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Coefficient inequality for transforms of parabolic
starlike and uniformly convex functions

D. VAMSHEE KRISHNA
B. VENKATESWARLU
T. RAMREDDY

Abstract

The objective of this paper is to obtain sharp upper bound to the second Han-

1

kel functional associated with the k™ root transform [f(zk)] * of normalized ana-
lytic function f(z) belonging to parabolic starlike and uniformly convex functions,
defined on the open unit disc in the complex plane, using Toeplitz determinants.

1. Introduction

Let A denote the class of all functions f(z) of the form
flz)=z+ Zanzn (1.1)
n=2

in the open unit disc £ = {z : |2|] < 1}. Let S be the subclass of A
consisting of univalent functions. Let the functions F' and G be analytic
in the unit disc £. Then F is said to be subordinate to G, written F' < G,
if there exists an analytic function w(z) in the open unit disc E satisfying
w(0) =1 and |w(z)| < 1, Vz € E called the Schwarz’s function such that

F(z) =G(w(z)),Vz € E. (1.2)
If FF < G and G(z) is univalent in the open unit disc E, then the subor-
dination is equivalent to F'(0) = G(0) and range F(z) C range G(z). For
a univalent function in the class A, it is well known that the n* coeffi-
cient is bounded by n. The bounds for the coefficients give information

about the geometric properties of these functions. For example, the bound
for the second coefficient of normalized univalent function readily yields

Keywords: Analytic function, parabolic starlike and uniformly convex functions, upper

bound, second Hankel functional, positive real function, Toeplitz determinants.
Math. classification: 30C45, 30C50.
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the growth and distortion properties for univalent functions. The Hankel
determinant of f for ¢ > 1 and n > 1 was defined by Pommerenke [18] as

Qp An+1 " OGpiyg-1
Gn+1 an+2 - Un+tq
Hy(n) = : : : : (@ =1).
Un+g—1 Qn+tq " Oni2g—2

This determinant has been considered by many authors in the literature .
For example, Noor [17] determined the rate of growth of H,(n) as n — oo
for the functions in S with bounded boundary. Ehrenborg [8] studied the
Hankel determinant of exponential polynomials. The Hankel transform of
an integer sequence and some of its properties were discussed by Layman
in [13]. In 1966, Pommerenke [18] investigated the Hankel determinant of
areally mean p—valent functions, also studied by Noonan and Thomas [16],
univalent functions as well as starlike functions. In the recent years, several
authors have investigated bounds for the Hankel determinant of functions
belonging to various subclasses of univalent and multivalent functions [1,
12, 11]. In particular cases, ¢ =2,n =1,a; =1 and ¢ =2,n =2,a; = 1,
the Hankel determinant simplifies respectively to

ai a
Hy(1) = a; az = a3 — a3,
a
Hy(2) = Gi = azay — a3.

We refer to H2(2) as the second Hankel determinant. It is fairly well
known that for the univalent functions of the form given in (1.1) the
sharp inequality Ho(1) =| a3 — a3 |< 1 holds true [7]. For a family 7
of functions in S, the more general problem of finding sharp estimates
for the functional | ag — pa3 | (1 € R or u € C) is popularly known
as the Fekete-Szego problem for 7. Ali [3] found sharp bounds for the
first four coefficients and sharp estimate for the Fekete-Szegd functional
| 73 —t73 |, where t is real for the inverse function of f defined as f~!(w) =
w—+ > 025 vw™ when it belongs to the class of strongly starlike functions
of order o (0 < a < 1) denoted by ST(a). R. M. Ali, S. K. Lee, V.
Ravichandran and S. Supramaniam [5] obtained sharp bounds for the
Fekete-Szegé functional denoted by | bog1 — ubi 41 | associated with the

1
k' root transform [f(zk)} * of the function given in (1.1), belonging to
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certain subclasses of S. The k¥ root transform for the function f given in
(1.1) is defined as

00
=2+ Z tkn+12kn+1 (13)
n=1

Motivated by the results obtained by R. M. Ali, S. K. Lee, V. Ravichan-
dran and S. Supramaniam [5], in the present paper, we obtain sharp upper
bound to the functional | tj11tsk11 — 34, |, called the second Hankel de-
terminant for the k** root transform of the function f when it belongs to
certain subclasses of S, defined as follows.

