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APPROXIMATION OF THE TWO-DIMENSIONAL DIRICHLET
PROBLEM BY CONTINUOUS AND DISCRETE PROBLEMS ON
ONE-DIMENSIONAL NETWORKS

MARYSE BOURLARD-JOSPIN, SERGE NICAISE, AND JULIETTE VENEL

Abstract. We show that the solution of the two-dimensional Dirichlet problem set
in a plane domain is the limit of the solutions of similar problems set on a sequence of
one-dimensional networks as their size goes to zero. Roughly speaking this means that a
membrane can be seen as the limit of rackets made of strings. For practical applications,
we also show that the solutions of the discrete approximated problems (again on the one-
dimensional networks) also converge to the solution of the two-dimensional Dirichlet problem.

1. INTRODUCTION

Approximation of multidimensional boundary value problems by discrete prob-
lems or by boundary value problems set on less dimensional ones is very important
in practice. For discrete approximations, the most popular methods are the finite
difference method or the finite element method, for which a lot of convergence
results are proved [6, 23]. By the less dimensional approximation, we mean that
a n-dimensional problem is approximated by a family of k-dimensional ones with
k < n. For instance the approximation of boundary value problems set on objects
of R3 with a small thickness ¢ by boundary value problems set on objects of di-
mension 1 or 2 was largely considered in the literature, see for instance [9, 7, 20].
In the same spirit, let us also mention homogenization techniques that analyze the
limit process of problems set on n-dimensional domains of thickness € to problems
still set on domains of dimension n [8].

The problems studied in this paper have some common properties with the above
approaches since we will approach a two-dimensional problem by a family of con-
tinuous 1-dimensional problems but as each continuous 1-dimensional problem can
be approximated by a discrete one, we also examine the limit of these discrete
problems. The approximation of the low frequency spectrum of such problems
was performed in [13, 12] (see also [19] for the plate problem), but to our best
knowledge the approximation of the boundary value problem itself was not yet per-
formed. Hence our goal is to fill this gap and to show that indeed the solutions
of the continuous and discrete one-dimensional problems converge to the solution
of the two-dimensional problem. More precisely, we first prove some error esti-
mates between the solution of the two-dimensional problem in an arbitrary domain
and the solutions of the continuous one-dimensional problems. Further we propose
a numerical scheme based on the resolution of discrete one-dimensional problems
and obtain error estimates similar to the standard two-dimensional finite element
method. Our approach can be considered as an attractive alternative to the stan-
dard ones since its associated stiffness matrix is easier to compute and keeps the
same properties (symmetry, positive definiteness and sparsity). Finally it can be
used for domains with curved boundaries since no triangulation is needed.

The schedule of the paper is as follows: We recall in Section 2 the Dirichlet
problem in the unit square as well as its continuous counterparts on networks
that approach the square as the size goes to zero. An error estimate between the
solutions of these continuous problems is proved in section 3 by using the second
Strang lemma. Similarly section 4 is devoted to the error analysis between the exact
solution in the unit square with the finite element approximations on the networks.

Math. classification: 35R02, 35B40, 65N30.
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14 M. Bourlard-Jospin, S. Nicaise & J. Venel

In section 5 we extend some of our previous results to the Dirichlet problem set
on an arbitrary domain of the plane. Finally in section 6 some numerical tests are
presented that confirm our theoretical results.

Let us finish this introduction with some notation used in the remainder of
the paper: On D, the L?(D)-norm will be denoted by || - |[p. The usual norm
and seminorm of H*(D) (s > 0) are denoted by || - ||s,p and | - |s,p, respectively.
Finally, the notation a < b means the existence of a positive constants C, which
is independent of the size h of the edges of the network (see below) and of the
considered quantities a and b such that a < Cb.

2. THE CONTINUOUS PROBLEMS

2.1. The continuous two-dimensional problem. Let S denote the unit square
10; 1[x]0; 1] and OS its boundary. On this domain, we consider the Dirichlet problem

—Au = f inS
{ u = 0 ondS (2.1)

with f € C(S).
According to Lax-Milgram lemma, there exists a unique weak solution u € H}(S)
of this problem, namely u € HZ(S) is the unique solution of

/Vu-Vvda::/fvdx, Vv € Hy(S).
s s

According to Theorem 5.1.3.5 of [11], this solution belongs to W2P(S), for all
p > 2, and if f belongs to W(S), with p > 2, is such that f is zero at each corner
of 8, then this solution belongs to W3?(S), hence in particular to H3(S).

2.2. The associated problem on networks. Now we intend to consider a similar
problem set on a family of networks included in S. First we need to introduce some
notation: For any n € N, n > 2, let h = 1/n and introduce the network R}, defined
by

Run = {Jkh:(k+1)h[x{th}:Vk € {0,...,n— 1}, ¥ € {1,...,n—1}}
U {{kh}x]th; (€ + DAYk € {1,...,n—1},Ve € {0,...,n— 1}}.

The edges of Ry, are the intervals |kh; (k + 1)h[x{¢h} or {kh}x]th; (¢ + 1)h[ but
will be quite simply denoted by e;, in other words,

Ry = {ei;i =1,... ,Nh}, with Ny, = 2n(n — 1).

We directly check that the size (or length) of each edge of the network Ry, is h.
We further write NV}, for the set of nodes of Rj,. Moreover we need to distinguish
between nodes included into S or into 9S8, so we set

Nt = {(kh; £h);VE, L€ {1,...,n —1}},

N {(0; €h); (1;€h); (£h; 0); (€h; 1); VL € {0, ..., n}},
Nh = N,ﬁ"tuN,f“.

