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CHARACTERISTIC FUNCTIONS ON THE BOUNDARY OF A
PLANAR DOMAIN NEED NOT BE TRACES OF LEAST
GRADIENT FUNCTIONS

MICKAEL DOS SANTOS

Abstract. Given a smooth bounded planar domain 2, we construct a compact set on the
boundary such that its characteristic function is not the trace of a least gradient function.
This generalizes the construction of Spradlin and Tamasan [3] when Q is a disc.

1. INTRODUCTION

We let Q be a bounded C? domain of R?. For a function h € L'(99,R), the
least gradient problem with boundary datum h consists in deciding whether

inf {/ |Dw|; w e BV(Q) and tropqw = h} (1.1)
Q

is achieved or not.

In the above minimization problem, BV (2) is the space of functions of bounded
variation. It is the space of functions w € L'() having a distributional gradient
Dw which is a bounded Radon measure.

If the infimum in (1.1) is achieved, minimal functions are called functions of least
gradient.

Sternberg, Williams and Ziemmer proved in [4] that if & : 9 — R is a continuous
map and if 9 satisfies a geometric properties then there exists a (unique) function
of least gradient. For further use, we note that the geometric property is satisfied
by Euclidean balls.

On the other hand, Spradlin and Tamasan [3] proved that, for the disc Q@ = {z €
R? : |z| < 1}, we may find a function hg € L'(9€2) which is not continuous such
that the infimum in (1.1) is not achieved. The function hg is the characteristic
function of a Cantor type set K C St = {x € R? : |z| = 1}

The goal of this article is to extend the main result of [3] to a general C? bounded
open set ) C R2.

We prove the following theorem.

THEOREM 1.1. — Let  C R? be a bounded C? open set. Then there exists a
measurable set K C 0 such that the infimum
inf {/ |Dw| ; w € BV(Q) and trapqw = JI;C} (1.2)
Q

is not achieved.

The calculations in [3] are specific to the case Q2 = . The proof of Theorem 1.1
relies on new arguments for the construction of the Cantor set K and the strategy
of the proof.

Math. classification: 26B30,35J56.
Keywords: traces of functions of bounded variation, least gradient problem.
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2. STRATEGY OF THE PROOF

2.1. The model problem. We illustrate the strategy developed to prove Theorem
1.1 on the model case Q@ = (0,1)2. Clearly, this model case does not satisfy the C?
assumption.

Nevertheless, the flatness of 9Q allows to get a more general counterpart of
Theorem 1.1. Namely, the counterpart of Theorem 1.1 (see Proposition 2.1 below)
is no more an existence result of a set £ C 9Q such that Problem (1.2) is not
achieved. It is a non existence result of a least gradient function for h = T, for
any measurable domain M C [0,1] x {0} C 0Q with positive Lebesgue measure.

We thus prove the following result whose strategy of the proof is due to Petru
Mironescu.

PROPOSITION 2.1 (P. Mironescu). — Let M C [0, 1] be a measurable set with
positive Lebesgue measure. Then the infimum in
inf {/ |Dw| ; w € BV(Q) and trpgw = HMx{o}} (2.1)
Q

is not achieved.

This section is devoted to the proof of Proposition 2.1. We fix a measurable
set M C [0,1] with positive measure and we let h = T yqop- We argue by
contradiction: we assume that there exists a minimizer ug of (2.1). We obtain a
contradiction in 3 steps.

Step 1. Upper bound and lower bound

This first step consists in obtaining two estimates. The first estimate is the upper
bound

[ 190l € 11012 00) = A0, (22
Here, #' (M) is the length of M.
Estimate (2.2) follows from Theorem 2.16 and Remark 2.17 in [2]. Indeed, by

combining Theorem 2.16 and Remark 2.17 in [2] we may prove that for h € L1(9Q)
and for all € > 0 there exists a map u. € BV (Q2) such that

[ 10wl < (4 )l xony and tranu. = h.
Q

The proof of this inequality when Q is a half space is presented in [2]. It is easy
to adapt the argument when Q = Q = (0,1)2. The extension for a C? set Q is
presented in Appendix E.

Step 2. Optimality of (2.2) (see (2.3))
The optimality of (2.2) is obtained via the following lemma.

LEMMA 2.2. — For u € BV(Q) we have

/|D2u| /|tr3Qu ) — traou(-, 1)|.

Here, for k € {1,2} we denoted

/Q|Dku| = sup {/Q udé = €€ CHQ) and || < 1}



NON-EXISTENCE OF LEAST GRADIENT FUNCTIONS 67

where C}(Q) are the set of real valued C*-functions with compact support included

in Q.

Lemma 2.2 is proved in Appendix B.1.
From Lemma 2.2 we get

1 1
[ 1Dl = [ ltraous(0) = traouo( 1)l = [ Loy = #1(0).
Q 0 0
Since we have
/ |Dug| := sup {/ udiv(§) : € = (&1,62) € C’i(Q,Rz) and f% —l—ﬁ% < 1}
Q Q

(2.3)
>/ | Daug| = A1 (M),
Q

we get the optimality of (2.2).
Step 3. A transverse argument

From (2.2) and (2.3) we may prove

/ |D1U0| =0. (24)
Q
Equality (2.4) is a direct consequence of the following lemma.

LEMMA 2.3. — Let  be a planar open set. If u € BV(2) is such that

/ |Dul = / Dy,
Q Q

then [ |Diul =0.
Q

Lemma 2.3 is proved in Appendix B.2.
In order to conclude we state an easy lemma.

LEMMA 2.4 (Poincaré inequality). — For u € BV(Q) satisfying trgou = 0 in

{0} x [0,1] we have
/ il < / Dy,
Q Q

Lemma 2.4 is proved in Appendix B.3.
Hence, from (2.4) and Lemma 2.4 we have up = 0 which is in contradiction with
troouo = Ly, oy With HH M) > 0.

2.2. Outline of the proof of Theorem 1.1. The idea is to adapt the above
construction and argument to the case of a general C? domain €. If Q has a flat
or concave part I' of the boundary 052, then a rather straightforward variant of the
above proof shows that T, where M is a non trivial part of I, is not the trace of
a least gradient function.

Remark 2.5. — Things are more involved when (2 is convex. For simplicity we
illustrate this fact when Q@ =D = {z € R? : |z| < 1}. Let M C S* N {(z,y) € R? :
x < 0} be an arc whose endpoints are symmetric with respect to the z-axis. We
let (zo, —yo) and (zo,yo) be the endpoints of M (here xo < 0 and yo > 0).
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We let € be the chord of M. On the one hand, if u € C*(D) N W(D) is such
that trsiu = M then, using the Fundamental Theorem of calculus, we have for

Y <Y <%Yo

1—y2
|Ozu(z, y)| > 1.
/_\/72

1-y
Thus we easily get

[rous [0 ["a [ e @)
Vu| 2/ Opth 2/ dy/ |0zu(z, y)| = 2y = S (F).
D D —Yo *\/ﬁ

Consequently, with the help of a density argument (e.g. Lemma A.1 in Appendix
A) we obtain

inf {/ |Du| ; w € BV(D) and trgiu = I[M} > (D).
D

On the other hand we let w := {(z,y) € R? : x < x0}. It is clear that ug = 1, €
BV (D) and trsrug = Tpg. Moreover

/|Du0| = AV(E).
D

Consequently ug is a function of least gradient. We may do the same argument
for a domain {2 as soon as we have a chord entirely contained in 2. This example
suggest that for a convex set {2, the construction of a set K C 99 such that (1.2)
is not achieved has to be "sophisticated".

