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APPROXIMATE ISOMORPHISM OF RANDOMIZATION PAIRS

JAMES HANSON AND TOMAS IBARLUCIA

Abstract. We study approximate Ng-categoricity of theories of beautiful pairs of random-
izations, in the sense of continuous logic.

This leads us to disprove a conjecture of Ben Yaacov, Berenstein and Henson, by exhibit-
ing Wo-categorical, Ro-stable metric theories @ for which the corresponding theory Qp of
beautiful pairs is not approximately Rp-categorical, i.e., has separable models that are not
isomorphic even up to small perturbations of the smaller model of the pair. The theory @
of randomized infinite vector spaces over a finite field is such an example.

On the positive side, we show that the theory of beautiful pairs of randomized infinite sets
is approximately Ng-categorical. We also prove that a related stronger property, which holds
in that case, is preserved under various natural constructions, and formulate our guesswork
for the general case.

INTRODUCTION

Throughout the paper we let 7 be the class of Ng-categorical, Ry-stable, classical
(i.e., discrete) first-order theories in a countable language. This class is considered
to be particularly well-behaved and well-understood in many respects, thanks to
the achievements of the geometric stability theory program from the eighties. Deep
results of Cherlin, Harrington, Lachlan, Mills and Zil’ber established, for instance,
that every T' € T is one-based and has finite Morley rank, and that the geometry
of any strictly minimal set interpretable in T is either disintegrated or that of a
projective or affine space over a finite field.

The geometric theory, as it is, breaks down completely in the setting of continu-
ous logic, where appropriate analogs of most of the notions involved are lacking. In
[4], Ben Yaccov, Berenstein and Henson introduced a new notion, strongly finitely
based theories, containing the class 7 as well as the metric theories of Hilbert
spaces and of probability algebras. We need not recall the original definition, but
the following equivalence: a stable Rg-categorical metric theory @ is strongly finitely
based if and only if the theory @ p of beautiful pairs of models of @) is Ry-categorical.
They then argued that this property could be an appropriate metric generalization
of one-basedness within the class of stable, separably categorical theories. Or al-
most so.

Indeed, as they pointed out, not every Ny-categorical, Ng-stable metric theory
is strongly finitely based. A counterexample is given by the theory of atomless LP
Banach lattices, for which the corresponding theory of beautiful pairs admits exactly
two non-isomorphic separable models. On the other hand, these two models are
approximately isomorphic, in a natural general sense that we recall in §1.1. They
thus proposed the following:
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CONJECTURE ([4, Conj. 4.19]'). — If Q is an Ry-categorical, No-stable theory
in a countable language, then QQp is approximately Ry-categorical.

In [12], the second author identified another source of examples of separably cate-
gorical, Rp-stable theories ) for which @ p admits several non-isomorphic separable
models. It suffices to consider any T' € T with infinite models and let Q@ = T be
its randomization, in the sense of Ben Yaacov—Keisler [7]. We recall this result in
§1.3 below. The present work initiated as an effort to prove the above conjecture in
the case of the theories Q = T, T € T. With some surprise, it was soon apparent
that the conjecture does not always hold in this class.

Let D C T be the subclass of those T such that every strictly minimal set
interpretable in 7" has a disintegrated geometry. In Section 2 we show the following.

THEOREM. — If T € T \ D, then (T*®)p is not approximately No-categorical.

For a concrete example, let V' be a countably infinite vector space over a fi-
nite field, and let W C V be an infinite subspace with infinite codimension. Let
Ve = L([0,1]2,V) denote the randomized vector space consisting of V-valued
random variables on the unit square. Let also W* (respectively, V!) denote the
substructure of V% consisting of those random variables that depend only on
the first coordinate of the unit square and take values in W (resp., in V). Then
(VQQ7 W) is a separable beautiful pair of randomized vector spaces, and (V927 Vv
is a separable pair with the same theory, but there is no e-isomorphism between
them for any e < 1.

On the other hand, if we remove the vector space structure from V and see it
just as an infinite set, and see W as an infinite, coinfinite subset, we are able to
construct e-isomorphisms between the pairs (VQZ,WQ) and (VQZ,VQ) for every
€ > 0. In fact, in Section 3 we prove:

THEOREM. — If T is the theory of infinite sets, then (T)p is approximately
No-categorical.

To any T € T we may associate the permutation group Aut(M) ~ M, where M
is the countable model of T'. The previous theorem follows from a stronger property
about approximations of random endomorphisms of M by random automorphisms,
which holds for infinite sets. We then show that this property is preserved un-
der various permutation group-theoretic constructions, namely direct products and
wreath products, as well as finite index supergroups.

The exact extent of the class of T' € T with approximately No-categorical (T%)p
remains open, but it seems reasonable to propose the following:

CONJECTURE. — If T € D, then (TT)p is approximately Ry-categorical.