It remains a last notation to indicate the set of edges adjacent to a given node:

YoeN,, Z,={i€{l,...,N,} such that v € &}.
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Our aim is to approximate the solution u of the continuous problem (2.1) by the

Np
solution up, = (u;)i=1,...,N, € H H? (e;) of the following problem:
i=1
—ul = ﬁonei Vi=1--Np,
u; (v) = 0 Yv € N,f”,w €I,
ui(v) = u;(v) Yo € Ni™ Vi, j € T, (2.2)
ou; .
Z uL(U) = 0 Vo € Njmt,
: Ov;
i€,
where
~ 1
fi= 3l (2.3)
. " 2u 0%u .
In the whole paper we use the abuse of notation u” for — or —= according to
0x? 0y?

the kind of the edge (horizontal or vertical). A similar abuse of notation will be
used for the first order derivatives. Furthermore, B%i and ~; represent respectively
the outer normal derivative operator and the trace operator on the edge e;. The
last equation of problem (2.2) is nothing else but Kirchoff’s law. System (2.2) is a
Dirichlet problem on the network Rj that was largely studied in the literature, see

[1, 2, 4, 5, 16, 15, 17, 18, 21] and the references there.

2.3. Variational formulation on the networks. The variational space associ-
ated with problem (2.2) is

Ny,
Vi = {un = (43)i=1,...,n, € HHl(ei) s.t.
i=1

ui(v) = uj(v) Vo € Ni™ Vi, j € T,
; 0

Vo € NEot,Vi € T},

u;i(v)

equipped with the norm:

N, 1/2
fulls = fule, = [Z / _<u;<x>>2dx] . (25)

Due to the Dirichlet boundary conditions, the H'-norm and its semi-norm are
equivalent on V.

LEMMA 2.1. — For every w € V},, we have
HwHRh < |’LU 1L, Rn> (2'6)
as well as
[wlloo,r), = sup |w(z,y)| < |wl1,r,- (2.7)
(z,y)ERR

Proof. — Let us denote Ly = {(x,¢h),0 < z < 1} and Cy, = {(kh,y),0 <y < 1}.

Then
n—1 n—1
Ry = (U L4>U<U Ck>. (2.8)
=1 k=1
As w(0,£h) = 0, we have for all z €]0;1]

T ow ow
— - < || —
|w(z, £h)] /0 - (t,ﬁh)dt‘ < H o




16 M. Bourlard-Jospin, S. Nicaise & J. Venel
according to the Cauchy-Schwarz inequality. Then

ol 2, = /|wxeh|dx H (2.10)

In the same way, we can check that [lw[|g, < |w[? Ch and by summing up these two
inequalities we obtain the expected estimate (2. 6)
The estimate (2.7) is a direct consequence of (2.9) and its counterpart in Cy. O

Now we define a bilinear form a on V}, by

h
ap 2 Vi, X Vi, = R: (up, wp) = ap(up, wp) = Z/ w)(x)w}(z)dz, (2.11)

that is clearly continuous and coercive on V}, according to Lemma 2.1.

PROPOSITION 2.2. — The variational formulation of problem (2.2) is to find
uy, € V, solution of
Ywp € Vy, ah(uh, wh) = F(wh)7 (212)
with

Np
Flun) =Y / Fiwywn(z)d. (2.13)

Proof. — The proof is quite standard (cf. Lemma 2.2.12 in [2] for instance), we

give it for the sake of completeness. Let us assume that there exists a solution
Nn

up, = (Wi)i=1,..N, € HH2(61‘) of problem (2.2). Obviously u; belongs to Vj,.
i=1

Moreover uy, is solution of (2.12). Indeed, let w), = (w;)i=1,..n, € Vi, then we

have for all ¢ € {1, ..., N3},

_/ u;’(x)wi(x)dx—/Eifi(l’)wi(x)dz

Integrating by parts, we obtain

[ it - ez = [ e (214)

where v;; and v;o € N, are such that i € Z,,,, NZ,,,.
We claim that

Nh
S (o)) =0 = o. (2.15)
i=1
In fact, we have
w2 = 28 (o)) + 2 (v () (216)
U; \V)w; (v v=vi1 81/,; Vi1 )W;i (Vi1 8V1' V32 )WiVi2), .
and consequently,
o 3U 6u
D@l = Y Y S ew) + X 3 G @), (217)
i=1 'UGNea“t zEI ’UeNint lEI

If v € N, then w;(v) = 0, for all i € Z, and therefore the second term of (2.17)
is zero. If v € N, then

3 S @w) = w0) Y ko) (219

i€T, 1€ZL,

for any j € Z,, since wy, is continuous at the nodes. Then, using Kirchoff’s law, the
right-hand side of the identity (2.18) is equal to zero and the first term of (2.17) is
zero. Hence (2.15) is established and we conclude with (2.14) and (2.15). O
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3. AN APPROXIMATION RESULT BETWEEN THE CONTINUOUS PROBLEMS

In this section, we analyze the error between the solution u of problem (2.1) and
the solutions up of (2.12). For that purpose, we make use of the second Strang
lemma (see below). Hence we first estimate the consistency error:

THEOREM 3.1. — Let u denote the solution of (2.1), and uy, the solution of
(2.12). If u € H3(S), then
—F
sup 1200 O o /g (31)
we v, [|wl|n

