function,

LV pu() = W

men(m) = W(b(i.:)—: 1)

. W¢(Tl +1)
(m)n—1
On the other hand, since Wy(n + 1) = ¢(n)Wy(n) and ry = 1,
W (n) Wy(n +1)
(m)n—l (m)’ﬂ—l
which proves the claim in this case. Finally,
¢, (0) ¢, (0)
L Usy pa(®) = S8 iy pa(w) = S205 6 (n)pacs (2) = 6, (0)npaca v),

r

n(n+m—1)pn1(2)

npp—1(x).

Vg, Lpn(2) = né(n)pn_1(z) =

Npn—1 (IB),

while on the other hand, using the definition of quJl in (3.1),

v
U¢{llﬁpn($) =(n— F0)¢(n)U¢{lpn71($) = (n —rg)o(n) o ¢( (0) )an(w)

= ¢y, (0)npy—1(2),
which, by linearity, completes the proof of the lemma. O

The following result lifts the intertwinings of the Propositions 3.6 and 3.13 to the
level of semigroups. We here write Q = Q® = (Qf )t>0 to emphasize the one-to-one
correspondence, for fixed A1, between ¢ and Q.

Prorosition 3.14. — For all e € (0,dy) U {dy} and m € (g ciiny + i, A1), the
following identities hold for all t > 0 on the appropriate L?-spaces,

di - &
(318) QfAg,, . = Aoy, Q™ QMVyy =V Q7 and Q" Uy = Uy @7,
with the latter two holding for u > 14+ h and p < 1+ h, respectively.

We need an auxiliary result concerning the corresponding intertwining operators,
which extends their boundedness from C[0, 1] to the corresponding weighted Hilbert
spaces. For two Banach spaces B and B, we denote by B(B, B) the space of bounded
linear operators from B to B.
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Levmva 3.15. — Foralle € (0,dy)U{dy}, m € (Liuc14ny+i, A1) andp € {1,..., 00},
the operators Ay, _, Vex and U¢f1 belong to B(LP(Ba,, .),LP(B)), B(LP(B),LP(Bm))
and B(LP(pB), Lp(ﬁ¢rfl)), respectively, and have operator norm 1.

Proof. — Let f € & and p < co. Then, applying Jensen’s inequality to the Markov
multiplicative kernel Ay, _ together with Lemma 3.4 gives

ﬂ|:(A¢dlye f)p} = \/(: (A¢dlyef($))pﬂ(dx)

1
< / Nga, 7 (2)B(d2) = BlAg, 1) = Ba L),

where we used that fP € &. Since 34, . is a probability measure on the compact set
[0,1], it follows that & is a dense subset of L”(3q,, .); see e.g. [22, Cor. 22.10]. So by
density, we conclude that Ay, _is in B(LP(8q, .),17(8)) with operator norm less
than or equal to 1. Equality then follows from A¢d115 1j0,1) = 1p,1)- The case p = co
is a straightforward consequence of Ay . being a Markov multiplicative kernel, and
the claims regarding the other operators are deduced similarly from Lemma 3.4. [

Next, since J and Jq, . are generators of C' [0, 1]-Markov semigroups, it follows that
their resolvent operators, given for ¢ > 0, by

Ry=(¢—J)7", and Ry=(¢—Ja,.)""

v
are bounded, linear operators on C[0, 1]. We write R{' (resp. ]Rf'l) for the resolvent
corresponding to Jy, (resp. J]d);q).

Lemma 3.16. — Forallq >0, e € (0,dy)U{dg} and m € (1{, <145} + 1, A1), we have
the following identities on P:

&

RoAg,, . = AzdeEqu Vo Rg = Ry'Vy:  and U¢'«1 R, =Ry 1U¢,rfl7
where the second one holds for p > 1+ h and the last one for p <1+ h.
Proof. — We shall only provide the proof of the first claim, which relies on the in-
tertwining in Proposition 3.6, as the other claims follow by invoking Proposition 3.13
and involve the same arguments, mutatis mutandis. First, suppose that R,(%?) C &
and Ry () C & and let f € &7 so that there exists g € & such that (¢—Jg4,, .)g9 = f.
Applying Ay, _ to both sides of this equality gives

Nga, f=Dga, (a=Ja,)g9= Doy, _a—Npu, Ja,.)g

= (qA¢7d1,E - ‘]]Afﬁdl@ )g = (q— ‘]])Adml,gg

where in the third equality we have used Proposition 3.6, which is justified as g € £2.
This equality may be rewritten as RgAg, _f = Ay, g and consequently, for any
fe P, we get '

]RIIA%tl,Ef - A¢d1,gg = Ad)dl,g qu'
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Thus it remains to show the inclusions Ry () C & and Ry(Z?) C & for which we
recall, from the proof of Proposition 3.6, that J = L— A with Lp,, = (n—ro)¢(n)pn—_1,
for any n > 1. A straightforward computation gives that

Ap, = (Da+ AD1)p, = (n(n—1) + Ain)p,
and hence
(¢ =D)pn = (g +n(n—1) + Xn)pn — (0 = r0)p(n)pn-1,
from which it follows, by the injectivity of R, on & C C[0, 1], that
Ry (¢ +n(n— 1)+ Ain)pp — (n = ro)d(n)pn—1) = pn.

Rearranging the above yields the equation

1 (n —ro)p(n)
(g+nn—1)+An)""  (¢g+nn—1)+An

which is justified as, for any ¢ > 0, both roots of the quadratic equation

(3.19) Rypn =

) qun—la

2+ A —-1n+qg=0

are always negative. Note that R,po = ¢~! so by iteratively using the equality in

(3.19), we conclude that, for any n € N, Ryp, € &, and by linearity R (&) C &
follows. Similar arguments applied to R, then allow us to also conclude that R,(Z?) C
&, which completes the proof. O

Proof of Proposition 3.14. — We are now able to complete the proof of Proposition
3.14. As was shown in the proof of Proposition 3.16 above and using the notation
therein, Ry(Z?) C & and R, () C &7, so that on & C C[0,1] we have

RgA%LE = RqRquhil‘s = IRqAaﬁ.il,ERq = A¢d1,ERqRq = Aml,sRﬁ,
and, by induction, for any n € N,
R2A¢d1,s = A¢d1,eRZL'
In particular, for any f € & and t > 0,
(/ORY iAo, [ = Doa, _(n/ORG, [

Now, taking the strong limit in C[0, 1] as n — oo of the above yields, by the expo-
nential formula [44, Th. 8.3] and the continuity of the involved operators guaranteed
by Lemma 3.3, for any f € & and t > 0,

drl,s
(3.20) Qihga, [ =N, . [y,

where (di“’s))@o is the classical Jacobi semigroup on C|0, 1] with parameters A;
and d,, .. By density of & in LQ(Bdl,E) and since Lemma 3.15 with p = 2 gives
Mgy, . € B(L?(Ba,, ), L*(8)), it follows that the identity in (3.20) extends to L*(8a, . ),
which completes the proof of the first identity. The other two identities follow from
similar arguments and so the proof is omitted. O
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For A1 > s > 1, we define, for n € N, the quantity ¢, (s) as

3.21 n(s) = = ,
(3:21) n(s) =2\ e nl (AL — $)n
where the first equality comes from some straightforward algebra given the definition

of C,,(s) in (A.5). Note that, with s = 1 we get ¢, (1) = 1, for all n. We shall need the
following result.

