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BGG RESOLUTIONS VIA CONFIGURATION SPACES

BY MicHaeL FaLk, VApiM ScHECHTMAN & ALEXANDER VARCHENKO

10 the memory of .M. Gelfand, on the occasion of his centenary (1913-2013)

Asstract. — We study the blow-ups of configuration spaces. These spaces have a structure of
what we call an Orlik—Solomon manifold; it allows us to compute the intersection cohomology
of certain flat connections with logarithmic singularities using some Aomoto type complexes of
logarithmic forms. Using this construction we realize geometrically the slo Bernstein—Gelfand—
Gelfand resolution as an Aomoto complex.

Riésumic (Résolutions BGG via les espaces de configurations). — Nous étudions les éclate-
ments d’espaces de configuration. Ces espaces ont une structure de variété que nous appelons
d’Orlik-Solomon ; elle permet de calculer la cohomologie d’intersection de certaines connexions
plates avec singularités logarithmiques a ’aide de complexes de formes logarithmiques du type
d’Aomoto. En utilisant cette construction, nous donnons une réalisation géométrique de la
résolution de Bernstein—Gelfand-Gelfand pour slz comme un complexe d’Aomoto.
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1. INnTRODUCTION

Let us discuss briefly some general perspective and motivation.

IA()CAIAIYA'I‘ION OF g-MODULES: TWO PATTERNS

(a) Localization on the flag space. Let g be a complex semisimple Lie algebra, h C g
a Cartan subalgebra whence the root system R C h*; fix a base of simple roots A C R
whence a decomposition g = n_ @ h @ ny.. The classical Bernstein—Gelfand—Gelfand
resolution is the left resolution of a simple finite dimensional g-module L, of highest
weight x — p (where p is the half-sum of the positive roots) of the form

(1.1) 0—C,—...—Co— L, —0,
where
Ci: @ wa;
weWw;

cf. [BGGT75]. Here M) denotes the Verma module of the highest weight A — p, and
W; C W is the set of elements of the Weyl group of length .

We can pass to contragredient duals and use the isomorphism L, = L given by
the Shapovalov form to get a right resolution

(1.2) 0—L, —Cy—...—C; —0,
where
Cir= @ M;‘,X.
weW;

A geometric explanation of the last complex was given by Kempf, [Kem78], who
interpreted (1.2) as a Cousin complex connected with the filtration of the flag space
G/B by unions of Schubert cells (G being a semisimple group with Lie algebra g
and B C G the Borel subgroup with Lie(B) = b := § @ n,). Here the i-th term
is interpreted as a relative cohomology space with support in the union of Schubert
cells of codimension 4. This geometric picture is a part of Beilinson—Bernstein theory
which says that some reasonable category of g-modules is equivalent to a category of
(twisted) Z-modules over G/B, [BB81].

(b) Localization on configuration spaces. In a different direction, contragredient
Verma modules and irreducible representations have been realized in [SV91] in cer-
tain spaces of logarithmic differential forms on configuration spaces. This may be
upgraded to an equivalence between some category of g-modules and some category
of P-modules over configuration spaces, cf. [KS97, BFS98, KV06].

BrLow-ups AND THEIR “SCHUBERT” STRATIFICATIONS. In this note we propose a con-
struction which provides a geometric interpretation of the resolutions similar to the
BGG resolution in (1.2). The main new idea is to use the blow-ups of hyperplane ar-
rangements (in our case — the configuration arrangements) studied in [ESV92, STV95,
BG92, Var95, DCP95]. We define some natural stratifications on such blow-ups which
play the role of the Schubert stratification on G/B. On each stratum we consider the
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Aomoto complex of logarithmic Orlik-Solomon forms; they are subcomplexes of the
de Rham complexes of standard local systems from [SV91]. (In fact the stratification
itself depends on a local system).

This way we get double complexes with one differential induced by the de Rham
differential and the other one being the residue. The residue differential gives rise to
BGG-like complexes. For the trivial local system we get the complexes considered in
[BGY2]; in our case the combinatorics of the “Schubert stratification” depends on the
Cartan matrix and a finite number of dominant weights.

We illustrate this construction for g = sls. In this case we obtain the BGG resolu-
tions of tensor products of finite dimensional g-modules, and the complex associated
with our double complex calculates the intersection cohomology of the corresponding
local system.

We expect to develop a similar picture for Kac-Moody algebras with nontrivial
Serre’s relations. In this program, one considers discriminantal arrangements associ-
ated with a Kac-Moody algebra g, see [SV91]. One resolves the singularities of such
an arrangement and considers the associated double complex of Orlik-Solomon forms
as in this paper. Serre’s relations of g correspond to certain strata of the resolution.
By using these strata, one expects to define a double subcomplex of the double com-
plex. The spaces of the double subcomplex will correspond to the subspaces of the
associated BGG resolution.

In Section 2, we consider a complex analytic manifold X, a divisor D C X with
normal crossings and a holomorphic flat connection on X. We construct a complex
which calculates the cohomology of X with coefficients in the local system associated
with the flat connection.

In Section 3, we define an Orlik-Solomon manifold, a flat connection with logarith-
mic singularities on an Orlik-Solomon manifold, and the associated finite-dimensional
Aomoto complex. Theorem 3.2 says that the Aomoto complex calculates the coho-
mology of the Orlik-Solomon manifold with coefficients in the local system associated
with the connection. Theorem 3.2 is our first main result.

In Section 4, we discuss the minimal resolution of singularities of an arrangement.
In Section 5, we introduce weighted Orlik-Solomon manifolds associated with weighted
arrangement of hyperplanes. In Section 6, we review the definition of the BGG res-
olution for the Lie algebra sly. In Section 7, we realize geometrically the sly BGG
resolution as the skew-symmetric part of the Aomoto complex of a suitable weighted
Orlik-Solomon manifold. Theorem 7.7 is our second main result. In Section 7.8, we
discuss the relations between the BGG resolution and the complex of flag forms. In
Section 7.9, we discuss the relations between the BGG resolution and intersection
cohomology.

Acknowledgements. — We thank A.Beilinson, V. Ginzburg, H. Terao for useful dis-
cussions and the Max Planck Institute for Mathematics for hospitality.
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2. RESIDUE COMPLEX OF A FILTERED MANIFOLD

2.1. LocAL SYSTEM OF A FLAT CONNECTION. — Let X be a smooth connected complex
analytic manifold. Given a natural number r, let V be a holomorphic flat connection
on the trivial bundle X x C" — X. The sheaf .Z on X of flat sections of V is a
locally constant sheaf. If s is a differential form with values in C”, we denote dgs :=
Vs = ds 4+ w A s where w is the connection form, a differential 1-form with values in
End(C"). We have d%, = 0.