Proof. — Since u € H3(S), for all i = 1,..., N, u; = v;u has a meaning and
since u is also continuous, its restriction to Ry, still denoted by u, belongs to V.
Fix w = (w;)i=1,..,n, € V. It can be shown, as in the proof of Proposition 2.2,

that
Nh

=3 [ wewe

Then, thanks to (2.13),

an () — Z / (@) + Fila)ywile)de (3.2)

For every v € Ny, if (£, ) are the coordmates of v, we define the rectangle
ct=(le- e+ 5le- 5o 50) S
and its intersection with Ry,
=C'"nRy. (3.3)
If v € Nj™, R is a cross, while 1f v € N=t, R is a half edge. The identity (3.2)
can be rewritten as

CCRECEED i RUCY ERETS iy NS BT

veN it vENETE T T
(3.4)
Step 1 : Case of the interior nodes
Fix v € Nj"t. We deﬁne the reference square C =] — 1 15 2[x]—3; 4] and the reference

cross R = ({0}x] — 33D U (] = 4;3[x{0}). We consider the change of variables
¢>:5—>C’f}:x—>x=¢(§r)=v+h§:.
Note that ¢(R) = R" and

| @ Dew@ds = [ @6@) + Fo@)ue@) da.
Rh

R

Let us set & = uo ¢, w = w o ¢, then @&’ = h(u o ¢). In the same way,

uogp= —ﬁ" and (Au)o ¢ = %Aﬁ. (3.5)
Owing to the definition (2.3) of f, fo ¢ = — 375 Ad and finally
/ (" + f)(@)w(a)dz = - / (@ — SAW)@)d(@)de = h~ (I + 1), (3.6)
where .
L= /A (0~ SA0)(@)(@(#) ~ Mad)di (3.7)
R
and .
I = /A (' — 5 A0) () (M) d (3.8)
R
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with the constant

M = /A (2)ds. (3.9)
Let us begin with the estimate of I;. Wit}f(&?) and the Cauchy-Schwarz inequality,
0| < ||a" — %Aanﬁuw—MwHﬁ. (3.10)
Moreover we have
I~ Sally < Y IDallp S YD D%l o (3.11)
|o=2 ler|=2

by using a trace theorem [11, Thm 1.5.1.2]. We recall that due to the Poincaré-
Friedrichs inequality,

[ — M5 < |1D|1,§. (3.12)
Thanks to (3.10), (3.11) and (3.12), we have shown
nisil, ; Y 107l & (3.13)

jal=2

Now in order to estimate I5, we need the following lemma that can be proved by
easy computations.

LEMMA 3.2. —
Vp € Py(R), /A(ﬁ” — ZAp)(2)dz =0, (3.14)

where P (ﬁ) represents the set of polynomials of degree at most 2 on R.

~

Owing to (3.8) and (3.14), for all p € Py(R),
b= [1i=5)" = 5AG - DI(@) (M)
According to the Cauchy-Schwarz inequality, and since M is a constant,
L] 5 [Madl|(@-p)" - %A(ﬁ ~ Pl SIMad| Y [ID*(a—pll;

le|=2

S IMal Y ID*a—p)ll, 5 S IMb]la—p
|a]=2

by using theA same trace thgorem as previously. Let p be the orthogonal projection
of @ on Py(R) for the H3(C)-norm, then
a5l 5 S fal, & (3.15)
Moreover, due to (3.9), [Mw| < [[@|5, so the three last inequalities imply that
2| < [l zlal, - (3.16)

Now we recall the next lemma that specifies the change of H™-semi-norms from a
domain to a reference domain [6].

LEMMA 3.3. — Consider m € N and let us denote f = fo¢. Then

1

Vfe Hm(Rﬁ)v ‘f|m,R1’j = Wmmﬁ

and
1

pm—1 |f|m,5

Vf € Hm(Ci})L)a |f|m,C’ff =
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By (3.13),

Ll <ol 5 | S ID%alls+ Y 1%l 5] - (3.17)

|a|=2 |a|=2
It follows from Lemma 3.3 and (3.5) that

PEIS h2\/ﬁlw|1,R§} Z h=H|D*

)

|a]=2 |a]=2
and finally,
L] < K2 (3.18)
According to Lemma 3.3, (3.16) leads to
1| < 12 (3.19)
Gathering the results (3.6), (3.18) and (3.19), we have proved that
/Rh(u” + f)(@)w(@)dz| S Vh( rllulls,on + llwllryluls.on) - (3.20)

Step 2 : Case of the exteriorA nodes R
Fix v € N** and let us denote Ry 5 = ¢~ (RM) and Cijz = p~L(Ch).
We show as (3.6) that

"+ f _1 @ — L A0y (@) (2)de
[ D= [ - jan@a@a. @20

Using the Cauchy-Schwarz inequality, this implies

~ 1
" A// A
[+ Do < 7l - 34l llol . G2
Arguing as for (3.11), since u € H?(S), we get
1
NV VIR < an =R
I~ Sl < S D%l 5, (3.23)

le|=2

On the other hand, w € V}, implies that @(0) = 0, so it can be proved as in Lemma
2.1 that