The strategy to prove Theorem 1.1 consists of constructing a special set K C 952
(of Cantor type) and to associate to K a set By (the analog of M x (0,1) in the
model problem) which "projects" onto K and such that, if ug is a minimizer of (1.1),
then

/ |X - Dug| > 2 (K). (2.5)
B
Here, X is a vector field satisfying |X | < 1. It is the curved analog of X = e, used
in the above proof.
By (2.5) (and Proposition E.1 in Appendix E), if ug is a minimizer, then

/ \Du0|+/ (|Dug| — | X - Dug|) = 0. (2.6)
O\ B

We next establish a Poincaré type inequality implying that any ug satisfying (2.6)
and trpo\xu = 0 is 0, which is not possible.

The heart of the proof consists of constructing &, B, and X (see Sections 4 and
5).

3. NOTATION, DEFINITIONS

The ambient space is the Euclidean plan R%2. We let Bean be the canonical basis
of R2.
a) The open ball centered at A € R? with radius r > 0 is denoted B(A,r).
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b) A vector may be denoted by an arrow when it is defined by its endpoints (e.g.

1@) It may be also denoted by a letter in bold font (e.g. u) or more simply
by a Greek letter in normal font (e.g. v).
We let also |u| be the Euclidean norm of the vector u.

c¢) For a vector u we let ut be the direct orthogonal vector to u, i.e., if u =
(71, 22) then ut = (=29, 21).

d) For A, B € R?, the segment of endpoints A and B is denoted [AB] = {A +
tAB ;¢ € [0,1]} and dist(A4, B) = |ﬁ| is the Euclidean distance.

e) For a set U C R2, the topological interior of U is denoted by [(} and its
topological closure is U.

f) For k > 1, a C*-curve is the range of a C* injective map from (0,1) to R2.
Note that, in this article, C*-curves are not closed sets of R2.

g) For T' a Cl-curve, #1(T) is the 1-dimensional Hausdorff measure of T.

h) For k > 1, a C*-Jordan curve is the range of a C* injective map from the
unit circle S! to R2.

i) For ' a C'-curve or a C'-Jordan curve, ¥ = [AB] is a chord of " when
A, B €T with A # B.

j) If T is a C'-Jordan curve then, for A, B € T with A # B, the set I'\ {4, B}
admits exactly two connected components: 'y and I';. These connected
components are C'-curves.

By smoothness of T', it is clear that there is nr > 0 such that for 0 <
dist(A, B) < nr there always exists a unique smallest connected component:
we have #1(T1) < 1 (T3) or 1 (Tg) < 1 (Ty).

If 0 < dist(A, B) < nr we may define AB by:

AB is the closure of the smallest curve between I'y and T's. (3.1

k) In this article Q C R? is a C? bounded open set.

4. CONSTRUCTION OF THE CANTOR SET K

It is clear that, in order to prove Theorem 1.1, we may assume that € is a
connected set.

We fix Q@ € R? a bounded C? open connected set. The set K C 0 is a Cantor
type set we will construct below.

4.1. First step: localization of 0f). From the regularity of €2, there exist ¢ + 1
C?-open sets, wy, ..., wy, such that Q = wy \ w; U--- Uw, and

e w; is simply connected for i =0, ..., ¢,

e i; Cuwg fori=1,...¢

e wiNw;, =0for1<i<yj<L.

We let I' = Qwg. The Cantor type set I we construct "lives" on I'. Note that T’
is a Jordan-curve.

Let My € T be such that the inner curvature of I' at My is positive (the existence
of M, follows from the Gauss-Bonnet formula). Then there exists rg € (0,1) such
that [AB] C Q and [AB] N 9Q = {A,B}, VA, B € B(My,r9) NT. Note that we
may assume 2rg < np (where nr is defined in Section 3.j).

We fix A, B € B(My,ro) NT such that A # B. We have:
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e By the definition of My and rg, the chord %; := [AB] is included in Q.
e We let AB be the closure of the smallest part of I" which is delimited by
A, B (see (3.1)). We may assume that AB is the graph of f € C?([0,n],RT)

in the orthonormal frame Ry = (A, ey, e3) where e = AB/|AB|.
e The function f satisfies f(x) > 0 for z € (0,n) and f”(x) < 0 for € [0, 7).

For further use we note that the length of the chord [AB] is n and that for intervals
I,J C[0,n],if I C J then

!/ -~ < !/ -~
||f\1||L ||f|//]||L (J) (4.1)
”f\[”L‘X’(I) <Al

where f|; is the restriction of f to I.

Replacing the chord %y = [AB] with a smaller chord of AB parallel to €y, we may
assume that

1 1 1
0<n<min< - : : . (4.2)
{2 16117117 j0.m1) 2f’||L<>o([o,n])||f"||Lf>o([o,n])}

We may also assume that

e Letting D& be the bounded open set such that 9Dj = [AB]U AB we have
II5q, the orthogonal projection on 05, is well defined and of class C' in
Dy

e We have

16
1+ 4| f"||3~diam(Dg) < > (4.3)

where diam(Dg) = sup{dist(M, N) : M,N € D&}. (Here we used (4.1).)

4.2. Step 2: Iterative construction. We are now in position to construct the
Cantor type set K as a subset of AB. The construction is iterative.

The goal of the construction is to get at step N > 0 a collection of 2V pair-
wise disjoint curves included in AB (denoted by {K{,...,KN}) and their chords
(denoted by {€}", ..., €N\ 1}).

The idea is standard at step N > 0 we replace a curve I'y included in AB by
two curves included in Ty (see Figure 4.1).

Initialization. We initialize the procedure by letting Ky := AB and €Y =
6o = [AB].
At step N > 0 we have:
e A set of 2V curves included in AB, {K{,...,K)X}. The curves K{'’s are
mutually disjoint. We let K = U%ZlK,JCV.
e A set of 2V chords, {‘511\77...,%2]\1@} such that for & = 1,...,2V, € is the
chord of K}¥.

Remark 4.1. — (1) Note that since the €}¥’s are chords of AB and since
in the frame Rg = (A4, e1,e3), AB is the graph of a function, none of the
chords €}V is vertical, i.e., directed by es.

Since the chords 4} are not vertical, for k € {1, ...,2V}, we may define
VgN as the unit vector orthogonal to ¢} such that vgN = ol + Bes with
B > 0.
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2) For n satisfying (4.2), if we consider a chord €}V and a straight line D
n k
orthogonal to CﬁkN and intersecting %kN , then the straight line D intersect
K ,ﬁv at exactly one points. This fact is proved in Appendix C.1.

Induction rules. From step N > 0 to step N + 1 we follow the following rules:
(1) For each k € {1,...,2N}, we let n¥ be the length of V. Inside the chord
&N we center a segment I} of length (nY)2.
(2) With the help of Remark 4.1.2, we may define two distinct points of K}
as the intersection of K ,iv with straight lines orthogonal to ‘fév which pass
to the endpoints of I}Y.
(3) These intersection points are the endpoints of a curve K} included in K} .