Let (2% ® C",d) be the de Rham complex of sheaves of C"-valued holomorphic
differential forms on X with differential d. The cohomology H*(X;.Z) of X with
coefficients in .% is canonically isomorphic to the hypercohomology H*(X, Q5 ® C").

2.2. RESIDUE COMPLEX OF SHEAVES. — Let D C X be a divisor with normal crossings.
Namely, we assume that X is covered by charts such that in each chart D is the union
of several coordinate hyperplanes or the empty set. Such charts are called linearizing.
We define
ff:{XZZ()DD:Z1DZ23"'}

the associated filtration of X by closed subsets as follows. A point z € X belongs to Z;
if in a linearizing chart = belongs to the intersection of ¢ distinct coordinate hyper-
planes of D. Thus codimx Z; = ¢ if Z; is nonempty. We denote by C; ;, 7 =1,2,...,
the connected components of Z; \ Z; 1. Each C; ; is a smooth connected complex
analytic submanifold of X of codimension ¢. We set Cp; = X \ D.

Let QZCM be the sheaf of holomorphic differential ¢-forms on C; ;. Let f : C; ; — X
be the natural embedding and f*Qéi’j the direct image sheaf. We denote

i,
Let de : f*QZCi ,® Cr— f*chfi ® C” be the differential of the connection V|cm and
. ¥4 r £—1 r
res : f*QCi,j RC" — f*QCi+l,j’ ®C

the residue map, if Cjyq ;- lies in the closure C; ;, and the zero map otherwise. The
map d = d¢ + res defines the complex of sheaves on X,

0— 0% 20C L0k ,0C L 0% 00 L.
The natural embeddings Q% ® C" — Qeco L ®C" — Q_Zx,fz’ ® C" define an injective
homomorphism of complexes

(2.1) (% ®C" dy) — (U » ®C",d).

Turorem 2.1. — The homomorphism (2.1) is a quasi-isomorphism.

Proof. — Tt is enough to check this statement locally on X. In that case we may
assume that X = {z = (z1,...,2x) € C* | |z < 1} and D is the union of several
coordinate hyperplanes in X. For that example, the statement is checked by direct
calculation. 0
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2.3. RESIDUE COMPLEX OF GLOBAL SECTIONS. Let T'(C; 5, Qéi j) be the space of global

sections of Qém e Denote

(X, 2;C") = @TI(Ci;,0 ) ®C".
4,]‘ Ly J

The map d=d & + res defines the complex of vector spaces

0—TI%X,2;C) L TY(X, z;C) -5 T2(X, 2;C7) L -

Tarorem 2.2. — In addition to assumptions of Sections 2.1 and 2.2, we assume that
for any 1,7, the manifold C; ; is a Stein manifold. Then there is the natural isomor-
phism H*(X; %)~ H*(T*(X, Z;C"),d).

Proof. — For the Stein manifold C; ; the complex (I'(C; , Qg, ,) ®C", d) calculates
H*(C; ;;Z). This fact and Theorem 2.1 imply Theorem 2.2. O

3. LOGARITHMIC RESIDUE COMPLEX OF ORLIK-SOLOMON FORMS

3.1. AFFINE ARRANGEMENTS. Let o = {H,};c1 be an affine arrangement of hyper-
planes, i.e., {H;};cr is a finite nonempty collection of distinct hyperplanes in the
affine complex space C*. Denote U = CF . |J,.; H;. We denote by QZU the sheaf of

holomorphic ¢-forms on U.

el

For any i € I, choose a degree one polynomial function f; on C* whose zero locus
equals H;. Define w; = dlog f; = dfi/f; € T'(U,Q;). Given a natural number r, we
choose matrices P; € End(C"), i € I. Denote

w=Y w®P € I'(U,Q)@End(C").
iel

The form w defines the connection d + w on the trivial bundle U x C" — U. We
suppose that d+w is flat. Let .2 be the sheaf on U of flat sections. Then (Q; ®C",d )
is the complex of sheaves of C"-valued holomorphic differential forms on U with
differential do» = d + w.

Define finite dimensional Orlik-Solomon subspaces AP(«/) C T(U,Qf;) as the
C-linear subspaces generated by all forms w;, A -+ Aw;,. Then the exterior multipli-
cation by w defines the complex

0 —AC" X AleC 2 A20C" ...
as a subcomplex of (I'U,Qf;, ® C"),dg). We call (A* ® C",w) the Aomoto complex
of (U,d + w).
Let Y be any smooth compactification of C* such that H., is a divisor. Write
H = HyoU(U;¢; Hi). Then U =Y \ H. (Typical examples for Y include the complex

projective space P*, (P1)* and any toric compactification of (Ck.) Note that w can be
uniquely extended to be an End(C")-valued rational 1-form w on Y.

Tueorem 3.1 ([ESV92, STV95]). — Suppose m : X — Y is a blow-up of Y with
centers in H such that 1) X is nonsingular, 2) 7= H is a normal crossing divisor,
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3) none of the eigenvalues of the residue of 7w along any component of 7~ H is a
positive integer. Then the inclusion (A* @ C",w) — (T'(U, Q) ® C",dy) is a quasi-
isomorphism.

REmark. Assume that the pair (X,w) satisfies conditions 1) and 2) of Theorem
3.1 but not condition 3). Then for almost all x € C*, the pair (X,w/k) satisfies all
of the conditions 1)-3) of Theorem 3.1.

3.2. ORLIK-SOLOMON MANIFOLDS. Let X be a smooth connected complex analytic
manifold, dim X = k. Let D C X be a divisor with normal crossings and Z =
{X=2y>D =2 D Zy D .-} the associated filtration of X by closed subsets.
We denote by C;;, 7 = 1,2,..., the connected components of Z; \ Z;1 and set
Co1 =X\ D.

Assume that for any C; ; we have:

(i) An affine arrangement 7 ; = {H;,}mer,, in C*~7 with complement U; ; =
(O Umeli’j H,, and an analytic isomorphism ¢; ; : U; ; — C; ;.
Assume that these objects have the following property.