-~ < |l ~
lillg, , < ll, 7, (3.24)
Thanks to (3.22), (3.23) and (3.24), we have
. L
1 A A
|+ D@y < plil, 5 3 il + 3 100z,
(3.25)
Using Lemma 3.3 and the identity (3.5), it comes
~ 1
|+ Dauyis| £ oVl wh® | 3 17D
Rh h 7
v |a|=2 |a]=2
< Vhlwly g lull3.cn- (3.26)

Step 3 : Conclusion
The identity (3.4) leads to

jan(w,w) — Flw)| < 3

int
veN}:

(u” + f)(@)w(z)dz

/v

>

eNe.tt

/Lu”+f<> (2)d] .

v

(3.27)
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Summing (3.20) for all v € Nj™* and (3.26) for all v € N**, we deduce from the
previous inequality

lan(u,w) — F(w)| < Vh Z (|w|1,Rg ulls,cr + [|w|| gn U|3,c{;)
vENi”t
+ Vh Z [w|y, gellulls,cn
veENST
< Vh Z |[w]|re |uls,on + Vh Z [wly,ze llulls,cn-
vEN N vEN,
By the discrete Cauchy-Schwarz inequality, we obtain
jan (u, w) = F(w)| S VA (Jwh,r, |lullss + [Jwllr, uls,s) - (3.28)
We conclude the proof thanks to Lemma 2.1 and inequality (3.28). (]

Now we recall the following result which is a consequence of the second Strang
Lemma and can be found for example in [6, Thm 4.2.2].

LEMMA 3.4. — Let u denote the solution of (2.1) supposed to belong to V},, and
let uy, be the solution of (2.12). Then

- F
= uglly 5 sup 12ltn) —F ()

(3.29)
wp €V ||wh||h

Remark 3.5. — Note that the upper bound in the second Strang Lemma con-
tains another term, namely inf,, cv, ||u — vi||n, called the “interpolation error".
Here only the "consistency error' term appears as we have assumed that u € V},
the interpolation error being obviously equal to zero.

COROLLARY 3.6. — Let u denote the solution of (2.1), and let uy, be the solution
of (2.12). If u € H3(S), then
llu = unll . S Vhllullss, (3.30)
and
llu = unlloom,, S Vhllull3s- (3.31)
Proof. — We deduce from Theorem 3.1 and Lemma 3.4 that
u—unir, S Vhullss. (3.32)
Now the estimates (3.30) and (3.31) are a direct consequence of Lemma 2.1 since
u—up € Vj. O

4. THE FINITE ELEMENT METHOD ON THE NETWORKS

In the previous section, we have checked that uy is a good approximation of u.
However, problem (2.2) is still set in an infinite dimensional space and except for
some specific right-hand sides f, its solution u; cannot be computed analytically.
Hence in practice problem (2.2) has to be discretized. Here we choose the finite
element method and propose to deal with two different cases according to the
regularity H>(S) or C3(S) of the solution wu.

4.1. A less regular solution. Here we assume that the solution of the continuous
problem (2.1) u belongs to H3(S) and f is a continuous function in S. Let P;(&;)
denote the set of polynomials of degree at most 1 on &, for alli € {1,..., N,}. We
define the discrete variational space

Wy, = {wh = (wi)izl,m,Nh eV, st w; € Pl(a),VZ =1,.. .,Nh}. (41)
Let U, € W}, be the solution of the finite element problem
an(Un,wr) = F(wp), Ywp, € Wi, (4.2)
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In order to compare v and Uj, in S, we will use an interpolant I, u of v and a lifting
Ry U}, of Uy, defined as follows: Let us denote K,};’@ =lkh, (k + 1)h[x]eh, (£ + 1)h],
for each k,¢ € {0,...,n — 1}. Observe that

S = (D D K,Qg) URnp, (4.3)

k=0 ¢=0

and therefore the set of K i, is a triangulation of . Hence let Iu denote the
Lagrange interpolation of u related to this triangulation, namely I u is the function
such that its restriction to K}', belongs to Q1(Kj',) (where @ is the space of
polynomials in (z, y) of degree at most 1 in each variable z and y) and that coincides
with u at each node v € N},. As a consequence [ju is continuous on S. Finally we
define R, U;, = I, U}, in the sense that its restriction to K,?j fulfils R, Uy, € Q1 (K,g’z)
and L

RhUh(’U) = Uh(v),w S KI}CL,E NN, (4.4)
Thus R, U, coincides with Uy, on Ry and is continuous on S.
Now we aim at approximating u by Uy,. The estimate of the error is made with the
help of the following three lemmas.

LEMMA 4.1. —
|Ihu — RhUhll,S § \/E|Ihu - UhlLRh,' (45)
Proof. — According to Lemma 3.3, with & : C' — K,i"e : &+ (kh,Ch)+h(E+ 1),
we have o
|Ihu — RhUh|1,K]’c"Z S |Ihu — RhUh‘l,é\' (46)
Let us denote/\Q?(C’) ={q€Q:(0), [,52=0}.
Take ¢ € Q1(C), then
lal, & = Imdl, & < lImall, &
where mq¢ = ¢ — ifaaq € Q?(a) Note that Q‘{(é) is a finite dimensional space
and | - |, »C 18 a norm on this space. So
Imall, & < Imdly o5 = ldly o5-
We have thus proved that
Vg€ Qi(0),ldl, 5 S lal, o (4.7)
As Tyu — RyU, € Q1(C), thanks to (4.6) and (4.7), we have
|Ihu - RhUh|1,K,’;£ ,S |Ihu - RhUh|1,E)6’
and owing to Lemma 3.3 again,