1. PRELIMINARIES

We assume familiarity with continuous logic; the standard references are [5, §].
Classical first-order logic is seen as a particular case in the usual way. For simplicity
we will consider only one-sorted languages.

INote the shift in the numbering of sections and results in the published version of [4] and the
available preprint versions.
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1.1. Elementary pairs and approximate isomorphisms. Let £ be a countable
metric language, and let () be an L-theory. An elementary pair of models of @ is a
couple (M, N) where N < M and M | Q. The class of elementary pairs of models
of @ is axiomatizable in the language Lp = LU {P}, where P is a unary predicate
that is interpreted as the distance function to the smaller model of the pair. Note
that an £ p-isomorphism between two elementary pairs (M, N) and (M’, N') is the
same as an isomorphism between M and M’ that maps N onto N'.

DEFINITION 1.1. — Let (M, N) and (M’, N’) be two elementary pairs of models
of Q. Given € > 0, an e-isomorphism between (M,N) and (M',N') is an L-
isomorphism o: M — M’ such that, for every z € N,

ld(z, N) — d(o(z), N')| < .

The two pairs are approximately isomorphic if there exist an e-isomorphism between
them for every € > 0.

An Lp-theory Q' whose models are elementary pairs of models of @ is approx-
imately Ng-categorical if every two separable models of Q' are approximately iso-
morphic.

Informally, two pairs are approximately isomorphic if they are L p-isomorphic
up to arbitrarily small perturbations of the predicate P. It is worth noting that
the condition in the definition is equivalent to the inequality

dy(o(N),N') <,

where dy denotes the Hausdorff distance between sets. Of course, for classical
theories an e-isomorphism (e < 1) is just an £p-isomorphism.

Approximate isomorphism has been studied in the context of continuous logic
by Ben Yaacov in [2], by Ben Yaacov, Doucha, Nies, and Tsankov in [6], and by the
first author in [11]. The formalisms in these papers are different in non-cosmetic
ways, but our current notion of approximate isomorphism is sensible in all three.

We will be interested in so-called beautiful pairs (belles paires) of models, which
where first studied by Poizat [15]. We refer to Ben Yaacov’s article [3, §4] for a
treatement in the metric setting.

DEFINITION 1.2. — An elementary pair (M, N) is a beautiful pair if N is Ng-
saturated and M is Ng-saturated over NN, i.e., every type over N plus finitely many
parameters from M is realized in M. (One may wish to broaden the definition by
replacing saturation with approximate saturation, as in [3], but for our purposes
this is unnecessary.)

The common L p-theory of all beautiful pairs of models of a theory @ will be
denoted by Qp.

If @ is stable and satisfies that every sufficiently saturated model of Qp is a
beautiful pair, then the class of beautiful pairs of models of @ is considered to
be well-behaved (called almost elementary in [4], or weakly elementary in [3]).
This condition admits several equivalent (and quite different) formulations, which
are the main subject of the seminal work of Poizat; see particularly [15, Thm. 6],
or [3, Thm. 4.4] in the continuous setting. On the other hand, this condition is
automatically satisfied if () is stable and Ng-categorical, which will be the situation
in the present paper.
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Note that, in general, there is at most one separable beautiful pair of models
of @, up to isomorphism. However, as mentioned in the introduction, even for
No-categorical () there might be more than one separable model of @Qp. The first
example was given in [4, Ex. 4.7], and another family of examples, at the core
of the present paper, is discussed after Theorem 1.6 below. Notwithstanding, the
following was highlighted in [4].

THEOREM 1.3. — IfT € T, then Tp is Ry-categorical.

In the classical setting, Rg-stability easily entails the existence of a beautiful pair
of countable models.? Hence in the previous theorem, the unique countable model
of Tp is a beautiful pair.

1.2. Spaces of random variables. We lay down here some non-standard but
convenient notations concerning spaces of random variables, and recall a useful
measurable selector theorem.

Throughout this paper, Q and 22 will denote the unit interval [0, 1] and the unit
square [0, 1]2, respectively, endowed with their Borel o-algebras B(£2) and B(92?),
and their corresponding Lebesgue measures. In occasions we may write Q2 = Qx/,
where ' is a copy of . The measure of any of these spaces will be denoted by p
or, when it might help to avoid confusion, by uq, oz or .

If F is some measurable condition involving random variables, [F] will denote
the measurable set where the condition holds. The characteristic function of a
measurable set A will be denoted by x4, or sometimes by yA for readability.

Given a bounded, complete metric space M, we will denote by M the space
L(§2, M) of measurable functions from 2 to M, up to equality almost everywhere.
Similarly, M @ = L(2%, M). These spaces are equipped with the induced L!
metric, d(f, f') = [d(f(w), f'(w))dp, which is also complete. Typically, M will be
just a classical, discrete first-order structure, in which case d(f, f') = [ X[f£d0 =

plf # f'1-

CONVENTION. — We will canonically identify B({2) with a sub-c-algebra of
B(9?), namely the product of B(2) with the trivial algebra on €. Similarly,
we will identify M with a subset of M 92, namely those random variables in
MY = L(Q2 x Q', M) that depend only on the first coordinate.