We let Ké\]/j_'ll and Ké\,[jl be the connected components of K} \ K N. We

let also
° ‘fé\,iﬂ and ‘KQIXH be the corresponding chords;
o Ky =W KN
DEFINITION 4.2. — A natural terminology consists in defining the father and

the sons of a chord or a curve:
o F(EHT) = F(@N™) = €Y is the father of the chords €} T] and € ™.
I\.Z:(lf{é\{ill) = F(K) ™) = K is the father of the curves K™ and
Kyt
o S(GY) = {€L1, 65T} is the set of sons of the chord €Y, i.e. F(€5 1) =
R =6
S(J{[{fc\’) = {K%fll,ngl} is the set of sons of the curve K\, i.e.,
]:(sztlﬁ = ]:(szﬂ) =Ky

The inductive procedure is represented in Figure 4.1.

FIGURE 4.1. Induction step

nk)?
i

In Figures 4.2 and 4.3 the two first iterations of the process are represented.

FIGURE 4.2. First FIGURE 4.3. Second
iteration of the process iteration of the process

We now define the Cantor type set
K= () Kn. (4.4)

N>0
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The Cantor type set K is fat:
PROPOSITION 4.3. — We have 2#*(K) > 0.

This proposition is proved in Appendix C.3.

5. CONSTRUCTION OF A SEQUENCE OF FUNCTIONS

A key argument in the proof of Theorem 1.1 is the use of the coarea formula
to calculate a lower bound for (1.2). The coarea formula is applied to a function
adapted to the set K.

For N =0 we let

e Dj be the compact set delimited by Ky = AB and €Y = [AB] the chord
of Ko.

e We recall that we fixed a frame Ry = (A4, €1, e3) where e; = 1@/\1@| For
o = (01,0) € €7, we define:

I, is the connected component of {(o1,t) € Q : ¢ < 0} which contains o.  (5.1)

(I, is a vertical segment included in €Q.)
[ ] DO_ - Uo.e<g10]g.
e We now define the maps

\ijo : Da — %10
z = lgo(z)

and
Vy: Dy UDSr — ‘510

. {Hag(a?) if v € Df

150 [\ifo(ai)] ifz € DO_
where Ilyq is the orthogonal projection on 02 and Heo is the orthogonal
projection on %7. Note that, in the frame Ry, for = (x1,22) € Dy, we
have Ilgo(z) = (21,0).
For N =1 and k € {1, 2} we let:
e D} be the compact set delimited by K} and %} ;
. Tk1 be the compact right-angled triangle (with its interior) having ‘gkl as
side adjacent to the right angle and whose hypothenuse is included in €7;
e H} be the hypothenuse of T}}.
We now define Dy = Uy (H{ UHS), Ty = T} UT) and Dy = D} U DJ.
We first consider the map

\ifl : Tl @] Dl_ — %11 U (521
. n I (a:") if v € T} .
O [Wo(2)] if z € Dy

In Appendix D (Lemma D.1 and Remark D.2), it is proved that the triangles T
and Ty are disjoint. Thus the map ¥, is well defined
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By projecting €} U %3 on 99Q we get

U, : TWwuDyuDf — K1
. H@Q(x) ifxe Df—
Moo[¥(z)] ifx €Ty UD;.

DluT! U¥S(HY)

d Y

0yt
FIGURE 5.1. The sets defined at Step N =1
line of ¥, associated to o € K3

2)
and the dashed level

For N > 1, we first construct @NH and then ¥4 is obtained from ‘i’NH and
HaQ.
For k € {1,...,2N*1} we let
° DIJC\H'1 be the compact set delimited by K,iVH and ‘KICNH (recall that ‘kaH
is the chord associated to K,iv"’l);
° T,ﬁv *1 be the right-angled triangle (with its interior) having ‘KkN +1 as side
adjacent to the right angle and whose hypothenuse is included in F (‘5,5\] Jr1).
Here F (%N ) is the father of Y™ (see Definition 4.2);
o O C F(EN*) be the hypothenuse of T} .

We denote
2N+1 2N+1 2N+1
_ N+1 = T —1 N+1 + _ N+1
v = | Y, Dyavy ( U = ) and  Df., = |J DY
k=1 k=1 k=1
Dty Kt TN+ gNH py KN

FiGure 5.2. Induction. The bold lines correspond to the new iteration
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Remark 5.1. — It is easy to check that for N > 0:
(1) Tn41 C DY,
(2) if €Ty then z ¢ Ty for N’ > N + 1 (here Ty = 0).

We now define

Unp1: Tny1UDy,, — Ui:rl(gkNH
. H%év+1 (1‘) if x € T]i\/'-i-l .
- . ~ +1
Hcg}i\f-Fl[\I/N(:L‘)] ifz e \I/Nl (Uizl H]i\url).

In Appendix D (Lemma D.1 and Remark D.2), it is proved that for N > 1, the
triangles T,ﬁv for k = 1,...,2" are mutually disjoint. recursively, we find that all
the ¥ y’s are well-defined.
~ N+1
As in the Initialization Step, we get U1 from W1 by projecting U%:J{ ‘KkNH
on 0

Uny1: TnpUDy UDS,, — ) Kn+1
- Mpa[Unii(z)] ifx € Tniq U DJ:’+1
H(')Q(.T) ifx e D§+1.

It is easy to see that W1 (Tny1 U Dy U D]J\F,H) =Knt1.

6. BASIC PROPERTIES OF B,, AND Wy

6.1. Basic properties of B,,. We set By =Ty U DX, UDy. It is easy to check
that for N > 0 we have By11 C By and K C 0Bx. Therefore we may define

Bso = Nns0BN

which is compact and satisfies  C 0By.
We are going to prove:

LEMMA 6.1. — The interior of By, is empty.

Proof of Lemma 6.1. — From Lemma D.1 (and Remark D.2) in Appendix D

combined with Hypothesis (4.2), we get two fundamental facts:
(1) The triangles T}V, ... ,TQJY\,H are mutually disjoint.
(2) We have:
HYF(EN
%I(Hg+1)< (];( k ))

For a non empty set A C R? we let

rad(A) = sup{r > 0 : 3z € A such that B(z,r) C A}.

Note that the topological interior of A is empty if and only if rad(A) = 0.
On the one hand, it is not difficult to check that for sufficiently large N

rad(BN) = rad(BN N D;/v) (62)
On the other hand, using (6.1) we obtain for N > 1:

rad(By N Dy)

rad(Byy1 N Dyyq) < 5
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Consequently, by combining (6.2) and (6.3) we get the existence of Cy such that

Co
Since B = Nn>0Bn, from (6.4) we get that rad(Bs) = 0. O
6.2. Basic properties of V. We now prove the key estimate for ¥y:
LEMMA 6.2. — There exists by = on(1) such that for N > 1 and U a connected

component of By, the restriction of Uy to U is (1 4 by)-Lipschitz.