‘Ihu_RhUhh,KLle S.; \/E|Ihu_ Uh‘l’aK;Cle. (48)
Collecting the pieces, we obtain
|Ihu - RhUhﬁs = Z |Ihu - RhUhﬁ,K,’;Z
k.0 '
S hY = Unl gy
k.0 '

< bl —Unlig,,

the last inequality following from the fact that each edge of R}, is in the boundary
of two domains K ,}CL ‘- O

LEMMA 4.2. — Ifu € H*(S), then
[Thu =l =, S Vhlulas. (4.9)
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Proof. — Using Lemma 3.3,
[T —uly oxcn, = WP I =l 5 <h Y2 Tv =4l 6
Thanks to a trace theorem (see Theorem 1.5.2.1 in [11] for instance), this leads to

D —uly oxep, S h2| T — 2l & (4.10)

By the classical interpolation error estimate (see for instance Theorem 3.1.6 in [6]),
we have

T — il & 5 lal, &
Owing to Lemma 3.3 again,

T = all, o S Bl iy, (411)
Then (4.10) and (4.11) imply

Hhu — U|1,aK,’;l < ‘/E|U|2,K;;7[-

We conclude the proof by squaring this inequality and summing up for k,¢ €

{0,...,n—1}. O
LEMMA 4.3. — Let us assume that f € C(S). Then
1fllR) < V2B flloo,s- (4.12)
Proof. — Let us use the notation of the proof of Lemma 2.1. Then
1
171, = [ 1o < s (113)
Obviously we have the same estimate for ||f||2, . This leads to
n—1 n—1
111, = DA, + D IF1E, < 2nllfll%.s-
=1 k=1
Since h = 1/n, we obtain the expected result. (]

PROPOSITION 4.4. — Let up € V}, denote the solution of (2.12) and Uy, € W,

the solution of (4.2). Let us assume that the datum f belongs to C(S). Then
llun = Unlli®,, S VAIIfllo,s- (4.14)
Proof. — It can be proven (see for example Theorem 3.1.6 in [6]) that

llun — Unlh,r, < hlunl2,r, - (4.15)

But wy, is a solution of (2.2), so

= 1
lunleri = [ flR0 = 511 1IR0- (4.16)
Due to Lemma 4.3,
lunlo.ry, S BT lloc,s- (4.17)
The aim then follows from (4.15) and (4.17). O

THEOREM 4.5. — Let U;, € W), denote the solution of (4.2), and RyUj, be
defined by (4.4). Let us assume that the solution u of the continuous problem (2.1)
belongs to H3(S), and the datum f belongs to C(S). Then

|l = BnUnllrs S b ([[ulls.s + [[f]lco.s) - (4.18)
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Proof. — As the trace of Ipu — RpUy, is equal to 0 on JS, we have

[l Tnw — RpUpll1,s S | Tnu — RpUpl1s. (4.19)
Lemma 4.1 leads to
IIhu — RuUnlls S VhlIwu—Uslir,
< Vi([Ivu—ulir, + |u—unlir, + |un — Unl1r, [4.20)
We deduce from Lemma 4.2, Corollary 3.6 and Proposition 4.4 that
[Hnw — RrUnll1s < B (|[ulls.s + [|flloc.s) - (4.21)
On the other hand, thanks to Theorem 3.1.6 of [6],
[lu — Ihulli,s S hluja,s. (4.22)
We conclude with (4.21) and (4.22). O

4.2. A more regular solution. For more regular solutions, we will exploit the
analogy with a finite difference scheme to get a pointwise convergence result.

For every v € Nj™ we define A\, € W), such that \,(v) =1 and A\, (v') = 0, for all
v’ € Ny, such that v’ # v. Remark that the support of A, is included in {é&;;i € Z, }
and that the set {\,,v € N/} forms a basis of the space Wj,. The stiffness matrix
M, of problem (4.2) is easily computed. More precisely, we enumerate the interior
nodes v € N;™ line by line, namely let us denote v; = (h,h), vo = (2h,h), ...,
Up—1 = ((n = )h,h), v, = (h,2h), vuy1 = (2h,2h), ..., vap—2 = ((n — 1)h,2h),
- VU(n—1y2 = ((n = 1)h, (n — 1)h). Let M), denote the stiffness matrix such that

(Mp)ij = an(Av,, A, ), Vi g € {1,...,(n —1)%}

Then M), is a symmetric matrix that can be written

1.
My, = EAh (4.23)
where
A Ais 0 0
A1 Az Az 0
Ah = 0 A372 A3’3 0 . (424)
0 e 0 An717n72 Anfl,nfl
The blocks Ay, are symmetric matrices of dimension (n — 1) and satisfy for all
ke {l,....n—1}, Agp—1 = Ar—1x = —In—1 (In—1 is the identity matrix of
dimension (n — 1)), and
4 -1 0
Ay = fl 4 (4.25)
Do g
o ... -1 4

Set m = (n — 1)? (for shortness we skip the dependence of m on h), as Uy, belongs
to Wh, it can be expressed in the basis (A, )k=1,....m as follows:

Uh = Z Uh(vk))\uk.
k=1

As usual, Uy, is the solution of problem (4.2) if and only if
MU, = F, (4.26)
where Uy = (Up(v1), -, Up(0)) T and Fp, = (F(Ayy ), oy F(Ay,)) T
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Now we want to check that the values of Uj, at the nodes are a good approxima-
tion of the values of u. To this end, we observe that M}, is closely related to the
matrix obtained by using the finite difference method to approximate the continu-
ous problem (2.1). Indeed if D}, denote the approximation of the solution u of (2.1)
with the finite difference method, then Dy, is solution of the linear system [14]

Ap Dy, = Fy, (4.27)
where ) .
A =M, = —A 4.2
h= g Me = g5 4 (4.28)

with A;, defined by (4.24) and Fj, = (f(v1), ..., f(vm)) .