More generally, if Z is a Polish space, then Z* := L(Q, Z) can be equipped with
the Polish topology coming from any L' metric induced by a compatible bounded,
complete metric on Z. Similarly for Z9 . This will be used with Z = Aut(M)
and Z = End(M), i.e., for considering the spaces of random automorphisms and
random endomorphisms of a given structure.

We now recall the Jankov—von Neumann Uniformization Theorem, in the form
that we will use it. See Kechris’s book [13, §18.A].

THEOREM 1.4. — Let Z be a Polish space, and let E C Q) x Z be a Borel subset
that projects onto €). Then there is a Lebesgue measurable function f: Q) — Z
whose graph is contained in E. Idem with Q replaced by Q2.

2This also holds in the metric setting (replacing “countable” by “separable”), if one adopts the
broader definition of beautiful pairs, i.e., with approximate saturation instead of saturation.
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As every Lebesgue measurable function is equal almost everywhere to a Borel
measurable function, the theorem yields an element f € Z% with (w, f(w)) € F
almost everywhere.

1.3. Pairs of randomizations. We will only be interested in randomizations of
classical first-order structures, as studied in [7]; we recall the basics below. For
simplicity we opt here for the one-sorted presentation of randomizations (cf. [7,
Rmk. 2.12]), in which the event sort is not explicitly included in the language (it
becomes an imaginary sort).

Let £ be a countable classical language. The corresponding randomization lan-
guage L is a metric language containing, for each £-formula ¢ in n free variables, a
predicate symbol P[] of arity n that is 1-Lipschitz in each variable. Given a count-
able L-structure M, we see M (and M Q2) as an Lf-structure by interpreting, for
every n-tuple f from M,

Ple](f) = ple(H)] = plw € Q: M = o(f(w))}

For the rest of the section let us fix a theory T € T. The randomized theory T is
the L£LE-theory of the structure M*?, where M is a countable model of T'. This clearly
does not depend on the particular countable model M or the particular atomless
Lebesgue space (2, since changing them results in an isomorphic £%-structure.

THEOREM 1.5 ([7]). — The metric theory T% is Ro-categorical and Ro-stable.
Moreover, T® has quantifier elimination.

Given countable models N < M of T, the structures N, M and MY are
separable models of T% and so, by quantifier elimination, the inclusions N C
M C M are elementary.

The following was observed in [12, Rmk. 5.12]3.

THEOREM 1.6. — Let (M, N) be a beautiful pair of countable models of T.
Then (M®, N?) is a beautiful pair of models of T%.

The aforesaid remark in [12] sketches how to derive this result by modifying the
proof of a more complicated result. For the convenience of the reader, we give a
direct and alternative proof of this theorem in the Appendix.

As mentioned in the introduction, there are other separable models of (TF)p,
starting with (M, M?), which is non-beautiful if M is infinite. A useful descrip-
tion of all separable models of (T%)p up to isomorphism was also given in [12],
which we recall next.

Given a separable structure M, let Aut(M) denote its automorphism group.
This is a Polish group under the topology of pointwise convergence. Similarly,
we let End(M) be the semigroup of elementary self-embeddings of M, which we
call endomorphisms for short. It is also Polish with the topology of pointwise
convergence.

The semigroup End(M)% of random endomorphisms of M acts by endomor-
phisms on M?, by the formula (hf)(w) = h(w)(f(w)) for h € End(M)® and f €
M*®. (See [12, Thm. 3.8, Cor. 3.11] for a description of Aut(M*?) and End(M*).)

3Note the shift in the numbering of sections and results in the published version of [12] and
the available preprint versions.
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2

Similarly, End(M)Q2 can be seen as a subsemigroup of End(MQQ), and Aut(M)*
as a subgroup of Aut(MQz). The following result is [12, Thm. 5.6].

THEOREM 1.7. — Let M = T be the countable model of T, and let h €
End(M)® C End(M®?"). Then (M%,h(M®)) is a model of (T®)p. Moreover,
every separable model of (T®)p is of this form, up to isomorphism.

Remark 1.8. —

(1) For every pair as in the theorem, the map h gives an elementary embedding
of (MQZ,MQ) into that pair. Thus (MQQ,MQ) is the prime model of
(TF)p. The fact that h is elementary in the language of pairs can be
deduced, for instance, from the fact that (T%)p eliminates quantifiers in
the language expanded with a canonical base map: see [3, Cor. 4.6].