Levmva 3.17. — For any Ay > s > r > 1 the mapping n — ¢, (s)/cn(r) is strictly
increasing on N with

t(s) _ [_Thi—s)
(3.22) At T\ T - 1)

Proof. — Using the definition in (3.21) we get that

H 5+] Al-?"‘i‘])
(r+75) A —s+7)

Since s > r each term in the product is strictly greater than 1 and together with
Stirling’s formula for the gamma function this completes the proof. O

Now, we write
A3 LA(B) — L2(Bn), Vi, i L(Bm) — 12(8) and Uj, :12(B,0) — L2(5)
for the Hilbertian adjoints of the operators Ay, Vg and U¢f1’ respectively.

Prorosition 3.18. — Let e € (0,dy) U {dy} and m € (1 <14ny + i, A1). Then, for
alln € N,
(3.23) PE = APl

and with dy . as in (3.3), the sequence (c,(d1 ) PE)n>o is a complete Bessel sequence
in L2(B) with Bessel bound 1. Furthermore, for any n € N, we have,

(3.24) V4 = (m)V5, PIif p =1+ 4,

while

vgzcg ;U;‘,/VWCP(‘“) if p < 1+h,

and (V),>o is the unique biorthogonal sequence to (P$),>o0 in L2(B), which is equiv-
alent to V¢ being the unique L2()-solution to Ajg = Tgl) for anymn € N. In all cases
((cn(rl)/cn(m))\?2)7l>o is a complete Bessel sequence in L2(3) with Bessel bound 1.

Rewark 3.19. — Note that Proposition 3.18 yields L?(3)-norm bounds for the func-
tions P¢ and V. Indeed, writing ||-||5 for the L?(3)-norm we get, from the bounded-
ness claims of Lemma 3.15, for all ¢ € (0,dy) U {dy} and m € (1¢,c14n} + 1, A1),

1
cn(dl,s)

g Cnl—dLg and ||’\7£||B < Cn(m) < Cnm—ﬁ,

P?ls <
|| nH,B = cn(rl)
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where C' > 0 and we used Lemma 3.17 for the two estimates. We show in the proof

below that
tm(m)  cp(m)

ea(die)en(r)  cnldre)’

and since m > d,, ., invoking again Lemma 3.17, we have that the above ratio grows

with n.

Proof. — By (2.7), (3.6), (A.4) and linearity of A4, one obtains

gy — ST S EDE =Dk () KL at
Gas @ = VO X G BT e W) F

= P?(x). )

Recall that the sequence (ngl))T@O forms an orthonormal basis of L2(f3;,) and thus,
as the image under a bounded operator of an orthonormal basis, we get that (P%),>0
is a Bessel sequence in L?() with Bessel bound given by the operator norm of Ag,
which by Lemma 3.15, is 1. If r; < 1, we have ¢,,(d1 ) = ¢, (1) = 1, so that the first
claim is proved in this case. In the case r; = 1 we suppose, without loss of generality,
that dy > 0 and € € (0,dg). Then P% reduces to

k

zn: D™F (AL = 1)par n! x

— A= 1) K Wy(k+1)

and one gets from (2.7), (3.6), (A.4) and linearity of Ay, _

n n+k A _ 1) (Cl ) Stl‘k

(dl s) 1 n+k le)n X7

Noa, P =/ Cnldie) ]; n—k)! A —1), Wyk+1) k!
= cn(dy, E)T(b( )-

By Lemma 3.15, Ag, _ belongs to B(L2(Ba,.),L?(8)) with operator norm 1 and thus,
by similar arguments as above, we deduce that (c,,(d1 )P%),>0 is a Bessel sequence
in L2(3) with Bessel bound 1.

We continue with the claims regarding V¢, starting with the case r; = 1. A simple
calculation shows that for f € L2(8n),

: _ Ly
where \A/Cb* fl (y)dy with v (y) = vm(1/y)/y and vy the density of

the random Varlable X or s whose existence is provided in Lemma 3.3. Thus it suffices
to show that, for all n € N,

wo(2) = ¢ (M) Ve (P B) (x) = ¢ (m) Vs p{™ ().
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To do that, we note that for R(z) > ro,

M\A/ab;‘n pgbm) (Z) = Mym (Z)Mpslm) (Z)
L (A —m)y Ws(2) _T(2)
o, YO G Ty e
= % ()‘EA_l;:)" Cn(m) ]-_‘(Iz‘(i)n) MﬁAlJrn,Al (Z)M/@(Z)
and
e (m) A=) VCa(m) _ Aa—m) (m), Ca(m) V(D) (A1 = 1)

(A)n n! (A n! pl Cn(l)_ n! (A1)n

So invoking the uniqueness claim of Proposition 3.11 yields the representation (3.24)
for r; = 1. The case r; < 1 follows by similar arguments, albeit with more tedious
algebra, and its proof is omitted.

Next, we note that for r; = 1,

n

(=D™F (A = Dpyre 0! Wy(k+1)  a*

Vo, Ph(2) = C"(l)kzﬂ)(nfk)! Ar=D)n K (m)p We(k+1)

= ¢ ()P (a).

As (fPSJ“’)@O is an orthonormal sequence in L?(8y), we have for all n,p € N,
Sup = (PIV, PV, = en(m) (Vo P, PI) 5, = c(m) (P, V5. PEV) s,

and thus we get that (V%),>¢ is a biorthogonal sequence in L2(8) of (P%),>o. It fol-
lows from Lemma 3.15 that V3. belongs to B(L2(Bm),L%(B)) and has operator

norm 1. So, since (TS“))@O forms an orthonormal basis of L?(3y), one obtains that
(c;1(m)V%),,>0 is a Bessel sequence in L2(3) with Bessel bound 1.