Definition 1.1. A function f(z) € A is said to be parabolic starlike
function, if and only if
2f'(2) 2f'(2)
f(2) f(2)
The class of all parabolic starlike functions is introduced by Ronning
[20] and is denoted by S,. Geometrically, (see [4]) S) is the class functions
f, for which {Z]{ES)} takes its value in the interior of the parabola in the
right half plane symmetric about the real axis with vertex at (%, 0).

—1’<Re{ },VZGE (1.4)

Definition 1.2. A function f € A is said to be in UCV/, if and only if
2f"(2) 2f"(2)
f'(z) f'(z)
Goodman [9] introduced the class UCV of uniformly convex functions
consisting of convex functions f € A with the property that for every
circular arc v contained in the unit disc E with centre also in E, the
image arc f(vy) is a convex arc. Ma and Minda [15] and Ronning [20]
independently developed a one-variable characterization for the functions
in the class UC'V. From the Definitions 1.1 and 1.2, we have the relation
between UC'V and S, is given in terms of an Alexander type Theorem [2]
by Ronning (see [4]) as follows.
JEUCV & 2f €5, (1.6)
Further, Ali [4] obtained sharp bounds on the first four coefficients and
Fekete-Szegé inequality for the functions in the class Sp. Ali and Singh [6]

showed that the normalized Riemann mapping function ¢(z) from E onto
the domain D = {w = u+iv : v? < 4u} = {w : [w — 1| < 1 + Re(w)},

<Re{1+ },VzeE. (1.5)
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denotes the parabolic region in the right half plane of the complex plane

given by
2
4 1++/z
1+ =141
+ ) { og 11— \/E} ]
It can be observed that if f(z) € S, then

2f'(2)
f(2)
where ¢(z) is given in (1.7).

q(z) =

l—i—Zan"] Vz € E.  (1.7)
n=1

<q(z),Vz € E, (1.8)

Some preliminary lemmas required for proving our results are as follows:

2. Preliminary Results

Let IP denote the class of functions consisting of p, such that

o0
1+ Z cnz”] , (2.1)
n=1

which are regular in the open unit disc E and satisfy Re{p(z)} > 0 for
any z € E. Here p(z) is called the Caratheddory function [7].

Lemma 2.1. ([19, 21]) If p € P, then |cx| < 2, for each k > 1 and the

142z
1—=z

plz) =1+c1z+ c2? + 6323 +..=

inequality is sharp for the function (

Lemma 2.2. ([10]) The power series for p(z) = 1+ > 02 cp2" given in
(2.1) converges in the open unit disc E to a function in P if and only if
the Toeplitz determinants

2 Cc1 Cco Tt Cn
c_1 2 C1 Tt Cn—1
D, =|¢-=2 ¢ 2 o Gn-2 | n=1,23....
Con Comgl Comyz - 2

and c_y, = Ck, are all non-negative. They are strictly positive except for
p(z) = ity pPo(e2), p > 0, ty, real and ty # t;, for k # j, where
Py(z) = (Hz)' in this case Dy > 0 for n < (m — 1) and D, = 0 for

1-z )’

n>m.
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COEFFICIENT INEQUALITY FOR TRANSFORMS

This necessary and sufficient condition found in [10] is due to Caratheo-
dory and Toeplitz. We may assume without restriction that ¢; > 0. On
using Lemma 2.2, for n = 2, we have

2 C1 C9
Dy=|¢ 2 c1|=[8+2Re{Ecs} —2|ca > —4|c1|!] >0,
c ¢ 2

which is equivalent to
2cy = {c? + x(4 — c})}, for some z, |z| < 1. (2.2)
For n = 3,
2 CcCl1 Cy C3
1 2 1 ¢
c ¢ 2
Cc3 Co €1 2
and is equivalent to
|(des—4cica+3)(A—cD) +e1(2e0—c)?| < 2(4—cD)? —2|(2c2—2)|?. (2.3)
From the relations (2.2) and (2.3), after simplifying, we get
des={S+2c0(4—A)x—c1(4— A2 +2(4 — (1 — |z)*)2}
for some z, with |z| <1. (2.4)

To obtain our results, we refer to the classical method initiated by Libera
and Zlotkiewicz [14] and used by several authors in the literature.