(2) One should be able to adapt results and proofs from the literature (cf. [15,
Thm. 9], [3, Thm 4.4]) to show that the theory (T?)p is Rg-stable and that
the pair (M 92,N ) from Theorem 1.6 is precisely its separable, approx-
imately (possibly exactly) RNop-saturated model. We shall not need these
facts.

2. RANDOMIZED NON-DISINTEGRATED MINIMAL SETS

Let M be the countable model of some T' € T. We recall that a strictly minimal
set of M is a strongly minimal (M-definable) set @ in M*°? such that acl(a)NQ = {a}
for every a € S. The algebraic closure operator defines a geometry on the strictly
minimal set @), which can be either disintegrated (equivalently, @ is an indiscernible
set) or the geometry of an affine or projective space over a finite field. See [10,
Thm. 2.1], as well as their Appendix L.

As in the introduction, let D be the class of those theories T' € T such that all
corresponding strictly minimal sets are disintegrated.

THEOREM 2.1. — Suppose T € T \ D. Then the separable beautiful pair of
models of T is not approximately isomorphic to the prime model of (T®)p. Thus,
(TH)p is not approximately No-categorical.

Proof. — Let @ be a strictly minimal set of the countable model M of T. Say
@ is the quotient of the set defined by a formula ¢(Z, @) by the equivalence relation
defined by a formula E(z,y,a). Let n = |z| = |g|.

As mentioned above, the geometry of @ is either that of an infinite dimensional
affine space over a finite field or that of an infinite dimensional projective space
over a finite field. These geometries all have the property that for any 6 > 0 there
is a k € N such that:

if A and B are finite closed sets with A D B and dim(A/B) > k, then |B| < J|A].
*

Fix a sequence {Q;};en of non-empty finite closed subsets of @ such that Q; C
Qiy1 and {J;cy Qi = Q. Clearly it must be the case that dim(Q;) grows unbound-
edly.

Fix € > 0, and suppose the pair (M 92,M ) is e-isomorphic to the separable
beautiful pair of models of T®. Hence there is an elementary submodel R < M @
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such that M is Rg-saturated over R and dg(R,M?) < e. Let ¢ > 0 be arbi-
trary. Fix some ¢/E € Qq, and choose ¢ € R™ with d(¢, &) < e + ¢’ (we use the
max-distance on finite tuples), where we are conflating ¢ € M™ with the constant
function on 2 taking on the value é. Let C = {a € Q? : ¢ = ¢/(a)}. Note that by
construction, we have pu(C) > 1 —n(e +¢').

We take Ry C R a countable dense subset such that ¢ € (Rg)™. Let each element
of Ry be represented by a concrete measurable function from Q2 to M. For any
a € C) let

R(a) = aclo{f(®) : f € Ro},
where, given S C M, aclg(S) is the set of elements of the quotient @ in the algebraic
closure of the E-classes of tuples in S™ N p(M™,a). We claim that for any k € N,
dim(Q/R(a)) > k almost everywhere. Indeed, since M is saturated over Ra,
we can find {f;},;<r C (M, @) such that, for every finite subset F C R, the

first-order condition
] dim(acl(F U {f;}k)/ aclg(F)) > k] = 1

holds. The claim follows.
Now let 6 > 0 be arbitrary, and find k satisfying the condition (*) stated at the
beginning of the proof. For each i € N, we consider:

Ci={aeC:dim(Q;/(Q: N R(«))) = k}.
Note that each C; is a measurable set. As C; C C, for every a € C; we have
¢/E € Q; N R(«), so this intersection is non-empty. Thus, since the geometry is
locally n~10dular, we have C;11 D C; for every ¢ € N. Indeed, if we take o € C; and
denote R;(a) = @; N R(«), then:
k < dim(Qi/Ri(@))) = dim(Q;) — dim(Q; N Riy1(a))

= dim(Q; U Ri1(a)) — dim(Ri41())

< dim(Qiy1) — dim(Riy1 (@) = dim(Qiy1/Rit1(a)).
Since R(a) has codimension at least & almost everywhere, we have C' = |J;cy C

up to measure zero. In particular, there is ¢ € N such that u(C;) > (1 — d)u(C )
Consider the quantity

1 ~ Rl «
I=o [ R@lauto) < [ 8 guia) + e .
By choice of k, the integral over C; can be no larger than du(C;), and by choice of
i, ;(C'\ C;) < 0u(C). Hence I < 2§. On the other hand, we note that

|Q| > wfaeC:qe R(a)}.

qeQ;

So there must be some b/E € Q; such that u{a € C : b/E € R(a)} < 24. Let us
identify b € M™ with the tuple in (M) = (M™)* constantly equal to b.
We have that, for any f € (Rp)",

d(F.0) > Lulf # 8] > Lpfa € C:/E ¢ R(a)} > L(u(C)~20) > L(1-26)—e ¢,
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but this results in a contradiction with the condition dg(R, M) < e whenever
€ < (1 -25) —e— €. Since § and € were arbitrary, we conclude that any e-
isomorphism between (M 92, M) and the separable beautiful pair of models of T'%
has to satisfy:

€ 2 27

n
The result follows. We may remark that if the geometry of @) is modular then it is
unnecessary to consider the set C, and the above bound becomes € > % (]

3. APPROXIMATING ENDOMORPHISMS BY AUTOMORPHISMS

As in the previous section, we let T' be some theory in 7 and M be its countable
model.