To show uniqueness, we first observe that any sequence (g, )n>0 € L?(3) biorthog-
onal to (P%),>o must satisfy

np = (P2, gp) s = (NPT gp)s, = (PUY) Algp)s,

which means that (Azgn)n% is biorthogonal to (?5{1))@0. However, since (?ﬁ{l))@O
is an orthonormal basis for L?(3,), one must have A9y = ) — AZVﬁ, and
so, A} (V¢ — gn) = 0. Since by Lemma 3.3, Ran(Ay) is dense in L?(3), one has
Ker(Aj) = {0}, and we conclude that (V)n>0 is the unique sequence in L2(J)
biorthogonal to (P%),>0-

Finally, assume now that r; < 1. Then, using the definition of ¢;€ in (3.1) and
Lemma 3.2.(iii), we get that

5 (DM = D il 1) g(1)at
P (z) = v/Cr(1) kZ:O (m—k)! A =1, (n+1) Wek+2)
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On the other hand, since Ugypn = (¢ (0)/¢Y (n)) pn, see (3.6), simple algebra yields
that

) n n-‘rk }\1 _ 1)n+k n'(k—l— ) (b(l)xk
v 4 xXr) = r
(3.26) Ve 70 = 2 \/712) (m=FE)! Ar=1)n (41 Ws(k+2)

=<, (rl)CPW1 (z).

v
We know that, since Ay >m > 14 pu = pgy, (Vﬁr1 Jnz0 = (en(m) V5, TPS;"“))@O is the
v

unique sequence biorthogonal to (fPf[l )n>0. Combining this with (3.26) gives

85 O tn(m) tn(m)
Sy = (PR VI <U (Pﬁ’ V*. ipglm)> — <‘JD£7 ALY :Pglm)> ,
»={ )s P () O ] co(ry) O O ;)
which shows that (V%),,>¢ is biorthogonal to (P%),>0. Uniqueness follows as above.
Finally, the completeness of (V%),>0 is a consequence of the fact that it is, in all
cases and by Lemmas 3.3 and 3.15, the image under a bounded linear operator with
dense range of the sequence ((¢,(m) /cn(rl))CP(m))n>07 which is itself is complete. [

Proof of Theorem 2.4. — We tackle the different claims of Theorem 2.4 sequentially.
Setting € = dy in (2.15) we get, by the first intertwining in Proposition 3.14, (3.23)
and the spectral expansion of the self-adjoint semigroup Q") in (A.8), that for any
feLl?B,)and t >0,

QuAsf = AgQVf = e b, P PO = Ze YAof,VE)5 P2,
n=0

where the second identity is justified by ((f,?P r1)>6r1 Jnso0 € £2(N) and the fact that
(P2)n>0 is a Bessel sequence in L2(3), see [16, Th. 3.1.3], and the last identity uses the
fact that, by Proposition 3.18, V¢ is the unique L?(3)-solution to the equation A;V‘ﬁ =

P Tt follows that P¢ is an eigenfunction for Q; with eigenvalue e~*»*. Taking the
adjoint of the first identity in Proposition 3.14 and using the self-adjointness of Qgrl)
on L%(3,,) yields A% Q= Qgrl)A; and thus, for any n € N and t > 0,

A¢Q *v¢ Q;rl)A*v(b Q(n):])(rl _ ef)\ntj)glrl) _ ef)\ntA;)vg'

Since Ker(A}) = {0}, this shows that Qi*V¢ = e~ ntye,
Next, let S; be the linear operator on L?(3) defined by

Sef = (Quf. V8PS
n=0
so that, by the above observations,

Sif = Zf,QtvwW—Ze N1 V08P

n=0 n=0
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For convenience, we set V¢ = (¢, (r1)/c,(m))V?, n € N. Then, for any ¢ > 0 and

n?

f € L%(B) we have, for C' > 0 a constant independent of n,

o0 2
Z ot f,V¢> |2262>\nt22:‘3|<ﬁ\7¢ 2 CZ|<f,V¢ 2
n=0 n=0 n

\Cﬂ[f]<oo,

where the first inequality follows from the asymptotic in (3.22) combined with the
decay of the sequence ( —2Aaty, 50, t > 0, and the second inequality follows from the
Bessel property of (V Jn>0 guaranteed by Proposition 3.18. Hence we deduce that
(e t(f, V)5 )n>0 € /2(N) and, as (P%),>0 is a Bessel sequence, it follows that S,
defines a bounded linear operator on L?(3) for any ¢t > 0, again by [16, Th.3.1.3].
However, S; = Q; on Ran(Ay), a dense subset of L?(3). Therefore, by the bounded
linear extension theorem, we have S; = Q; on L?(3) for any ¢t > 0. Note that, by
similar Bessel sequence arguments as above, for any N > 1

—Ant é & 2 —2Ant c%(m)
HQtf Ze fav >/@ TP gﬂ[f ]ngl]ifgle C%(I’l).

n=0
Since the supremum on the right-hand side is decreasing in IV for any ¢ > 0, we get

N
Q; = lim e~ ti]’¢®\7¢

N— 00
n=0

in the operator norm topology, where each ZnN:O e M tP? 2 V9 is of finite rank. This
completes the proof of (i) of Theorem 2.4 and also shows that Q; is a compact operator
for any ¢ > 0, which is claim (ii).

Next, the intertwining identity (3.18) and the completeness of (P%),,>0 and (V%),>0
enable us to invoke [41, Prop. 11.4] to obtain the equalities for algebraic and geometric
multiplicities in (iii), and also to conclude that

op(Q)) = 0,(Q)) = 0,(Q™) = {e ™' : n e N}

Since Q; is compact, Q; is so too, and thus o(Q;) \ {0} = 0,(Q¢) as well as
o(Qr) ~ {0} = 0,(QF). To establish the remaining equalities we use the immedi-
ate compactness of @ to invoke [24, Cor. 3.12] and obtain o(Q;) ~ {0} = €/ while
we also have from [24, Th.3.7] that, 0,(Q;) ~ {0} = e!”»(). Putting all of these
together completes the proof of (iii).

It remains to prove the last item concerning the self-adjointness of Q. Clearly if
h = 0 then Q is self-adjoint, as in this case § reduces to 3, and Q reduces to the
classical Jacobi semigroup Q") which is self-adjoint on LZ(BM). Now suppose that Q
is self-adjoint on L?(3), that is Q; = Q@ for all ¢ > 0. By differentiating in ¢ the
identity, for any n,m € N,

<Qtpn»pm>ﬁ = <pn7 Qtpm>g
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we deduce, by a simple application of Fubini’s Theorem using the finiteness of the
measure (3, that

(327) <J]pn7pm>ﬁ = <pn7 J]pm>ﬁ .

Note that (3.27) holds trivially if either n = 0 or m = 0, or if n = m, so we may
suppose that n # m; all together we take, without loss of generality, n > m > 0. Now,
for any n > 1, a straightforward calculation shows that

(3.28) Ipn () = ¥ (n)pr—1(x) — Anpn(z),

where we recall from (2.3) that ¥(n) = (n — rg)¢(n) and from (2.11) that A, =
n? + (A1 — 1)n. Using (3.28) on both sides of (3.27) and rearranging gives

(3.29) Oon = ) B = (%) = () B

By (2.6) and the recurrence relations for W, and the gamma function, the ratio
Blpn+ml/Blpn+m—1] evaluates to

BlPn+m] _ (n+m+r) ¢n+m) _ ¥(n+m)
Blonsm-1]  (n+m+A—1) (n+m) Antm
so that substituting into (3.29) shows that the following must be satisfied
(3.30) U(n+m) (A — Am) = Angm (T(n) — T(m)).