3. Main Results

Theorem 3.1. If f given by (1.1) belongs to S, and F is the k' root
transformation of f given by (1.3) then

2
| k+1U3k+1 2k+1 ‘_ |:l€ 2]
and the z’nequality 18 shavp.

Proof. For f(z) = z + > ;29an2™ € Sy, by virtue of Definition 1.1, we

have ()
NE

} <q(z), VzekE. (3.1)
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By the subordination principle, there exist a Schwarz’s function w(z) such

that ()
{ ) } =< [¢{w(z)}],Vz € E. (3.2)
Define a function h(z) such that
h(z) = [Z}f;ij)} =1+biz+byz? +b32° +...= |1+ i bnz”]
n=1

& [2f'(2)] = [f(2)h(2)]. (3.3)

Using the series representations for f(z), f'(z) and h(z) in (3.3), we have

z{l—l—inanz”_l}:{z—i-ianz"} {l—i—ibnz”}. (3.4)
n=2 n=2 n=1

Upon simplification, we obtain

14 agz +2a32%2 + 3a42° + ... =14+ b1z + (brag + b2)2’2+
(bras + baas + b3)2’3 +.... (3.5)

Equating the coefficients of like powers of z, 22 and 23 respectively on
both sides of (3.5), after simplifying, we get

1 1 3 b3
as = by; az = 5 (bg + b%) ;a4 = g (bg + §b1b2 + 21> . (3.6)

Since ¢(z) is univalent in the open unit disc E and h(z) < ¢(z), define a
function

1+q¢ {h(2)}
1—qH{h(2)}

1+ w(z)}

plz) = [1—w(z>

] =142+ c2® + 325 + ..,
(3.7)

where p(z) is given in (2.1). Solving w(z) in terms of p(z) in the relation
(3.7) and replacing p(z) by its equivalent expression in series, we have

w(z) = [p(Z) - 1} _

(14+crz+cz?+e32d+..)—1

p(z) +1 (14+c1z+ 224322+ ..)+1
Upon simplification, we obtain
1 i, 2 cf\ 3
w(z) = 5 6% + (eg — 5)2 + (c3 — c1ea + Z)Z +...p. (3.8)
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2 3 4

Using the expansion of log(1+x) = {x -5 +5 -7+ } for ¢(z) given
in (1.7), after simplifying, we get
2
14z 8, 92, 176, }

1 =<4 = — — e g .

[og(l_ﬂﬂ {z+3z +45z +105z+ (3.9)
From the relations (1.7) and (3.9), we obtain

16 32 5 368 4 704 }

=<1+ = —

(=) { TRt T et T i’

1+ ) annl . (3.10)
n=1

=[1+Biz+ By2® + B32® +..] =

Equating the coefficients of like powers of z, 22 and 2> respectively, on
both sides of (3.10), we get

_16p 32 5 368
T2 2T 3p2 BT gpp2
16 = 1
- nm? kg (2k + 1)
From the relations (3.2) and (3.3), we have
h(z) = [g{w(2)}]. (3.12)

In view of (3.12), using (3.8) in (3.10) along with the equivalent expression
for h(z) given in (3.3), upon simplification, (3.12) is equivalent to

1 1 2 1
1+ 531012 + {231 <02 — Cl) + Bgcf}f—f—

B

B, n=234.. (3.11)

2 3 _
[1+b1z+b2z + bz +} - 5 )+

-B — + *61 + —-B — *C% + -B 3 (3 13)
C ci1C C C & 224 .
9 1 3 162 ] 9 2C€1 2 9 8 3¢1

Equating the coefficients of like powers of z, z? and 23 respectively, on
both sides of (3.13), we have

1 1 g\, 1
b = 53101; by = {231 <C2 - 21> + 4320%} )
1 AR i), 1
by = {231 (cs —cic2 + 2) + 53261 (Cz - C;) + 8330?} - (3.14)
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Simplifying the relations (3.11) and (3.14), we get
8ci 8 c? 8 cicy | 2 3
1= 55 b= <62 6) P by = <C3 3 T 4501) (3.15)

From the relations (3.6) and (3.15), upon simplification, we obtain

(
81 8 1 87 o]
az—ﬁ,a:&—ﬁ C2 — E_P €15

1 2 2 32) 4
as = { {3 - } crea + {45 = + 774} cl} . (3.16)
1.