For further purposes, we state the following two results (see Lemma 6.2 of [3]
for the proof of the first result, the second one being proved in a fully similar way,
see also Property 1.20 of [22]).

PROPOSITION 4.6. — Let A € R™*™ gatisfying the following conditions
(1) Vi # j, a;; <0, and
(2) Vi=1,...,m, Z;":laij >0,
then A is a monotone matrix, i. e., if X = (x;);=1,....m € R™ is such that AX >0
(in the sense that (Ax); >0, for alli =1,...,m), then X > 0.

Remark 4.7. — The result of Proposition 4.6 still holds if the assumption (2)
is replaced by
(2’) A is a regular matrix and for all i = 1,...,m, Z;nzl ai; = 0.

COROLLARY 4.8. — A, and Ay, given by (4.28) are monotone matrices.

Proof. — Since Ay, is symmetric and positive definite, A, is a regular matrix.
Moreover, Ay, fulfils condition (1) of Proposition 4.6 and condition (2’) of Remark
4.7. O

PROPOSITION 4.9. — Consider u the solution of Problem (2.1) and suppose
that u € C3(S). Set U = (u(vy),...,u(vy,)) " and let Dy, be the solution of equation
(4.27). Then

Ap(U = D) =1(u),
with 7j(u) = (n(u)(v1), ..., n(w) (vy)) T, where
3 3
n(w) (@i, yi) = —g %(xi +0i1h,y;) — %(% — 0;2h, yi)

u P3u
5 (@i, yi +0i3h) — ——
+6y3 (xi,yi + 6i3h) oy°

with some 0; ; €]0;1[ and (z;,y;) being the coordinates of v;. Moreover, one has

(@i, y; — 0;,.4h)

() loe = e i)z, 3)| < hMs,

where Mz = || D3ul| = max _ |D%u(z,y)|.
z,y) €S
laf =3

Proof. — This result is just a consequence of Taylor’s formula. We refer the
reader to [14] for the details. O

LEMMA 4.10. — Let W = (wy,...,wm) ,G = (91,--.,9m)" € R™ be such
that A,W = G. Then, for alli=1,...,m,
1
Z[mi(l — i) + ¥i(1 = y)] |Gl (4.29)
where (x;,y;) are the coordinates of v; and ||G||e = max |gil-

i=1,...,

|wil <
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Proof. — Let us consider @ defined by @(z,y) = (z(1 —z) + y(1 — y))h, with
h = |G||s. We notice that gi“; = g;? = %71 and thus @ € C*(8) is solution of

—Aw=h in8S
w=0 on 0S.

We write D}’ for the solution of the following finite difference problem:

ADY = H
where H = h(1,---,1)T. Owing to Proposition 4.9 and noticing that n() = 0, we
get
A,(W —DP)=0
where W = (w1, ..., wy,) | with w; = @(v;), for every i € {1,...,m}. Comparing

the two last identities, we obtain

AW =H. (4.30)

Since foralli € {1,...,m}, h = [[Glloc = |gil, we deduce from (4.30) that (AW); >
[(Ap,W);|. This 1mphes that Ah(W W) > 0 and Ah(W +W) >0 As A, is a
monotone matrix, this leads to W — W > 0 and W + W > 0. In other words,

for every i = 1,...,m, w; > |w;| and thanks to the deﬁnition of w, we finally get
(4.29). (]

PROPOSITION 4.11. — The finite difference problem (4.27) admits a unique
solution Dy,.
Assume that u € C3(S) and set Dy, = (Dp(v1),..., Dp(vm)) T, then for every i =
1,...,m, we have

[u(vi) = Dp(vi)| S Msh[zi(1 — @) + i (1 — y:)], (4.31)

with M3 = ||D3ul|so, (%;,9;) denotes the coordinates of v;, and the numerical
constant appearing here (and below) is independent of u, h and i.

Proof. — Due to Corollary 4.8, Ay is a monotone matrix and consequently Ay,
is regular. This implies that there exists a unique solution Dy, of (4.27).
Owing to Proposition 4.9,

Ah(U — Dh) = ﬁ(u)
Let us apply Lemma 4.10 with W = U — Dy, and G = 7j(u). Then

[2:(1 = 2s) + 5 (1 = ya)]|[7(w)]]oo-

vlk“—‘

(U — Dp)(vs)] <

The conclusion follows directly from the estimates of ||7j(u)||o given in Proposition
4.9. O

PROPOSITION 4.12. — If f € C1(S), then

Yu € Nt

‘F<2v> i

S VA

00,57

Proof. — Let v € Nj™, it is easy to prove that for all i € Z,,

/ Ay(2)de = —. (4.32)
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Thus we get successively

—fv)

’F(Av)
h

/
;\H
g

< 33 @@ —@ Nol2)d ’
€T, 'V ¢ €;

< § 2 max e 52 [ e
i€z, ¢ e

1 ~ f)|h
S EiEL, Tgﬂneaex filz) — 5 |2
Since ﬁ = %%f,we have
= f) (2)  [f(v)
me e =57 <, |5

(4.33)

(4.34)

where B(v,h) = {z € S s.t. ||z — v|]2 < h}. And since card(Z,) = 4, (4.33) and

(4.34) imply

<2 sup
z€B(v,h)

As f € CY(S), we have

Vz € B(v, h),[f(2) = f(v)] < hmax [V f(£)].
£es

The aim follows from (4.35) and (4.36).
THEOREM 4.13. — Ifu € C3(S), then
[(w—=Un)(vi)| < hllullesz),Vi=1,--- ,m.