Next, we write ¥ as

o0

U(n)=n*+(p—h—1)n+ n/l (1 —7""h(r)dr =n?+ (u—1)n+ n/loor_"h(?")alr7

where the first equality is simply the definition of ¥ in (2.1) and the second follows
from the assumption that i = [ h(r)dr < oco. Let us write G(n) = n® + (u — I)n
and H(n) =n [ r~"h(r)dr. By direct verification we get

Gn+m)(\, — )
— (n—m) [0 1) Ot + 1 — 2) (4 m)* (A — 1)t — 1)+ )]
= Atm(G(n) — G(m)),

so that (3.30) is equivalent to
(3.31) H(n+m)(An — Am) = Anam (H(n) — H(m)).
Observe that
Hn+m) A\ —Am) = (n—m)(n+m)(n+m-+A; —1) /OO =M B () dr,
while 1
Antm (H(n) — H(m))
— (i m)(n+m4 A —1) <n /100 PP h(r)dr —m /100 r_mh(r)dr>.
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Hence canceling (n +m)(n + m + A1 — 1) on both sides of (3.31), then dividing by
nm and rearranging the resulting equation yields

/1DO r~"h(r)dr = /:O r~"h(r)dr + (l — l) /100 r= (M b (r)dr,

n m

Applying the dominated convergence theorem when taking the limit as n — oo of the
right-hand side we find that, for all m > 0 with m # n,

/ r~™h(r)dr =0,
1
which implies that h = 0. This completes the proof of claim (iv). O

To conclude this section we give a result concerning the intertwining operators in
Proposition 3.14 which illustrates that, except in the self-adjoint case of h = 0 and
1 < 1, none of these operators admit bounded inverses. This latter fact combined
with the relation (3.25) imply that (P%),>¢ is a not a Riesz sequence in L2(f3), as it
is not the image of an orthogonal sequence by an invertible bounded operator, see
[16]. Recall that a quasi-affinity is a linear operator between two Banach spaces with
trivial kernel and dense range.

Prorosition 3.20. — Let e € (0,dg) U{dy} and m € (1q,c14ny + s A1)-

(i) Then, the operators A¢d116 : LQ(ﬂdlwa) — L2(B), Vs - L23(B) — L2?(Bm) and
Ugy - L2(B¢rfl) — L2(B) are quasi-affinities.

(ii) If d1 . =1, the operator A¢d1‘5 admits a bounded inverse if and only if h =0
and p < 1. In all cases, V% and U¢rfl do not admit bounded inverses.

Proof. — Since polynomials belong to the L2-range of the operators A¢d175, Vs,
and UWI’ we get, by moment determinacy, that each of these has dense range in their
respective codomains. For the remaining claims we proceed sequentially by considering
each operator individually, starting with Ay, _. Proposition 3.18 gives that, for any
n €N,

1
A Pldie)
Cn(dl,s) ¢y V' m

and also that (P2),,>0 and (V¢),>0 are biorthogonal. Consequently,

1 1
— [ [ N - (d1,e) * [
5np <Tn’vp>ﬁ <Cn(d17€) Cn(dl,a) <Tn ’Ad)dl‘s Vp>6d1,s.

P =

Aga, P, V$>B =
However, as (?;dl'i))nw forms an orthonormal basis for L?(f8q, ) it must be its own
unique biorthogonal sequence, which forces
1
en(die)

for all n € N. Thus we conclude that &2 C Raun(A;;d1 ), so that by moment determi-

€

* _ di ¢
A, Vi= pldie)

nacy of (Baq, .), we get that Ker(Ag, )= {0}. Next, by straightforward computation
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we have, for any n € N,

- Ws2n+1) (dio)2  Woa, (20 +1) (n1)?
(332)  llpallss |[Ava, onll; = 75 ( = e )w
W2n+1) (die)a W3, (n+1) (2n)

where the second equality follows by using the definition of ¢gq, _, see (3.4), together
with the recurrence relation for Wy, . Now, the same arguments as in the proof of
[41, Th.7.1(2)] may be applied, see e.g. Section 7.3 therein, to get that the ratio in
(3.32) tends to 0 as n — oo if and only if ¢g, .(0) = 0 and II = 0 < h = 0. This is
because, with the notation of the aforementioned paper, the expression for ¢ (u)/u? is
equal to ¢g, _(u)/u in our notation, and we have 02 = 1 from limy,o0 ¢q, . (u)/u = 1.
From the definition of ¢q, . in (3.4) we find that, if d; . = 1, then ¢4, . (0) = ¢(0) =0
and from Lemma 3.2.(iii) we get that ¢(0) = u—1—Fhif u > 1+ 7 while ¢(0) is always
zero when p < 1+A, which shows that if dy . = 1 then ¢(0) = 0 < p < 1. On the other
hand, from (3.4), it is clear that if d; . > 1 then always ¢g, . (0) = 0. This completes
the proof of the claims regarding A¢d1,5~ Next, by Proposition 3.18, V¢ ¢ Ran(V(’;rn),
for each n € N, and as proved in Proposition 3.14, the sequence (V%),>q is com-
plete. Thus Ran(V7, ) is dense in L?(Bm), or equivalently Ker(Vy. ) = {0}. By direct
calculation we get that,

W(2n+1 (m)2 qukJrn

(333)  lpall? [Veupal =

where ¢, was defined in (3.5). Now the fact that lim, o ¢(u)/u = 1 allows us to
deduce lim, o ¢% (u) = 1 and, as noted earlier, ¢7 is a Bernstein function and hence
non-decreasing. As the case ¢}, =1 is excluded by the assumption on m, we get that,
as n — 00, the ratio in (3.33) tends to 0. Next, by taking the adjoint of (3.18) we get

o)
U¢/Qt to= Qt d)l:{’

v ¥
and using this identity we get that U*,Vﬂ is an eigenfunction for Qf " associated

v
to the eigenvalue e~*»f. Then, Theorem 2.4.(iii) forces Ul V¢ = \7¢'1

is a complete sequence, whence Ker(Uy.) = {0}. Flnally, another straightforward
r
calculation gives that

and the latter

Pnllg, [V ¢y Pn ﬁ v ¢‘/2(n) r¢(l) 2n+1

o 2n+n n+! \2¢(2n+1)
_¢r1(0) (n+r1)2 <¢(n+1)> 2n+1

b

and using the fact that lim, . ¢(u)/u = 1 we conclude that the right-hand side
tends to 0 as n — oo. O
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3.6. Proor or Turorem 2.5(i). Theorem 2.4 gives, for any f € L?(3) and t > 0,

Quf = fj e M f, V)8 P

n=0

so that, since \g = 0 and ng’ =1= Vg’,

(3.34) Qf —Bf = Ze YLV s .

