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1. Introduction

1.1. Problem Formulation and Applications

Resource allocation problems belong to the fundamental problems in the operations research literature (Patriks-
son 2008). These problems involve the allocation of a given resource (e.g., money or energy) over a set of activi-
ties (e.g., projects or time slots) while minimizing a given cost function or maximizing a given utility function. In
its simplest form, the problem can be formulated mathematically as follows:

n
RAP : mi i(x),
min ;}fz(xz)

s.t. ixi =R,
i=1

L<xi<u, i€e{l,...,n}

Here, each variable x; represents the amount of the total resource R € R that is allocated to activity i and the
values [;,1; € R are lower and upper bounds on the amount allocated to activity i. Moreover, each function f; :
R — R assigns a cost to allocating resource to activity i.

In this article, we study the following more specific convex resource allocation problem, which is an extension
of the convex quadratic resource allocation problem:

m 1 n 1
QRAP-NonSep-GBC : min >’ Wi DEAEDY (5 aix; + bixi)/ (1a)
xeRY G ieN; i=1
n
st xR, (1b)
i=1
LjSZXiSu]‘, je{]-l"'/m}l (1)
l'EN/’
lin,-Sui, ie{lr"'ln}/ (1d)
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where w,b,LLueR", acR!), ReR, and L, U € R" are given inputs. Furthermore, in this problem, a partition of
the index set N :={1,...,n} into m disjoint subsets N1,..., N, of size ny,...,n, indexed by M :={1,...,m} is
given. The objective function of Problem QRAP-NonSep-GBC assigns for each subset \V; a cost to the sum of all
allocated amounts associated with this subset and to the individual amounts. Similarly, Constraints (1c) and (1d)
put bounds on the sum of all variables associated with each given subset and on the individual variables.

Our primary interest in studying this problem stems from its application in decentralized energy manage-
ment (DEM) (Siano 2014, Esther and Kumar 2016). The aim of DEM is to optimize the simultaneous energy
consumption of multiple devices within a neighborhood. Compared with other energy management para-
digms such as centralized energy management, within a DEM system, devices optimize their own consump-
tion locally and the control system coordinates the local optimization of these devices to optimize certain
neighborhood objectives.

In particular, we are interested in the local optimization of a specific device class within DEM, namely the
scheduling of electric vehicles (EVs) that are equipped with a three-phase charger. This means that the EV can
distribute its charging arbitrarily over all the three phases of the low-voltage network. Recent studies show that
three-phase EV charging, as opposed to single-phase EV charging, can reduce losses in the electricity grid, reduce
the stress on grid assets, and thereby prevent outages caused by a high penetration of EVs charging simulta-
neously on a single phase (Weckx and Driesen 2015, Schoot Uiterkamp et al. 2017). We discuss this issue in more
detail in Section 2, and we show that the three-phase EV charging problem can be modeled as an instance of
Problem QRAP-NonSep-GBC.

An important aspect of the DEM paradigm is that device-level problems, such as the aforementioned three-
phase EV charging problem, are solved locally. This means that the corresponding device-level optimization
algorithms are executed on embedded systems located within, for example, households or the charging equip-
ment. It is important that these algorithms are very efficient with regard to both execution time and storage
space, because often they are called multiple times within the DEM system and the embedded systems on which
the algorithms run have limited computational power and memory (Beaudin and Zareipour 2015). Therefore,
efficient and tailored device-level optimization algorithms are crucial ingredients for the real-life implementation
of DEM systems. In particular, to solve the three-phase EV charging problem, an efficient algorithm to solve
Problem QRAP-NonSep-GBC is required.

Another application of Problem QRAP-NonSep-GBC is in portfolio optimization, where the question is how to
invest in a set of stocks to maximize the (expected) return of the investments. Within the popular paradigm of
mean-variance portfolio optimization, introduced by Markowitz (1952), the goal is to find a maximum mean-
variance portfolio, that is, a portfolio that maximizes the expected return minus the variance of the portfolio.
To compute this portfolio, one requires the expected returns and the covariance matrix of the assets. Usually, the
covariance matrix itself is not available and must be estimated based on, for example, a sample covariance ma-
trix. However, such estimates are unstable when the sample size is small and the number of variables is large
(Ledoit and Wolf 2003). One way to simplify the estimation procedure and obtain more stable estimators is to as-
sume a certain low-rank structure underlying the covariance matrix and subsequently estimate the parameters of
this structure. One popular example of such a structure is equicorrelation (Engle and Kelly 2012), which states
that particular groups of assets have the same pairwise correlation, that is, each pair of assets within a given
group has the same covariance. Given the equicorrelation p; for a given set \/; of assets, the covariance matrix ¥/
of these assets is given by (1-p,)I+ p].eeT, where [ is the identity matrix and e is the vector of ones of
appropriate size.

Under the assumption of equicorrelation, the mean-variance portfolio can be obtained as follows. Suppose an
amount of R is to be invested into 7 stocks whose expected return is given by » € R"” and that are separated in \/;
groups so that

e The correlation between two assets within a given group N/ is p;; and

e The correlation between two assets not belonging to the same group is zero.

Then the mean-variance portfolio is the solution to the following optimization problem:

()",

m
max r'x —
xeR" -

j=1

s.t. Zn] x;i =R,
i=1

x>0, ie{l,...,n},
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where ¥/ := (x;),c N forje{l,...,m}. To formulate this problem as an instance of Problem QRAP-NonSep-GBC,
observe that for a givenj e {1,...,m}, we have

2
()TN = () (1= p)Id + () pree™™ = > (1-p))ai +p [Z x,-] :
ieN; ieN;
Thus, by choosing the objective function parameters of Problem QRAP-NonSep-GBC as w; =2p;, a; =2(1-p)),
and b; =—r; for je{l,...,m} and ie N j» we can formulate the mean-variance portfolio optimization problem
with equicorrelation as an instance of Problem QRAP-NonSep-GBC.

Finally, the special case of Problem QRAP-NonSep-GBC where w = 0 has applications in, for example, power al-
location in communication networks (He et al. 2013). In many telecommunication systems, the amount of noise
that accompanies the transmission of data can be reduced by transmitting the data over several parallel channels
(Shams et al. 2014). In some advanced systems, these channels are divided into subchannels that represent
so-called second users (He et al. 2013). One goal in these systems is to allocate power to channels, each potentially
divided into subchannels, so that the capacity of the subchannels is maximized and the power allocation limits of
both the channels and (sub)channels are satisfied. We refer to Schoot Uiterkamp et al. (2022) for more details on
this application and the formulation of this special case of Problem QRAP-NonSep-GBC.

1.2. Problem Classification and Related Work
Problem QRAP-NonSep-GBC can be classified as a quadratic nonseparable resource allocation problem with gen-

eralized bound constraints (Constraint (1c)). The nonseparability is because of the terms (3, N/_x,-)z, which cannot

be written as the sum of single-variable functions and are thus nonseparable. When the factors w; are zero, these
nonseparable terms disappear and Problem QRAP-NonSep-GBC becomes the convex quadratic separable
resource allocation problem with generalized bound constraints. In the literature, this problem has hardly been
studied: a special case that includes only generalized upper bound constraints is studied by Hochbaum and
Hong (1995) and Bretthauer and Shetty (1997). However, generalized bound constraints are a special case of
submodular constraints (as shown by Fujishige 1984). As a consequence, several algorithms for convex separable
resource allocation problems with general submodular constraints can be specialized to generalized bound con-
straints (Katoh et al. 2013).

When in addition the generalized bound constraints are omitted, Problem QRAP-NonSep-GBC reduces to the
convex quadratic simple separable resource allocation problem. This problem and its extension to convex cost
functions have been well studied (Patriksson 2008, Patriksson and Stromberg 2015 and the references therein).
Because our approach for solving the nonseparable resource allocation problem QRAP-NonSep-GBC relies on
several techniques and properties also observed in approaches for solving convex separable resource allocation
problems, we highlight three significantly different types of solution approaches for the latter problems.

1. Breakpoint Search Methods (Helgason et al. 1980, De Waegenaere and Wielhouwer 2012). These methods con-
sider the Lagrangian dual of the original problem and exploit the structure of the Karush-Kuhn-Tucker (KKT) opti-
mality conditions (Boyd and Vandenberghe 2004) to efficiently search for the optimal (dual) multiplier associated
with Resource Constraint (1b). More precisely, they exploit the fact that the solution to the KKT conditions is a
piece-wise monotone function of this multiplier. Subsequently, they determine the two breakpoints in between
which the optimal multiplier must lie based on this monotonicity property. Finally, a simplified version of the
KKT-conditions based on these two breakpoints is solved to find the optimal multiplier. Breakpoint search meth-
ods have been succesfully applied to both the convex simple resource allocation problem (see Patriksson 2008, Pat-
riksson and Stromberg 2015, and the references therein) and several of its extensions such as the resource allocation
problem with additional nested constraints (Vidal et al. 2019).

2. Variable-Fixing Methods (Bretthauer and Shetty 2002, Kiwiel 2008). In these methods, first a solution to the
problem without Box Constraints (1d) is computed. Subsequently, the optimal value of several variables that ex-
ceed their bounds in this solution is determined based on whether the variable sum is smaller or larger than the re-
source value R. The variables whose value in the eventual optimal solution have been determined are removed
from the problem and the amount of resource is adjusted accordingly. Thus, a new instance of the problem is ob-
tained with at least one variable less than the original problem. This process continues until none of the variables in
the solution to the relaxed problem exceeds its bounds. The worst-case time complexity of variable-fixing methods
is in general worse than that of breakpoint search methods. However, the former methods sometimes show better
practical performance, both for the convex simple resource allocation problem (Patriksson and Stromberg 2015)
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and for several of its extensions such as the resource allocation problem with additional nested constraints (see,
e.g., Schoot Uiterkamp et al. (2021) that contains a numerical comparison between the variable-fixing based algo-
rithm of van der Klauw et al. (2017) and the monotonicity-based algorithm of Vidal et al. (2019)).

3. Interior-Point Methods (Cominetti et al. 2014, Wright and Rohal 2014). Interior-point methods are an impor-
tant class of iterative methods for convex optimization (Gondzio 2012). In each iteration, the step from the current
to the next iterate is determined as the solution to a perturbed version of the KKT optimality conditions. This boils
down to solving a linear system involving the constraint matrix, which generally requires O(1%) time. However, for
several resource allocation problems, the number of operations required to solve this system can be significantly re-
duced due to the special sparse structure of the constraint matrix. In particular, for the convex simple resource allo-
cation problem and its extension with nested constraints, this number can be reduced to O(1) (Wright and Rohal
2014, Wright and Lim 2020). It is shown that these methods can significantly outperform alternative approaches
such as breakpoint search and pegging depending on the complexity of the objective function.

Without any additional restrictions on w, Problem QRAP-NonSep-GBC is NP-hard because the special case
where n; =1, w;j = -2, and ;= 1 for all i € ' and j € M is a separable concave quadratic resource allocation prob-
lem that is known to be NP-hard (Sahni 1974). Therefore, we focus on instances where the parameters are chosen
such that the objective function is convex (we come back to this later in this section and in Section 3.1).

Observe that Problem QRAP-NonSep-GBC can be modeled as a minimum convex quadratic cost flow problem
if w > 0 (Figure 1). Therefore, this case can be solved in strongly polynomial time (Végh 2016). In fact, because its
network structure is series-parallel, it can be solved by the algorithms from Tamir (1993) and Moriguchi et al.
(2011) in O(n?) time. However, when some of the factors w; are negative, existing approaches for solving this
type of flow problem do not apply anymore. In particular, this holds for the aforementioned EV scheduling prob-
lem in DEM, where the objective of minimizing load unbalance is modeled as an instance of Problem QRAP-
NonSep-GBC by setting some or all of the factors w; to a negative number (see also Section 2.2).

1.3. Contribution

In this article, we present two O(nlogn) time algorithms for strictly convex instances of Problem QRAP-NonSep-
GBC, thereby adding a new problem to the small class of quadratic programming problems that can be solved
efficiently in strongly polynomial time. For this, we derive a property of problem instances that uniquely

Figure 1. Problem QRAP-NonSep-GBC Cast as a Minimum Quadratic Cost Flow Problem

X3 S [13,U3]

1 2
SW2Y5

Y2 € [La, Us]

1 2
5@4.’E4 + b4,’.E4

Ty S [14, U4]

1 2
§a5x5 + b5.’E5

Notes. The node values are the required net input flow and the edge values are the flow costs and flow bounds respectively. In this illustrative
example, n =7, m = 3, N1 ={1,2}, N, ={3,4,5}, N3 ={6,7}, and each flow variable y; has the interpretation that y; = Sien X forje M=
{1,2,3}.
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characterizes the class of strictly convex instances to the problem. This class includes problems in which some or
all the factors w; are negative and, in particular, includes the three-phase EV charging problem. Our algorithms
are, in their essence, breakpoint search algorithms that, as mentioned before, exploit the structure of the KKT
conditions to efficiently search for the optimal (dual) multiplier associated with Resource Constraint (1b). We
show that for (strictly) convex instances of Problem QRAP-NonSep-GBC, these conditions can be exploited in a
similar way.