DEFINITION 3.1. — We will say that h € End(M) is approximable by automor-
phisms if for every € > 0 there are n € N and gy, . .., gn—1 € Aut(M) such that, for
every a € M,

{i <n:gi(a) # h(a)}| <en.
We will say M has approximable endomorphisms if every h € End(M) is approx-
imable by automorphisms.

PROPOSITION 3.2. — If h € End(M) is approximable by automorphisms, then
(M, M?) and (M, h(M)%) are approximately isomorphic.

Proof. — Given € > 0, we choose gp,...,gn—1 as in the definition. We then
define g € Aut(M)QQ C Aut(MQQ) by:

a1
J(w, ) =g iff & € {Z7Z+ )
n’ n

We also consider the elementary self-embedding h of MY defined by fz( f)=hof,
and observe that k(M) = h(M*%).
Now, given any f € M C Mﬂz, we have:

A4, 01) = peo () £ (P = 3 Lialeis # b1
= [ 2 oot # hildw <.

since >, x[gif # hfl(w) = i < n: gi(f(w)) # h(f(w))}] < en. Thus, in

particular,
dp (§(M?), h(M)?) < e,
and we see that § is an e-isomorphism between the pairs of the statement. O
Our way of establishing approximate Ng-categoricity of (T)p in certain cases
will be through the following seemingly stronger property.

DEFINITION 3.3. — We will say that M has approximable random endomor-
phisms if for every h € End(M)Qz and € > 0 there is § € Aut(M)Qz such that, for

every f € M2, d(5(f),h(f)) < e

Note well that the approximation condition only concerns the elements of the
2
submodel M C M.
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LEMMA 3.4. — If M has approximable random endomorphisms, then (T®)p is
approximately Ny-categorical.

Proof. — If h and § are as in Definition 3.3, then dg (§(M®), h(M?)) < ¢, so
J is an e-isomorphism between (MQ2,MQ) and (MQQ,h M*®)). Now we apply
Theorem 1.7. U

For the next result we will consider the natural left action Aut(M) ~ End(M)
and the corresponding orbit set, O(M) := Aut(M)\ End(M).

PROPOSITION 3.5. — Suppose M has approximable endomorphisms, and that
the orbit set O(M) is countable. Then M has approximable random endomor-
phisms.

Proof. — Let {h }ren be a family of endomorphisms of M such that End(M) =
Uren Aut(M)hy. Given he End(M)Q2, we consider the sets

Ep ={(x,9) € O* x Aut(M) : h(x) = ght}, E = | J Ey.
keN

By choice of the hy, the projection of E to the first coordinate is all of Q2. On the
other hand, E is a Borel set, as each set F} is the preimage of the closed set

{(h,g) € End(M) x Aut(M) : h(a) = g(hi(a)) for all a € M}

by the product map h x id: Q2 x Aut(M) — End(M) x Aut(M). We may there-
fore apply the Jankov—von Neuman theorem (Thm. 1.4) to obtain an element
§ € Aut(M)? such that for almost every z, the endomorphism §~'h(z) is one
of the endomorphisms hy.

We denote i’ = §~1h e End(M)Qz, and we aim now to find §’ € Aut(M)Qz that
satisfies the condition of Definition 3.3 with //. For each k € N, let Qi be the set
of z € Q2 such that ' (z) = hy,. Thus {Q2}ren is a partition of Q2 = Q x €.

It is then enough to repeat the argument of Proposition 3.2 inside each set Q3.
Namely, given € > 0 we choose gf,..., gk _; € Aut(M) such that

(i < i s g¥(a) # h(@)}] < emy

for every a € M. We then choose a finite measurable partition {A¥};-,, of Q2
such that for almost every w € Q and every i < mg, the measures of the slices
(AF), C (Q2), C U satisfy:

o (A¥).) = nikm(mi)w).

Finally, we define §’ € Aut(M)?* C Aut(M<) by:

§(x) =gk iff x € AF.
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Hence for every f € M9,

2
keN” 4,

- Z/ 2 /A £ # R ()], w')dw'dw

keN i<ng

= Z/ — o (%)) Z x[o f # b fl(w)dw

keN i<ng

<Z—u QF) - eny, = e.
keN k

Coming back to h, we have d(§g’(f), h(f)) < € for every f € M®. This concludes
the proof. O

The hypothesis that the action Aut(M) ~ End(M) has countably many orbits is
extremely restrictive. It fails already for the structure consisting of an equivalence
relation with infinitely many infinite classes. In fact, the proposition is justified
mainly by one example, that of the pure infinite set. Indeed, if M is a countable set
with no structure, then O(M) is clearly countable, and the following proposition
shows that M has approximable endomorphisms.