Next, we note that

2 2
335) supe-2nnit _n(M) o _ax €i(m)
( ) n;; C%(drhg) C%<dr1,5)

< 2\t > log<

N

m+1)A—d,c+1)
(dry e+ 1) (A1 —m+ 1)>

since

-1 . .
—2(n—1)A1t c%(m) C%(drl,s) h o2t (m+ ) (A — di e+ 7)
2(dy, c) c%(m) (dry e +37)( A1 —m+j)’

and m > d, ., which is trivial when r; < 1, as then m > 1 > d,, . = ry, while
if i =1 we have m —1 > dy > dy, o — 1 from [41, Prop.4.4(1)]. Now, we claim
that the following computation is valid, writing [|-||s again for the L?(8)-norm and
V(Z) (Cn(rl)/cn( ))ng

Jj=1

00 e 2
100 = 571 < 3 g HQuf Vsl = S (v,
n=1 " n=1 n\%ry,e
e T YA

1,€ n=1

— ( drl ,E)
dr1 E(Al m)
)

( rl g
h dr1 E(Al )

To justify this we start by observing that the first inequality follows from (3.34)
together with (c,,(d1c)P%)n>0 being a Bessel sequence with Bessel bound 1, which
was proved in Proposition 3.18. Next we use the fact that V% is an eigenfunction for

_2)\1t Z‘<f _ 6f7 V2>ﬁ’2

n=1

e Mt f = BFII5.

Q; associated to the eigenvalue e~*»! and then the identity

en(r)en(de) = calds, o),

which follows by considering the cases r; = 1 and r; < 1 separately. Indeed, when
ri = 1 then d,, . = dy . and ¢Z(r;) = 1, while otherwise d; . = 1 so that d,, . =
and ¢%(d; ) = 1. The second inequality follows from (3.35) and then we use the
biorthogonality of (P%),>0 and (V%),>0, given by Proposition 3.18, which implies
that for any ¢ € R, <c1[071],\7n>5 = 0 if n # 0. The last inequality follows from the
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fact that (Vfi)n%) is a Bessel sequence with Bessel bound 1, again due to Proposition
3.18. Next, if

(1 —|—m)(1 + )\1 — dr1 5)
< 9
0<2Mt < 10g((1 Yd, )1+ A — m))

and since m > d,, ., we get

m()‘l - drl,E) e 2t > m drhs +1 A - drlvf Ar—m+1 >
dl’l,E(Al_m) - m+1 drl,ﬁ >‘1_dr1’€+1 Al—m -

so that the contractivity of the semigroup Q yields, for f € L2(8) and any t > 0,
1Quf = BFIG < e |1 f = BFI5 -

Finally, since 3 is an invariant probability measure,

1Quf — BfIE = BIQef — BF)?] = BI(Q:f)?] — 28(f18[Q:f] + (BI£])*

= Bl(Quf)?] — (BIf])? = Varg(Quf),
which completes the proof. (|

3.7. Proor or Taeorem 2.5.(if). — We first give a result that strengthens the inter-
twining relations in Proposition 3.14 and falls into the framework of the work by
Miclo and Patie [35]. Write Vg, . for the Markov multiplicative kernel associated to
a random variable with law (34, _, which, by the same arguments as in the proof
€ B(Lz(ﬁdrl,s)7L2(5m))' We write V¢ = A¢d1.gvt*ir1,s
and, for yu > 1+ A, let \~/¢ = Vy: and otherwise let \~/¢ = V%UWI. Recall that a
function F : Ry — [0,00) is said to be completely monotone if ' € C*°(R;) and
(-1) d‘i:;, F(u) > 0, for v > 0 and n € N. By Bernstein’s theorem, any completely
monotone function F is the Laplace transform of a positive measure on [0, c0), and if
lim,,_,0 F'(u) < oo (resp. lim,_,o F'(u) = 1) then F is the Laplace transform of finite

(resp. probability) measure on R, see e.g. [49, Chap. 1].

of Lemma 3.15, satisfies Vg,

,€

Prorosition 3.21. — Under the assumptions of the theorem, we have an interweaving
relationship between Q and Q™) in the sense of [35], that is for t = 0 and on the
respective L2-spaces

(3.36)  Q{V,=VsQ™ and VyoQF =Q™V, with VyVy = Fy(~Jw),

where —log Fy is a Bernstein function with Fy : [0,00) — [0, 00) being the completely

monotone function given by

(drie)pw) (A1 —m) )
(M)p) (A1 =@y ) p(uy”

Proof. — We give the proof only in the case p > 1+ A, so that d,, . = d1 ., as the
other case follows by similar arguments. From Proposition 3.14 we get, with J = Jgq, _,

F¢(u): u > 0.

th)vdl,s = le,s Edl,s)v

JIEP. — M., 2021, tome 8



ON NON-LOCAL ERGODIC JACOBI SEMIGROUPS 367

and taking the adjoint and using that both Q™) and Q(?1.<) are self-adjoint on L?(f,)
and Lz(ﬁdl,e), respectively, we get that

VG, = Ve, Q.
Combining this with the first intertwining relation in Proposition 3.14 then yields
QiVy = VsQi™,
and, together with second intertwining relation in Proposition3.6, we conclude that
(3.37) QM™MVVy = VoQiVy =V Ve Q™.

As ng) is self-adjoint with simple spectrum the commutation identity (3.37) implies,
by the Borel functional calculus, see e.g. [47], that V,Vy = F(Jy) for some bounded
Borel function F', and to identify F' it suffices to identify the spectrum of \7¢V¢.
To this end we observe that, for any g € L?(Sq, . ),

<V(>;1,Ej)’$7‘m)’g>ﬁdlyg = <:P’E’Lm)7vd1,ag>ﬁm = Z<g7:])£glys)>ﬂd1ys <“’P’E’Lm)7vd1,ag)’$glys)>ﬂm
m=0
= ol (pane g,
n ) 1‘57

¢ (m)

where we used that (?ﬁf’“))@o forms an orthonormal basis for L?(3q, .) and the iden-

tity le’swﬁ‘flﬂs) = cm(dl’s)ngyT)/cm(m) follows by a straightforward, albeit tedious,
computation. Consequently, for any n € N,
~ dy.) ¢ (dyc) e (die)
VVg)(m):c"(ivEV*A Ppldie) — In\TLe) yy pé _ In\Te) p(m)
pVoin cn(m) Pnirea, Un cn(m) P n c%(m) n

where the second and third equalities follow from calculations that were detailed in
the proof of Proposition 3.18. Using the definition of ¢, in (3.21) we thus get that,
forn € N,
FOw) = ¢ (die) _ (die)n (A1 —m),

Y (m) M)y (A1 —die)n’

recalling from (2.11) that (A,)n>0 are the eigenvalues of —Jy, which proves that

Fy = F. Next, one readily computes that the non-negative inverse of the mapping
n +— A, is given by the function p defined prior to the statement of the theorem,
which was remarked to be a Bernstein function. For another short proof of this fact,
observe that, for u > 0,

p(u) = (A1 — 1) +4u) 72,

which is completely monotone. Since u + Fj(u?+ (A1 —1)u) is the Laplace transform
of the product convolution of the beta distributions g, . and B, we may invoke [49,
Th. 3.7] to conclude Fy is completely monotone. Finally, to show that —log Fy; is a
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Bernstein function we note that, for any a, b > 0, the function u — log(a+b),,—log(a),
is a Bernstein function, see e.g. Example 88 in [49, Chap. 16]. Since

m),(u A _de u
M), P17 dre)pw)