Proof. — Equalities (4.26) and (4.28) imply

—
AU, = Th

Owing to (4.27), this leads to

. E
An(Dy, — Up) = Fp, — Th

Thanks to Lemma 4.10, this implies

(Dh = Un)(vs)| <

[2;(1 — x;) + yi (1 — y;)] max

|

1
< =z —2;) +yi(1 —y;)] max
7 [zl ) + il y)]vewm

Owing to Proposition 4.12 (since f € C*(S)), we get
[(Dn = Tn)(w0)] S Al = 22) + (1 — )l oo s

Combining this estimate with (4.31) we obtain the expected estimate.

F) = TFO)|.

(4.35)

(4.36)
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5. SOME RESULTS FOR AN ARBITRARY DOMAIN

Our goal is to extend some of the previous results to an arbitrary domain of the
plane. Let us start with some notation. Let 2 C R? denote a bounded open domain
with a smooth boundary. Without loss of generality we can assume that Q C S,
where S denotes the square ]0; 1[x]0; 1[. We here consider the Dirichlet problem in

Q:
—Au = f inQ
{ u = 0 ondfd (5-1)

with f € C(Q).
To approximate this problem by similar ones on a family of networks, we cut the
square S as previously and use the same notation as before. Let us further denote

WG = NN NS = 00N Ry, Nija = NiJGUNEG, Ria =Ry NQ
and
Rua= {e?;i =1,...,Npq}, where e? =QnNe;,Vi=1,...,Npq.

We define the variational space

Np,o
Vi = {up, = (w;)i=1,...Np.o € H HY(e8) s.t.
= _ (5.2)
ui(v) = uj(v) Vo € N6, Vi, j € 1,
u;(v) =0 Yo € Ng'g, Vi € 7, },
equipped with the norm
Noo 1/2

lullns = feh,o = | Y [ wi@)2de| (53)
i=1 Y&

Introducing the bilinear and linear forms on VhQ

Np,o
ap Vit x Vit = R: (up, wp) — aj} (up, wp) = Z /Q i (2)wi(z)dz, (5.4)
i=1 V&

Np,o

Fwy,) = Z / fil@)w;(x)dx, Ywy, € V2, (5.5)
i=1 el
we can consider the solution u§! € V¥ of (compare with (2.12))
Vwy, € Vi, ast(ust, wy) = F(wy,). (5.6)

5.1. An approximation result between the continuous problems. Lemma
3.4 still holds : for all u € Vi, one has

Q _ FQ
lu—uil|lno S sup lap (v, wn) I
wh eV [lwalln.o

Therefore we only need to estimate the consistency error.

THEOREM 5.1. — Let u denote the solution of (5.1) supposed to belong to
H3(Q), then

Q Q
_F
sup lay (w, wp,) (wp)]
whEV}? ||wh‘|h,9

< Vhl[ulls.o. (5.8)
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Proof. — As we have assumed 0 C S, there exists hg > 0 small enough such
that O ]k 1 — ho[x]he 1 — 2ol From now on, we suppose that h €]0, ho|.
For w € VhQ, we denote W, the extension of w by 0 outside 2. Then w € V},.
Owing to Theorem 1.4.3.1 of [11], there exists an extension Eu € Hg(S) N H3(S)
of u such that

[|Eu

ls,s < cllulls,0, (5.9)

where ¢ is a positive constant independent of v and that depends only on 2 and
most importantly, Fu coincides with v on €. Then for w € VhQ,

Nh’Q Nh,ﬂ
ast(u,w) — F(w) = Z /SZ wl(z)w}(z)dz — Z /Q fi(@)w;(z)dx
i=1 Y6 i=1 Y6
Nn.a Nn.a

— ; /e? u) (z)w;(x)dz — ; /e? filz)wi(z)dz

where we have used Kirchoff’s law satisfied by u at each interior nodes. Conse-
quently,

Nh,a

)~ Fw) = =Y [ @+ Pl

_ —Z/‘((Eu)g/-i-]?i)(l')wi(x)dx

since w =0 in S\ Q and Fu” = u” in Q. As h < hg, @ = 0 in R" defined by (3.3)
for v € N£** and hence

a(u. w) — Fw) = — W) + ) ()b (z)dx.
2, w) — F2(uw) Z/R%((E)+f)()()d

int
vEN},

Thanks to (3.20),

@ w) - F2w)| < Y / (Bu)' + F)(a)ib(z)dz
vENi”t Iy
< VRS (ol Bulls.cp + 1] my | Buls.or) -
UEN,?”