(ii) For any i,j, denote by A*(U; ;) the Orlik-Solomon spaces of U; ;. Let Cjtq j/
lie in the closure C; ; and

res : I'(Cy 5, QéL ) — F(Cﬂ-l,jugé_l )

i Ciiryr
the residue map. Then the image of A°(U; ;) under the composition (@;t1,;/)* o
reso((ip; ;)" 1)* lies in A*(Ujs1,5)
We say that (X, D) is an Orlik-Solomon manifold if it has charts (i) with property (ii).
The images of Orlik-Solomon spaces A®*(U; ;) under the isomorphism ¢; ; give
finite-dimensional subspaces of T'(C; ;, Qg 7,). We call these subspaces the Orlik-
Solomon spaces of C; ; and denote by A'(C’”)

Remark. Denote by K = {(0,1),...} the set of all pairs (i, ) appearing as indices
of components C; ; in the decomposition of the pair (X, D). Let Ky C K be any subset
which does not contain (0, 1). Denote Ck, C X the closure of U(i,j)eKo C; ;. Denote
Xk, = X~Ck,, Dx, = D\Ck,. Then Xk, is a smooth connected complex analytic
manifold and Dk, C Xk, is a divisor with normal crossings. If (X, D) is an Orlik-
Solomon manifold, then (Xg,, Dk,) has the induced structure of an Orlik-Solomon
manifold.

We describe examples of Orlik-Solomon manifolds in Section 4.2.

3.3. Aomoro compLeExes. — Assume that (X, D) is an Orlik-Solomon manifold and
V =dy = d+ w is a holomorphic flat connection on X x C" — X. We say that V is
a flat connection with logarithmic singularities on the Orlik-Solomon manifold if the
following property holds.
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(iii) For any 4, j, the induced flat connection V; ; := (¢; ;)*V on U; ; has the form
described in Section 3.1. Namely, V; ; = d 4+ w; j, where

Wi,j = Z W ® Py,

mel; ;
for suitable matrices P, € End(C").

If V is a flat connection with logarithmic singularities on the Orlik-Solomon mani-
fold (X, D), then the exterior multiplication by w defines a finite-dimensional complex
(A*(Ci;) ® C",w) as a subcomplex of (I'(Cj;, g, ) ®C" dy = d+w).

We denote ,

AYX, Z;C) = @ ATH(Ciy) o C
i,

The map w + res realizes the complex
0 — A%(X, 2, C") <2 AN(X, 2;C7) 25, A2(X, 25 Cr) 2,
as a subcomplex of (I'*(X, Z;C"), d).

Taeorem 3.2. Assume that V = d 4 w is a flat connection with logarithmic singu-
larities on the Orlik-Solomon manifold (X, D). Assume that for any i, j, the form w; ;
on U;; satisfies the conditions of Theorem 3.1 for a suitable resolution of singu-
larities mentioned in Theorem 3.1. Then the embedding (A*(X, Z;C"),w + res) —
(T (X,Z;Cr), J) is a quasi-isomorphism.

Proof. By Theorem 3.1, the embedding
(A°(Cij) ® C",w) — (I'(Ci 3,0, ) @ C",dy)
is a quasi-isomorphism. This implies Theorem 3.2. 0

Cororrary 3.3. — Assume that V = d + w is a flat connection with logarithmic
singularities on the Orlik-Solomon manifold (X, D). For k € C*, consider the flat
connection V,, = d+w/k and the associated embedding (A*(X, Z;C"),w/k + res) —
I(X,Z;C"),d + w/k + res). Then for generic k this embedding is a quasi-
isomorphism.

4. RESOLUTION OF SINGULARITIES OF ARRANGEMENTS

4.1. MINIMAL RESOLUTION OF A HYPERPLANE-LIKE DIVISOR. Let Y be a smooth con-
nected complex analytic manifold and H a divisor. The divisor H is hyperplane-like
if Y can be covered by coordinate charts such that in each chart H is the union of
hyperplanes. Such charts are called linearizing.

Let H be a hyperplane-like divisor, V' a linearizing chart. A local edge of H in V is
any nonempty irreducible intersection in V' of hyperplanes of H in V. A local edge is
dense if the subarrangement of all hyperplanes in V' containing the edge is irreducible:
the hyperplanes cannot be partitioned into nonempty sets so that, after a change of co-
ordinates, hyperplanes in different sets are in different coordinates. In particular, each
hyperplane is a dense edge. An edge of H is the maximal analytic continuation in Y
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of a local edge. An edge is called dense if it is locally dense. Any edge is an immersed
submanifold in Y. The irreducible components of H are considered to be dense.

Let H C Y be a hyperplane-like divisor. Let 7 : Y — Y be the minimal resolution
of singularities of H in Y. The minimal resolution is constructed by first blowing-up
dense vertices of H, then by blowing-up the proper preimages of dense one-dimensional
edges of H and so on, see [DCP95, Var95, STV95].

We have two basic examples of pairs (Y, H).

4.1.1. Projective arrangement. — Let o/ = {Hy}ocr be a nonempty finite collection
of distinct hyperplanes in the complex projective space P*. Denote H = Urer He.
Then H C P* is a hyperplane-like divisor. Denote U = P* ~ H.

For any ¢,m € I, we have Hy \ H,,, = div(fs,) for some rational function f ,,
on P*. Define We,m = dlog fom. For 1 < p < k, we define the Orlik-Solomon space
AP(U) as the C-linear span of wy, m, A+ AW, m,-

Given a natural number r, we choose matrices P, € End(C"), ¢ € I, such that
> ¢ Pr=0.Fix m € I and define

w = Z We,m ® Py.
lel
The form w defines the connection d +w on U x C" — U. We call d 4+ w a connection
with logarithmic singularities on the complement of the projective arrangement.

4.1.2. Discriminantal arrangement. Let Y = (PY)*. For £ = 1,...,k, we fix an
affine coordinate ¢, on the ¢-th factor of Y. For 1 < ¢ < m < k, the subset Hy,, CY
defined by the equation ty — t,,, = 0 is called a diagonal hyperplane. For ¢, 1 < ¢ < k
and z € CU {o0}, the subset H;(z) C Y defined by the equation ¢, — z = 0 is called
a coordinate hyperplane. If z € C (resp. z = 00), we call the coordinate hyperplane
finite (rvesp. infinite).

A discriminantal arrangement in Y is a finite collection of diagonal and coordinate
hyperplanes, which includes all infinite coordinate hyperplanes Hy(oo), £ =1,... k,
see [SV91]. Define by H the union of all of the hyperplanes of the arrangement. Then
H CY is a hyperplane-like divisor. Denote U =Y \ H.