—log Fy(u) = log
=8 T

with d; . < m, and the composition of Bernstein functions remains Bernstein together
with the fact that the set of Bernstein functions is a convex cone, see e.g. [49, Cor. 3.8]
for both of these claims, it follows that —log F is a Bernstein function. O

Proof of Theorem 2.5.(ii). — Since m € (1f,<14+s} + 4, A1) we may apply Proposition
3.21 to conclude that \~/¢V¢ = Fy(—Jw) and a straightforward substitution gives
Ele "] = Fy(u), u > 0, with — log F}, a Bernstein function. From the Borel functional
calculus we get, since ng) is self-adjoint on L?(3y), that

Q™ = /0 Q™P(r € dt) = /0 ¢ImP(r € dt) = Fy(~Tm) = VoV

Combining this identity with (3.36) yields, for non-negative f € L%(3),

\~/¢V¢\7¢f:/0 Qﬁ‘“)%fp(mdt):/o \~/¢QthP’(Tedt):\~/¢/O Q. f P(redt),

and the general case follows by linearity and by decomposing f into the difference of
non-negative functions. By Proposition 3.20, V4 has trivial kernel on L?(). So we
deduce

(3.38) V.V, = /0 QP(redt) = Q.

and thus Q satisfies an interweaving relation with Q™ in the sense of [35]. Conse-
quently we may invoke [35, Ths.7, 24] to transfer the entropy decay and ®-entropy
decay of Q™| reviewed in Appendix A.3, to the semigroup Q but after a time shift of
the independent random variable 7. Note that, when A; > 2(1;,<145} + ), we may
take m = A1/2 so that the reference semigroup is QA1/2) which has optimal entropy
decay rate. (]

3.8. Proor or Tueorem 2.9. The proof of Theorem 2.9(i) follows by using Equa-
tion (3.38) above to invoke [35, Th. 8]. Next, by Equation (3.38) and using Proposition
3.21, we get

1Qer 1200 = 1Q: Vs Vg hisoo = VoQI™ Vil osoe < I1Q™ 125004

where the last inequality follows by applying Lemma 3.15 twice, once in the case
p =00 for V4 and once with p = 1 for V4. The claim now follows from the corre-
sponding ultracontractivity estimate for Q™). |
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3.9. Proor or Taeorem 2.10. The following arguments are taken from the proof
of [34, Prop. 5]. We denote by Q(™7) for the classical Jacobi semigroup Q™) subor-
dinated with respect to 7 = (7¢)i>0. By [35, Th. 3] we obtain, from Proposition 3.21,
an interweaving relationship between the subordinate semigroups, i.e., writing V,
and \~/¢ as above, we have, for any ¢ > 0 and on the appropriate L2-spaces,

(3.39) QIVs=VoQ™ and V,Q7 =Q™7V, with V,V,=QJ.

Using this we get, for any f € L2(3) and t > 1,

QFf = Q] \VeVof = VoQi™TVof = S E[e M1 (Vo f, Py 5V, Pim)

n=0

_ - —AnTi—1 C%(drl,s) 1) o)

=D E[e"] (£, V0. Ph,
n=0

where in the second equality we used the boundedness of V¢ together the expansion
for the subordinated classical Jacobi semigroup which follows from (A.8) and stan-
dard arguments, then the properties of \74) and % detailed in previous sections, and
finally the expression for E[e=*#7] in (2.16). All of the claims, save for the last one,
then follow from [35, Ths. 7, 24] applied to (3.39). Next, we establish the ultracon-
tractive bound || Q7 ||1—00 < em(E[77P]+1) for ¢ > 2. From (2.16) we get, by applying
Stirling’s formula for the gamma function together with lim, ., u~/2p(u) = 1, that
limy, o u(™~ %12 )E[e~%7] = 1. Writing for convenience p = Ay —m/A; —m —1 > 0,
we get by assumption on the parameters that p < m — d,, . so that the previous
asymptotic yields, for ¢ > 1,

—-p1 __ L * e T UTt up—l U L > e~ utT up—l = TP 0
Bl = s [ Bl o < s [ e e = Bl ] < o

where the two equalities follow by applying Tonelli’s theorem together with a change
of variables, and the inequality follows from the fact that, for all u > 0, t — E[e™""¢]

d
is non-increasing, recalling the notation 7 @ 7. Hence, from the ultracontractive
bound ||Q§,~m)||1ﬁoo < e max(1, s7P), valid for all s > 0, we deduce that for ¢ > 1

1™ 1o < / 1QU [0 P(r, € ds)
0

1 o]
< em </ sTPP(7 € ds) +/ P(r, € ds)) < em(E[77P] 4+ 1).
0 1
Consequently from (3.39) we get that, for ¢ > 2,

1Q7 1200 = 1071V Vollimoe = Ve Q™ Vi 1o

<1Q™ 1500 < em(E[r ] +1).
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Then it is easy to complete the proof of the last claim by following similar arguments
as in the proof of [5, Prop. 6.3.4], noting that the required variance decay estimate

therein, namely
m(A; —d, )\ 172
Varg(Q7 f) < (71) Var
ﬂ(Qtf) drhe(Al_m) ﬁ(f)
valid for all t > 0 and f € L?(B), follows trivially from Theorem 2.5.(i) via subordi-
nation. (|

4. EXAMPLES

In this section we consider a parametric family of non-local Jacobi operators for
which h is a power function. More specifically, let & > 1 and consider the integro-
differential operator Js given by

Tsf(@) = 21— 2)f"(2) — (A — 8 — 1)f'(a) — &~ O+ / " P rydr,

Then Js is a non-local Jacobi operator with = + 1 and h(r) = =91, r > 1, or
one easily gets that equivalently II(r) = ¢=%", 7 > 0. One readily computes that # =

floo h(r)dr = 6~ and thus the condition p > 1+ £ is always satisfied, which implies

that r; = 1. Writing ¢ for the Bernstein function in one-to-one correspondence
with Jg, we have that for u > 0,

621 o 6+1 6—1
(4.1)  ¢s(u) =u+ 5 +/1 (1—r~%)r o lgr = (u+t +u )f?_ ).

From the right-hand side of (4.1) we easily see that dy, = 6 — 1. Now, we assume
that Ay > § +2 > 3 and, for sake of simplicity, take Ay — § € N. The following result
characterizes all the spectral objects for these non-local Jacobi operators.