Proof. — Let N > 1 and U be a connected component of By. The restriction
of U to UN (Tnvy U Dy) is obtained as composition of orthogonal projections on
straight lines and thus is 1-Lipschitz.

There exists by = on(1) such that the projection Py := Iyq defined in DY, is
(1 + by )-Lipschitz. The functions Wy are either the composition of U N with Py
or U = Py. Consequently the restriction of ¥y to U is (1 + by )-Lipschitz. O

In the following we will not use ¥y but "its projection" on R. For N > 1 and
ke {1,..,2V}, we let BY := W' (K}) and we define

Myn: BY — R
r = A AV N(2))

where AUy (z) C AB is defined by (3.1) as the smallest connected component of
O\ {A, Uy (z)} if Un(z) # A and AUy (z) = {A} otherwise.

LEMMA 6.3. — For N > 1 there exists ¢y € (0,1) with ¢y = on(1) such that
for k € {1,...,2V} the function Il x : By — R is (1 + cy)-Lipschitz.

Proof. — Let N > 1, k € {1,...,2V} and let x,y € BY be such that ¥y (x) #
Un(y). It is clear that we have

g n (z) — i n (y)| = A7 (YN (y) VN (2))

—
where Uy (y)¥n(z) C K}Y is defined by (3.1) as the smallest connected component
of 90\ {¥n(y), ¥n(z)}

Moreover, from Lemma C.3 in Appendix C.2, we have the existence of C' > 1
independent of N and k such that for x,y € BY such that Ux(z) # Un(y) we
have (denoting X := U (z),Y := Un(y))

dist (X,Y) < 2" (XY) <dist (X,Y) [1 + Cdist (X, V)]
and
ANKY) <A EY) [L+ et ().
From Step 1 in the proof of Proposition 4.4 (Appendix C.3) we have
2

N
k:?%.)élvjf (%) < 3
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N
Thus, letting ay = 7) {1 +C } we have ay — 0, and since XY C K,]CV
we get:
dist (X, V) < 2" (XY) < N (KY)
< AHNEY) [1 + oA (EN )] an(l+ Can).

Thus, letting ay = max {an(1+ Cay), |by|} where by is defined in Lemma 6.2,
we get

A (XY) = My (@) — e (y)| < 227 (n)En () (1+ Can)
< (Q+an)(1+Can)lz—yl
Therefore, letting ¢y be such that 1+cy = (1+d ) (14 Can) we have ey = on (1),
cn is independent of k € {1,...,2V} and Il v is (1 + cn)-Lipschitz. O

7. PROOF OF THEOREM 1.1

We are now in position to prove Theorem 1.1. This is done by contradiction.
We assume that there exists a map ug € BV (2) which minimizes (1.2).

7.1. Upper bound. The first step in the proof is the estimate
/ |Dug| < ||kl L1 a0y = 2 (K). (7.1)
Q

This estimate is obtained by proving that for all € > 0 there exists u. € W(Q)
such that trgqu. = I and

”VUaHLl(Q (l-i-&‘)HtI‘aQUEHLl(Q (1+6)%1(’C) (72)

Proposition E.1 in Appendix E gives the existence of such u.’s
Clearly (7.2) implies (7.1).

7.2. Optimality of the upper bound. In order to have a contradiction we follow
the strategy of Spradlin and Tamasan in [3]. We fix a sequence (uy,), C C*(Q) such
that

e Wt (Q) : u, = uwin LY(Q) : / [V, —>/ |Dug| : traqu, = traquo.
Q Q

(7.3)
Note that (7.3) implies

/ |Vu,| — / |Du| for all F' C Q relatively closed set. (7.4)
F F

Such a sequence can be obtained wia partition of unity and smoothing ; see the
proof of Theorem 1.17 in [2]. For the convenience of the reader a proof is presented
in Appendix A (see Lemma A.1).

For further use, let us note that the sequence (uy,), constructed in Appendix A
satisfies the following additional property:

If ug = 0 outside a compact set L C  and if w is an open set
such that dist(w, L) > 0 then, for large n, u, =0 in w
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For x € By we let

o) if D
Vo(z) = {Meal®) HTE D0 (7.5)
(0,1) if x € Dy
and for N > 0, x € Byy1 we let
V() ifxeBN\jo“N‘H
Vnii(z) = ; (7.6)

o
. N+1
VigN+1 1fac€TkJr

where, for o € 09, v, is the normal outward of 2 in o and v ~+1 is defined in
k

Remark 4.1.1.
We now prove the following lemma.

LEMMA 7.1. — When N — oo we may define Voo (x) a.e. © € Boo by

Veo: Bo — R2
z = limyoe V()

Moreover, from dominated convergence, we have:
Vnip, — VoDl in L*(Q).

Proof. — If x € Bso \Un>1Tn, then we have Vy(x) = Vo(x) for all N > 1. Thus
limy 00 Vi (z) = V().

For a.e. € Boo NUn>1Tw there exists Ny > 1 such that  €T}y,. Therefore for
all N > Ny we have Viy(z) = Vi, (x). Consequently limy_, o Vv (z) = Vy,(z). O

This section is devoted to the proof of the following lemma:

LEMMA 7.2. — For all w € C*° N W11(Q) such that trpqw = I we have
/ |Vw - Vao| = 27 (K)
BooNS

where V, is the vector field defined in (7.7).

Remark 7.3. — Since |V (z)| =1 for a.e. & € By, it is clear that Lemma 7.2
implies that for all n we have

/ \Vu,| = 2 (K).
BooN2
From (7.4) we have:

/ |D'U/(]‘ }%1(K)
BooN2

Section 7.3 is devoted to a sharper argument than above to get

/ |wn|>/ V- Vio| + 0
Boo N Boo N

oo

with 6 > 0 is independent of n. The last estimate will imply fBooﬂQ |Dug| >
H(K) + & which will be the contradiction we are looking for.
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Proof of Lemma 7.2. — We will first prove that for w € C>° N WH(Q) such
that trgow = I we have
K
/ V- vy > 228 (7.8)
ByNQ 1+on(1)

where Vy is the vector field defined in (7.5) and (7.6).
Granted (7.8), we conclude as follows: if w € C*° N W11(Q) such that traquw =
T, then

/ [Vw-Vy| = lim [Vw - V|
BN N—oo Jpyna
1
> lim L(IC) :%1(K)’

N—oo 1+ ON(l)

by dominated convergence.