To every diagonal hyperplane Hy ,, we assign the 1-form wg, , = dlog(t;—t.,). To
every finite coordinate hyperplane Hy(z) we assign the 1-form wy,(.) = dlog(t; — 2).
These are holomorphic forms on U. We define the Orlik-Solomon spaces A*(U) as
the graded components of the exterior C-algebra generated by the 1-forms associated
with the diagonal and finite coordinate hyperplanes.

Fix a natural number r. For any diagonal or finite coordinate hyperplane H of the
arrangement we choose a matrix Py € End(C"). Define

w:ZwH®PH,

where the sum is over all diagonal and finite coordinate hyperplanes of the discrimi-
nantal arrangement. This form w defines the connection d + w on the trivial bundle
U xC"r — U. We call d+ w a connection with logarithmic singularities on the com-
plement of the discriminantal arrangement.
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4.2. ExampLEs OoF ORLIK-SOLOMON MANIFOLDS
4.2.1. Minimal resolution of singularities of a projective arrangement
) ) )

Let o7 = {H;}scr be a projective arrangement of hyperplanes in P¥. Denote Y = P*
and H = J,c; He. Let 7 : Y — Y be the minimal resolution of singularities of H in Y
and H = 7~ H. Then H C Y is a divisor with normal crossings. For the pair (37, .F~I),
we introduce components C; ; C Y as in Section 2. It is clear from the construction
of the minimal resolution that each C} ; is naturally isomorphic to the complement of
an affine arrangement and these isomorphisms have property (ii) of Section 3.2. Thus
(Y, H) has the natural structure of an Orlik-Solomon manifold.

4.2.2. Minimal resolution of singularities of a discriminantal arrangement

Let o/ = {H;}¢es be a discriminantal arrangement of hyperplanes in (P')*. Denote
Y = (PY*and H = J,c; He. Let 7 : Y — Y be the minimal resolution of singularities
of Hin Y and H = 7~ 'H. Then H C Y is a divisor with normal crossings. For the
pair (37, I:T), we introduce components C; ; C Y as in Section 2. It is clear from the
construction of the minimal resolution that each Cj; is naturally isomorphic to the
complement of an affine arrangement and these isomorphisms have property (ii) of
Section 3.2. Thus (17, H ) has the natural structure of an Orlik-Solomon manifold.

5. WEIGHTED ARRANGEMENTS

5.1. WEIGHTED PROJECTIVE ARRANGEMENT. — Let o = {Hy}yc; be a projective
arrangement of hyperplanes in Y = P*¥. Denote H = Uier H, U =Y ~ H.

The arrangement o is weighted if a map a : I — C, £ — ay, is given such that
EZE[ ag = 0. The number ay is called the weight of Hy. Let X, be an edge of <.
Denote I, = {£ € I | Hy D Xo}. The number aq = ) ,c; ae is called the weight
of X,. The edge X, is resonant if a, = 0.

Fix m € I and define

o = Z We,m & ag,

Lel
see Section 4.1.1. The form w, defines the flat connection d + w, on U x C — U. We
call d 4+ w, the connection associated with weights a.

Let 7 : Y — Y be the minimal resolution of singularities of H. Denote H =
7 1 H. The irreducible components of H are labeled by dense edges X, of H. Such a
component will be denoted by H,,. Consider ()N’, H ) with its natural structure of an
Orlik-Solomon manifold, see Section 4.2.1.

Denote w, = 7*w,. The form @, is regular on an irreducible component of H if
and only if the corresponding dense edge of H is resonant.

Let J be the set of all nonresonant dense edges of H and J any set of dense
edges such that J C J. DenoteH UX EJHO“X—Y\H D—H\H~
Then (X, D) is the Orlik-Solomon mamfold with respect to the structure mduced
from (}7, H ), see Section 3.2. The form @, is regular on X and d+@, is a flat connection
with logarithmic singularities on the Orlik-Solomon manifold (X, D). Thus we may

JE.P. — M., 2014, tome 1
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construct the associated complex (A*(X, Z),w, + res) and apply Theorem 3.2 and
Corollary 3.3 to the triple (X, D,d + @, ). The complex (A*(X, %), 0, + res) will be
called the Aomoto complex of the weighted Orlik-Solomon manifold (X, D).

5.2. WEIGHTED DISCRIMINANTAL ARRANGEMENT. — Let &/ = {H;}scs be a discriminan-
tal arrangement of hyperplanes in Y = (P!)*. Denote H = Uier H, U=Y N H.

According to the definition in Section 4.1.2, the discriminantal arrangement con-
tains the infinite coordinate hyperplanes H,(c0), p =1,...,k. Let Is, C I be the set
of indices of the remaining hyperplanes of o7

The discriminantal arrangement <7 is weighted if a map a : Iy, — C, £ — ay, is
given. The number ay is the weight of Hy, ¢ € Igs,. We also write a(Hy) := ay.

We extend this map to the map a : I — C as follows. We set the weight of an
infinite coordinate hyperplane Hy(co) to be the number — ) a, where the sum is
over all ¢ € I, such that H, is of the form ¢, —¢; = 0 for some 7 or of the form
t, —z =0 for some z € C.

Let X, be an edge of «. Denote I, = {¢{ € I | H; D X4}. The number a, =
Zega ag is the weight of X,. The edge X,, is resonant if a(X,) = 0.

We define
Wq = Z Wi, ® ag,
L€ lfin
see Section 4.1.2. The form w, defines the flat connection d + w, on U x C — U. We
call d + w, the connection associated with weights a.

Let 7 : ¥ — Y be the minimal resolution of singularities of H. Denote H =
7~ 1H. The irreducible components of H are labeled by dense edges X, of H. Such a
component component will be denoted by H,,. Consider (}7, H ) as the Orlik-Solomon
manifold, see Section 4.2.2.

Denote w, = m*w,. The form @, is regular on an irreducible component of H if
and only if the corresponding dense edge of H is resonant.

Let J be the set of all nonresonant dense edgeb of H and J any subset of dense
edges such that J C J. DenoteH UXQGJHQ,X fY\H D = H\H~
Then (X, D) is the Orlik-Solomon manifold with respect to the structure 1nduced
from (}7,]?), see Section 3.2. The form w, is regular on X and d + &, is a flat
connection with logarithmic singularities on the Orlik-Solomon manifold (X, D). Thus
we may construct the associated complex A*(X, 2@, + res) and apply Theorem 3.2
and Corollary 3.3 to the triple (X, D,d 4 @,). The complex A*(X, %, &, + res) will
be called the Aomoto complex of the weighted Orlik-Solomon manifold (X, D).