Prorosition 4.1
(i) The density of the unique invariant measure of the Markov semigroup associated
to Jg is given by
(AM—6—-2)z+1)
(6+1)(1—x)
where Bs is the density of a Beta random variable of parameter & and Ay, see (A.2).
(ii) We have that ng‘s =1 and, forn > 1,

Blz) = Ps(x), =< (0,1),

! (X1,6+2) pX1+1,6+3)
POs (1) = o Cr(1) (M + 2 "—1("T)>7 zel0,1],
0+ Cnl0+2) 0,/6, 1(5+3)

where, on the right-hand side, we made explicit the dependence on the two parameters
for the classical Jacobi polynomials, i.e.,

i) () — P () — (=DM (A= Dk (1) 2
) =P = VT 3 (e G e g

JIEP. — M., 2021, tome 8



ON NON-LOCAL ERGODIC JACOBI SEMIGROUPS 37]

see (A.4), and where

Crn(0+3)=nl2n+A1)A1+1)n/(0+3)n(A1 — 6 — 2),,.
(iii) For any n € N the function V5 is given by

Vi (o) = o)

Bx)

where wy, has the so-called Barnes integral representation, see e.g. [13], for any a > 0,

z € (0,1),

1 /_“HOO (6 +2—2)(—2)(0 —=2) .
i TO 1 -2 (n— 2Tzt At )
Sin(m(6 = A1) o= (0 + Dpyn Dk +6—n— Xy +1)
™ Z o+ 1)k+ k!

wp(x) = =Cxy 6.n dz,

2mi

(h—1)ah*e, || <1,

= C)\l ,5,’!L (
k=0

and Cx,.6n =0(A1 — 1)I'(A1 +n —1)/C, (1) (—2)"/(n!T'(d + 2)).
Proof. — First, from (4.1) and (2.4) we get that, for any n € N,
)
so that from (2.6) we deduce that
Wys(n+1) 0 (0+2),
4.3 ] = 28 — .
(4.3) Blpn] O Ee Ow)n

The first term on the right of (4.3) is the n‘"-moment of the probability density
fs(xz) = 82°~1 on [0,1] while the second term is the n*’-moment of a S5, density.
Thus, by moment identification and determinacy, we conclude that 5(z) = fso8s2(x)

and after some easy algebra we get, for € (0,1), that
_ [(A)da?! ! Mobs-3, _ (A1 —0—2)z+1)
A& = F e arn =5 = 2) /x y-v) W= "Grna-a @

which completes the proof of the first item. Next, substituting (4.2) in (2.7), gives
P8 =1,and forn=1,2,...,

s _ S (=D)"E (A —1)pyp 0! 2P
P93 (z) = cnm(kz_o e . P

()" (A = Dpgre 0! B 2
-k —1), Ko M)

_ e (e P )
T (e m>

where, to compute the second equality we made a change of variables and used the
recurrence relation of the gamma function, and the definition of the classical Jacobi
polynomials, see Section A and also [50]. This completes the proof of (ii). To prove (iii)

+

x>
HM:
[=)

SRS
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we recall from (2.10) that, for any n € N, V95 (x) = (1/8(x))wy, (), where, by (3.14),
the Mellin transform of wy, is given, for any R(z) > 0, as

I'(2) I'(z+96)
I'(z—n) T(z+ X1 +n)’

My, (2) = Cxyon(z+6+1)

used twice the functional equation for the gamma function and the definition of the
constant Cly, 5., in the statement. Next, writing z = a + b for any b € R and a > 0,
we recall from (3.17) that there exists a constant C, > 0 such that

I'(z) I'(z+9)

(Z+6+1)F(z—n) I'(z+ A1 +n) =5

(4.4) lim C, b/} 1
|b] =00

where we recall that Ay > 6 +2 > 3 and n > 0. Hence, since z — M, (2) is analytic
on the right half-plane, by Mellin’s inversion formula, see e.g. [37, Chap. 11], one gets
for any a > 0,

_ 1 fatiee I'(z) I'(z +9d) .
wn(x)—C’Al,g,n%/a (z+64+1) T —n) I‘(z—i—)\l—l—n)x dz,

—100

where the integral is absolutely convergent for any x > 0. Note that this is a Barnes-
integral since we can write, again using the functional equation for the gamma func-
tion,

r*dz,

wn (%) = —C, o — /_”m T@6+2-2) T(-2)  T(6-2)

270 ) yioo D@ +1—2) T(—2—n) T(z+ A1 +n)

see for instance [13]. Next, since (z4+d+1)['(2)/T(z — n) = (z4+d+1)(z—n)--- (2—1),
it follows that the function z — (z + & + 1)I'(2)/T'(# — n) does not have any poles,
while the function z — I'(z 4+ ) /T'(z + A1 + n) has simple poles at z = —k — § for all
k € N. Consequently, by Cauchy’s residue theorem we have, for any |z| < 1,

— (1= k)I(—k — &) (-1)* ahto

w"(@zc*h‘*’"kzzo T(—k—6-n) Kk T(—k—06+A +n)

where we used that the integrals along the two horizontal segments of any closed
contour vanish, as by (4.4) they go to 0 when |b|] — oco. We justify the radius of
convergence of the series as follows. Since Ay — 6 € N, using Euler’s reflection formula
for the gamma function, i.e., T'(2)['(1 — 2) = 7 /sin(7z), z € Z, we conclude that

sin
wy () = Cx, 6.m (k —1)z*+9,

(m(8 — A1) i 0+ T(k+6—n—A1 +1)
T =0 (6 + 1) k!

where we used that sin(z+kn) = (—1)* sin(z) for k € N. Using the recurrence relation

of the gamma function we deduce that the radius of convergence of this series is 1,
which completes the proof. O
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APPENDIX. CLASSICAL JACOBI OPERATOR AND SEMIGROUP

A.1. INTRODUCTION AND BOUNDARY CLASSIFICATION. — Before we begin reviewing the
classical Jacobi operator, semigroup and process, we clarify the notational conventions
that we use for these objects throughout the paper. Namely, with A; being fixed,
instead of writing Jy, , we suppress the dependency on A; and simply write J,, and
similarly for the beta distribution, Jacobi semigroup and polynomials. The exception
is when any of these objects depend in a not-straightforward way on A;, in which
case we highlight the dependency explicitly. Now, fix constants Ay > u > 0 and let
QW = ( E” ))t>0 be the classical Jacobi semigroup whose cadlag realization is the
Jacobi process (Y;)i>0 with values in [0, 1], that is, for bounded measurable functions
f:10,1] = R,

QW f(x) =E, [f(Y2)], «e€[0,1].

Then Q™ is a Feller semigroup with infinitesimal generator J s given, for f € C?[0,1],
by

Juf(@) =21 —a)f"(x) = Mz —p)f'(z), x€][0,1].

Note that if the state space of the Jacobi process is taken to be [—1,1], then the
associated infinitesimal generator J, is

Juf(@) = (1= a2®)f" (@) + 25— X = Mx)f'(2),
and setting g(z) = (z + 1)/2 yields

Ju(fog)g™ (@) =a(l —a) f"(x) — Mz — p) f'(x) = I f(2).
Since the operator J, is degenerate at the boundaries of [0, 1], it is important to specify
how the process behaves at these points. After some straightforward computations,
as outlined in [11, Chap. 2] and using the notation therein, we get that the boundaries
are classified as follows
exit-not-entrance for p <0,
0 is ¢ regular for O<pu<l,

entrance-not-exit for p > 1,

exit-not-entrance for A; < p,

and 1is < regular for w< A <14 p,

entrance-not-exit for Ay > 1+ pu.