For the case where all subsets \; have the same size, that is, where all n/s are equal to some constant C, we
show that one of the derived algorithms runs in O(mClogC) time, that is, given C this algorithm has a linear
time complexity. In particular, we show that the three-phase EV charging problem can be solved in O(n) time.
Furthermore, we show for the special case where all weights w; are zero, that is, the quadratic separable resource
allocation problem with generalized bound constraints, that both Problem QRAP-NonSep-GBC and its version
with integer variables can be solved in O(n) time. Although the version with integer variables is not the main fo-
cus of this article, it may be of independent interest for research on general resource allocation problems where
often both the continuous and integer version of a given resource allocation problem are studied in parallel
(Hochbaum 1994, Moriguchi et al. 2011).

We evaluate the performance of our algorithms on both realistic instances of the three-phase EV charging
problem and synthetically generated instances of different sizes. These evaluations suggest that our algorithms
are suitable for integration in DEM systems because they are fast and do not require much memory. Further-
more, they show that our algorithms scale well when the number m of subsets or the subset sizes n; increases,
that is, the evolution of their execution time matches the theoretical worst-case complexity of O(nlogn). In fact,
we show that our algorithms are capable of outperforming the commercial solver MOSEK by two orders of mag-
nitude for instances of up to one million variables.

The remainder of this article is organized as follows. In Section 2, we explain in more detail the application of
Problem QRAP-NonSep-GBC in DEM and, specifically, in three-phase EV scheduling. In Section 3, we analyze
the structure of Problem QRAP-NonSep-GBC and derive a crucial property of feasible solutions to the problem.
We use this property to derive our solution approach to solve Problem QRAP-NonSep-GBC in Section 4, and in
Section 5, we present two O(nlog n) algorithms based on this approach. In Section 6, we evaluate the performance
of our algorithms, and finally, Section 7 contains some concluding remarks.

Summarizing, the contributions of this article are as follows:

1. We derive two O(nlogn) time algorithms for Problem QRAP-NonSep-GBC. In contrast to existing work of Ta-
mir (1993) and Moriguchi et al. (2011), this algorithm can be applied to all strictly convex instances of Problem
QRAP-NonSep-GBC, even those where some or all the factors w; are negative.

2. For the special case where all subsets \; have the same size C, we show that one of our algorithm runs in
O(mClogC) time, which implies that for a fixed C the execution time of this algorithm scales linearly in the number
m of subsets and thereby also in the total number 7 of variables.

3. Our algorithm solves an important problem in DEM and can make a significant impact on the integration of
EVs in residential distribution grids.

2. Motivation

In this section, we describe in more detail our motivation for studying Problem QRAP-NonSep-GBC. For this,
Section 2.1 provides a short introduction to load balancing in three-phase electricity networks and discusses the
relevance of minimizing load unbalance. In Section 2.2, we formulate the three-phase EV charging problem and
show that this problem is an instance of Problem QRAP-NonSep-GBC.

2.1. Load Balancing in Three-Phase Electricity Networks
Load balancing has as goal to distribute the power consumption of a neighborhood over a given time horizon
and over the three phases of the low-voltage network such that peak consumption and unbalance between
phases is minimized. Peak consumption occurs when the consumption is not spread out equally over the time
horizon but instead is concentrated within certain time periods. This is generally seen as undesirable because it
induces an increase in energy losses, stress on grid assets such as transformers, and can even lead to outages
(Hoogsteen et al. 2017). As a consequence, many DEM systems in the literature take into account the minimiza-
tion of peak consumption when scheduling, for example, EV charging (Gan et al. 2013, Gerards et al. 2015, Mou
et al. 2015).

However, minimization of load unbalance between phases is hardly considered in optimization approaches
for EV scheduling. To explain the relevance of load unbalance minimization, in the following we first consider
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three-phase electricity networks in general (for a more detailed and comprehensive introduction to this topic, we
refer to Stevenson (1975) and Kuphaldt (2007)).

In residential electricity distribution networks (or, more generally, low-voltage networks), electrical energy is
transported by electrical current that flows through a conductor (e.g., a wire). This current can be seen as a signal
with a given frequency and amplitude, which leads to (alternating current) power, that is, the average energy
transported in each cycle. In principle, only one supply conductor is required to transport electrical energy be-
tween two points. However, it is more efficient to divide this energy over three bundled conductors whose cur-
rents have the same frequency but an equidistance phase shift. This means that there is a phase difference of 120
degrees between each pair of conductors. Networks wherein the conductors are bundled in this way are referred
to as three-phase networks, where the term “phase” generally refers to one of the three bundled conductors.
Figure 2 illustrates the concept of three-phase systems.

To maximize the efficiency of a three-phase network, ideally the power consumption from all three phases is
equal. When this is not the case, negative effects similar to those of peak consumption can occur, that is, energy
losses, wearing of grid assets, and outages. With the increasing penetration of EVs in the low-voltage network,
actively maintaining load balance becomes important. This is mainly because the power consumption of an EV is
in general much larger than the average power consumption of a household (Schoot Uiterkamp 2016), and most
EVs, especially in the Netherlands, are connected to only one of the three phases. As a consequence, when charg-
ing multiple EVs simultaneously, large load unbalance can occur when the (charging of the) EVs are (is) not
divided equally over the phases (Hoogsteen et al. 2017).

Recently, Weckx and Driesen (2015) and Schoot Uiterkamp et al. (2017) explored the potential of three-phase
EV charging, that is, allowing an EV to distribute its charging over the three phases for minimizing load unbal-
ance. Both works suggest that three-phase EV charging can significantly reduce the distribution losses and stress
on the grid compared with single-phase EV charging, even when using the same DEM methodology.

2.2. Modeling the Three-Phase EV Charging Problem

The problem of three-phase EV charging with the objective to minimize peak consumption and load unbalance
can be modeled as an instance of Problem QRAP-NonSep-GBC. For this, we consider a division of the scheduling
horizon into m equidistant time intervals of length At labeled according to M :={1,...,m}. Furthermore, we de-
fine the set P := {1,2,3} as the set of phases. We introduce for each j € M and p € P the variable z;,, that denotes
the power consumption of the EV drawn from phase p during time interval j. Moreover, we denote by g;, be the
remaining household power consumption drawn from phase p during interval j. This consumption is assumed
to be known or, alternatively, could be substituted by, for example, the expected value of the consumption. Fur-
thermore, we assume that we know on forehand the total required energy that must be charged by the EV and

denote this requirement by R. Finally, we denote the minimum and maximum allowed power consumption
from phase p during interval j by ij,p and i, respectively, and the minimum and maximum allowed consump-

tion from all three phases summed together by L jand l~l]», respectively.
The objective of minimizing peak consumption can be achieved by “flattening out” the overall consumption as
much as possible over the time intervals. Thus, noting that the term 22:1(‘7]47 +2zj,) represents the total power

Figure 2. Three-Phase System

I3

P2 . ::f_':.*.: ®3

I b I

Notes. Iy, I, and I5 represent the current on each of the three phases and ¢,, ¢,, and ¢, represent the phase angles (with regard to the horizontal
axis). The light gray arrows represent a balanced load distribution, whereas the black arrows represent load unbalance.
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consumption during interval j, we model this objective by minimizing the function

m 3 2
z(zwf,wz,-,p)) |

=L Ap=1

For minimizing load unbalance, we aim to equally distribute the consumption during each time interval j over
the three phases. We can model the objective of minimizing load unbalance by minimizing the function

m 3 3 2
Z [ y @;p + Zj,p)2 - %(z;(‘h}n + Zfrp)) ] @
T 1\25s e

(see Appendix A for the derivation of this expression). This leads to the following optimization problem that we
denote by EV-3Phase:

m 3 2 m 3 2
EV-3Phase : min Wi (Z(%p + Zf,p)) + W23 [ Z @ip +2p)" = (Z(%}p + Zf,p)) ],
p=1

ZER™

J=1 \p=1 j=1
m 3
SEDIPILWIES S
/=1 p=1

ps jeM,pE’P.

Here, W; and W, are positive weights that express the tradeoff between the two objectives. This tradeoff could,
for example, be chosen based on the resistance of the three-phase cable, say ry, and of the cables of the individual
phases within the household, say r,, so that energy losses are minimized. More precisely, by choosing
Wi =371 +¢r2 and W, = 11, the objective function becomes

3 2
(;rl "'272)2 (Z(%r’ +ZJP)) t3 722[ Z @i +2ip) = (Z;(%}p +ZJDP)) ],
P

J=1 \p=1

rlZ(Z(’M +ZJP)) +5 722 Z(‘M +2;p).

j=1 \p=1 j=1 p=1

Because energy losses within a cable are proportional to the square of the power, minimizing this objective func-
tion ensures that the energy losses within the cables are minimized.

When varying the weights W; and W, the tradeoff between the two parts of the objective changes and thus
also the resulting optimal solution to the problem changes. More precisely, given an instance of the problem and
values for the weights W; and W,, we observe the following changes to the optimal solution when one of the
weights is slightly increased. If W; increases, it becomes more important to divide the total load equally over the
time intervals. As a consequence, in the new optimal solution some EV load shifts from intervals with extreme to-
tal load (e.g., relatively high consumption peaks) to intervals with a close to average load, compared with the opti-
mal solution before adapting the weights. Whether a certain time interval is selected for this load shifting depends
on the extremeness of the total interval load and on the load balance between the phases within the interval.

In contrast, increasing W, balances the new optimal solution over phases. Again, load shifts between time inter-
vals within the original optimal solution and these shifts depend on the load balance within the interval and the
extremeness of the load of the interval. More precisely, intervals with much unbalance are favored for load shifts
over those that are already quite balanced. Moreover, intervals whose total load is extreme compared with that of
other intervals are more likely to receive (lose) more load when their total load is very low (high) compared with
that of other intervals. We note that a mathematically based derivation of this behavior can be achieved based on
the KKT optimality conditions (3) given in Section 3.3 for the general Problem QRAP-NonSep-GBC.

By choosing the parameters as given in Table 1, this problem becomes an instance of Problem QRAP-NonSep-
GBC (see also Appendix A). Observe that if W, > 2Wj, the weights w; are negative and thus Problem EV-3Phase
cannot be solved as a minimum convex quadratic cost flow problem using, for example, the algorithms by Tamir
(1993) and Moriguchi et al. (2011).
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Table 1. Modeling Problem EV-3Phase as an Instance of Problem QRAP-NonSep-GBC

Parameter/variable in Problem QRAP-NonSep-GBC Parameter/variable in Problem EV-3Phase
N, jeM P:={1,2,3}
(xi)ieJ\/’,/ jeM (Zfrp)pEP/ jeM
wj, jeM 2Wy =W,
a;, ieN 3W,

) i i . 3
by jEM IEN; (W1 -3 WZ)Zp:l qip +3Wadjy
R R

. A

(lx’)iav,f JEM (Ujp)pep
(ui)ie,’\//f ] EM (ﬁ]}f)psp
L, JeEM Lj, jeM
Yy JEM uj, jeM

In this article, we develop algorithms to solve Problem EV-3Phase when all power consumption values g;, are
known. In a stochastic loads setting, where these values are not known on forehand, existing frameworks for op-
timization under uncertainty can be used to solve a stochastic loads setting, for example, robust optimization,
stochastic programming, and online optimization (see Bakker et al. 2020 for a survey). Alternatively, recently, we
have developed a new framework for solving particular classes of convex optimization problems under uncer-
tainty (Schoot Uiterkamp et al. 2020). Applied to Problem EV-3Phase, this framework solves the problem where
the quantities g;, become known only at the start of time interval j and the variables z;, have to be determined
directly afterward. As input, the framework requires a prediction of the optimal Lagrange multiplier of this
problem. Such a prediction could be made by computing the optimal multiplier for instances with representative
historical values of g;,, which can be done using the algorithms developed in this article.