6. HICHEST WEIGHT REPRESENTATIONS OF Sl
2

6.1. MobuLEs. Consider the complex Lie algebra slo with standard basis e, f, h
such that [e, f] = h, [h,e] = 2e, [h, f] = —2f. We have sl = n_ @ h ® n;, where
n_=Cf,h=Ch, n; =Ce.

Let V' be an slp-module. For A € C, let V[]\] = {v € V | hv = Av} be the
subspace of weight A. Assume that V' has weight decomposition V' = @, V[A] with
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finite-dimensional spaces V[A]. Then the restricted dual of V is V* := @, V[A]*.
The restricted dual has the contragredient sla-module structure: for ¢ € V*, we have
(ep,v) = (o, fv), (fp,v) = (p,ev), (hp,v) = (p,hv). We have V[A]* = V*[)] for
any A.

For the Lie algebra n_ and a module V' we denote C,(n_, V) the standard complex
of n_ with coefficients in V,

0— Co(n_,V) — Cy(n_,V) — 0,

where Co(n_,V)=n_@V,Ci(n_,V) =V, and the map is f ® v — fv. We have the
weight decomposition

Cen, V) =@ C.(n_, V)[A],
A
where C,(n_, V)[}\] is

(6.1) 0—n_@V[A+2] — V[]\]| — 0.

6.2. Verma mopuLis. — For m € C, the Verma module M, is the infinite dimen-
sional sly-module generated by a single vector v, such that hv,, = mv,, and ev,, = 0.
The vectors f/v,,, j = 0,1,..., form a basis of M,,. The action is given by the for-
mulas

fofom= " om, b flog=(m=2j)fvom, e flog=jm—j+1)f v
Consider the contragredient module M}, with the basis ¢/, j € Zso, dual to the
basis fIv,, of M,,. We have

frol=0+Dm=gel hegl,=(m=2j)eh, e @l =el
The Shapovalov symmetric bilinear form on M, is defined by the conditions
S(0m,vm) =1, S(fr,y) = S(x,ey),
for all x,y € M,,. The Shapovalov form defines the morphism of modules
S My, — M, x+— S(z, ).

The image Ly, := Im(S) — M} is irreducible.

If m ¢ Zso, then M, is irreducible, otherwise the subspace with basis fIv,,,
j = m—+ 1, is a submodule which is identified with the Verma module M_,, 5 un-
der the map M_,,_o < My, flv_p_o — fItmTly, . The quotient M,,/M_,,_o
is an irreducible module with basis induced by v, fum, ..., f"VUm. The submodule
M_,,_o — M,, is the kernel of the Shapovalov form. The induced Shapovalov form
on M, /M_,_s identifies My, /M_,,,_o and L, < M},.

We have the exact sequence of sls-modules

0— Ly, — M), — M, _o,—0,

which is called the BGG resolution of the irreducible slp-module L,,, see [BGGT75].
We will keep two terms of this sequence

(6.2) MY s M*

m —m—2
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in which the epimorphism is denoted by ¢. We consider this map as a complex with
terms in degree 0 and 1.

6.3. Tensor prODUCT OF VERMA MODULES. For a vector m = (mq,...,m,) € C*,
denote [m| = my + - + m,,. Consider the tensor product @, _, M,,, of Verma
modules. For J = (j1,...,jn) € ZY, let

fJ'Um = fjlvml Q.- ®fjn'Umn'

The vectors f/v,, form a basis of ®Z:1 M,,,. We have

n

I vam = Z fJ+1aUma h- fJUm = (|m‘ - 2‘J|)fJUm7

a=1
n
€- fJUm = Zja(ma — Ja + 1)fJ_1a'Um7

where J+ 1, = (J1,---,Ja £ 1,. .., Jn).
We have the weight decomposition
n o0 n
Q My, = @ (Q Mn,)[Im| - 2k].
a=1 k=0 a=1
The basis in (Q),_; My, )[|m| — 2k] is formed by the monomials f* vy, with |J| = k.
Consider the restricted dual space (. _; Mma)* with the weight decomposition

(® Mu) = @ (@ M) (Im] - 28]

1 k=
The basis of (®._, an) [lm| — 2k] is formed by vectors

a=1

Qg =l ® - ®in

with |J]| = k.
The sls-action is given by the formulas

n

foom = (D) (m—ja)en,  hop, = (m|=21T)ep e, eppy =Y op e

a=1

6.4. TENSOR PRODUCT OF COMPLEXES. Let coordinates of m = (mq,...,my,)
be positive integers. For a = 1,...,n, denote by A9 % AL  the complex
M* L M * m.—2- Consider the tensor product (A4;,,,¢) of these complexes, where

Mg
A= D Al oA, i=0,...,n
i1t tin=i
with differential
n
LT R ® Xy — Z(_l)degm-&-n.-&-deg.ra_lxl R R lgla® - ® Ty

The differential is a morphism of sl;-modules. We have

&® Lo =ker(r: A2, — AL ).

a=1
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o, L) is acyclic. Thus (A4;,,,t) gives the resolution
of @._, L, which we will call the BGG resolution of Q. _, L.
Consider the complex C,(n_, A;.),

At all other degrees the complex (A;

(6.3) n_®AL LAl
The differential f of this complex commutes with the differential ¢ acting on A;,,.
Consider the complex (B;,,d), where
Bi,=m_®Al)® At i=0,...,n+1,
and
d: fRe+y — fr—fRwr+1y.
The embeddings

n_® é Ly, —n_® (é M,,)" =B,
a=1

(6.4) ot .,
g@lea s (g@leQ)* — B},
define the morphism of complexes
(6.5) C.(n_, él Ly,) — (Bg,d).
a=
Lemmva 6.1. — This morphism is a quasi-isomorphism.

This quasi-isomorphism will be called the BGG resolution of C,(n_, Q. _; Ly, ).

The complex (By,,d) has weight decomposition. For any A € C we have
B\ = (n_ ® AL, [+ 2)) @ AL [N

In the next section we identify the complex (B,,[|m| — 2k],d) with the skew-
symmetric part of the Aomoto complex of a suitable weighted Orlik-Solomon manifold.

7. DISCRIMINANTAL ARRANGEMENTS WITH 5[2 WEIGHTS

7.1. WEIGHTED DISCRIMINANTAL ARRANGEMENT IN CF. — Fix m = (my,...,m,) with
positive integer coordinates and a positive integer k. We assume that m; < k —1 for
j=1,...,npgand m; > k—1for j =ng+1,...,n. Fix (z1,...,2,) € C" with distinct
coordinates. Fix a generic nonzero number k.