PropoOSITION 3.6. — Let X be a set. For every injective map 7: X — X and
every n € N there exist bijections o;: X — X, i < n, such that for each x € X,

Hi<n:oiz)£r(x)} <1

Proof. — We partition X into the orbits and semi-orbits of 7 (an orbit being a
set {z;}jez where Tx; = x,41 for every j € Z; a semi-orbit being a set {z,};en
with 72; = x;41 for every j € N and such that z¢ has no preimage by 7). On
the orbits we set each o;, ¢ < n, to be equal to 7. Given a semi-orbit {z;};cn, we
choose n increasing sequences j° = {ji }ren € N, i < n, with the property that
ji # j&, whenever (i,k) # (i, k). Then we define o; on the semi-orbit by the rule:

(z;) = STk
Ty if j = Jji,
with the convention that j*, = 0.

The resulting maps o;: X — X are bijections with the desired property. O

As a corollary of the previous propositions and lemma we obtain:

THEOREM 3.7. — Let T be the theory of pure infinite sets. Then (TT)p is
approximately Ng-categorical.

Next we will show that the property of having approximable random endomor-
phisms is preserved under a number of constructions. For this we prefer to use
the language of permutation groups. When we say that G ~ X is a permutation
group, we understand that X is a countable set and G is a closed subgroup of
Sym(X). As is well-known, an Ry-categorical structure M can be identified with
the oligomorphic permutation group Aut(M) ~ M. In that case, the semigroup
End(M) is just the left-completion of the group Aut(M). It thus makes sense to
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say that an oligomorphic permutation group has or has not approximable random
endomorphisms.

DEFINITION 3.8. — Let G ~ M and H ~ N be permutation groups, which we
may denote simply by G and H.

(1) The direct product of G and H is the permutation group G x H ~ M UN,
where (g, h)a = ga if a € M and (g, h)b = hb if b € N. We denote it simply
by G x H.

(2) The wreath product of G and H is the permutation group HxGY ~ Nx M,
where (h, g)(b,a) = (hb, g(b)a). We denote it by G H.

(3) G is a finite index supergroup of H if M = N, H < G and [G : H] < oo.

Remark 3.9. — In the semidirect product H x GV, it is convenient to see H as
acting on G on the right, i.e., by (g-h)(b) = g(hb) € G, so that the group law is
(h,g)(h',g') = (hh',(g - }h')g"). This is essential for the definition of the semidirect
product if one considers semigroups instead of groups, as is the case when passing

from G H to its left-completion G ¢ H. The latter can be identified with H x éN

ProOPOSITION 3.10. — Let G ~ M and H ~ N be oligomorphic permutation
groups.

(1) If G and H have approximable random endomorphisms, then so do G x H
and G H.

(2) If G is a finite index supergroup of H and H has approximable random
endomorphisms, then so does G.

(3) If G has approximable random endomorphisms and G ~ H as topological
groups, then H has approximable random endomorphisms.

Proof. —

(1) Suppose that G and H have approximable random endomorphisms. For any
Polish group A let A be the left completion of A. We have that G x H=G x H

and so G x 0 —G x H" leen(,)GG < T and € > 0, we can by
assumption find §’ € GY’ and h' € HY such that for any fo € M® and f; € N9,
d(§(f0),9'(fo)) < €/2 and d(h(f1), W' (f1)) < €/2. An element f of (M U N)? can
be specified (up to measure zero) by a set B € B(f) together with measurable
functions fo : @ — M and f1 : Q@ — N by letting f be fo on B and f; on Q\ B.
We then have that

d((9,R)(f), @ h)(f)) < d(@(fo), 8 (fo)) + d(h(f1), B (f1)) < €

So since we can do this for any endomorphism (g, ;L) and € > 0, we have that G x H

has approximable random endomorphisms.