3. Analysis

In this section, we consider the general version of Problem QRAP-NonSep-GBC and derive some of its properties.
First, in Section 3.1, we derive a necessary and sufficient condition on the vectors w and a for strict convexity of Prob-
lem QRAP-NonSep-GBC. Moreover, we show that the three-phase EV charging problem as presented in Section 2.2
satisfies this condition. Second, in Section 3.2, we show that we may replace Constraint (1c) by equivalent single-
variable constraints without changing the optimal solution to the problem. This greatly simplifies the derivation of
our solution approach in Section 4. Third, in Section 3.3, we derive a property of the structure of optimal solutions to
Problem QRAP-NonSep-GBC that forms the crucial ingredient for our solution approach to solve the problem.

3.1. Convex Instances of Problem QRAP-NonSep-GBC

Because all constraints of Problem QRAP-NonSep-GBC are linear, the problem is strictly convex if and only if
the second-derivative matrix (the Hessian) of its objective function is positive definite. Because this objective
function is separable over the indices j, it suffices to investigate for each j € M separately if the function

f]((xl)ze/\/) w][Z X,] + Z ( a; X +b; x,)

ieN;
is strictly convex. We do this by checking whether the Hessian H’ of f; is positive definite. This Hessian is given by
H' :=wjee" + diag(a),
where e is the vector of ones of appropriate size and @/ := (4;),c ;- Lemma 1 provides a characterization for which
choices of w; and @' the Hessian H' is positive definite. This characterization can also be obtained as a special case
of theorem 1 of Spedicato (1975).
Lemma 1. H is positive definite if and only if 1 + wjzia\/jl/ai > 0.
Proof. See Appendix B.1. O
Lemma 1 implies that an instance of Problem QRAP-NonSep-GBC is strictly convex if and only if

T+ 3en,1 /az >0 for each j € M. To stress the importance of this relation and for future reference, we state
this relation as a property.
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Property 1. For each j € M, it holds that 1 +w; 35, 1/az > 0.
For the remainder of this article, we consider only instances of Problem QRAP-NonSep-GBC that satisfy Prop-
erty 1. We conclude this section by observing that the parameters for Problem EV-3Phase satisfy this property:

2W1 -Wy, 2W;

1+ =1+Q2W;-W = = > 0.
wjlez'/\/: a; ( 1 2)Z3W W2 W2

3.2. Constraint Elimination
In Section 3.1, we studied properties of the objective function of Problem QRAP-NonSep-GBC. In contrast, we
focus in this section on properties of the constraints of Problem QRAP-NonSep-GBC. For this, note that it is the
addition of the lower and upper bound constraints (1c) that make the constraint set of Problem QRAP-NonSep-
GBC complex compared with the constraint set of the original resource allocation problem RAP. Therefore, the
goal of this section is to reduce this complexity. More precisely, in this section, we show that we can replace the
lower and upper bound constraints (1c) by a set of single-variable constraints without changing the optimal solu-
tion to Problem QRAP-NonSep-GBC. As these single-variable constraints can be integrated into the existing
single-variable constraints (1d), we can focus without loss of generality on solving Problem QRAP-NonSep-GBC
without this constraint.

To derive this result, we first define for each j € M and S € R the following subproblem QRAP/(S) of Problem
QRAP-NonSep-GBC:

QRAP/(S) : mm Z( ax; +b; xl),

IEN

Z Xi = S ,

ieN i

l,‘SX,‘SM{, iENj.
Lemma 2 states the main result of this section, namely that optimal solutions to QRAP/(L;) and QRAP/(U;) for
j € M are component-wise valid lower and upper bounds on optimal solutions to Problem QRAP-NonSep-GBC.

The proof of this lemma is inspired by the proof of lemma 6.2.1 in Hochbaum (1994) and can be found in
Appendix B.2.

Lemma 2. For a given j € M, let X/ := (x;);c s and & := (X;);epr be optimal solutions to QRAP/(L;) and QRAP/(U;) respec-
tively. Then there exists an optimal solution x* := (x});c,s to Problem QRAP-NonSep-GBC that satisfies x; < x; < X; for
eachie N

Lemma 2 implies that adding the inequalities x; < x; < X;, i € N to the formulation of Problem QRAP-NonSep-
GBC does not cut off the optimal solution to the problem. Moreover, these inequalities imply the generalized
bound constraints (1c) because we have for each j € M that 37\ x; = L and 3 nXi = Uj by definition of x and x.

This means that Problem QRAP-NonSep-GBC has the same optimal solution as the following problem:

min Z—w][Zx,J +Z( . +bx1),

j=1 ieN

Z X = R,
i=1

xXi <x; <X, ieN.
To compute the new variable bounds x; and x;, we solve the 2m subproblems QRAP/ (Lj) and QRAP (U;). Because
each subproblem is a simple resource allocation problem, this can be done in O(n) time using, for example, the

algorithms in Kiwiel (2007). Thus, in the remainder of this article and without loss of generality, we focus on
solving Problem QRAP-NonSep-GBC without Constraint (1c).

3.3. Monotonicity of Optimal Solutions

In this section, we analyze Problem QRAP-NonSep-GBC (without Constraint (1c)) and the structure of its opti-
mal solutions. More precisely, we study the KKT conditions (Boyd and Vandenberghe 2004) for this problem
and derive a property of solutions satisfying all but one of these conditions. This property is the crucial
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ingredient for our solution approach for Problem QRAP-NonSep-GBC because it allows us to apply breakpoint
search methods for separable convex resource allocation problems.

For convenience, we define y; := 3, X for j € M. The KKT conditions for Problem QRAP-NonSep-GBC can
be written as follows:

wiyj+aix;+bi+A+u, =0, je M, ieN; (stationarity), (3a)
Z x =R (primal feasibility), (3b)
i=1
L<xi<u, ieN (primal feasibility), (30)
i (xi—u;))=0, ieN (complementary slackness), (3d)
u; (xi=1;)=0, ieN (complementary slackness), (3e)
Au, €R, ieN (dual feasibility). (3f)

Here, uf and p; are the positive and negative part of y; respectively; that is, " = max (0, 4,) and p; =min (0, u,).
Slater’s condition holds because the objective function of the problem is convex, all constraints are linear, and a
feasible solution to the problem exists. Therefore, the KKT conditions are necessary and sufficient for optimality
(Boyd and Vandenberghe 2004). Moreover, because Problem QRAP-NonSep-GBC is strictly convex, it has a
unique optimal solution x*.

For a given A, let (x(A), u(A)) € R?" be the solution that satisfies all KKT conditions (3) except (3b). Moreover,
define y;(A) := Sien, xi(A) for j € M. It follows that x(A) is the optimal solution to Problem QRAP-NonSep-GBC if

and only if it satisfies KKT Condition (3b), that is, if 37/ x;(A) = R. The core of our solution approach is to find a
value A" such that 3, x;(1") = R and reconstruct the corresponding solution x(A") that, by definition, is optimal
to Problem QRAP-NonSep-GBC. We call A" an optimal (Lagrange) multiplier.

The main result of this section is Lemma 4, which states that each x;(1) can be seen as a nonincreasing function
of A. This result allows us to use approaches for separable convex resource allocation problems to find A*. To
prove Lemma 4, we first identify in Lemma 3 a relation between x;(A) and ,(A).

Lemma 3. For any Ay, A> € Rand i € N, we have that x;(A1) < xi(Az) implies y;(A1) < p,(A2).

Proof. Suppose x;(11) < x;(A2) for some i. Then I; < x;(A1) < x;(A2) < u;, which implies x;(A1) <u; and x;(A2) > 1.
Together with KKT conditions (3d) and (3e), it follows that 11,(A;) <0 and y,;(A2) > 0, respectively, which implies
that (A1) < p;(A2). O

Lemma 4. For any A, A €R such that A < Ay, it holds that xi(Al) > X,‘(Az), ieN.
Proof. See Appendix B.3. O

Lemma 4 implies that the values x;(1) are monotonically decreasing in A. As a consequence, all possible val-
ues for the optimal multiplier A* form a closed interval I CR, i.e.,, A €[ if and only if 377 ;x;(A) = R. It follows
that A" is nonunique if and only if for each index i € N one of the two bound constraints (1d) are tight for 7, that
is, either x; =1; or x; = u; for all i € V. Because this constitutes an extreme case and to simplify the discussion,
we assume in the derivation of our approach without loss of generality that the optimal multiplier A" is
unique.

T%e monotonicity of the values x;(A) forms the main ingredient for our solution approach to Problem QRAP-
NonSep-GBC, which we derive in Section 4. We conclude this section with two corollaries of Lemma 4 that we
require for the derivation of this approach. The first corollary states that not only the values x;(A) are decreasing
in A, but also each value y;(1). The second corollary is a stronger version of Lemma 3 for the case where i € ;
with w; <0.

Corollary 1. For any A1, Ay € R such that Ay < Ay, it holds that y;(A1) > y;(A2), j € M.
Proof. Follows directly from Lemma 4. O
Corollary 2. If w; <0, then for any A1, Ay € R such that Ay < Ay, it holds that p, (A1) > u,(A2) fori € Nj.

Proof. By Lemma 4, we have x;(A1) > x;(A;). If this is a strict inequality, that is, if x;(A1) > x;(A,), then it follows
from Lemma 3 that p,(A1) > u,(A2). Otherwise, if x;(A1) = x;(A2), KKT Condition (3a), together with w; <0 and
Corollary 1, implies
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wiy(A1) +aixi(Ar) + bi + (A1) = =41 > = Ay,
= wjy;(A2) + aixi(A2) + b; + p1,(A2),
> wyi(A1) +aixi(Ar) + b + p,(A2).

It follows that p1,(A1) > u,(A2), proving the corollary. [

4. Solution Approach

In this section, we present our approach to solve Problem QRAP-NonSep-GBC. First, in Section 4.1, we provide
an outline of the approach using the analysis conducted in Section 3. Second, Section 4.2 focuses in detail on sev-
eral computational aspects of the approach.

4.1. Outline
The monotonicity of x;(A), proven in Lemma 4, has two important implications. First, for each i € NV, there exist
unique breakpoints a; < 8, such that

A <Lai— Xi(/\) =Uu; (4a)
ai<A<Be= 1 <xi(A)<u, (4b)
ﬁi < A= Xi(/\) = l,'. (4C)

For now, we assume that these breakpoints are known. In Section 4.2.2, we discuss how they can be computed
efficiently. The second implication of the monotonicity is that, given the optimal multiplier A*, we have

AN S D x)= D6 =R, 5a)
i=1 i=1

Az A = Z %) < Z (A" =R. (5b)
i=1 i=1

These two implications are the base to determine the optimal multiplier A*. For this, we define the set of all
breakpoints by B := {a;|i € N'} U {B,]i € N'}. Equations (4a)—(4c) imply that min (8) < A" < max(B). This means that
there exist two consecutive breakpoints y,6 € B such that y < A" <. Figure 3 illustrates the relation between
x(A), y(A), the total resource R, the breakpoints in B, and the breakpoints y, A*, and 0.
The key of our approach is that once we have found y and 6, we can easily compute A* and the resulting opti-

mal solution x(A”). To see this, note that by Equations (4a)—(4c) and by definition of y, we have for all i € NV that

xi(0) = uie= x:(\") = uy,

l,‘ < X,‘(')/) <Ue—— l,‘ < x,‘(/\*) <1uj,

xi(y) =lie= xi(A") = 1.
As a consequence, we know that x;(A") = u; if a; > 6 and x;(A") = I; if B, <y. Thus, we may eliminate these varia-
bles from the problem. As a consequence, for the remaining problem, Box Constraints (1d) become redundant
Figure 3. Relation Between x(A), y(1) = Zf‘zlxi()\), R, and the Breakpoints a;, ;, y, A", and 0

Z?:l Ui

R |

z(N), y(A)

Note. In this example, y = a,, 6 = a3, and A" is represented by the black square.
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and Problem QRAP-NonSep-GBC reduces to a quadratic optimization problem with a single equality constraint.
We show in Section 4.2.3 that this specific structure allows us to derive an explicit expression for A* that can be
determined in O(n) time.

To find the breakpoint y, we may either consider all breakpoints monotonically in the set 5 of breakpoints or
apply a binary search to B. This is because the variable sum y;(1) = 37/ ;x;(A) induces an order on the breakpoints
by Corollary 1. Moreover, we know by Equations (5a) and (5b) that y is the largest breakpoint A in the set 5 such
that 377 ;x;(A) > R. Each of the two approaches to find y leads to a different algorithm.

The kernel of both approaches is an efficient method to evaluate x(1) for any given A € R as this is the base for
computing the breakpoint set B and to compute A* from y. We focus on each of these three aspects in the next
section.