Consider C*¥ with coordinates t1,...,t; and the weighted discriminantal arrange-
ment &7 consisting of the following hyperplanes: H; ; defined by the equation ¢;—t; = 0
for 1 <4 < j < k, H defined by the equation t; —z; = 0 fori=1,...,k, j=1,...,n.
The weights are a; ; = 2/, al = —m;/k. We denote by H C C* the union of all hy-
perplanes of 7. Set U = CF \ H.

The symmetric group Sy acts on C¥ by permutation of coordinates. The action
preserves the weighted arrangement 7.

Forj=1,...,n0,let I C {1,...,n} beasubset with m;+1 elements. The edge X}
of &7 defined by equations ¢; = z; for ¢ € I, is resonant.
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Levmva 7.1. The edges X;, j=1,...,n9, |I| = m;+1, are the only resonant dense
edges of < .

Proof. — The dense edges of &7 have the form ¢;, =---=¢t;, ort;;, =---=1t;, = 2
for 2 < ¢ < k. One checks that the edges of the former type are not resonant, and
edges of the latter type are resonant if and only if £ =m; +1 < k. O
7.2. SKEW-SYMMETRIC PART OF AoMOTO cOMPLEX OF U. The symmetric group S

naturally acts on the Orlik-Solomon spaces A®(U). The skew-symmetrization of a
form n € A*(U) is the form Skewn := desk(*l)'”'m The form Skew 7 is skew-
symmetric. More generally, if G C S, is a subgroup, then the G-skew-symmetrization
of a form n € A*(U) is the form Skewg =3 (—1)l"lon.

The skew-symmetric part A* (U) of the Orlik-Solomon spaces A*(U) is described in
[SV91]. We have AP (U) # O only if p=k—1,k. Let J = (j1,...,4n) be a vector with
nonnegative integer coordinates and |J| = k. Define ¢o(J) = 0 and ¢;,(J) = j1+---+7;
fori=1,...,n, and

N = dlog(te, ()41 — 2i) N--- Ndlog(te, (1) — 2i)

fori=1,...,n. Let wy be the skew-symmetrization of the k-form ayns1 A ANy,
where oy = (k171510 5,17t

Let J = (j1,...,jn) be a vector with nonnegative integer coordinates and |J| =
k — 1. Define the (k — 1)-form n; = ayns1 A--- Anj, as above, and then w;y as the

skew-symmetrization of (—1)*n;.

Lemma 7.2 ([SVO1]). — The forms {wy})jj=x form a basis of A¥ (U). The forms
{wi}71=k—1 form a basis of AL,

Define the form
(7.1) wa= Y agdlogfy € A'(U).
Heo

The form w, is symmetric with respect to the Sy-action.

Lemma 7.3 ([SV91]). — For any m € C, the complex Aw, : A*"H(U) — A* (U) is
isomorphic to the weight component of weight |m| — 2k of the complex
e ® (@ M) — (@ My, )"
a=1 a=1

The isomorphism sends wy to f @ @2, if |J| =k — 1 and to @, if |J| = k.

7.3. SKEW-SYMMETRIC FORMS ON P, For a positive integer m, consider a subset
I ={1<i < - < i, <k} and the space C™*! with coordinates t;,i € I.
Consider the central arrangement in C™*! consisting of coordinate hyperplanes and
all diagonal hyperplanes. This arrangement is preserved by the action of the symmetric
group S,,+1 which permutes the coordinates.
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Consider the projectivization in P™ of the initial arrangement. The functions
u;, = ti,/tiy, £ =1,...,m are coordinates on an affine chart on P™. In these coordi-
nates the projectivization of the initial arrangement consists of hyperplanes u;, = 0,
uj, —1 = 0, u;, —u;, = 0 and the hyperplane at infinity. Denote U C P™ the
complement to the arrangement. Let A* (U) denote the skew-symmetric part of the
Orlik-Solomon space A°(U) with respect to the Sy,1-action.

Levva 7.4. — AP (U) =0 if p # m, and dim A™(U) = 1. The form
pr =dlogu;, A ANdlogu,
generates A™(U).

Proof. — Let U denote the complement of the original central arrangement in C™*1.

The skew-symmetric part of A*(U) is two-dimensional, dim A” (U) = 1 for p = k, k+1.
The skew-symmetrizations of

Nrm = dlogt;, A---Adlogt;, ~—and nr=dlogt,, A---Adlogt;,,

form a basis in A* (U).

Using the identity dlogu;, = dlogt;, — dlogt;,, one identifies A*(U) with a sub-
space of the Orlik-Solomon space A*(U) of the initial central arrangement in C™*1. By
[Dim92, §6.1], the contraction along the Euler vector field e = Y, , ¢;,0/0t;, defines
an epimorphism 9: A*(U) — A*(U), which restricts to an epimorphism A* (U) —
A (U) of skew-symmetric forms. The map 9 is the boundary map in the acyclic
complex studied in [OT92, §3.1], and also coincides with the residue map along the
exceptional divisor in the blow-up of C™*! at the origin.

Under this identification, the skew-symmetrization of the form 77, equals a
nonzero multiple of the form p; considered as an element of A’((} ). The form ny is
skew-symmetric and its contraction along € equals py. The contraction of p; along e

is trivial since 92 = 0. Then A” (U) = 0 for p # m and A™(U) is spanned by u;. O

10

7.4. WEIGHTED ORLIK-SOLOMON MANIFOLD. Consider the minimal resolution
Y — CF of singularities of H, see Section 7.1. Denote H = 7—'H. The irreducible
components of H are labeled by dense edges of H. We denote by X the manifold
obtained from Y by deleting the union of all irreducible components of H corre-
sponding to nonresonant dense edges. We set D = HNX. Then D C X is a divisor
with normal crossings and (X, D) is a weighted Orlik-Solomon manifold, see Sections
5.1 and 5.2. The symmetric group Sy acts on the Orlik-Solomon manifold (X, D).
The action preserves the weights.

Let 2 ={X =2yD>D =2y D Zy D -} be the associated filtration by closed
subsets, and U = Zy N\ Z1 = X \ D.