It remains to prove (7.8). We fix w € C®° N W11(Q) such that trogqw = k.
Using the Coarea Formula we have for N > 1 and k € {1,...,2¥}, with the help of
Lemma 6.3, we have

(1+CN)/ V-V >/ VT ||V - Vi
B¥Fno B o

= / dt/ |Vw - Vi |.
R I, ({tHnQ

Here, if H,;}\,({t}) is non trivial, then H;}V({t}) is a polygonal line:

Hﬁv({t}) = Lo(t,k,N) U IlaN,t u---u IliVJJ\rflt
where
e o(t,k,N) € [AB] is such that [AB] N 11 ({t}) = {o(t,k, N)},
® I,k Ny is defined in (5.1),
e forl=1,...,N we have I,lc’N}t = H;}V({t}) NTNy1-1,
o Ity =T v({th N DY
From the Fundamental Theorem of calculus and from the definition of Vv, denoting
o Irn) = [Mo, Mi] (where My € 9\ AB and M, = o(t, k, N)),
(] Illc,N,t = [MlyMH-lL l=1,..,N+1and My42 € K]]CV,

we have for a.e. ¢ € Il y(K}) and using the previous notation,

/ Vo Vvl > Jo(Miss) — w(M)].
[My,M;44]

Here we used the convention w(M;) = tragqw(M;) for I =0 and N + 2.
Therefore for a.e t € Iy y(K?) we have

/ |Vw - V| > [tragw(Mp+2) — traow(Mo)| = T (Mn12)-
I, L ({thne

Since K C Ky = U%ZIK,JCV, we may thus deduce that

9N
(1+CN)/ |VUJ'VN‘=(1+CN)Z/ |Vw-VN|>/A]I;c=%1(K).
BnNQ k=1 B

(k)
Wna AB
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The last estimate clearly implies (7.8) and completes the proof of Lemma 7.2. O

7.3. Transverse argument. We assumed that there exists a map ug which solves
Problem (1.2).
We investigate the following dichotomy:

e ug Z0in Q\ Bu;
e ug=01in Q\ B

We are going to prove that both cases lead to a contradiction.
7.3.1. The case ug # 0 in Q\ Bs. We thus have / |ug| > 0. In this case, since

N\ Boo
(traauo)jon\oB.. = 0, we have

5::/ | Dug| > 0. (7.9)
Q\Bao
Estimate (7.9) is a direct consequence of the following lemma applied on each

connected components of Q\ By

LEMMA 7.4 (Weak Poincaré lemma). — Let w C R? be an open connected set.
Assume that there exist ©g € dw and r > 0 such that w N B(xg, r) is Lipschitz.
If u € BV (w) satisfies tro.np(z,,r) = 0 and fw |Du| =0 then u = 0.

Lemma 7.4 is proved in Appendix B.4.
Recall that we fixed a sequence (uy), C Ct N WH(Q) satisfying (7.3).
In particular, for sufficiently large n, we have

1)
/ Vg > <.
O\Bo 2

Thus, from Lemma 7.2 and the fact that |V (z)| =1 for a.e. € B,

0
/\Vun| >/ |Vun-Voo|+/ |V, | > 41 (K) + .
Q Beo o\B 2

oo

)
/|Du0|—hm/ [Vuy| > ( )+ =
Q 2

which is in contradiction with (7.1).

This implies

7.3.2. The case ug = 0 in Q\ Bs. We first note that, since trypt-tio # 0, there

exists a triangle T,ivo such that fTNO lup] > 0. We fix such a triangle T,ﬁvo and we
k

let a be the vertex corresponding to the right angle.

We let R = (a,&;,8&;) be the direct orthonormal frame centered in a where

& = ch]fvo (chévo is defined Remark 4.1.1), i.e., the directions of the new frame are

given by the side of the right-angle of T,iv o,

It is clear that for N > Ny we have Vy = &5 in T,ivo.
By construction of By, TN0 N B is a union of segments parallel to é,, i.e.

n ||

Ip., 7o (s,t) depends only on the first variable "s" in the frame R.
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Since fTNO |ug| > 0, in the frame R, we may find a, b, ¢,d € R such that, consid-
k

ering the rectangle (whose sides are parallel to the direction of 7@)

P = {a+s& +1t& : (s,t) € [a,b] x [e,d]} € TN°

/ |U0‘ > 0.
P

Since from Lemma 6.1 the set By, has an empty interior (and that ]IBOO‘TNO (s,t)
k

we have

depends only on the first variable in the frame R), we may find a’ < b’ such that
o [0, b'] x [e,d] C [a,b] x [e,d],
o SN By =0 with §:={a+sé; +té : (s,t) € {a/,0'} x [e,d]}
) ::/ lug| > 0 with P" := {a + s&; +t& : (s,t) € [a', V] x [c,d]}.
7)/

Moreover, since S and B, are compact sets with empty intersection, we may find
V), an open neighborhood of § such that dist(V, By,) > 0.

Noting that ug =0 in Q\ Bs, from Lemma A.1 (in Appendix A) it follows that
for sufficiently large n we have

e u,=0in S,

0/|u\>§
T2

Consequently, from a standard Poincaré inequality

2 0
O, Un| 2 —— n| > ——— =:4"
73/| 1t | v —a Al ‘u ‘ b —a

Therefore [, |0s,un| > &', [} |0s,un| < 257 (K) and then by Lemma 3.3 in [3]
we obtain:
5/2

> = _
/p/ Viun| > /p festal + T T

Thus, from Lemma 7.2, for sufficiently large n:

5/2
> ! T — onll).
[ 90l = 060) + i — o)
From the convergence in BV -norm of u,, to uy we have
6/2
Dug| > #YK) + ——————.
‘/Q u0| ( )+4%1(’C)+5/

Clearly this last assertion contradicts (7.1) and ends the proof of Theorem 1.1.

APPENDICES
APPENDIX A. A SMOOTHING RESULT
We first state a standard approximation lemma for BV -functions.

LEMMA A.1. — Let Q C R? be a bounded Lipschitz open set and let u €
BV (). There exists a sequence (uy), C C*(Q) such that

(1) up WY o in the sense that up — u in L1(Q) and / V| — / | Dul,
Q Q

(2) troqun, = traqu for all n,
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(3) for k € {1,2},

/ |0kt | —>/ |Dyu| := sup {/Q udpé = € € CHQ,R) and €] < 1} ,

(4) If u = 0 outside a compact set L C Q and if w is an open set such that
dist(w, L) > 0 then, for large n, u, =0 in w.

Proof. — The first assertion is quite standard. It is for example proved in
[1][Theorem 1]. We present below the classical example of sequence for such ap-
proximation result (we follow the presentation of [2][Theorem 1.17]).

Let © C R? be a bounded Lipschitz open set and let u € BV (Q).

Forn > 1, we let ¢ = 1/n. We may fix m € N* sufficiently large such that letting
for k e N

Qp = {x € Q : dist(z, 00) > mik}

we have

/ |Du| < e.
0\ Q0

We fix now A; := Qy and for i € N\ {0,1} we let A; = ;11\ Q;_;. It is clear that
(A;)i>1 is a covering of 2 and that each point in Q belongs to at most three of the
sets (A’L)’L>1

We let (p;)i>1 be a partition of unity subordinate to the covering (4;);>1, i.e.,
©Y; € CSO(AIL), 0 < i < 1 and Zi21 Yi; = 1in Q.

We let n € C2°(R?) be such that supp(n) € B(0,1), n > 0, [n = 1 and for
x € R% n(z) = n(|z|). For t > 0 we let n, = t~2n(-/t).

As explained in [2], for ¢ > 1, we may choose ¢; € (0,¢) sufficiently small such
that

supp(7e, * (up;)) C A;
&
1e, * (ups) — wps| < %
13
1e; * (uVi) —uVe;| < 5
Q

Here * is the convolution operator.
Define

Z Ne, * (ugp;).
izl

In some neighborhood of each point x € € there are only finitely many nonzero
terms in the sum defining u,,. Thus u,, is well defined and smooth in (.
Moreover, we may easily check that

||un—uL1<m+\/ Dul = [ 1V
Q Q

The previous estimate proves that (u,) satisfies the first assertion, i.e. u,
As claimed in [2][Remark 2.12] we have tragqu, = traqu for all n. Thus the
second assertion is satisfied.