4.2. Computational Aspects

In the approach outlined in Section 4.1, there are three quantities whose computation is not straight-forward.
These quantities are the solution x(A) for a given A € R, the set of breakpoints 53, and the optimal multiplier A*. In
the following sections, we discuss how these quantities can be computed efficiently.

4.2.1. Computing x(A) and y(A) for a Given A. To compute x(A) for a given A, we need to find a feasible solution
to KKT Conditions (3) without (3b). We call these KKT conditions the primary KKT conditions. Instead of trying
to derive x(A) directly from the primary KKT-conditions, we first determine which variables in x(A) are equal to
one of their bounds and which ones are strictly in between their bounds. To this end, for each j € M, we first par-
tition the set of variables V; into the following sets:

N;Owef()\) ={ie Njlxi(A) =1},
NPPE(A) = {i € Njlni(A) = ui),
N]free(/\) = {Z Eleli < xi(A) < Lli}.

Observe that Equation (4) imply the following equivalent definition of these sets:

N(A) = {i € NjIB, < A}, (6a)
NPPE(A) = {i € Nijlai > A}, (6b)
NT() = {i € Nl < A < B}, (60)

Thus, given the set B of breakpoints, we can easily determine these sets in O(n) time by checking whether
Bi<AaizAora; <A<,

Given the partition (N ;Ower(/\),N ;lpper(/\),/\/ ;ree(}t)), we can compute x(A) as follows. As x;(A) =1; for all i€

N jl-ower(/\) and x;(A) = u; for all ;lpper(/\), it remains to compute x;(A) for alli € N/ jf-ree(/\). Let

yre() = >, xld),

ENT(A)
y]fixed(/\) = Z xi(A) = Z I+ Z u;.
ENNT () eV (1) NPT

By KKT Conditions (3d) and (3e), we have (1) =0 for each i e N ]free(A). As a consequence, after substituting
yi™*4(1) and x;(A) for ie N ;Ower(/\) UNPPE(A) into primary KKT Conditions (3a) and (3¢)~(3e), the only non-
redundant primary KKT conditions are (3a) and (3f) fori € A ]f»ree()\):
wiye(A) +wiy(A) +axi(A) +bi+A =0, jeM,ie J\/jf-ree()\), AeR.
We show that the solution to these equations in terms of x;(A) can be given in closed form. For convenience, we
define the following quantities:
1 be
A= > — Bi(1):= > -

a
ceneo teNT™ )"t
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Using, for example, the Sherwood-Morrison formula (Bartlett 1951), one can deduce and verify that the solution
to the nonredundant primary KKT conditions is

l —w]'y]ﬁXEd(/\) -A _ E + Wi B](A)

. free
(M) = o g . ) 7
x’(/\) a 1+ ZU]A](/\) a; a; 1+ ZU]A](A) 1S NJ (/\) ( )
It follows that
) aixi(A)+b; + A
]/](A) = y]free()\) + y]flxed(A) - _ ( )w
]

y}fixed(A) + % Bi(A) A y]fixed(/\) - B;(A) Aj(A)

_ _ _A L - Al

For each j € M, y;(A) can be computed in O(n;) time given the breakpoint set B. As a consequence, computing
the sum Z].’ilyj(/\)(: S xi(A)) takes O(n) time.

4.2.2. Computing the Breakpoints. To derive our approach for computing the breakpoints, we exploit two im-
portant properties of these breakpoints that we state and prove in Lemmas 5 and 6. The first property is con-
cerned with the value i introduced in KKT Conditions (3). Recall from KKT Conditions (3d) and (3e) that, for a
given A € R and i € N/, we have that p,(A1) > 0if x;(A) = u;, y;(A) = 0if I; < x;(A) <uy, and p,(A) < 0if x;(A) = I;. Tt fol-
lows from Equation (4) that u;(A) > 0 if A <a;, u,(A) =01if a; <A < B, and p;(A) <0 if B, < A. Lemma 5 shows that
u;(a) and ,(B;) are equal to the value of u,(A) for a; < A < B,, that is, are equal to zero.

Lemma 5. For all i € N, we have y.(a;) = p1,(;) = 0.

Proof. See Appendix B4. O

Next, Lemma 6 states that, for each je€ M, we can use the values given by P;:= {ail; + bilie N i/} and
Q; := {aju; + bjli € N} to determine the order of the corresponding breakpoints.

Lemma 6. For j € M and i,k € Nj, we have:
o that a;u; + b; > ayuy + by implies o; < oy, and;
e that a;l; + b; > ali + by implies f, < f,.

Proof. See Appendix B.5. O

Lemmas 5 and 6 give rise to the following strategy to compute the breakpoints. From KKT Condition (3a) for
ieNj, j e M, we have for the breakpoints a; and f; that

a; = —wjyj(ey) — aixi(a;) — by — w, (o) = —wy(a;) — au; — by — py(a), (9a)
By = —wiyi(By) — aixi(B) = bi — (B) = —wiy;(B,) — aili = bi = 1,(B,). (%b)
We can obtain the following expression for a given breakpoint o; by applying Lemma 5 and plugging Equation
(8) into Equation (9a):
_wjy]fixed(ai) +wBi()  wiAi(a;) o
1+ w]A](al) 1+ w]A](az) '

a; = —wy;(e;) — au; — by = aiu; — b;. (10)

This is equivalent to

a; = wi(Bj(a;) — y,f-ix"d(ai)) = (aiu; + b))(1 + wiAj(a;)). (11)
Analogously, we can deduce the following expression for §; by applying Lemma 5 and plugging Equation (8)
into Equation (9b):

B = wi(Bi(B;) =y (B)) — (adi + bi)(1 + w;A(B,)-

Using these two expressions, we can compute the breakpoints sequentially, that is, in ascending order. This or-
der can be determined using Lemma 6 without knowledge of the actual values of the breakpoints. For each
breakpoint 1, we can compute the terms y]f.ixed(nk), Aj(n,), and B)(n,) efficiently from the preceding breakpoint 7;

by exploiting the dependencies between the partitions (N;Ower(qi),N}lpper(ni),N;ree(nf)) and (N}Ower(nk),
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Table 2. Relation Between Consecutive Breakpoints 1; and 7, and Their Index Set Partitions

Type of n; N (1) NP () N*(ny) yied(n,) Ai(n,) Bi(n,)
= N (n,) NP )\ Nee(n) U {i} yred(n) - u; An) +2 Bj(n,) +5
=5, NPYer () U {1} NP () N\ yed(n) +1; Aj(n) -1 Bi(n,) - &

N ;lpp er(r]k),/\/' ]f»ree(nk)) summarized in Table 2 (see also Figure 3 and Equation (6)). Given the smallest breakpoint
7, the sequential computation of the terms y]f.ixed(~), Aj(-), and B;(-) is initialized by y]f.ixed(f]) = Dlien; Uis Ai(1) =0,
and B;(7) := 0. To determine whether 1, = a; or 1), = ;, let ky be the index of the next lower breakpoint and k, the
index of the next upper breakpoint. Thus, either 1, = aj, or n;, =, . Observe that the partition corresponding to
the breakpoint 1, does not depend on whether 7, is a lower or upper breakpoint. Thus, it follows from the break-
point expressions in Equations (10) and (11) that ;= a, if a, uk, + by, > ak,lx, + by, and 1, = B, otherwise.
Algorithm 1 summarizes this approach to compute the breakpoints. Each new smallest breakpoint ) in Line 4
can be retrieved in O(1) time if we maintain the values in P; and Q; as sorted lists. As a consequence, the time
complexity of Algorithm 1 for a given j € M is O(n;logn;). Thus, the computation of the breakpoints for all varia-
bles can be done in O(nlogn) time. If each #; is equal to a given constant C, that is, all subsets \/; have the same

cardinality, this complexity can be refined to 0(2;11(: log C) = O(CmlogC) = O(nlogC). Thus, for a given C in
this case the breakpoints can be computed in linear time.

Algorithm 1 (Computing the Breakpoints for j € M)
Compute the sets P; := {a;l; + b;[i € N';} and Q; := {aju; + bili € Nj}
Initialize Y := Sien; Ui A:=0;B:=0
repeat

Take smallest value 7, := min (P; U Q;)
5: if 7, € Q; then {1, = ay; 1 is a lower breakpoint}
v aw) = YA (n) = A; Bi(oy) = B
a = wj(Bj(a) = y]flxed(ak)) = (@xug + b)) (1 + wiAi(ax)
Y=Y-u;A=A+LB=B+%&
Qi = 9\{n,}
10:  else {n, = B,; 1 is an upper breakpoint}
YPB) = Y AB) = A; By(,) = B
By 1= w(Bi(B) ~ ¥ (B) — (agly + b)(1 + A (B,)
Y=Y+l;A=A-LB=B-LP=P\(n}

15:  endif

until P] U Q] = @

4.2.3. Computing A". To finalize our approach, we need to compute A” for a given y, which is the largest break-
point such that y < A*. In Section 4.1, we showed that the partitioning of the variables under A" can be derived

from the partitioning under y and 6, that is, for each j€ M, we have N ;Ower()t*) =N ;Ower(y), N ;lpper(/\*) =
N ?pper(é), and N/ ]f-ree()\*) =N ]f-ree(y). Moreover, as we have >7",;(1") = R by definition of y;, we can apply the de-
rived expression for general y;(A) in Equation (8) to obtain the following linear equation in A":
fixed () * * *
oW (YA =B ALY
R = ; /\ = * - * /\ 7

];yf( ) ;( T+wA(N)  1+wAN)

FE-BO) AG)

]
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It follows that

o yed(y) - Bi(y)\

(12)
N4 ( )
Z Y

= 1+ w;A;(y)

Given the partitioning sets N/ }Ower(/\‘), N}lpper(/\*), and N ]f»ree(/\*), this expression allows us to compute A* in
O(Zj’ilnj) = O(n) time.

5. Two Algorithms for Problem QRAP-NonSep-GBC

In this section, we present two algorithms that solve Problem QRAP-NonSep-GBC according to the approach
presented in Section 4. This approach can be summarized by means of the following four steps:

1. Replace the generalized bound Constraints (1c) by the box constraints x; < x; < X;, i € A/ (Section 3.2),

2. Compute for each i € N the lower and upper breakpoints «; and f; (Section 4.2.2),

3. Find y (Section 4.1), and

4. Compute the optimal Lagrange multiplier A* (Section 4.2.3) and the optimal solution x(A") (Section 4.2.1).

Both algorithms follow these four steps. Their difference is in the execution of Step 3 or, more precisely, in
how we search for y through the breakpoint set B. In the first algorithm, we consider the breakpoints sequential-
ly starting from the smallest breakpoint, whereas in the second algorithm, we apply binary search on B. We pre-
sent and discuss these algorithms and their breakpoint search strategies in more detail in Sections 5.1 and 5.2.

5.1. An O(nlogn) Time Algorithm Based on Sequential Breakpoint Search
The sequential breakpoint search strategy is similar to Algorithm 1 to compute the breakpoints, that is, we search
through the breakpoint set B in ascending order. For each considered breakpoint 1, k € N/j, we compute the sum
>21Yj(n) using Equation (8). If 371%,y;(n,) > R, it follows from Equation (5b) that 7, < A" and we continue the
search. Otherwise, if 37,y;(,) <R, then it follows from Equation (5a) that 7, > A", meaning that y is the break-
point preceding 7, and that 6=r1),. Subsequently, we can use Equation (12) to compute A". Finally, if
21Yi(m) = R, then A" = 1, by definition of the values y;(-).

To efficiently compute the sum 377,y;(1),), we exploit the dependencies between 7 and its preceding break-
point 1;, i € N/}, given in Table 2. This means that we can compute the terms yﬁxed(nk) Aj(n,), and Bj(np,) in O(1)

time from the terms yj‘xed(ni), Aj(n;), and Bj(n,). Moreover, by defining for a given A € R
yxed(1) — Bi(A)

F(A) = = 1+ ZU]A](/\) !
AW
VO = Ay

and using these values and the dependencies in Table 2, we can easily compute 37, y;(1,) from 372, y;(;) in O(1)
time. For this, Zj’ilyj()\) =F(A) — AV(A) by Equation (8).

Algorithm 2 summarizes the four steps of our overall solution approach where Step 3 is carried out using the
sequential breakpoint search strategy. In this algorithm, Line 2 corresponds to Step 1, Line 3 to Step 2, Lines 5-36
to Step 3, and Lines 14 and 17 to Step 4. During each iteration 7 of the sequential breakpoint search in Lines 5-38,
the set 5" is the part of the original breakpoint set 55 that has not yet been searched in this iteration.