For the wreath product, we have that G1H = = H @ x (GN)Qz. An element

(h,§) (with h € T and § € (G")2) acts on (fo, f1) € N2 x M2 = (N x M)2*
by
(h, 9)(fo7f1)(_)—(A(_)fo(_) G(@)[fo(@)]f1(@)) € N x M

2

for o € Q2. Fix (§,h) € G1 H o' . We w1ll now think of (G )% as (éﬂ )Y, so that
for any b € N, §[b] is an element of G"
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Let (b;);en be a fixed enumeration of N. By assumption, H and G have approx-
imable random endomorphisms. Therefore, for any ¢ > 0, we can find W e HY
and §' € (GQQ)N such that, for any fo € N2, d(h(fo), k' (o)) < e and, for any
i€ M® and i € N, d(@[bi](f1), §'[bi (1) < 272,

Fix some element f = (fo, f1) € (M x N)® = M x N, A sufficient condition

for (h,3)(fo, f1)(@) = (W'.§')(fo. /1)(@) is to have h(©)fo(@) = h'(@)fo(@) and
g[bi](@) f1(w) = §'[b:](@) f1(w) for all ¢ € N. By construction, the set

A= {0 e 2 h®)(fol@) = '(@)(fo(@))}

has measure greater than 1 — 56. Furthermore, by construction, the set

B ={0e0?: (VieN)J b)) fi(®) = glbi](@) f1(@)}

has measure greater than 1 — Je. Therefore u(A N B) > 1 — ¢, and thus

(g, h)(f), (@, h)(f)) <e.

2

Since we can do this for any (g, ) € GUH and any € > 0, we have that the
structure on N x M corresponding to G H has approximable random endomor-
phisms.

(2) Assume that G is a finite index supergroup of H, a group with approximable
random endomorphisms. Let g1,..., g, be elements of G such that ¢1H,...,9, H
are the cosets of H in G. It is easy to see that G = ¢g;H U--- L g, H. Let § be

—0? A
an element of G . We can find a measurable function 7 : Q% — {g1,...,9,} and

2
an element h € Hﬂ such that § = ih. Fix e > 0, and let i e HY be such
that for every f € M, d(h(f),h'(f)) < e. We then have that for every f € M%,
d(9(f),il'(f)) < € as well. Since we can do this for any f € M? and € > 0, we
have that G has approximable random endomorphisms.

(3) Suppose G and H are isomorphic as topological groups. As is well-known
(cf. [1]), since G and H are oligomorphic, this means that the structures associated
to them are bi-interpretable, so that in particular there is a G-invariant equivalence
relation E on some G-invariant subset D C M™ such that G ~ D/E and H ~ N
are isomorphic as left actions (i.e., as permutation groups, up to identifying G
with a subgroup of Sym(D/E)). ThIlb to see that H has approxunable random

endomorphlsms it suffices to check that for every ¢ > 0 and h e G there is
g€ G2 such that for every f € D we have:

u[g(f) is not E-related to h(f)] < e.

This holds clearly if G has approximable random endomorphisms. O

One can check that if M and N are countable models of theories in 7T, then the
theories corresponding to the permutation groups Aut(M) x Aut(N) and Aut(M )2
Aut(N) are also in 7 the case of the direct product is easy, and for the wreath
product notice that the structure associated to Aut(M)? Aut(V) is interpretable in
the structure associated to Aut(M) x Aut(N). Similarly, if the theory of N is in T
and Aut(M) is a finite (or infinite) index supergroup of Aut(N), then the theory
of M is in T, because M is a reduct of N.
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Starting from the pure countable infinite set and using the previous construc-
tions (as well as bi-intepretations), we thus get, using Lemma 3.4, a rich family of
examples of theories T' € T for which (T%)p is approximately Ro-categorical.

For instance, according to results of Lachlan [14], and more explicitly Bodor [9,
Thm. 3.44], the class of structures that can be obtained from the trivial structure
by taking direct products, wreath products of the form G ! S, and finite index
supergroups, is exactly the class of Ng-categorical monadically stable structures.
So these all have approximable random endomorphisms. Using arbitrary wreath
products and bi-interpretations, we see that many further basic examples also have
approximable random endomorphisms (e.g., sets with several equivalence relations
with infinitely many classes whose classes intersect non-trivially: these are not
monadically stable).

As mentioned in the introduction, it is natural in view of our results to ask
whether the class 7o of theories T € T such that (TF)p is approximately No-
categorical is precisely the class D of theories with disintegrated strictly minimal
sets. We end with two subsidiary questions.

QUESTION 3.11. —

(1) Is the class To closed under interpretations?
(2) Is the class Ty closed under finite covers?

Following our previous strategy, it might also be useful to consider these ques-
tions for the property of having approximable random endomorphisms.

APPENDIX

We give a proof of Theorem 1.6 based on the idea of the argument of [7, Thm. 4.1].
Here it will be practical to consider formulas involving parameters from the event
sort, i.e., expressions such as P([¢(x)] M B) where B € B(Q?). Any such expres-
sion can be replaced by a formula of the form P[p(x) A (f = f)], for appropriate
parameters f, f/ from the main sort.

Let (M, N) be a beautiful pair of countable models of T € 7. Let t € (M2)"
be a finite tuple, and take a type p € S1(N®t). We want to show that p is realized
in M2, Let C C M™ be the image of ¢ (seen as a Borel map t: Q> — M™"),
which is a countable set. For each ¢ € C we denote X, = S1(Nc). We also let
A, =t7Y(c) € B(02). In addition, we fix an extension p’ € S1(M?) of p to a type
over M.