For a function f given by (1.1), a computation shows that

: 1
= [ S|

s {l (1- k)ag}z%ﬂ

1
[’Z PR Ui TS
+{]1a4+( k,z ) (1 k()j]({:?’ )az}z3k+1 + } (317)

From the equations (1.3) and (3.16) together with (3.17), after simplifying,
we get

o g - )

3km? 3 kn? 45  kr? o k2md
Substituting the values of tj1, tag+1 and t3r41 from (3.18) in the second

Hankel determinant | ¢4 1ts511 — t3,.; | to the k™ transformation for the
function f € S, upon simplification, we obtain

by = [3_{1 12}clcQ+{2 2+32}cﬂ. (3.18)

16 17 192
2 2 2 4
‘tk+1t3k+1 — t2k+1‘ = W ].2C1Cg — 6102 — 962 + {60 - 1{3271'4} Cl y
(3.19)
which is equivalent to
16
|tkt1tskr1 — t%k+1| Ry |dicres + d20102 + d302 + d4Cl| (3.20)
17 192
where dl = 12; d2 == —1; d3 = 9 d4 {60 kj27['4} (3.21)
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Substituting the values of ¢3 and ¢3 from (2.2) and (2.4) respectively from
Lemma 2.2 on the right-hand side of (3.20), we have

|d16163 + dQC%CQ + dgc% + d40411|
1
= |dicy X Z{ci’ +2c1(4— Az —c1(d— A +2(4 — ) (1 — |z[H)2}+
1 1
doc? x §{c% + (4 —ch)} +d3 x E{C% +x(4— )} +dyci]. (3.22)
Using the triangle inequality and the fact that |z| < 1, we get

4’d1€163+d26%02+d30%+d4cﬂ < ‘(dl+2d2+d3+4d4)6411+2d101(4—c%)
+2(dy + da + dg)cF (4 — &) ]| -
{(di + d3)e} + 2dier — ads | (4= D)[f?]. (3.23)

From the relation (3.21), we can now write

_ 32 2 4 2 — 1.

{(dy +2dy +d3 +4da) = 125 (k2m* = 360); di =12
(di +da+ds) =2}. (3.24)
{(d1 + d3)e} + 2d1e1 — 4d3 | = 3(ex + 2)(e1 +6). (3.25)

Since ¢; € [0, 2], using the result (¢c; +a)(c1 +b) > (c1 —a)(c1 —b), where
a,b > 0 in the relation (3.25), we get

— {(dl + dg)C% + 2dic1 — 4d3} < —3(61 — 2)(61 — 6). (3.26)

Substituting the calculated values from (3.24) and (3.26) on the right-hand
side of (3.23), we have

32
4|dycrez +daci e +dsca +dyc| < ’m (k:27r4 - 360) i +24c¢(4—cb)

+4c2(4 — 2)|z| — 3(er — 2)(e1 — 6)(4 — C%)|m|2‘ (3.27)
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Choosing ¢; = ¢ € [0, 2], applying triangle inequality and replacing |z| by
w1 on the right-hand side of (3.27), we get

32
15k274
+ 44— A)p+3(c—2)(c—6)(4 — 02)/12}

=F(c,pu), for 0<pu=|z|] <1, (3.28)

4|dyercs +dacica +dach +dyct| < [ {360 - k27r4} At 424c(4 - 2)

32

where F(C, ,LL) = 15]{727[_4

{360 — k' } ¢! 4 240(4 — ) + 42 (4 — P)p
+3(c—2)(c—6)(4 —cA)u*  (3.29)

We next maximize the function F'(¢, ) on the closed region [0, 1] x [0, 2].
Differentiating F'(c, ) in (3.29) partially with respect to u, we obtain

oF
0= [4c 4+ 6(c — 2)(c — 6)u] x (4 — c?). (3.30)
1
For 0 < p < 1 and for fixed ¢ with 0 < ¢ < 2, from (3.30), we observe
that g—i > 0. Consequently, F'(c, ;) becomes an increasing function of p
and hence it cannot have a maximum value at any point in the interior of
the closed region [0, 1] x [0, 2]. Moreover, for fixed ¢ € [0, 2], we have