We state the time complexity of this algorithm in the following theorem:

Theorem 1. Algorithm 2 has a worst-case time complexity of O(nlogn).

Proof. First, the elimination of Constraint (1c) in Line 2 takes O(n) time. Second, the computation of the break-
points by means of Algorithm 1 in Line 3 takes O(nlogn) time. Third, each iteration of the sequential breakpoint
procedure can be executed in O(1) time if we maintain the breakpoint sets as sorted lists so that computing the
smallest value 7, in Line 10 can be done in O(1) time. Finally, once A" has been found in either Line 14 or 17,
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we can compute the optimal solution x(1*) in O(n) time using Equation (7). Summarizing, the worst-case time
complexity of Algorithm 2 is O(nlogn). O

Besides the computation and sorting of the breakpoints, Algorithm 2 runs in linear time.

Algorithm 2 (Solving Problem QRAP-NonSep-GBC Using Sequential Breakpoint Search)
forje M do
Solve QRAP/(L;) and QRAP/(U;) and set /; := max (I;, x;(A/(L;))) and u; := min (u;, x;(A/(U))) {Solve QRAP sub-
problems to eliminate generalized bound constraints}
Compute a; and g; for each i € N} using Algorithm 1 {Compute breakpoint values}
end for
5. B:i={aie N}U{Blie N}, 7:=0; B :=B; F:= >/ u; V:=0 {Initialize breakpoint sets and bookkeeping
parameters} B B B
For j € M: Initialize Y, := Zie/\/,”ﬁ Aj:=0;B;:=0
while A" has not been found yet do {Breakpoint search procedure}
Take smallest value 7, := min (B) and j with k € \V;
for j’ € M do {Update bookkeeping parameters}
10: yjedlng) = Yy; Ay (n) = Ay; By (n) = By
end for
Compute 377,y (1) = F — Vay {Variable sum under current candidate multiplier 7}

If 37 yy () = R then
A" =1,; compute x(1") as x(1,) using Equation (7)
15: return
else if Z]’.',’:lyj/ (M) <R then
A" =ER; compute x(1*) using Equation (7)
return
else {Breakpoint has not been found yet; update bookkeeping parameters and prepare for next candidate
breakpoint} _ _
20 F=F--10

35: end if
end while

5.2. An O(nlogn) Time Algorithm Based on Binary Breakpoint Search

In this section, we present an alternative approach, where we apply binary search on the set of breakpoints. Dur-
ing each iteration 7 of the binary search, we compute the median 7" of the current breakpoint set B, that is, of
the subset of the original breakpoint set that is guaranteed to contain the breakpoint y. For this median
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breakpoint, we compute the sum >7”,y;(7") and compare this value to the given amount R of the resource. If
Smyi(PF) =R, then A" = 7% Otherwise, if >77,y;(") <R, then 7* > A" > y and during the next iteration 7 +1 we

A

take as breakpoint set B! := {A € B'|A < §"}. Finally, if Zj’"lyj(ff) > R, we have that " < A" <6 and during the

next iteration 7 + 1 we take as breakpoint set B = {1 eBA >

To efficiently compute each sum >}/ 1yi(7"), we use the followmg observation that is inspired by the break-
point search approach in Kiwiel (2007) for separable quadratic resource allocation problems. For a given iteration
7 of the binary search, let A] and A} denote the minimum and maximum breakpoint in the current breakpoint set
B". Then for any multiplier A that lies within the interval [A],A}] and each j € M and i € \V}, the following is true
because of Equation (6):

Bi<AT=ie NPY(A), (13a)
a <AL AT <P = ie (M), (13b)
A <a;=ie NJPP(A), (13¢)

We introduce the following sets, which partition the set V; according to which of the previous cases applies dur-
ing iteration 7:

Li={ieNj; <A}, (14a)
Fil={ieNja<A] <AL <B}, (14b)

Ui ={ie NjiAj <ai}, (14¢)
=NALUFFuU) ={i e NjIA] <a; <Ajor AT <, < A7} (14d)

(see also Figure 4). For any A such that A} 1SA A%, we have
ieLj=ie N}Ower(/\),
ieFj=ie J\/]f.ree(A),
ieUf =>ie NTPP().

Because of the construction of the sets B, the sequence (A1]) ¢y is nondecreasing and the sequence (A}) ¢y is non-
increasing. This implies that as soon as one of the three cases (13a), (13b), or (13c) occurs during an 1terat10n 7 for

an index i € N/;, we already know for any future candidate breakpoint 7 that i € A lOWer(f/’"c) ieN free()A/’_c) orie

NPPE(97) respectively. In particular, we know that i € A/ 1Ower()\ ), i€eN free(/\ ), or i € NFP¥(1"), respectively.

Thus, when determining the partition (A }Ower(y )N ]free(f/T),N }lpper()/’c)), we only need to determine the mem-
bership of xx(77) for all k € I]-T instead of for all k e N/ j when the sets ﬁjT, ]—']-T, and Z/{].T are known.

The main computational gain is obtained by introducing for each iteration 7 the following bookkeeping pa-
rameters:
b

a;

=SS, A=Y B

€Ly el ieF; i ieF;
Observe that if the set 77 and the bookkeeping parameters Y7, A;,and B; are known, then computing y;(A) for
any A| <A < A via Equation (8) can be done in O(|I]-T|) time instead of O(n;) time.

We summarize the resulting four steps of our overall solution, using in Step 3 the discussed binary breakpoint
search strategy, in Algorithm 3. In this algorithm, Line 2 corresponds to Step 1, Line 3 to Step 2, Lines 846 to

Step 3, and Lines 24 and 47-48 to Step 4. In each iteration 7, the new set I”l and bookkeeping values YT+1 ATJrl

and Bj are constructed after the new breakpoint set B+ and lower and upper bounds /\IH and A}” have

been determined. This update can be done in line with the definition of the sets [,]7“, }7”, Z/lj”l, and I].”1 in
Equation (14).
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Figure 4. Partitioning of the Variables Based on Their Breakpoints and the Interval [ I, )\}]

[ ] | : B < A] = 1€ LI(A\],A])
1 B : :
] ag < AT <AT < By =2€ FJ(A],A\])
az i Bo
| ] =X = 3 €UT(A],\])
| ;a3 Bs
[ | ] | AT < Ba < AT =4 € I7(A],A])
R 7 I
| ] A < a5 < f5 <AT=5€I7(A\],\])
e Bs
[ ] AT < ag < AT = 6 € IT(A],A)
E %6 E Bs
AT AT A—

Algorithm 3 (Solving Problem QRAP-NonSep-GBC Using Binary Breakpoint Search)

10:

15:

20:

25:

30:

forje Mdo
Solve QRAP/(Lj) and QRAP/(U;) and set [; := max (I;, x;(A/(L;))) and u; := min (u;, x;,(A/(U))) {Solve QRAP
subproblems to eliminate generalized bound constraints}
Compute a; and g; for each i € N; using Algorithm 1 {Compute breakpoint values}
end for
B:={alie N}YU{Blie N'}; B’ :=B; 7:=0 {Initialize breakpoint sets} For j € M: I]Q =N, Y]Q = A;) = 1_3;) =0
)\(j = —00; /\(T) = oo {Initialize bookkeeping parameters and lower and upper bounds on optimal multiplier}
while |5°| > 1 {Breakpoint search procedure}
7" := median(B")
for j € M do {Update bookkeeping parameters and determine which variables are fixed under current can-
didate multiplier 7}
Y9 = Y A(P) = AT By(5) = B]
forkeZ; do
if k € NI°“"($7) then
y]flxed(JA/T) — :!{)/flxed(?T) + 1
elseif ke N}lp “($7) then
Yl =y
else
A7) = A7) +1/ag; Bi(") = Bj(") + by /a
end if
end for
end for

Compute 37", y;(7") using Equation (5)

if >77,y;(7*) =R then
A" =77, compute x(1) as x(7*) using Equation (7)
return
elseif 3" ,xi(9") <R then
B :={AeB A<}
Determine new bounds: )\I” =Af; /\}” =97
else
B ={AeBA>7"}
Determine new bounds: )\IH =95 /\?1 =A%
end if
for j € M do {Update sets of variables whose state has not been determined yet}
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T+l |

=AGB

T+l |

I =I5 Y=Y A H

35:  forkeI!do
if B, < A]"'then
Remove k from Ij”l ; Y]-”1 = Y]-”1 +1;

else if a; < AJ" < AT < B, then

Remove k from Z7*!; A;H = Ajﬂl +1/ay; B;H =B

40: else if /\?1 < ay then
Remove k from Ij”l ; Y]TJrl = er+1 + 1y
end if
end for
end for
45: T=1+1
end while
Determine Y as the single element of B
Compute A" using Equation (12) and x(A")
using Equation (7)
return

7+1
i + bk/ak

We establish the worst-case time complexity of Algorithm 3 by means of Lemma 7 and Theorem 2. First, Lemma 7
states that the binary search procedure can be carried out in O(n) time.

Lemma 7. The binary breakpoint search procedure in Lines 8—46 of Algorithm 3 has a time complexity of O(n).

Proof. We show that each iteration 7 of the binary breakpoint search has a time complexity of O(|/57|). Because
|B“!| <1|B7| for each iteration 1, it follows that the time complexity of the binary search procedure is

log(n) log (n) n
{F o )0
=0

=0

We establish the time complexity of an iteration 7 using the following two observations:

1. First, we consider the computation of the candidate multiplier #* in Line 9. The median of an un-
sorted set of breakpoints B* can be computed in O(|5%|) time using, for example, the median-of-medians
algorithm of Blum et al. (1973). This means that instead of sorting the initial breakpoint set B in
O(nlogn) time and retrieving median elements in O(1) time, we can compute each candidate multiplier
7% in O(|B"]) time.

2. Second, by introducing the partition sets Ejﬂl, J’-"]-”l, Z/{]“l, and 7 ]-”1 and the bookkeeping values Y7, A]-T, and

BJ-T, we reduce the worst-case time complexity of computing 37";y;(7*) from O(n) to O(Z}Zlﬂﬂ). In contrast, con-

structing the new set I}” and the bookkeeping values Yj”l, AJ-TH, and Bjﬁl in Lines 3344 takes 0(2;11 |I]-T|) time.

Thus, the time complexity of the ' iteration of the binary search loop is O(|B"|+ Zj’Z1|I]-T|). Observe that by
definition of 7}, for each j € M and each index k € Z} there is at least one breakpoint (e or i or both) in the set
of current breakpoints B°. This implies that 3, |77| <|B"|. It follows that the time complexity of the ' jteration
of the binary search loop reduces to O(|5*|). O

Using this lemma, we establish the time complexity of Algorithm 3:
Theorem 2. Algorithm 3 has a time complexity of O(nlogn).

Proof. Analogously to Theorem 1, all operations other than the binary search procedure in Lines 846 take
O(nlogn) time. Because the binary search procedure takes O(n) time by Lemma 7, the overall time complexity of
Algorithm 3 is O(nlogn). O

Although the binary search strategy of Algorithm 3 has a better time complexity than the sequential search
strategy of Algorithm 2, the linear-time algorithm in Blum et al. (1973) is known to be relatively slow in practice
(Alexandrescu 2017). Thus, an alternative method for computing medians with a time complexity worse than
O(n) might be preferable in practice. We come back to this point in Section 6.2.
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Finally, we comment on the role of the breakpoint search strategies within Algorithms 2 and 3. As stated in the
proof of Theorem 2, Algorithms 2 and 3 differ only in the way the optimal multiplier A" is found after the break-
points have been computed by means of Algorithm 1. Thus, the former procedure could technically be replaced
by any other breakpoint search algorithm, as long as it can use, for example, the breakpoints to eventually out-
put the optimal Lagrange multiplier. We are not aware of any breakpoint search strategy that is not a variant
of either the sequential or binary search strategy. However, if such a potential alternative breakpoint search al-
gorithm depends only on evaluation of the primal variables for given candidate multipliers, then such an algo-
rithm could be embedded by using Equations (7) and (8) to do these evaluations. The question is then whether
the algorithm can be adapted so that the overall time complexity is at most O(nlogn). Recall that the time com-
plexity of a single evaluation without using bookkeeping parameters is O(n) and that at most 2n evaluations
are required (one for each breakpoint). Thus, the overall time complexity can be reduced to O(nlogn) only if
either at most O(logn) evaluations are required (as in the binary strategy) or the amortized complexity of
performing an evaluation can be reduced to O(logn) using, for example, bookkeeping parameters (as in the
sequential strategy).