Therefore, our assumptions Assumption A on A\; and p guarantee that both 0 and 1
are at least entrance, and may be regular or entrance-not-exit depending on the
particular values of A1 and p. Let us write D (J,) for the domain of the generator J,,
of the Feller semigroup. To specify it we recall that the so-called scale function s of J,
satisfies

S)=aH1—z)" MW 2 e(0,1).
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Let f* and f~ denote the right and left derivatives of a function f with respect to s,

ie., B f(z+h)— f(z) B L flx)— f(x —h)
@ = e m s ™ O s n

Then,

(A1) Dr(I.) ={f € C?[0,1]: f*(0%) = f~(17) =0}

In particular, & C Dp(J,), since for any f € & we have
frot) = li%x#f'(z) =0 and f(17)= li?ll(l — )M () = 0.

From the boundary conditions in (A.1) we get that if any point in {0,1} is regular
then it is necessarily a reflecting boundary for the Jacobi process with Ay > p > 0.

A.2. INVARIANT MEASURE AND L2-PROPERTIES
The classical Jacobi semigroup Q) = ( g“ ))

which is the following beta distribution on [0, 1]:

+>0 has a unique invariant measure g,,,

A
(A2)  Buldz) = Bu(x)dx = I@)I‘I‘(()\ll)—ﬂ) 1 — )M e, 2 e (0,1),
and we recall that, for any n € N,
. ! n . (:u’)n
(a3) Bulpal = [ "Bl = 0

Since 3, is invariant for Q| we get that Q") extends to a contraction semigroup
on L2 (B,) and, moreover, the stochastic continuity of ¥ ensures that this extension
is strongly continuous in L?(5,). Consequently, we obtain a Markov semigroup on
L2(B,), which we still denote by Q) = (QE“))@O. The eigenfunctions of J,, are the
Jacobi polynomials given, for any n € N and z € [0, 1], by

~ D" A = Do ()0 2

(1) () = o
(A4) P (2) = /Cnlu) ’;) =k A =1n (W k!

where we denote
nl(A1)n—1
()n( A1 = p)n
These polynomials are orthogonal with respect to the measure 3, and, by choice of
Cn(p), satisfy the normalization condition

(A.5) Cp(p)=(2n+ X1 - 1)

1
| 2@ @8, (de) = (PP}, = B
0

In particular, they form an orthonormal basis of L2 (Bu). They have the alternative
representation

P(e) = 2 VO 5 g (6(1 = )78, ()
(AG) = BM]&J?) O‘l}\:)/;f)n V Cn(/i) Rnﬂ)\1+n,#(x)v
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where R,, are the Rodrigues operators given in (2.8) and

_ F(Al—’—n) —1/1 _ ,A\Ai+n—p—1
ﬁ)\1+n,u(x) = F(,LL)F(Al o ‘u) xt (1 1,') tn—p—1

All these relations follow by the change of variables x +— 2z — 1 and simple algebra

from the corresponding relations for the polynomials P,S”_l)‘l_” Y defined in [32,
Chap. 4], which are orthogonal with respect to the weight (1—x)*~1(1+z)*~#~1 and
are also called Jacobi polynomials in the literature. Indeed, P/ ) and P,EL” ~LAa—p-D)
are related through

:P’EL/L) (x) _ (_1)71,\/(2” "EMA);(_All)n'l(jj‘:)n—l P7(l;L—1,)\1—/L—1)(1 _ 23?).

Next, the eigenvalue associated to the eigenfunction Pl (z) is, for n € N,
(A7) A =-n? = (A = D)n=—-n(n—1) - An.

Observe that for n = 1, (A.7) reduces to —A; and Ao = 0, so that —A; denotes
the largest, non-zero eigenvalue of J

u» which is also called the spectral gap. The
semigroup Q) then admits the spectral decomposition given, for any f € L2(3,)

and t > 0, by
(A-8) Q) = e P P,
n=0

where the sum converges in the operator norm. The domain of J,, the generator of
the Markov semigroup, in L?(3,,) can then be identified as

Di2(d,) = {f € L2(Bu) : oo n [, P45, ° < oo},

A.3. \’Z\RIAN(IE AND ENTROPY DECAY, HYPERCONTRACTIVITY AND ULTRACONTRACTIVITY

As mentioned in the introduction, the fact that Q" has nice spectral properties
and satisfies certain functional inequalities gives quantitative rates of convergence to
the equilibrium measure /3. For instance, from (A.8) one gets the following variance
decay estimate, valid for any f € L?(8,) and ¢ > 0,

Varg, (QM f) < e Varg, (1),

which may also be deduced directly from the Poincaré inequality for J,, see [5,
Chap. 4.2]. This convergence is optimal in the sense that the decay rate does not
hold for any constant greater than 2A;. Next, let us write )\(ﬁ:)gs for the log-Sobolev
constant of J,, defined as

0 {W
fev2(3,) | Entg, (f2)

< 2Aq, and in the case of the symmetric Jacobi operator, i.e.,

(A.9) A(lﬁz;s = : Entg, (f2) # 0}-

Once always has )\(l‘é;s

= A1/2> 1, one gets

(A.10) Nois? =2,
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while otherwise )\(“ )

logs < 2A1, see e.g. [26], although the equality for the symmetric
case goes back to [45]. As a consequence of (A.9) we have on the one hand, the

convergence in entropy for any ¢ > 0 and f € L'(5,) such that Entg, (f) < oo,

(1)
Entg, ( W) < e*A‘ZgStEﬂtﬂu(f),

and on the other hand, from Gross [30], the hypercontractivity estimate; that is, for
allt > 0,
HQgﬂ)”Q*}q <1 for all g satisfying 2 < ¢ <1+ Noast,

From (A.10) we thus get that the symmetric Jacobi semigroup attains the optimal
entropic decay and hypercontractivity rate. Moreover, if A1/2 = n € N, there exists
a homeomorphism between J,, and the radial part of the Laplace-Beltrami operator
on the n-sphere, which leads to the curvature-dimension condition CD(A; — 1, A1);
see [5]. Thus for any function ®: I — R satisfying the admissibility condition (2.12),
one has

(All) Ent§A1/2 (ngl/Q)f) < e—(>\1—1)t Ent§A1/2 (f)

for any ¢ > 0 and f : [0,1] — I such that f,®(f) € L'(Bx,/2). If Ay — p > 1, the
operator J,, also satisfies a Sobolev inequality, see e.g. [3], and thus one obtains from
[5, Th.6.3.1] that, for 0 < ¢ < 1,

||Q§M)||1%oo < C#tf(kru)/(hfufl),

X

where ¢, is the Sobolev constant for Q*) of exponent p = 2(A; — p)/(A1 — pu — 1),
given by

Cu

. 115 = [LF1l5
fegrlé(«'){ BM[fJuf] .Bﬂ[f.]#f]?éo}'

The fact that Q) is a contraction on L!(B3,) together with the above ultracon-
tractive bound yields ||Q1(5“)||1—>oo < ¢, for any ¢t > 1. Finally, we mention that
a2 = 4/A1(A1 —2), and upper and lower bounds are known in the general case;
see again [3].
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