< € (here e = 1/n).

strictly
— U
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We now prove the third assertion. Since u, — u in L'(), by inferior semi
continuity we easily get for k € {1,2}

/|Dk.u| Sliminf/ | Okt |.
[¢) n—oo 0

We now prove/ | Dyu| > hmsup/ | Ot |-
Q

Let £ € CH(,R) with [¢] < 1. Since 7 is a symmetric mollifier and 3" ¢; = 1 we
have

/Qunakf

> [ e twpong

i>1
= Z/ upidk (e, *€)
izl
= Z/Uak@zns *§ Z/Uak%ﬁe *5)
izl izl
= Z/ udg[i(ne, * &)] Z/f Ne; * (UOkpi) — udkpi] .
i1 i1

On the one hand we have (note that ¢; (1., * &) € CL(A;) and |p;(ne, * £)] < 1)

Z/Q uak (Pz 7761 * g)] = /A uak SDZ 7761 + Z/ uak (Pl 7751 5)]

i>1 =2
< /|Dku|+2/ |Dyul
=2
< [ipal+s [ Dl
Q Q\Qo

< /|Dku|+3€.
Q

Here we used that each point in {2 belongs to at most three of the sets (A;);>1, for
1> 2 we have A; C 2\ Qp and

/ |Dku\</ \Dul < <.
Q\Qo Q\QO

On the other hand, since for ¢ > / [ne, * (uV;) — uV;]| < , we get

Z/f (M, * (ki) — udkp] Z/ M, * (uOkpi) — udkepi| < e.

i>1 =1

Consequently

sup {/ U, K€+ € € CHQ,R) and [¢] < 1} :/ |Okun| < / | Dyu| + 4e
Q Q Q
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and thus

limsup/ | Ok tn | g/ | Dyl
n = Jo Q

This inequality in conjunction with

Hminf/ | Okt | 2/|Dku|
n Q Q

proves the third assertion of Lemma A.1.
The last assertion of Lemma A.1 is a direct consequence of the definition of the
UpS. O

APPENDIX B. PROOFS OF LEMMA 2.2, LEMMA 2.3, LEMMA 2.4
AND LEMMA 7.4

B.1. Proof of Lemma 2.2. Let u € BV (Q). We prove that

1
[ 102012 [ raqut-0) = tragut-. ).
Q 0

From Lemma A.1, there exists (u,,), C C1(Q) with tryou, = trpou and such that

strictly
Q Q

U, — wand
From Fubini’s theorem and the Fundamental theorem of calculus we have

1 1
/ |32un| = / dxl / ‘agun(xl,(ﬂg)‘dftQ
Q 0 0

1 1
P / dz; / Oty (21, x2)dxo
0 0

1
= / dzq [tragun(z1,1) — tragun(z1,0)]

0
1
= / [trogu(-, 1) — tragu(-, 0)].
0
Since fg |O2tur| — fQ | Dau|, Lemma 2.2 is proved.
B.2. Proof of Lemma 2.3. Let Q be a planar open set. Let u € BV () be such

that
/|Du\:/ | Daul.
Q Q

We prove that / |Diu] = 0. We argue by contradiction and we assume that
Q

/Q|D1u| > 0, i.e., there exists £ € C}(2) such that || < 1 and

= / udh & > 0.
Q
Let (ETL)'IL C Ccl (Q) be such that |€n| <1and

Nn ::/uﬁggn—)/ | Dau.
Q Q
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For (o, B) € {x € R? : |z| < 1} we let fg% = (a&, B¢,) € CHQ,R?). Clearly,
€0 < 1and

[ 1Dl [ udive)) = an+ o (B.1)
Q Q
If we maximize the right hand side of (B.1) w.r.t. (o, ) € {x € R? : |z| < 1}, then
. n Tin
we find with (a, 8) = , that
(7) (\/n2+n2 Vi

2
/IDu|>\/n2+77% 5 \/n2+</ D) >/|Du|.

This is a contradiction.

B.3. Proof of Lemma 2.4. Let u € BV (Q) satisfying trogu = 0 in {0} x [0, 1].

We are going to prove that
[ i< [ il
Q Q

Let (un)n, C CH() be given by Lemma A.1. Using the Fundamental theorem of
calculus we have for (z1,22) € Q that

T 1
[tn (21, 22)] < / |01y, (t, z2)|dE g/ |O1un (t, 22)|dE.
0 0

Therefore, from Fubini’s theorem, we get

1 1 1
/|un\ §/ dxldxg/ \31un(t,x2)|dt:/ da:g/ \31un(t,x2)|dt:/ |01t ]
Q Q 0 0 0 Q

It suffices to see that [ us| — [ [u| and [, [Orun| — [, [D1ul to get the result.

B.4. Proof of Lemma 7.4. Let w C R? be an open connected set. Assume there
exist ¢y € Ow and r > 0 such that w N B(xg, ) is Lipschitz.

Let u € BV (w) satisfying tro,np(z,,nu = 0 and [ |Du| = 0. We are going to
prove that = 0. On the one hand, since fw |Du| =0, we get u=C with C € R a
constant. We thus have trg,np(z,,ru = C. Consequently C' =0 and u = 0.

APPENDIX C. RESULTS RELATED TO THE CANTOR SET K
C.1. Justification of Remark 4.1.(1). We prove the following lemma:

LEMMA C.1. — Let n > 0 and let f € C%([0,7n],R) be such that
1

n < )
2([f" oo cgo,np) I1F" [ o (f0,m1)

We denote Cy the graph of f in an orthonormal frame Ry.

For 0 < a < b < 1, denoting € the chord |[(a, f(a)), (b, f(b))], for any straight
line D orthogonal to € such that DN% # 0, the straight line D intersects Cy q 5 at
exactly one point, where Cy o is the part of Cy delimited by (a, f(a)) and (b, f(b)).

Remark C.2. — We may state an analog result with f € C! where we use the
modulus of continuity of f’ instead of || f”||s in the hypothesis.
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Proof. — The key point here is uniqueness. Indeed, for 0 < a < b < nand €, D
as in the lemma, we may easily prove that Cf o, N D # @ by solving an equation.
(We do not use 1 < (2| f'[| Lo (jo,n)) 1/ | Lo (jo,n)) ~* for the existence)

In contrast with the existence of an intersection point, its uniqueness is valid only
for 1 not too large. To prove uniqueness we argue by contradiction and we consider
f and 7 as in lemma and we assume that there exist two points 0 < a < b < g
such that there exist a < < y < b such that the segments [(z, f(z)), (y, f(v))] and
[(a, f(a)), (b, f(b))] are orthogonal. Note that with this hypothesis the straight line

D := ((z, f(x)), (y, f(y))) is orthogonal to the chord € := [(a, f(a)), (b, f(b))].