5.3. Complexity Results for Special Cases and Related Problems

In this section, we use Algorithms 2 and 3 and the complexity results in Theorems 1 and 2 to state complexity re-
sults for several special cases of Problem QRAP-NonSep-GBC and related problems. Some of these cases are of
interest for the problem of scheduling three-phase electric vehicle charging, whereas other cases may be of inde-
pendent interest.

The first special case is when all subsets \; have the same cardinality, that is, |V/;| = C for some natural number
C. For this case, we can show that, given C, the time complexity of Algorithm 3 is linear. This special case in-
cludes the problem of scheduling three-phase electric vehicle charging that we introduced in Section 2.2 (see also
Table 1) as we have C = 3 in this case.

Theorem 3. Ifn; = C forall j € M and C € N, the time complexity of Algorithm 3 is O(nlog C).

Proof. The only part of the algorithm that does not have a linear time complexity is the computation of the break-
points, which needs O(nlogn) operations for the general Problem QRAP-NonSep-GBC. However, when n; = C,
the complexity analysis can be refined to O(3Z;1;logn)= O(3Z;Clog C)= O(mClog C) = O(nlog C). It follows
that the time complexity of Algorithm 3 for this special case is O(nlogC). O

Next, we focus on the special case where w; = 0 for all j € M, that is, the quadratic separable resource allocation
problem with generalized bound constraints. With regard to three-phase EV charging, this case represents the
situation where the only objective is to minimize peak consumption and we do not consider minimization of
load unbalance. This case can be solved in O(n) time.

Theorem 4. If w; = 0 for all j € M, Problem QRAP-NonSep-GBC can be solved in O(n) time.

Proof. After elimination of the generalized bound constraints (1c) according to the constraint simplification pro-
cedure described in Section 3.2, the remaining problem is a quadratic separable resource allocation problem be-
cause w; = 0 for each j € M. Thus, we can solve this problem in O(n) time, which implies that we can solve the
whole Problem QRAP-NonSep-GBC in O(n) time. O

Alternatively, this result can be obtained as a special case of the separable quadratic programming problem
studied by Megiddo and Tamir (1993).

Subsequently, we consider the integer version of Problem QRAP-NonSep-GBC, that is, the problem with the
additional constraint that x; € Z for all i € V. If w; = 0 for all j € M, we can solve the integer version in O(n) time.

Theorem 5. If w; = 0 for all j € M, the integer version of Problem QRAP-NonSep-GBC can be solved in O(n) time.

Proof. Without loss of generality, we assume that ,u € Z", L,U € Z™, and R € Z. All steps and statements in the
proof of Lemma 2 are valid for the integer version of Problem QRAP-NonSep-GBC because € > 1, and we can
choose € = 1 to obtain feasible solutions x" and (g’)j. Thus, to solve this version, we are required to solve the 2m
subproblems QRAP/(L;) and QRAP/(U) and one instance of the quadratic simple resource allocation problem
with 7 variables (see also the proof of Theorem 4) as integer resource allocation problems. Because quadratic
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simple resource allocation problems with integer variables can be solved in linear time. (sections 4.6 and 4.7 in
Ibaraki and Katoh 1988), we can solve these 2m — 1 problems in O(n) time. O

If w; > 0 for all j € M, the integer version can be solved in O(n?) time (Moriguchi et al. 2011). Finally, we conjec-
ture that the integer version of the general Problem QRAP-NonSep-GBC, that is, instances that satisfy Property
1, is solvable in strongly polynomial time but leave this as an open question for future research.

Finally, we consider instances of Problem QRAP-NonSep-GBC where we replace the objective function by a
strictly convex function F(x) : R” — R that is permutation-invariant. This means that given a vector x € R” and a
permutation 7 of the index set /, we have F(x) = F(y) where y := (x-[1), ..., Xx[s))- Thus, informally, the value of
F(x) does not depend on the order of the elements of x. Minimizing these functions over generalized bound con-
straints is equivalent to solving a particular instance of the original Problem QRAP-NonSep-GBC with w; = 0 for
allj€ M and a; = 2 and b; = 0 for all i € NV, that is, whose objective function is 3. ,x7. This follows from the ob-
servations that generalized bound constraints are a special case of submodular constraints (Fujishige 1984) and
that the unique minimizer of a strictly convex permutation-invariant function over submodular constraints is the
minimum-norm point of the feasible region given by these constraints, that is, the vector with minimal two-
norm (Nagano and Aihara 2012). Together, this implies that the unique minimizer of any strictly convex
permutation-invariant function over given generalized bound constraints also minimizes the two-norm over this
region and thereby is the unique minimizer of the mentioned instance of Problem QRAP-NonSep-GBC.

6. Evaluation
In this section, we evaluate the two algorithms presented in Sections 5.1 and 5.2. We carry out two types of evalu-
ation. First, we evaluate the performance of our algorithms on realistic instances of the EV charging problem
EV-3Phase that we introduced in Section 2.2. Second, to assess the practical scalability of our algorithms, we eval-
uate them on problem instances with varying numbers m of generalized bound constraints and numbers C of
variables associated with a given constraint. Because for Problem QRAP-NonSep-GBC no other tailored algo-
rithms are available, we compare the performance of our algorithms to that of the commercial solver MOSEK
(MOSEK-ApS 2019).

In Section 6.1, we describe in more detail the problem instances that we use in the evaluations. Subsequently,
in Section 6.2, we discuss several implementation details. Finally, in Section 6.3, we present and discuss the eval-
uation results.

6.1. Problem Instances

We carry out two types of evaluations. First, we evaluate the performance of our algorithms on instances of Prob-
lem EV-3Phase. For this, we consider a setting wherein an EV is empty and available for residential charging
from 1800 hours and must be fully charged by 0800 hours the next day. This charging horizon of 14 hours is di-
vided into 15-minute time intervals, meaning that m = 56. For the power consumption constraints of the EV, we
follow the balancing framework of Weckx and Driesen (2015) and use the Tesla model 3 as a reference EV
(Electric Vehicle Database 2020). This means that we choose R =4 x 40,000 = 160,000 Wh, L; = 0 W, and U; =

11,500 W for each je M, and [; = - 11'3500 W and u; = 11’3500 W for each i € N. We simulate 100 charging sessions,
where each session corresponds to charging on a different day. As input for this, we use real power consumption
measurement data of 40 households for 100 consecutive days that were obtained in the field test described in
Hoogsteen et al. (2017). More precisely, we assign each power consumption profiles to one of the three phases
with equal probability and, for a given day, choose each parameter g;, as the sum of the power consumption
during interval j of all households that have been assigned to phase p. Thus, for each of the 100 days one overall

power profile (q;p)ierpef1,2,3) i created. To study the influence of different trade-offs between the two objectives

(minimizing peak consumption and minimizing load unbalance) on the time required to solve the problem, we
simulate each of the 100 charging sessions using three different combinations of the weights W; and W,, namely
(W1, Wa) €{(1,1),(1,100),(100,1)}. The choice (1,1) represents no preference for one of the objectives, and the
choices (1,100) and (100,1) represent a preference for minimizing load unbalance and peak shaving, respectively.
Second, we assess the scalability of our algorithms. For this, we focus on the case where the subset sizes 1, are
equal to some positive integer C. We generate random instances for a number of fixed values of C and m. Table 3
shows these fixed values of C and m and for each problem parameter the uniform distribution from which
the parameter values are drawn. For each combination of C and m, we generate 10 instances according to the
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Table 3. Parameter Choices for the Scalability Evaluation

Parameter Values
C {1;2;5;10;20;50;100;200;500; 1,000}
m {1,2;5;10;20;50; 100;200;500; 1,000}
g ~ U(0,10)
b; ~U(-10,10)
@ SN N R T
ZieN;y  ZieN g
I; ~U(-10,0)
u; ~ U(0,10)
Lj ~ U(Zie\/, li/O'SZiEN,li)
uj ~ u(O'SZie\f] Ui, ZiEN,ui)
R
= U(Zj”;ll‘f’z/‘nll uf)

given distributions. The distribution of each weight w; is chosen such that the resulting problem instances satisfy
Property 1, which ensures by Lemma 1 that their objective functions are strictly convex. The distributions of
the values L; and U; are chosen such that none of the generalized bound Constraints (1c) is redundant. As a
consequence, all of these constraints need to be replaced according to the constraint simplification procedure in
Section 3.2. Thereby, we maximize the time that Algorithms 2 and 3 require for this step and thus improve the
fairness of the comparison with MOSEK.

6.2. Implementation Details

We implemented our algorithms in Python (version 3.5) to integrate them into DEMKIT, an existing simulation
tool for DEM research (Hoogsteen et al. 2019). For solving the subproblems QRAP/(L;) and QRAP/(L])) in Line 2
of both Algorithms 2 and 3, we implement a sophisticated version of the sequential breakpoint search algorithm
of Helgason et al. (1980) that allows us to solve both subproblems simultaneously and thereby is approximately
twice as fast as the original sequential breakpoint search algorithm. Preliminary testing has shown that this algo-
rithm is in general faster than the linear-time algorithms in Kiwiel (2007), despite its worse time complexity of
O(n;logn;). Furthermore, in Algorithm 3, we compute the median of a breakpoint set in the same way as in
Algorithm 2, namely by sorting the original breakpoint set and retrieving the desired breakpoints in O(1) time
(see also Section 5.1). The reason for this is that linear-time algorithms for median finding such as that of Blum
et al. (1973) are in general slower than alternative sampling-or sorting-based approaches (Alexandrescu 2017).

In both algorithms, we could reduce the time complexity of sorting all breakpoints from O(nlogn) to
O(nlogm) using a multiway merging algorithm (Knuth 1998) to merge the 2m sorted lists of breakpoints. How-
ever, preliminary testing has shown that in both algorithms the time needed for sorting the breakpoints using a
standard sorting algorithm is at least one order of magnitude smaller than the time needed for computing the
breakpoints and carrying out the breakpoint search. Thus, we have chosen not to use a multiway merging algo-
rithm to simplify the implementation of the algorithms without significantly increasing the overall execution
time.

6.3. Results
In this section, we present and discuss the results of the evaluation as described in Section 6.1. All simulations
and computations are executed on a 2.60-GHz Dell Inspiron 15 with an Intel Core i7-6700HQ CPU and 16 GB
of RAM.

First, we focus on the performance of our algorithms on the instances of Problem EV-3Phase. Table 4 shows
the average execution times of our algorithms and MOSEK over all considered 100 days for each combination of

Table 4. Average Execution Times (s) of Algorithms 2 and 3 and MOSEK for Each Combination of Weights

Weight combination Algorithm 2 Algorithm 3 MOSEK
(1, 1) 4.64%107° 489%107° 2.33 %1072
(1, 100) 469x107° 494x107° 2.11x1072

(100, 1) 471x1073 4.86x107° 2.07 x 1072
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weights. Moreover, Figure 5 shows for each combination of weights the boxplots of the ratios between the execu-
tion times of each combination of algorithms. The results in Figure 5 indicate that our algorithms solve realistic
instances of Problem EV-3Phase four to five times as fast as MOSEK for each weight combination. Moreover,
Algorithm 3 appears to be slightly faster than Algorithm 2, although the difference in their execution times is less
than 4% of the execution time of Algorithm 3 for most problem instances. The results in both Table 4 and Figure 5
suggest that the choice of weights has little to no effect on the execution times of both our algorithms and
MOSEK. The results in Table 4 indicate that our algorithms can solve realistic instances of Problem EV-3Phase in
the order of milliseconds. This is significantly lower than common speed and delay requirements for communi-
cation networks in DEM systems (Deshpande et al. 2011). Thus, our algorithms will most likely not be the (com-
putational) bottleneck in DEM systems and are therefore suitable for integration in such systems.

Second, we discuss the results of the scalability evaluation. For this, we first compare the performance of the
two different breakpoint search approaches, since this is the only aspect in which Algorithms 2 and 3 are differ-
ent. To this end, we show in Figure 6 for each combination of C and m the boxplot of ratios between the execution
times of the sequential breakpoint search in Algorithm 2 and of the binary breakpoint search in Algorithm 3, that
is, the execution time of the breakpoint search procedure of Algorithm 2 divided by that of Algorithm 3. More-
over, Figure 7 shows for each combination of C and m the boxplot of ratios between the overall execution times
of Algorithms 2 and 3. The results in Figure 6 indicate that for C < 10 the ratios regarding the breakpoint search
procedures decrease significantly as m increases. For these values of C, most of these ratios are greater than one
when m <5 and smaller than one when m > 10. This suggests that the binary breakpoint search procedure is fast-
er than the sequential breakpoint search procedure when m > 10. For C > 10, the relation between the ratios and
m is less clear. However, for each of these values of C, most of the ratios are greater than one for almost every
value of m, which suggests that the binary breakpoint procedure in general outperforms the sequential break-
point procedure.