For each ¢ € C and ¢ € X, let {p(x)}ien be a sequence of consistent for-
mulas contained in ¢ with the property that oit'(x) - ¢! (z) for each i € N and
{¢i(z)}ien F q(z). For any B € B(Q), let

vo(B) = lim B([gi(2)] 11 A1 B)Y

Note that since v, is the limit of a monotonically decreasing sequence of measures
on B(€) that are absolutely continuous with regards to p, we have that v, is itself
a measure on B(2) that is absolutely continuous with regards to p.

CLAIM. — For each ¢ € C, formula 1)(x,bc) with b € N* and B € B(Q),
P([)(z,bc)] MB M A = {vy(B) : q € X, b(,b) € g},



42 J. Hanson & T. Ibarlucia

where we are conflating bc with the corresponding tuple of constant functions
2
in MY,

Proof. — We proceed by induction on the Cantor-Bendixson rank of ¥(z, be),
thought of as a subset of X.. We will abridge d = bc, D = B A..

If ¢(z, d) has Cantor-Bendixson rank 0, then it is a finite set of isolated types in
X.. Let these types be qq, . . ., ¢gm—1. For each i < m let y;(x) be a formula isolating
¢i- By construction, we must have that v, (B) = P([x;(z)] 1 D). Therefore,
P([¢(z,d)] M D) =3, _, vq,(B), as required.

Suppose that the statement has been shown for all formulas with Cantor-Bendix-
son rank less than «, and that 1 (z,d) has rank . By decomposing ¢ (x,d) into
finitely many formulas, we may assume that it has Cantor-Bendixson degree 1.
Let ¢ € X, be the unique type of Cantor-Bendixson rank « containing ¢ (x,d). B
construction, if r 3 ¥ (x, d) is a type not equal to ¢, then for some i € N, <pf1(:1:) ¢ r.
For each i € N, let n;(x) = ¢(x,d) A @} (z) A =it (x). Note that each n;(x) has
Cantor-Bendixson rank strictly less than « and that any type containing ¢ (x, d)
is either ¢ or contains n;(x) for some ¢ € N. Also note that for sufficiently large 7,
Y(x,d) Aol (x) = @) (x). For any i € N, we clearly have

P([¢ (e, d)] N DY =P([(x,d) A l(x 7+ B(ln;(x)] N D).

7<i

By the induction hypothesis we have, for each j € N,

P([n; ()] MDY = "{wn(B) : 7 € Xe,my(w) € 7).

Therefore,
B([(a,d)) 1 DY = Jim B[, d) Ay (@)] 1 DY + Y B(iny ()] 1 D)
= [Jim P([(e,d) A gy (@)] 1 D)P’} + > B(ln;(2)] N DY
= | fim P((e}y(@)] 1 DY | + 3~ B({ny ()] 1 D)
B) + Z > {ve(B) v € Xe,mj(x) €7}
= Z{VT(B) ir € Xe,¢(z,d) erl,
as required. O

Now we can build a realization of p, as follows. For each ¢ € C and ¢ € X, there
is a realization a4 of ¢ in M, because (M, N) is a beautiful pair. On the other hand,
by the Radon-Nikodym theorem, there is a measurable function d,: Q — [0, 1] such
that v,(B) = [ d,dp for every B € B(Q). Note that if we specialize the claim in a
true formula ¢, we obtain u(BNA.) =3 cx. vg(B) = [ > dgdp. We deduce

that

> 9a(w) = por((Ac)w)

qeX,
for almost every w € Q, where (4.), = {w € Q: (w,w') € A.} is the slice of A, at
we .

gEX,
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For each ¢ € C, choose a measurable partition A, = |—|q6 x, Aq such that, for

almost every w € €,
((Ag)w) = dg(w).
We have thus a partition Q2 = I—'cEC’,qGXC Agy. We let then f € M be the element
defined by
f(w,w') = a4 if and only if (w,w’) € 4,

and we claim that f realizes p.

By quantifier elimination, it suffices to check that Py (z, st)|? = p[(f, st)] for
all s € (N*¥)$2. To that end, given such an s, let us consider the sets B, = {w €
s(w) = b} for each b € N*. Then, by the claim, we have that

P([(x, s)]) By AN = {vy(By) : q € Xe,9h(w,be) € q}
for each b € N*, and so

Ply(z, st)P = Pl(z,st) = D Y {vy(By) 1 q € Xeyo(x,be) € g}

beEN,ceC
On the other hand, we have that

ple(fost)l = > D {u(ByNAy) :q € Xe, M [=1p(ag, be)}

beEN,ceC

> Z{/Bb%dﬂ:lec,wx,bc) eq},

bEN,ceC

which by construction is the same quantity. This concludes the proof of Theo-
rem 1.6.
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