So we get
flyy—fle) __b-a
y—a f(0) = f(a)
From the Mean Value Theorem, there exist ¢ € (z,y) and ¢ € (a,b) such that
1
"(¢) = ———. Consequentl
Fe) =55 y
flle) x [f'@) = ()] = =1 = [f'(e))*. (C.1)
From the hypothesis 7 < (2| f|| o< (o,m) [/l Lo (jo,n))) ~*> We have
1
7@ = F @I <l e o) < gram———
E 0= ol T e o)
Therefore, we get
- 1
/() < [f'(&) = f()]l < 5
which is in contradiction with (C.1). O

C.2. Two preliminary results. We first prove a standard result which states that
the length of a small chord is a good approximation for the length of a curve.

LEMMA C.3. — Let0 <n < landlet f € C?([0,n],RT). We fix an orthonormal
frame and we denote Cy the graph of f in the orthonormal frame. Let A =
(a, f(a)),B = (b, f(b)) € Cy (with 0 < a < b < 1) and let € = [AB] be the chord
of Cy joining A and B. We denote AB the arc of Cy with endpoints A and B.

We have

HNE) < A AB) < AN E) {1+ (b= @)l |21 e + 1 2= (0 — )]} -

Proof. — The estimate #1(¢) < #*(AB) is standard, we thus prove the sec-
ond inequality.
On the one hand

AN E) = \[(a=b)2 +[f(a) - fO)? = (b—a)\/l v (W) .

On the other hand ,
AV (AB) = / V1t fe.
With the help of the Mean Value Theorem, there exists ¢ € (a,b) such that
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Applying once again the Mean Value Theorem (to f'), for x € [a, b] there exists ¢,
between ¢ and x such that

fl(@) = f(c) + f(ca)(x = c).

Consequently for x € [ b] we have:

VIHF@)? = 1)+ " (e) (@ — )2

" 2f'(e)f"(cz) (@ — ) + f"(ce)*(x — ¢)?
EAAREA \/1+ e

_ 2
< % (L ION ) (0= )+ 1 (0~ ).

Thus we have

A (AB) = / T ) de

(1420l e (b @) + [ (b~ 0)?]
= AN {1+ b= ) =20l + 17 ]2= (b~ )]} T

We now state another technical lemma which gives an upper bound for the height
of the curve w.r.t. its chord.

LEMMA C4. — Let 0 < a < b < n, f € C*([0,n],RT) be a strictly concave
function and let Cy be the graph of f in an orthonormal frame. Let A = (a, f(a))
and B = (b, f(b)) be two points of Cy.

Assume that we have

1

201£" Nl oo o 1111 Lo (j0,m])

in order to define for C € [AB] (with the help of Lemma C.1) C' as the unique
intersection point of C'y with the line orthogonal to [AB] passing by C.
We have

O i
M (jed) < O e

Proof. — Let 0 < a < b<n, f € C?*(]0,n],RT) be as in Lemma C.4.
We consider the function
oo £0) - 10
— f(a
r = f(z)— W(m—a)—}-f(a) .
It is clear that g is non negative since f is strictly concave.
For C € [AB], we let C be as in Lemma C.4. Then we have
sup 1 ([CC]) = maxg.
Ce[AB] (0,7]
(b—a)®[f"llz>=

Thus, it suffices to prove maxy ;g < 3
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Since g is C! and g(a) = g(b) = 0, there exists ¢ € (a,b) such that
gle) = max g and ¢'(c) = 0.

)

b
Let ¢t € {a,b} be such that |t — ¢| < Ta. Using a Taylor expansion, there exists

¢ between ¢ and t such that

! (t B C)2 1~
0=g(t) =g(c) + (t —c)g'(c) + —5—9¢"(0).
Thus
(t—0? , . _ (b—a)[f ]l
max g = (c) 59" (@) 5
The last inequality completes the proof. O

C.3. Proof of Proposition 4.4. We prove that
lim inf 221 (Kx) > 0. (C.2)
N—o00

o\ N
Step 1. W that HHEN) < (7) .
ep e prove tha k:]qlﬁ.),{zf\’ (€:) 3

For N > 1 we let {K,JCV : k=1,...,2V} be the set of the connected components
of Kn. We let €} be the chord of K} and we define py = max;—; v S (ELY).
Note that by (4.2) we have pg < 1.

We first prove that for N > 0 we have

2
BN+1 S /N (C.3)
By induction (C.3) implies (since pp < 1)
o\ N
i< () (C4)

In order to get (C.3), we prove that for N > 1 and K;¥ a connected component of
Kn and € its chord, we have

2 1 N
) < 2 f’“ )
(see Definition 4.2 for S(+), the set of sons of a chord).

Let N > 1. For k € {1,...,2V}, we let Ki¥ be a connected component of Ky.
We let KN KN € S(KY) be the curve obtained from K}¥ in the induction
step.

For k € {2k — 1,2k}, we let %fi\“'l be the chords of KéV'H.

In the frame Ry, we may define four points of T,

(ala f(al))7 <b17 f(b1)>7 (0/2, f(a2))7 (b27 f(bQ))’
with 0 < a1 < by < as < be < n, such that:
e the endpoints of Kj, ! are (a1, f(a1)) and (by, f(b1));

e the endpoints of K2y are (az, f(az)) and (b, f(b2));
e the endpoints of K}¥ are (ay, f(a1)) and (bs, f(b2)).

for € € S(€Y) (C.5)
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In the frame R we let (a1, £1), (a2, B2) be the coordinates of the points of 4}Y such
that for [ € {1,2}, the triangles whose vertices are {(as, f(a;)); (b, f(b1)); (cu, B1)}
are right angled in (ay, £;).

We denote

e 7, the segment [(b1, f(b1)); (a1, 1)];
o T, the segment [(aq, f(a2)); (asg, B2)].

From the construction of Ké\,ifll and K. é\ffl and from the Pythagorean theorem we
have for [ = 1,2

%1%&)—%1(%?)2)?

AN ) = @+ s

Using Lemma C.4 we get that
ANT) < (b2 = ar)? ||| o=

On the other hand we have obviously by — a; < 57 1(‘5,CN ). Consequently we get

%1 (gN _%1 %N 21 2

NG < AN+ (O
1 N2

< AN+ LT

Therefore

(€N
@) < D e 6,

thus using (4.3) we get

2 (€,Y)
3 .

The last estimate gives (C.5) and thus (C.4) holds.

2N

Step 2. We prove that lim infz AN EN) > 0.
N —o00 =1

A (%JZEH) <

For N > 1, we let

2N

en =Y AN EGY).
k=1

The main ingredient in this step consists in noting that a son of € is a hy-
pothenuse of a right angled triangle which admits a cathetus of length
ANGY) — A G
5 .

Consequently we have

AN Cop 1) + A (Cy ) = H(E) — A (G
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Thus, summing the previous inequality for k =1, ..., 2" we get
2N
CN41 = Zﬁfl (G i) + AN G ) = Y AN G = A (E)]
k=1
_ o\ N
CN(I—,LLN)ZCN 1—(5) :|
By induction for N > 2
N kT N-1 o\ k
1:[{ ():clxexp[’;m{l—(s) H

It is clear that liminf Zl 11 In [1 — (%)k] > —o0, thus liminf 5 ¢y > 0.
Step 3. We prove (C.2).