The irreducible components of D are labeled by resonant dense edges of H. For
je{l,...,not and I C {1,...,n}, |I| = m; + 1, we denote by I;f} the component
corresponding to the resonant dense edge X } We denoted by C'; the connected com-
ponent of Z; N\ Zy whose closure is ﬁ} Then C’} is isomorphic to the complement
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of the product of weighted arrangements in P™ x CF~™i~! with weights induced
by . If I = {1 <ip < -+ < ip, <k}, then u;,, £ = 1,...,m;, are coordinates
on an affine chart on P™J, see Section 7.3. The arrangement in P has hyperplanes
ui, = 0, uj, —1 =0, u;, —u;, = 0 and the hyperplane at infinity. The weights induced
by .o/ are —my/k for u;, = 0 and 2/k for u;, —1 =0 and u;, —u;, = 0. Coordinates
on Ck=™i=1 are t;,i € {1,...,n} ~ I. The arrangement in C*~™i~! is the discrimi-
nantal arrangement with hyperplanes t; —t; =0, ¢,¢ € {1,...,k} ~Tand t; —z, =0,
i€ {l,....k} I, € {l,...,n}. The weights of this arrangement in C¥=™~! in-
duced from o are given by the pair (m/, k), where m? = (mq,...,—m; —2,...,my,),
see Section 7.1.

The set {C’} }j.1 is the set of connected components of Z; \ Z,. The group Sy acts
on {C9},.1. For fixed j, the subset {C7}; forms a single orbit.

For p > 2, the connected components {C} Yjo of Z, \ Z,y1 are labeled by pairs
(4, I), where j is a p-element subset of {1,...,n9} and I = {I;},¢; is a set of pair-
wise disjoint subsets of {1,...,k} such that |I;| = m; + 1. The connected compo-
nent C’}' is isomorphic to the complement of the product of weighted arrangements in
(X eP™i) x CeW), where e(j) =k —p — Zjej my;. For j € 3, if

I = {1 <ig < -+ <ip; <k},

then wu;,, £ = 1,...,m;, are coordinates on an affine chart on P, see Section 7.3.
The arrangement in P™7 has hyperplanes u;, = 0, u;, — 1 =0, u;, — u;, = 0 and the
hyperplane at infinity. The weights induced by o/ are —m;/x for u;, = 0 and 2/ for
u;, —1 =0 and u;, — u;, = 0. The space C°U) has coordinates t;, i € {1,...,k} ~
U I, I;. The weighted arrangement in CeU) is the discriminantal arrangement with

weights given by the pair (m?, k), where m! = —m; — 2 if i € j and mf = m;
otherwise, see Section 7.1. _ _
The group Sy acts on the set {C7}; 1. For fixed j, the subset {C7}1 forms a single

orbit.
Let C’; be a connected component of Z, \ Z,11 and C’:Jr: a connected component

of Zpy1 N\ Zpt2. Then C%' lies in the closure of C’} if and only if 7 C 5 and I; = fj for
every j € j.

7.5. SKEW-SYMMETRIC FORMS ON WEIGHTED ORLIK-SoLoMON MANtFOLD. — For p > 0,
fix aset j = {1 < j1 < < jp <ng}. Consider the Sy-orbit {C7}s of connected
components of Z, \ Z,y1. Recall that I = {I;},¢; is a set of pairwise disjoint subsets
of {1,...,k} such that |I;| = m; + 1. Each component C7 is invariant with respect to
the action of the subgroup Sp = Sp,; 41 X -+ X Smjp+1 X Se(j) C Sk, where Sy, 11 is
the group of permutations of elements of the subset I;, e(j) =k —p—> j_, m;j, and
Se(j) is the group of permutations of elements of the subset {1,...,k} \ Ujej.[j'
Our goal is to describe Sy-skew-symmetric Orlik-Solomon forms on (J; C7. Such
a form is uniquely determined by its restriction to one of the components in {C7}.
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1

That restriction is Sy-skew-symmetric. According to Sections 7.2 and 7.3, the Si-skew-
symmetric Orlik-Solomon forms on |J; C}' are available only in degrees k — p and
k—p-—1.

Denote

p—1

p
dj = i(mji+]‘)’ Sj:p+zmji'
1 =1

<.
Il

Select in {C’}} 1 the component C4

7, where I° = {IJQI,...,IJ‘»)P} and

IJQi = {1 + Zz;i(mﬂ +1),... sy, + 1+ Zz;i(mﬂ + 1)}a i=1,...,p.
Let K = (k1,...,kn) € ZY, where |[K| equals e(j) or e(j) — 1. Denote £o(K) = 0 and
Li(K)=k +---+k;,i=1,...,n. Denote
We; = dlog(te, e, 11—2)Ad10g(t; 4o, r2—2) A - Adlog(te; o, —2), i=1,...,m,
ode = (=1)% ((my, + 1)l (my, + D)kl k)
The form
oy Ao Ny ATy A A,

is an Orlik-Solomon form on C;O. We extend it by zero to other components of | J; C}.
If |[K| = e(j), we define the form w?. on |J; C7 as the Si-skew-symmetrization of the
form

K *ad, pro, Ao Ao A M N A
If |K| = e(j) — 1, we define the from wg'( on J; C’}' as the Si-skew-symmetrization of
the form

(_Dk—pﬁk—lag{ /“;)1 A /\MI?p A 77%.(,1 A A ng{)n.
Denote by A* (J;C9) ¢ @, A°(CY) the skew-symmetric part of the Orlik-
Solomon space @; A’(C’}') of U; C}. Recall the 1-form w, in (7.1). The form w, lifts

to an element W, = 7w, of P; ; Al(C}') which is symmetric with respect to the Sy
action. The exterior multiplication by w, defines the complex

(7.2) Ao s AEPH CF) — AEP(U; C).
Recall the vector md = (m?,...,md) from Section 7.4.
Lemma 7.5. — The complex in (7.2) is isomorphic to the weight component of weight

|m| — 2k of the complez n_ @ (Q;_1 M, ;)* — (Qi_1 M, ;)*, see (6.1). The isomor-
phism sends wi( to (—1)Pf @K, if K| =e(j) — 1 and to o&; if |K| = e(j).