It should be noted that the differences in execution time of the breakpoint searches of Algorithms 2 and 3 are
less than an order of magnitude. Because the breakpoint search is the only aspect in which the algorithms differ,
we expect that the differences in execution time of the entire algorithms are even less. This is confirmed by the
results in Figure 7, that is, in almost all cases, the difference in execution time between the two algorithms is
significantly less than a factor 2. However, the behavior of these ratios is similar to that of those in Figure 6. For
example, for C <10, most ratios are larger than 1 when m <5 and smaller than 1 when m > 10, whereas for
C > 10 most ratios are greater than 1. This suggests that Algorithm 3 is in general faster than Algorithm 2 unless
C<10and m <5.

Finally, we compare the performance of our algorithms to MOSEK. To this end, Figure 8 shows for each com-
bination of C and m the execution time of Algorithm 3 and MOSEK on each problem instance. We do not plot the
execution times of Algorithm 2 in this figure, because the differences in execution time between Algorithms 2
and 3 are so small that plotting them together in the same figure would unnecessarily obscure the results.
Furthermore, Table 5 shows the fitted power laws for Algorithms 2 and 3, that is, for each C, we fit the function
f(m) =c1-m= to the execution times corresponding to C. For C = 1,000, MOSEK was not able to solve any of the
instances for m = 500 and m = 1,000 because of out-of-memory errors. Finally, to provide additional insight into

Figure 5. Ratios of Execution Times Between MOSEK and Algorithm 2 (@), MOSEK and Algorithm 3 (@), and Algorithms
3and 2 (%) for Each Combination of Weights
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Figure 6. Ratios Between Execution Time of the Breakpoint Search Procedures of Algorithms 2 and 3 (Execution Time of the
Breakpoint Search Procedure of Algorithm 2 Divided by That of Algorithm 3)
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Notes. (a) C=1. (b) C=2. (c) C=5. (d) C = 10. () C = 20. (f) C = 50. (g) C = 100. (h) C = 200. (i) C = 500. (j) C = 1,000.
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the reported execution times, Tables C.1-C.3 show for each combination of C and m the average execution time

of Algorithms 2 and 3 and MOSEK, respectively.

The power laws in Figure 8 and Table 5 suggest that the execution time of Algorithms 2 and 3 grows linearly
as m increases, that is, the exponents ¢, in Table 5 are close to one. This observation is consistent with the theoret-
ical worst-case complexity of Algorithm 3, which is O(nlog C) = O(mClog C) and demonstrates its practical scal-
ability. On the other hand, the execution time of MOSEK does not seem to behave polynomially. Given the exe-
cution times of MOSEK for C <50 in Figure 8, (a)—(f), this is most likely because of the initialization time of
MOSEK, which for smaller problem instances is relatively large compared with the actual time required by the



Schoot Uiterkamp, Gerards, and Hurink: Nonseparable Resource Allocation

INFORMS Journal on Optimization, 2022, vol. 4, no. 2, pp. 215-247, © 2022 INFORMS 239

Figure 7. Ratios Between Execution Times of Algorithms 2 and 3 (Execution Time of Algorithm 2 Divided by That of Algorithm 3)
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internal solver to solve the corresponding instance. As a consequence, Algorithms 2 and 3 are at least one order
of magnitude faster for instances with C <50 and m < 10.

For C > 100, the results in Figure 8 and Tables C.1-C.3 indicate that Algorithms 2 and 3 are at least one order
of magnitude faster than MOSEK regardless of m. In fact, for C = 1,000, both our algorithms are even two orders
of magnitude faster. In this case, our algorithms solve all instances with m = 500 and m = 1,000 in less than 16 sec-
onds (Algorithm 2) and 12 seconds (Algorithm 3), whereas MOSEK was not able to compute a solution because
of out-of-memory errors.
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Figure 8. Execution Times of Algorithm 3 (Circles, Black) and MOSEK (Triangles, Gray)
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7. Concluding Remarks

In this article, we studied a quadratic nonseparable resource allocation problem with generalized bound con-
straints. This problem was motivated by its application in decentralized energy management and in particular
for scheduling EVs to minimize load unbalance in electricity networks. We derived two algorithms with
O(nlogn) time complexity for this problem, of which one runs in linear time for a subclass containing the EV
scheduling problem. Numerical evaluations demonstrate the practical efficiency of our algorithms both for realis-
tic instances of the EV scheduling problem and for instances with synthetic data. In fact, our algorithms solve
problem instances with up to one million variables in less than 16 seconds on a personal computer and are up to
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Table 5. Power Law Regression Functions for Algorithms 2 and 3 for Each C (Fitted Functions ¢ X m)

C Algorithm 2 Algorithm 3

1 7.27 x 1075 x m©827 5.52 x 107° x m0912
2 1.08 x 107* x m08%° 9.31 x 1075 x m09%
5 1.40 X 107* x m09%2 1.27 x 107% x 10956
10 1.91 x 107* x m®%1 1.78 x 107 x m®970
20 3.06 x 1074 x m®977 2.87 x 107* x m0977
50 6.69 x 107 x m0987 6.34 x 1074 x m09%5
100 1.22 x 1073 x m09% 1.11 x 1073 x m®9%
200 2.50 x 1073 x m0-983 2.15 % 1073 x m09%
500 5.77 x 1072 x m®%1 5.24 x 1072 x m%9%
1,000 1.14 x 1072 x m100° 1.03 x 1072 x ;1003

100 times faster than a standard commercial solver. This practical efficiency of our algorithms makes them suit-
able for the aforementioned electric vehicle scheduling problems because these problems have to be solved on
embedded systems with low computational power and low memory.

This work adds a new problem to the class of quadratic nonseparable resource allocation problems that can be
solved in strongly polynomial time by efficient algorithms. The question remains how this class can be extended
further. Existing work on optimization under submodular constraints (Hochbaum and Hong 1995, Moriguchi
et al. 2011) suggests that the class of nonseparable resource allocation problems where both the constraints and
nonseparability are induced by a so-called laminar family constitutes a promising direction for this extension. We
expect that new efficient and practical algorithms can be obtained for these problems by combining insights from
existing methodologies to solve similar problems, including minimum quadratic cost flow problems (Tamir
1993, Hochbaum and Hong 1995), scaling algorithms (Moriguchi et al. 2011), and monotonicity-based optimiza-
tion (Vidal et al. 2019 and this article).

Regarding the application of decentralized energy management, these algorithms can be used to solve local
optimization problems of devices that are equipped with three-phase chargers other than EVs. In particular, the
derivation of an algorithm for the convex (quadratic) nonseparable resource allocation with nested constraints is
an interesting direction for future research because this models the problem of scheduling large-scale batteries
with three-phase chargers. Such batteries are widely recognized as vital components of current and future resi-
dential distribution grids with a high infeed from renewable energy sources and integrated devices such as EVs.
Therefore, this is a relevant and important direction of future research that can contribute greatly to a sustainable
future energy supply.
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Appendix A. Formulation of Problem EV-3Phase
In this appendix, we derive the expression in Equation (2) for the objective of minimizing load unbalance and show that
Problem EV-3Phase is an instance of Problem QRAP-NonSep-GBC.

First, as a measure for load unbalance during a given interval j € M, we use the squared two-norm of the resulting
vector of the three phase loads gj1 +z;1, g;2 +zj2, and g;3 +z;3 according to the phase arrangement depicted in Figure 2.
This resulting vector equals

3 3
P = | 2@y +2jp) c0S by, D (@i +Zip)sinG, |,
p=1 p=1

where ¢,, ¢,, and ¢, are the angles of the three phases. Thus, we can model the objective of minimizing unbalance by
minimizing the function Zj’Z1||P]¥eS||2, where ||-|| denotes the two-norm on R?. We can assume without loss of generality
that the phases are arranged as depicted in Figure 2. This means that we may assume that ¢, =127, ¢, =147, and
¢5 = %n. Thus, for each j =€ M, it follows that
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||P;e5|| > (@jp +zjp)cos P,| + >(Gjp +zjp)sin ]
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Second, to show that Problem EV-3Phase is an instance of Problem QRAP-NonSep-GBC, observe that the objective
function of Problem EV-3Phase can be rewritten to

j=1 \p=1

3 3 2
Z (Z(%P + Z]P)) + WZZ [ 21] @jp + Zf,r’)z - ;(Z;(’W + ZJ?P)) ],
= p=

2
1 m 3 m 3
- (W1 2 WZ)Z (Z(’W + Zfri’)) 5 WZZ D0 @ +2ip)
=1 \p=1 j=1 p=1
1 m 3 2 m 3 5 1 m 3 3
_ (w1 _ sz)z PIEH AT 3D e (w1 —sz)z (Z 0| 20
=1 \p=1 =1 p=1 =1 \p=1 p=1

The latter expression corresponds directly with the values in Table 1.
Appendix B. Proofs of Lemmas 1, 2, and 4-6

B.1. Proof of Lemma 1
Suppose that H is positive definite. Then its determinant is strictly positive. Because of the special structure of H/, we
can rewrite its determinant to the following form by applying the matrix determinant lemma (Harville 1997):

det(H) = det(wjee™ + diag(a')) = [1 + wIZ ]det(diag(af)).

ieN;

Because a; > 0 for all i € \/;, we have that det(diag(a/)) > 0 and thus we also have that 1+ Wi S, 1/a; > 0.

Now suppose that 1+w;3; . 1/a; > 0. We show that all leading principal minors of F are posmve, that is, that the de-
terminant of each upper-left submatrix of H is positive. For this, we label the indices of N as 1,...,1; such that, for any
1<(< nj, the ¢ x ¢ upper-left submatrix of H is formed by the first £ rows and columns of H] Let us denote this subma-

trix by H1 e

To show that de’c(H1 c1:0) > 0, we compute this determinant by applying the matrix determinant lemma to H1 1 This
yields

det(H,..,.,) = (1+w/Z )l_[a,

=1 i) =1
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Note that 1+w;3",1/a;>0 because 1+ijiEN/1/a,- >0 and all values a4; are positive. It follows that det(H]i;m:f) > 0.
Because ¢ was chosen arbitrarily, this implies that all leading principal minors of H' are positive and thus that H' is posi-
tive definite. O

B.2. Proof of Lemma 2
We prove the validity of the lower bounds x; < xj; the proof for the upper bounds x; <¥; is analogous. If for a given j €
M there is no optimal solution x* to Problem QRAP-NonSep-GBC that satisfies the bounds x; <x; <¥; for each i€ N,
then choose out of all these solutions the one solution x* for which the value d:= 3, - max(x; —x},0) is minimum. Let
i€ N be an index with x} < x; and let j be such that i € ;. Then there must exist k € \V ]-\{i} such that x} > x;, because oth-
erwise, 3yen, ¥ < Sren X = L.
Let € := min (x; — x},x; —xx) and let € € (0,€]. Then the solution x’ given by
x,+e if =i,
x}:{x}—e if €=k,
X, otherwise,

is feasible for Problem QRAP-NonSep-GBC because x; =xj +€ <X +€ < X[ +X;—X] =X;, X, =X, —€ 2 X, —€ 2 X} — X} + X =
xi, and »/ and x* are feasible for Problem QRAP/ (Lj) and Problem QRAP-NonSep-GBC, respectively. Moreover, because x*
is an optimal solution to Problem QRAP-NonSep-GBC, we have that

m 1 .
Ziwj’ Z X

j=1 LeNy

2

2
& 1 m 1 n 1
+ ; (Eag(x})2 + b[xz) < Ziw/[ D x:] + 1 (EW(X})z N ng’[).

j'=1 teNy (=

It follows by definition of x’ that

1 1 1 1
0< Eai(x;)z +bix; + Eak(x,;)z + brxy, — Ea,-(x:)2 —bix; — Eak(x;)z — brxy,
1 . 1 . 1. N .
= Eai(x,- +e) +bi(x +€)+ Eak(xk —e) +bi(x; —e) - Eai(x,-)z —bix; - Eak(xk)2 - brxy
1 1
=axje + Eaiez +bie —apxie + zakez + bye. (B.1)
Analogously, the solution (x’)i given by
xp—€ ifl=i,
xp=qxc+e if =k
X¢ otherwise,

is feasible for QRAPf(L]») because x; =x;—€>x;—€2x;—X; +X; =X}, X = X +€ S X + € S X+ X, — X, =X, and x* and x/ are
feasible for Problem QRAP-NonSep-GBC and Problem QRAP/ (Lj, respectively. Moreover, because ¥ is optimal for Prob-
lem QRAP/(L;), we have that

1 1 , ,
> (Eﬂz(lz)z + bcﬂ) <> (Eﬂ{/(&)z + bf&f)-
leN; leN;

It follows by definition of (x’Y that

1 /7 1 ’ ’ 1 1
0< Ea,v(g,’-)z +hx |+ Eak(zk)z + btk = i) = bixi = 5 a(xe)” — bk

1 1 1 1
= 3= € + i = €) + 3 + € + by(xe + €) = 5a)” — by — 50 ~ bexy

1 1
= —a;x;€+ Ea,ez —bie + apxre + Eakez + bie. (B.2)
Adding Equations (B.1) and (B.2) yields
0 <ae(x; —x; +€) + ae(xy — x; + €) < a;e(—€ +€) + are(—€ +€) <0.