Since for a connected component K of Ky and its chord ¥ we have
HNEY) = A6,
we obtain (C.2) from Step 2.

APPENDIX D. A FUNDAMENTAL INGREDIENT IN THE CONSTRUCTION
OF THE VY ,’S

In this section we use the notation of Sections 4 and 5.

LEMMA D.1. — Lety C AB be a curve and let € be its chord. We let Y1, 72 be
the curves included in v obtained by the induction construction represented Figure
4.1 (section 4.2). For l = 1,2, we denote also by %] the chord of ~; and by T the
right-angled triangle having 6, as side of the right-angle and having its hypothenuse
included in € .

If (%) < min{271, (4 f"]|%) "2}, then the hypothenuses of the triangles T}

A (E)
2

and Ty have their length strictly lower than . In particular the triangles T}

and T, are disjoint.

Remark D.2. — From (4.2), we know that 6y = 47 is such that s#1(%}) <
min{27%, (4] f"[|2<)~2}. From (C.3) we have that for N > 1 and k € {1,...,2"V}
we have N (EN) < A (EY) < min{271, (4] f||2 ) 2}

Therefore with the help of Lemma D.1, for N > 1, the triangles T} ’s are pairwise
disjoint.

Proof. — We model the statement by denoting {M,Q} the set of endpoints of
~ and N and P are points such that:

e M, N are the endpoints of 71,
e P (@ are the endpoints of v,.
We denote § := #([MQ)]) = %{1(%) <min{27Y (4] f"%~)"2}.

We fix an orthonormal frame R with the origin in M, with the z-axis (M Q) and
such that N, P,@Q have respectively for coordinates (z1,y1), (z2,y2) and (z3,0),
where 0 < 1 < 22 < x3 and y1,y2 > 0.
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By construction we have

5 — 62 5+ 62
, L2 =
2 2

T = and z3 = 4.

Moreover, arguing as in the proof of Lemma C.4 we have (recall that AB is the
graph of a function f in an other orthonormal frame):

0<y1,y2 <& f |-

(z1,y1 = axy)

(2,92 = aza + B)

(Ifsv O)

(z4,0) (25,0)

FiGure D.1. Model problem

From these points, in Section 4.2, we defined two right-angled triangles having
their hypothenuses contained in the z-axis.

The first triangle admits for vertices the origin (0,0), (21,y1) and a point of the
z-axis (z4,0). This triangle is right angled in (x1,4;). In the frame R, one of the
side of the right-angle is included in the line parametrized by the cartesian equation
y = ax. Since § < 1/2, we have

u
Ty

2 "
20"

~ 5_62 <4||f”HL°°6

la| =

The second triangle admits for vertices (x2,¥2), (z3,0) and a point of the z-axis
(z5,0). This triangle is right-angled in (z2,%). In the frame R, one of the side
of the right-angle is included in the line parametrized by the cartesian equation
y = ax + 3, where

Y2
T2 — T3

21| £11
< 27"

6_62 <Z‘LHf//HLooé

o] =

The proof of the proposition consists in obtaining

I3 I3
Ty < — and z3 — x5 < —.
4 5 3 5 9

We get the first estimate. With the help of Pythagorean theorem we have

of +yi + (21— 20)® +yi = ad.
By noting that y; = ax1 we have

x4 = (1+a?)z;.
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Thus:
T3 9 0 —08% 6
= 1 —
:c4<2 — (1+a°) 5 <2
— Q16201 - 0) < 1
1
= -
16]1£7117
= i< !
16]1f"117
Following the same strategy we get that if § < ———-5— then x3 — x5 < il
16| f[[7 QD

APPENDIX E. ADAPTATION OF A RESULT OF GIUSTI IN [2]

In this appendix we present briefly the proof of Theorem 2.16 and Remark 2.17
in [2]. The argument we present below follows the proof of Theorem 2.15 in [2].

PROPOSITION E.1. — Let Q C R™ be a bounded open set of class C? and let
h € LY(09). For all € > 0 there exists u. € WH1(Q) such that tropqu. = h and

uellwi ) = llucllr@) + IVuellLr@) < (1 +e)llhllL1 (@)

Proof. — We sketch the proof of Proposition E.1. Let h € L*(9Q) and let ¢ > 0
be sufficiently small such that

(1+e?)? 446t < 1+gand (14 %) <§

Step 1. We may consider n > 0 sufficiently small such that in Q, := {z € Q :
dist(z, 99) < n} we have:
(1) The function
d: Q, — (0,m)
x  —  dist(z,00)
is of class C! and satisfies |Vd| > 1/2,
(2) The orthogonal projection on 99, Ilyq is Lipschitz.

1
We now fix a sequence (hy)r C C°(02) such that hy L h. We may assume
that (up to replace the first term and to consider an extraction):
(1) ho =0,
(2) Ehzo lhusr — bl < 1+ )[Rl 1.
And finally we fix a decreasing sequence (Zx)r C R such that
(1) to < min(n,e?) is sufficiently small such that
o 4ty max(1; ||VIpq| =) x max(1,supy, ||hel/z1) < min(e2,&2||hl/11),
e for p € L1(99Q) we have for s € (0,t0)

/ 0 Tpn(z)]| < <1+s2>/ ().
d=1({s}) [¢}9]

tollh] 1
28(1 + [[Vhi|lLo + VhggillLe)

(2) For k > 1 we have ¢, <
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Step 2. We define a map u. : 2 — R by

d(z) —t t — d(x .
d@) =iy, Moo (z) + "7()@.+1 oMoa(z) if d(z) € [trss, tr)
T bt — tiy tp — trpg

0 otherwise.

We may easily check that wu. is locally Lipschitz and thus weakly differentiable.
From the coarea formula and a standard change of variable we have

lucllzr <2 / e |V d]
{d<to}

to
< 2/ ds/ |ue|da
0 d=*({s})

tr
<2 / ds/ |ue|da
Z tret1 d=1({s})

k>0
tr

<2 Z ds/ [|hr o Tloq ()] + [hr41 o ao(x)[]dx
d=*({s})

k>0 tet1
ty

<21+)Y [ ds [ (@) + e @)]da

k>0 th+1
<201+ ) (tk — tap) (wllr + kgl 2r)
k>0
<41+ Htosup || i 2
k

< (L+e)e?||hllz

< g lAllzr-

€
2

We now estimate ||Vue| 1. It is easy to check that if d(z) € (tgy1,tx) then we
have

|hk o HQQ(JJ) —hgy10 HaQ($)|
te — g

Vue(w)] < @)l

+2[|VHaq| L= [[Vhr| o Haa(z) + [Vhii1] o Taa ()] } :

Consequently we get

% | hg1 — hill e
HVU’EHLl < (1+52)Z{/ M

>0 St T T len

+2||VIga| Lo (te — trt 1) ([[ Vg1l + ||th|\L1)}

< (1) + )l + 2 VTTpgl|z~tollA] 2]
< (14 )1+ + )R] o
< (1+¢/2)hll.

Consequently u. € WH1(Q) and |luc||pr < (1 +¢€)||h]|z:-
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In order to end the proof it suffices to check that trpg(us) = h. The justification

of this property follows the argument of Lemma 2.4 in [2]. O

2]

(3]
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