Jnax F(c,pu) = F(e, 1) = G(c). (3.31)
p<

Therefore, replacing p by 1 in (3.29), upon simplification, we obtain

G() = [ra—g {11520 — 13Tk} ¢ — 8¢ + 144, (332)

4
G'(¢) = 1r5 {11520 - 137%x | & — 16c. (3.33)
s

From (3.33), we observe that G’(¢) < 0, for every ¢ € [0,2] and for all
values of k. Therefore, G(c) is a monotonically decreasing function of ¢ in
the interval [0, 2] and hence its maximum value occurs at ¢ = 0 only. From
(3.32), we get

max, G(c) = G(0) = 144. (3.34)
Simplifying the relations (3.28) and (3.34), we obtain

|dicics + dactes + dsc3 + dycf] < 36. (3.35)
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From the relations (3.20) and (3.35), after simplifying, we get

8

2
| thritaest — topgy |< [km_g] : (3.36)

By setting ¢; = ¢ = 0 and selecting z = —1 in (2.2) and (2.4), we find
that co = —2 and ¢35 = 0. Using these values in (3.35), we observe that
equality is attained, which shows that our result it sharp. For these values,
we derive that

_1—,2'2

p(z) = T2 12224224 — . and w(z) = —2% (3.37)

Therefore, in this case the extremal function is [203) | = 1=22 This com-
f(z) 1+z

pletes the proof of our Theorem 3.1. O

Theorem 3.2. If f given by (1.1) belongs to UCV and F is the k™ root
transformation of f given by (1.3) then

8 2
ot — 12 < |—
| th1takr1 — topqr | {3]{#]

and the inequality is sharp.

Proof. Let f(z) = z 4 Y poganz™ € UCV, from the Definition 1.2, we
have

{1 + ZJ{,C,/;S)} <q(2), VzeE.

By the subordination principle, there exist a Schwarz’s function w(z) such

that

2"(2)
f'(2)

Define a function h(z) such that

{1 + } < [q{w(=)}],V= € E. (3.38)

2f"(2)
f'(2)

h(z) = [1+ ] ={1+b1z+b2? +b32° + ...} =

1+ Z bnz”]

n=1

& [f'(2) +217(2)] = [f (2)h(2)]. (3.39)
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Replacing f/(2), f”(z) and h(z) by their equivalent expressions in series
in the expression (3.39), we have

Hl + i nanz”_l} + z {i n(n — 1)anz”_2H =
n=2 n=2
{1 + i nanznl} {1 + i bnz"H .
n=2 n=1

Upon simplification, we obtain

14 2a9z + 6a32> + 12a42° + ... = 1+ bz + (2b1a2 + b2)22
+ (3b1as + 2boag + b3)z + ... (3.40)

Equating the coefficients of like powers of z, 22 and 23 respectively on
both sides of (3.40), after simplifying, we get

b 1 1
as = 51; as = 6(1)2 + b%); aqg = ﬂ@bs + 3b1b2 + bzls) (3.41)

Applying the same procedure as described in Theorem 3.1, we obtain

4 . 4 1 8 9| .
kL e R U= A
2 1 12 2 2 32 3
w=gs {5yt { -ty 60

From the equations (1.3) and (3.17) together with (3.42), after simplifying,
we get

et Z% ;o logy1 = 3;?[02 - {1 — M}cﬂ ;

3 kw2 45 3k k2t
(3.43)

o 1 Ak +2) 2 2k+2)  16(k+1)
t3k+1 —W |:C3+ {7 + 7}0102"‘ {7 - + }Cli| .

Substituting the values of tjy1, tor+1 and t3r11 from (3.43) in the second
Hankel determinant |tgi1tsp11 — t3, 41/ to the kth transformation for the
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function f € UCV, upon simplification, we obtain
2 4 4 2 2 2
|tk+1t3k+1 — t2k+1| = m X ’27071' ci1c3 + 307 {—7T + 12}C102
3
—1807*c3 + {77 — 607* — 720 (1 + kQ) }cﬂ. (3.44)
The above expression is equivalent to

4
|tk+1t3k+1 — t%k+1| = m\dlclcg + dQC%CQ + dgc% + d4cﬂ, (345)

where d; = 2707*; dy = 3072 {—7T2 + 12} ;