The Cauchy-Schwarz inequality leads to

|ait (u,w) = F(w)| S VR (|01,

Eulls.s + [0z, |Euls,s) -
Applying Lemma 2.1 to w € V},, we get
|ais (u, w) = FO(w)] < VAo R, || Bulls,s.
As |01 g, = |w|17R§z, and thanks to (5.9), we arrive at (5.8). O

The estimates (5.7) and (5.8) directly lead to the

COROLLARY 5.2. — Let u denote the solution of (5.1), and let u$} be the solution
of (5.6). If u € H3(S), then

lu — uSt|[no < Vh|ul]s0- (5.10)
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5.2. The finite element method on the networks. Let us define the discrete
variational space

Wit = {wn = (Wi)iz1,. Npo € Vil st w; € Pi(e?),Vi=1,...,Npo}. (5.11)
We write Us! € Wj? for the unique solution of the finite element problem
aH(USE wy) = F(wy), Ywy, € WL, (5.12)

PROPOSITION 5.3. — Let u! € Vi denote the solution of (5.6) and let U} €
Wi be the solution of (5.12). Let us assume that the datum f belongs to C(€).
Then

luff = Ullna S VAl flloo,0- (5.13)
Proof. — As in the proof of Lemma 4.3, we can show that
112,00 < I1f113%.0- (5.14)
So the equivalent of Lemma 4.3 holds:
1 lIRne < V2RI f]|o0 0 (5.15)
Then we argue exactly as in the proof of Proposition 4.4, replacing Lemma 4.3 with
inequality (5.15). O

Note that under the assumptions u € H3(2) and f € C(Q), the estimates (5.10)
and (5.13) yield
lu = Uilllne S VA(lulls.0 + [1flle.),
which shows the convergence of Us* to u. Note further that a similar estimate in
the Hl-norm of Q (i.e. an estimate like (4.18)) seems difficult to obtain since the
estimate of @ — I (where @ is the extension of u by zero outside ) is problematic

near the boundary of 2. Nevertheless such an estimate holds far from the boundary,
namely if we set

Qn =Up .k, ,cofln,es

then, with the same assumptions as before, as in Theorem 4.5 we can prove that
lu = RiUF 10, S b (llullse + 11 flloc.0) (5.16)
where U ,? is the extension by zero of U ,? outside 2.

Remark 5.4. — The error estimates (4.18) and (5.16) show the same order of
convergence than the standard finite element method but require a higher regularity
on the solution and on the data. Nevertheless, our method can be considered as an
attractive alternative to the standard ones for the three following reasons:

1. the cartesian networks R% are easily built,

2. the associated stiffness matrix is easier to compute and is still symmetric, positive
definite and sparse,

3. as no two-dimensional mesh is necessary, our method is easy to implement for
arbitrary domains.

6. NUMERICAL RESULTS

To illustrate our theoretical results we propose some numerical tests. First we
take as exact solution:

u(x,y) = (z(1 —2)y(1 —y))*,

with a parameter o > 1.5. Note that this solution belongs to H3(S) whenever
o > 2.5.

First of all, we want to compare the solution wuy of problem (2.2) and the approxi-
mation of u (solution of problem (2.1)) by the P1-finite element method in S, called
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upg. On the one hand, we easily compute uj, since for example, on a horizontal
edge ¥ = yo

un(z,90) Z//f(wyo)-i-Q(m)

where @ is a linear polynomial. By imposing Dirichlet boundary conditions, the
continuity at the nodes and Kirchoff’s law, we obtain that the coefficients of those
polynomials are solutions of a linear system. On the other hand, upg is computed
with the help of the FreeFem++ software [10] using a triangular mesh with as many
nodes as there are in the network. First for a = 3, we observe in Figure 6.1 that
the contour lines of uj, and of upp at the same level of resolution are very similar.

(a) Contour lines of up, for a =3

IsoValue

W0.0609365

(b) Contour lines of uppg for a = 3

FIGURE 6.1. Comparison between u;, and upg

In Figures 6.2 and 6.3, we have plotted the L>-error and the H'-error between the
exact solution u and the solution uy, (defined on the network) on a log-log scale for
different values of a. As expected, straight lines are obtained with different slopes
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specified in Table 6.1. We recover the expected rate of convergence 1/2 for the H*
error whenever a > 2.5 whereas the results regarding the L° norm are better than
those stated by Corollary 3.6. It is even better than the case of a regular solution
treated by Theorem 4.13 that predicted a converence rate of one. Actually for the
chosen solution this improvement is caused by the small size of the term estimated
in Proposition 4.12.

alpha= 1.6
_g | [¥—*%— alpha=1.9
— —— — alpha= 2.505

-10 4

-10.5

log(sup error)

-11 -

-11.5 —_

-12 -

-12.5 -

-13

FIGURE 6.2. L* error for some values «

alpha= 1.6
-3.5 | [#——%— alpha= 1.9
— —— — alpha= 2.505

|
b !
n vl
1 1

log (H1 error)
|
o
1

-9 ——
-33 -3.2 -3.1 -3 -2.9 -2.8 -2.7 -2.6 -2.5 -2.4
log(h)

FIGURE 6.3. H! error for some values of «

That is why a second example is considered where the exact solution is defined
by u(z,y) = sin(107z) sin(107y). In Figure 6.4, we see that the experimental rate
of convergence of the L*°-norm is 1, as asserted in Theorem 4.13.
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14]
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« L™ error | H! error
2.505 1.988 0.502

1.9 1.767 0.474

1.6 1.443 0.371

TABLE 6.1. Convergence rates of L> and H! errors

sup error
slope=1

—2r

3}

log(sup error)

FIGURE 6.4. L error for the second example
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