Lemma 7.5 is a corollary of Lemma 7.3.
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7.6. RESIDUES OF SKEW-SYMMETRIC FORMS. Consider an Sk-orbit {C’;}I of con-
nected components of Z, \ Z,4+1 and an Si-orbit {C’%}j of connected components
of Zp11 \ Zp1o such that the second orbit lies in the closure of the first orbit. This
statement holds if and only if j C j. More precisely, if j = {j1 < -+ < jp}, then
7=1{i <o < g < Jas1 < lgs1 < -+ < jp} for some 0 < g < p. B

Consider w?. € A* (| [ C}) Then the residue of w’. at Uz C’% is an element of

A (U C’f:) We denote this residue by res;: Wl

Lemma 7.6. — Given K = (k1,...,ky,), denote K= (k1,. .., k}q+1_ my - 1,... k).
o If k3q+1 <mg o+ 1, then
res} wic = 0.
o If k:;q+1 > ms + 1, then
~ —1)9w for |K| =e(j),
e, = [k o K= et
(71)‘”1(,0;~< for |K| =e(j) — 1.
Proof. — Ifk; ~<mys  +1, then the form Wl is regular on Uy C% and res;: Wl =0.
If quH > m; o+ 1, then the statement is checked by direct calculation. O

7.7. SKEW-SYMMETRIC PART OF AOMOTO COMPLEX OF WEIGHTED ORLIK-SOLOMON MANI-
roLp. — Consider the weighted Orlik-Solomon manifold (X, D) introduced in Sec-
tion 7.4 and its Aomoto complex (A*(X, Z),w, + res) introduced in Section 5.2. By
Theorem 3.2, for generic nonzero x the complex (A*(X, %),w, + res) calculates the
cohomology H*(X,.%;,) of X with coefficients in the rank 1 local system %%, on X
associated with the differential form w,, see Corollary 3.3.

The group Sy, acts on the complex. Denote (A* (X, Z), W, tres) the skew-symmetric
part of the complex. For generic nonzero  the complex (A° (X, %), w,+res) calcu-
lates the skew-symmetric part H* (X,.%,) of the cohomology H* (X, %5, ).

Recall the complex (By, [|m| — 2k],d) in Section 6.4. Define the linear map

K . _ .
(7.3) w;( N fff’ P Tf |K| = e(.7.) -1,
Pond if |K|=e(j).
Taeorem 7.7. — The map v defines an isomorphism between the complexes

(A* (X, Z),Wa+res) and (By,[|m| — 2k], d).

Proof. — The theorem follows from Lemmas 7.5 and 7.6. O

The quasi-isomorphism C,(n_, Q. _; L, )[|m| —2k] — (B;,,d)[|m| — 2k] in (6.5)
allows us to identify the cohomology H*® (X, .4, ) and the cohomology of the complex
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Co(n_,@"_, Ly,)[|m| — 2k]. Namely, let

a=1
@1 Ly, = @(Lp ® Wp)

P
be the decomposition of the tensor product into irreducible sly-modules, where W),
are the multiplicity spaces.

CoroLrary 7.8. If l[m| — 2k > 0, then
dim H* (X, %5,) = dAim W2, and HY(X,%5,)=0 for q#k.
If |/m| — 2k = —1, then H* (X, %;,) =0. If |m| — 2k < —1, then
dim H* ' (X, %5,) =dimWay,_o_jm and HY(X,%5,) =0 forq#k—1.
7.8. BGG RESOLUTION AND FLAG FORMS. — Theorem 7.7 gives a geometric interpreta-

tion of the BGG resolution given in (6.5). Namely, the embeddings

- ® @ L, [|m| —2k+2] — n_® (Q My,) [|m| -2k + 2],
a=1 a=1
Q_Z)l L, [lm| = 2k] — (<§_§>1 My, )" [|m| — 2]

in (6.4) have the form: the element f ® f&wv,, is mapped to 8% f@ @k if |[K| =k —1
and the element f%v,, is mapped to 8K oK if |[K| = k, where
ki

BE — ﬁk' [[mi+1-20).

i=1 =1
Under the isomorphism of Theorem 7.7, we obtain embeddings

n_® ® LmaHm| 72k+2] (—)Ali_l(U)a f®vam HﬂﬁwKa
a=1
n
& Lo, [[m| — 2k] — A® (U), B — BE Wi
a=1
The images
FE = Span(ﬁririnNK\:kfl c AW, T = Spanwﬁwﬂ\m:k c AL ()

of these embeddings are called the subspaces of skew-symmetric flag forms, see [SVIL,
Var95]. The exterior multiplication by w, gives the complex of skew-symmetric flag
forms Awq : FF1 — ZF Now the BGG resolution in (6.5) can be interpreted as the
statement that the natural embedding of the complex of skew-symmetric flag forms
to the complex (A* (X, %), &, + res) is a quasi-isomorphism.

The complex of skew-symmetric flag forms can be characterized as follows.

Lemva 7.9. — The vector space F° is the kernel of the residue map

A (U) — _é;élA:( U a).

[I|=m;+1

Proof. — The lemma follows from Lemma 7.6. O
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7.9. Conomorocy H*(X,.%%,) AND INTERSECTION COHOMOLOGY. Let j: U — C* be
the canonical embedding. Let .Z,, be the rank 1 local system on U associated with
the form w,, see Section 5.2. Consider the intersection cohomology H*(CF,..%,,.).
By [AV12], for generic nonzero real &, the intersection cohomology H*(C*, j..%,.) is
canonically isomorphic to the cohomology H*(X,.%%,) if the following condition A
from [AV12] is satisfied.

For 1 < j < ng, consider C™ with coordinates uy, ..., up,,. Consider the weighted
arrangement in C™/ consisting of the hyperplanes u; =0, u; —1 = 0, u; —u, = 0 with
weights —m; /k for hyperplanes u; = 0 and weights 2/ for hyperplanes u; —1 = 0 and
u; —up = 0, cf. Section 7.4. Denote by U; C C™/ the complement to the union of hy-
perplanes of the arrangement. Let . be the rank 1 local system on U; associated with
this weighted arrangement, see Section 5.2. The condition A is satisfied if for any 1 <
j < no we have H(U;, %) = 0 for £ > m,. Clearly in this situation condition A is sat-
isfied and H*(CF, 5,..%,,. ) is canonically isomorphic to the cohomology H*(X,.%5.) by
[AV12]. In particular, this implies that for generic nonzero real x, the skew-symmetric
part H* (C*, ji..#,,) of the intersection cohomology H*(C*, j1..%,,.) is isomorphic to
the cohomology of the complex (A® (X, Z), W, +res) and, hence, to the cohomology of
the complex C,(n_,®Ly,,)[|m| — 2k], see Section 7.7, cf. [KV06, §6 of Introduction]
and [KV06, Cor. 6.11].

7.10. REMARK. In the constructions of Section 7 we may assume that m =
(m1,...,my) is a vector with arbitrary complex coordinates instead of being a
vector with positive integer coordinates. Then all statements of Section 7 hold. In
particular, the same proofs show that in this more general situation the complex
C.(n_,Q._; Ly, )[|m| — 2k] calculates the cohomology H* (X,.%;,) as well as the
intersection cohomology H* (C¥, j..%,. ).
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