3
ds = —1807*; dy = {7774 — 607% — 720 (1 + l<:2) } . (3.46)
Applying the same procedure as described in Theorem 3.1, we get

4’d1€163—|—d26%02+d36§+d4cﬂ < ‘(dl+2d2+d3+4d4>6%+2d101(4—6?)
+2(d1 + do + d3)ci (4 — of) x| -
{(di + ds)e} + 2dier — ads } (4= D)|af?]. (3.47)

Using the values of dj, ds,ds and d4 from (3.46), upon simplification, we
obtain

3
(d1 + 2dg + d3 + 4dy) = {587r4 + 48072 — 2880 (1 + k2>} ;

di = 2707"; (di + dy + dg) = {607 + 36072} . (3.48)

{(dl + dg)C% + 2dic1 — 4d3} = 907‘(‘4(61 + 2)(61 + 4). (3.49)

Since ¢; € [0, 2], using the result (¢c; +a)(c1 +b) > (c1 —a)(c1 —b), where
a,b > 0 in the relation (3.49), we get

—{(d +dy)} + 2101 — 4ds} < 907" (c1 — 2) (1 —4). (3.50)
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Substituting the calculated values from (3.48) and (3.50) on the right-hand
side of (3.47), we obtain

3
4|d10103+d20%02+d303+d4czf| < ‘ {58774 + 48072 — 2880 <1 + ]{:2> } Cil+
5407ic1 (4 — ¢}) + 12072 (7r2 + 6) (4 —c3)|x|
— 9074 (e1 = 2)(e1 — 4)(4 = D] (3.51)

Choosing ¢; = ¢ € [0, 2], applying the triangle inequality and replacing |x|
by w on the right-hand side of the above inequality, we have

3
4|dyeregtdacicotdycatdact| < [{2880 (1 + kQ) + 4807% — 587r4} A4
540mtc(4 — ¢*) + 12072 (7r2 - 6) A4 —Ap

+ 901 (c = 2)(c — 4) (4 - )]
= F(c,pu),for 0 <p=|z[] <1, (3.52)

3
where F(c, ) = [{2880 (1 + k2> + 4807% — 58774} 45401 c(4 - )
+1207 (72 = 6) A(4 = ) + 907 (¢ = 2)(c — 4)(4 — A)p?|. (3.53)

Applying the same procedure as described in Theorem 3.1, we observe
that ‘?9—5 > 0, so that F(c, ) is an increasing function of p and hence its
maximum value does not occur at any point in the interior of the closed
region [0, 1] x [0, 2]. Further, for fixed ¢ € [0, 2], we have

Jnax, F(e,p) = F(e,1) = G(c). (3.54)
<u<

Therefore, replacing p by 1 in (3.53), upon simplification, we obtain

G(c) = {2880 (1 + 5’2) — 26874 + 12007r2} ¢'~12072 {24 — 72} ¢*+2880r",
(3.55)
3
G'(c) =4 {2880 (1 + k?> — 2687 + 12007r2} ¢* - 2407% {24 — n?} c.
(3.56)
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From (3.56), for fixed ¢ € [0, 2] and for every k, we observe that G'(¢) < 0,
which shows that G(c) is a monotonically decreasing function of ¢ and
hence it attains the maximum value at ¢ = 0 only. From (3.55), we get

_ _ 4
Joax, G(c) = G(0) = 28807". (3.57)

From (3.52) and (3.57), upon simplification, we obtain
|dyicires + dacies + dsca + dycy| < 720 (3.58)
Simplifying the relations (3.45) and (3.58), we get
g 12
| thrataein — g |< {W} : (3.59)

If we set ¢; = ¢ =0 and take z = 1 in (2.2) and (2.4), we find that co = 2
and c3 = 0. Using these values in (3.58), we see that equality is attained,
which shows that our result it sharp. For these values, we derive that

_ 14 22

p(z) = 2= 142224220 4+ . and w(z) = 2% (3.60)
Therefore, the extremal function in this case is [1 + Z]{,/ES)} = %i‘zz This
completes the proof of our Theorem 3.2. O

Remark 3.3. For the choice of k = 1, the result coincides with that of
VamsheeKrishna and RamReddy [22].
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