This implies that both Equations (B.1) and (B.2) are equalities and thus that x” and (') are optimal for Problem QRAP-
NonSep-GBC and QRAP/ (L;) respectively. However, because x; < x; and x > xy, it holds that

> max (x; —x},0) =d — max (x; — x},0) — max (x; — x},0) + max (x; — x,0) + max (x — x,0),
(eN; =d—x;i+x-0+x;—x;+0,
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=d+x;—x],

=d—e.
This is a contradiction with the definition of x* as the optimal solution that minimizes the expression 3.\, max (x¢ —x,0).
Hence, there exists an optimal solution satisfying the lower bounds x. O

B.3. Proof of Lemma 4
Suppose that there exist A1,A; with Ay <Ay such that for some je M and i € NV, j» we have x;(A1) < x;(A2). First, we show
that there must exist an index k € V;\{i} such that x;(11) > xx(A2). Subsequently, we show that the existence of such an in-
dex k leads to a contradiction.

For each £ € N;, we divide KKT Condition (3a) by a:

%”g be+A+u,

=0, (eN; (B.3)
ar ap

By summing Equation (B.3) over ;, we obtain

ooy 3 Lo 3 A [ijz] .3

leN; ac leN; leN, ac leN;

be+ A+,

. (B.4)

Suppose that there is no index k € V;\{i} such that x;(A1) > x;(A2). Then for all £€ N}, we have x,(A1) <x¢(A;), which in
turn implies y;(A1) <y;(A2). It follows from Equation (B.4), Property 1, and Lemma 3 that

[1”0]2 ](y]()\z) y](Al))+Zbf‘bf”z—ﬁl+w(2\z)—w(A1),

leN leN; ac

- be=be+ Ay - )\1;{- pp(A2) = #(e()\l)’

teN;
> s ) Zpt)
leN ac

This is a contradiction; hence, there must exist an index k € N;\{i} with x;(A1) > xx(A2).
We now show that the existence of the index k leads to a contradiction. By Lemma 3, we have 1, (A1) > 11, (A5). It follows that

X (A2) + by + 11, (A2) < agxe(Aq) + by + g (Aq). (B5)
However, KKT Condition (3a) implies that
wiy; (A1) + aixi(Ar) + by + (A1) = =Ay = wiy;(A1) + aexe(Ar) + by + 1 (Ay),
which yields
a;xi(A1) + b; + p; (A1) = axe(Ar) + by + p(Ar). (B.6)
Analogously, we have
2;x{(A2) + b; + 1,(A2) = apx(Az) + by + 1, (A2). (B.7)
It follows from Equations (B.5)—(B.7) and Lemma 3 that
ax(A2) + b + 1 (A2) < apx(Ar) + by + i (Ar),
= a;x;(A1) + b + p,(Aq),
< a;xi(Az) + b + p;(A2),
= apxr(A2) + b + (i (A2).

This is a contradiction; hence, it must be that x;(A1) > x;(1,). As this implies that x;(A1) > x;(A) for all A; <A, and i€ N,
the lemma is proven. O

B.4. Proof of Lemma 5
Let i € NV; for some j € M. We prove the lemma for y,(a;); the proof for y,(g;) is analogous. Consider the solutions x(c;)
and x(«; +€) for an arbitrary € >0 with a; +€ < ;. Note that p,(@; +€) =0 by Equation (4b) and KKT Conditions (3d) and
(3e). It follows from KKT Condition (3a) that
wyi(oy) +aexe(a;) + be+ o+ () =0, LN, (B.8a)
wiyj(a; +€) +agxe(a; +€) + b +aj+e+pai+€) =0, LeN;. (B.8b)



Downloaded from informs.org by [130.89.47.129] on 25 January 2023, at 04:56 . For personal use only, al rights reserved.

Schoot Uiterkamp, Gerards, and Hurink: Nonseparable Resource Allocation
INFORMS Journal on Optimization, 2022, vol. 4, no. 2, pp. 215-247, © 2022 INFORMS 245

To show that u,(a;) =0, we show that p,(a;) <€ if w; >0 and y,(a;) < eZé’eV ! 1f wj < 0. Because € was chosen arbitrarily,
Seen, > 0, and ,(a;) > 0 by definition of a;, this implies in both cases that y (a )=

Flrst, if w; > 0, then w;y;(-) is nonincreasing by Corollary 1. Together with Lemma 4 and the fact that y,(a; +¢€) =0, sub-
tracting Equation (B.8b) from Equation (B.8a) for £ =i yields
0 = wiy(a;) — wiy;(a; + €) + aixi(v) — aixi(a; + €) — € + (o) — p(ai +€),
> —€+ u,(a;).
It follows that u,(a;) <e.
Second, if w; <0, then we can apply the same proof mechanism as was used in the proof of Lemma 4 (see also

Equations (B.3) and (B.4)). By dividing Equations (B.8a) and (B.8b) by 4, and summing them over the index set N, we
get the following together with Property 1 and Corollary 2:

wyar) _wyslai+e) e y(a1+e)
0= Z( ]1;0 iYi 5 +x(ev) — x(v; + €) — . zw gW

leN;

ten [e/\f teN; ac

(“wa )(%(M yila; +€)) - EZ ZM

ez n Z ‘Lll(Oé )= ,U[(OQ +€)

(eN; M e ac
> —€ Z + ().
[EN

Here, the first inequality follows from Property 1 and Lemma 4 and the second equality follows from Corollary 2 and

1
the fact that p;(a; +€) = 0. It follows that p; () < €3, o
¢

B.5. Proof of Lemma 6
We prove the lemma for the case a;u; + b; > aruy + by; the proof for the case a;l; +b; > ali + by is analogous. We show that
xi(a) < u;, which implies by definition of a; that x;(a) < u; = x;(;). Using Lemma 4, this yields a; < .

It follows from KKT Condition (3a) that

wiyj(ov) + aex(ag) + b + wax) = —ag = wiy;(ag) + axi(o) + b; + py(av).
Because (1, (ax) =0 by Lemma 5 and x(ay) = 1 by definition of a, this is equivalent to
Ay + by = apxi(ag) + by + p1,(eve). (B.9)
Suppose that x;(a) = u;. Then p,(a) > 0 by KKT Condition (3d). It follows from Equation (B.9) that
aixi(ag) + b; = auy + by — py(a) < ab; = aixi(ay),

which is a contradiction. Thus, it must hold that x;(ay) <u;. O
Appendix C. Average Execution Times of Algorithms 2 and 3 and MOSEK

Table C1. Average Execution Times (s) of Algorithm 2 for Each Combination of C and m

C\m 1 2 5 10 20 50 100 200 500 1,000

1 1.07x107* 1.49x10™* 238x107* 368x107* 887x10™* 151x107° 294x107° 575x10° 147x1072 2.75x1072
2 158%x107™* 2.06x10™* 393x107* 723x107* 1.34x10° 3.29%x107° 649x107° 134x102% 3.13x107%2 629x1072
5 1.75x107* 277x107% 597x107* 1.08x107° 1.92x107° 496x107° 991x107° 209x1072 478x107% 9.89x 1072
10 240x10™* 3.72x107* 8.04x107* 1.61x107° 289x107° 873x107° 1.60x107% 3.22x1072 7.95%x1072 1.53x107"
20 363x107* 561x10™* 141x10° 288x107° 529%x10° 1.37x107% 294x1072 540x1072 1.33x107' 272x107!
50 6.63x107* 154%x107° 3.09%x107° 656x107° 136x1072 3.09%x10% 635x1072 1.29x107" 3.10x107! 6.10x107!
100 116107 2.84x107° 628x107° 122x1072 233x1072 6.12x1072 1.14x107" 220x107' 6.29x107" 1.18x10™
200 345x107° 4.64%x107° 138x107% 237x1072 466x1072 1.10x107" 215x107' 456x107" 1.11x10" 2.45x10%°
500 6.08x107° 1.13x107% 287x107% 578x1072 1.11x107" 283x107' 529x107' 1.04x10"" 3.01x10™ 543x10%
1,000 136x1072 217x107% 584x1072 1.09%x107" 234x107" 543x107" 1.12x10" 228x10™ 6.89x10"" 1.27x 10"
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Table C2. Average Execution Times (s) of Algorithm 3 for Each Combination of C and m

C\m 1 2 5 10 20 50 100 200 500 1,000

1 731%x107° 1.11x10™* 211x10™% 3.77x107* 884x10* 1.69x10° 3.76x107° 6.90%x10° 1.73x107% 3.50x1072
2 120x 107 1.80x10™* 379x107* 723x10™* 1.49x107° 3.69x107° 674x107° 147x107% 348x1072 6.93x1072
5 147x10™* 263x107* 559%x10™* 1.08x107° 1.98x107° 495x107° 1.01x1072 201x1072 507x107% 1.03x107"

10 1.98x107* 355x107* 826x107* 161x10° 299x107° 7.82x107° 156x1072 3.01x107% 7.63x1072 155x107"
20 310x107% 557x10™* 135x107° 256x107° 594x107° 127x1072 252x1072 500x102 126x107' 255x107"
50 6.44x107% 134x10°% 320x107° 623x107° 120x107%2 2.85x1072 574x1072 123x107" 2.89x107! 5.84x107"
100 117%107° 217x107° 6.03x107° 1.05x1072 214x10% 519%x1072 1.02x107" 206x107' 562x1070 1.12x10%°
200 224%x107° 423%x107° 129x107% 2.04x1072 4.03x1072 1.00x107' 207x107' 4.05x107" 1.05x10™ 2.22x10*°
500 569%x107° 1.05x1072 253x1072 526%x107% 9.80x1072 255x107" 5.06x107" 1.02x10" 2.63x10"° 542x10"°
1,000 1.17x1072 2.00x107% 498x1072 1.00x107" 2.00x107' 5.14x107"' 1.04x10" 2.07x10™ 5.39%x10"" 1.10x10"

Table C3. Average Execution Times (s) of MOSEK for Each Combination of C and m

C\m 1 2 5 10 20 50 100 200 500 1,000

1 1.09%1072 126x107% 1.26x1072 126x1072 145x1072 1.26x1072 4.19x1072 189x1072 233x107% 295x1072
2 121x1072 120%x107% 126x1072 1.70x107% 1.80x1072 229x1072 213x1072 287x1072 429x1072 7.25x1072
5 121x107% 1.20x1072 125%x1072 124x1072 153x1072 200x1072 283x1072 423x107% 794x1072 136x107"
10 123%x1072 127x107% 142x1072 157x1072 261x102 355x1072 4.60x1072 739x10%2 157x107' 3.15x107"
20 127%x1072 1.38x107% 1.68x1072 209x1072 331x1072 526x1072 872x1072 154x107" 3.65x107! 8.12x107"
50 152x1072 1.98x107% 420x1072 541x107% 7.62x1072 1.61x107" 327x107" 635x107' 1.55%10*° 3.27x 10"

100 234x1072 432x1072 7.07x107% 120x107' 254x107" 583x107" 1.21x10"° 215%x10*° 5.85x10" 1.20x 10"
200 570x1072 1.00x107" 221x107" 442x107! 832x107' 2.03x10" 421x10" 873x10*" 240x10"" 4.41x10"!
500 3.08x1070 592x1077 155x10"" 330%x10" 598x10"° 1.63x10"7 298x10"" 6.20x10"7 1.60 x10*?> 3.51 x 10*?
1,000 1.06x10" 3.05x10™ 7.37x10"" 154x10"" 341x10"" 7.84x10"" 1.71x10"* 3.75x10%? — —
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