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Abstract
We introduce and study a mathematical framework for a broad class of regular-
ization functionals for ill-posed inverse problems: regularization graphs. Reg-
ularization graphs allow to construct functionals using as building blocks linear
operators and convex functionals, assembled by means of operators that can
be seen as generalizations of classical infimal convolution operators. This class
of functionals exhaustively covers existing regularization approaches and it is
flexible enough to craft new ones in a simple and constructive way. We provide
well-posedness and convergence results with the proposed class of function-
als in a general setting. Further, we consider a bilevel optimization approach
to learn optimal weights for such regularization graphs from training data. We
demonstrate that this approach is capable of optimizing the structure and the
complexity of a regularization graph, allowing, for example, to automatically
select a combination of regularizers that is optimal for given training data.

Keywords: regularization functional, graph data structure, bilevel optimization,
inverse problems
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1. Introduction

In the last decades, a significant part of inverse problems theory has revolved around construct-
ing suitable regularization approaches that allow for a reliable solution of ill-posed inverse
problems. Among those, energy-based methods such as Tikhonov regularization [50] have
been successful both with respect to mathematical guarantees, e.g., on well-posedness and
stability, and with respect to practical performance in applications. An important cornerstone
of energy-based methods are regularization functionals, which are responsible for stabiliz-
ing the ill-posed inversion of the forward model and for incorporating prior knowledge, such
as smoothness, on the sought solution. The latter is relevant in particular when dealing with
highly structured data such as image data, where a suitable inclusion of prior knowledge makes
a significant difference regarding the overall performance of the resulting method.

In this context, non-smooth sparsity-based methods building on measures, measure-valued
differential operators, basis transforms or frames have become very popular. Besides the cel-
ebrated total variation (TV) functional [46], those include methods building on higher-order
derivatives such as second-order TV [31], infimal-convolution-based approaches [18] or the
total generalized variation (TGV) functional [8], see [7] for a recent review. Transform-based
methods include wavelet-, curvelet- or shearlet transforms [36, 39, 49] as well as learned
dictionaries [23].

Also more specific approaches tailored, for instance, to model certain oscillations
[25,27,33,38,40,43,44] or texture [17], as well as different combinations of existing methods
exist, such as TV and second-order TV [42], higher-order regularizers [12, 19, 42], TV-type
functionals with curvelets or shearlets [26, 28, 30], a combination of different transform-
based approaches [35] or the infimal convolution of TV with L”-norms [14, 15]. We refer to
[3,7,9,37,47] for a review of a subset of the plethora of existing methods.

While all these approaches share the goal of providing a model-based regularization for
inverse problems, the way and extent to which they are developed and analyzed is rather dif-
ferent and often application-specific. Moreover, the choice of any of such methods is mostly
done manually. A systematic approach for the analysis and the automatic, data-based design of
regularization functionals that covers a broad class of existing methods does not exist to date.

With introducing the framework of regularization graphs, we aim to provide a step in this
direction. A regularization graph can be described as a weighted, directed graph together with
a collection of functionals and operators associated with the nodes and the edges of the graph,
respectively. Such structure allows to define regularization functionals via a rather arbitrary
combination of linear operators and functionals, e.g., via variable splittings or summations. In
particular, both the sum and a (generalized) infimal convolution of the functionals associated
with two regularization graphs can be formulated as a regularization graph functional, where
the underlying graph is obtained by properly combining the two original ones.

This yields a flexible framework for designing new regularization functionals or combin-
ing existing ones, e.g., via infimal convolution. Moreover, by associating weights to the edges
of such graphs, a learning of both the parameters associated with such functionals as well as
the structure of the underlying graph is possible. The latter in particular allows to automati-
cally select optimal regularization functionals from a set of possible choices within a bilevel
approach.

A prototypical example of a regularization graph with nodes V = {1, 2, 3,4}, directed edges
E =1{(1,2),(2,3),(2,4)} and weights (c).cg is provided in figure 1.

Here, the operators and the functionals associated to the nodes and the edges of the graph are
defined as follows. Forn € V and e € E, X,, and X, are suitable Banach spaces, ®, are bounded
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Figure 1. Example of a regularization graph with nodes V = {1,2,3,4}, edges E =
{(1,2),(2,3),(2,4)} = {e1,e2,e3} and weights (a2, ®23), aes) = (1,1,). See
remark 2.5 for a detailed interpretation.

linear operators, ©, are (possibly unbounded) closed range operators and ¥, are convex func-
tionals. The spaces X,, and X, are called node spaces and edge spaces, respectively, while the
W, are called node functionals. Further, we call ©, forward operators as they map from the
edge space X, to the direct successor node space X,,. Similarly, we call ®, backward operators
as they map from the edge space to the direct predecessor node space. Variables {w,, , We,, W, }
associated with the edges of the graph, on which both the forward and backward operators are
evaluated, are called edge variables.

Notice that in our example the root node 1 and the splitting node 2 correspond to the func-
tional Zygy, i.e., ¥ = Wy = Zyp) and ®,, = I denotes a continuous embedding of X, into X»;
see remark 2.5 below for details. Also note that the weights («.).cg associated to the graph
are depicted in figure 1 as scalar factors in front of the backward operators (®,).cg, where we
use the convention that fixed, trivial weights o, = 1 are not depicted explicitly. We also remark
that, besides the notation a, for e € E, for specific regularization graphs the non-trivial weights
will be often numbered independently of the edge they are associated with; see figure 2.

The regularization functional R, : X; — [0, +oc] corresponding to such a regularization
graph is given via minimizing over the involved edge variables {w., , w.,, w,, } as

R(}(M) - (}?f;I{O}(u - (I)elwel) + I{O}(eelwel — We, — aq)egwe3) + qj3(®ezwe2) + \114(@93“}63)

= inf W3(0,,(0,Wwe, — P, we,)) + Va(Opwe,)  s.to = Py wy, .

Wey Wey

The structure defined in this example is a regularization graph under mild additional con-
ditions, most importantly weak™ lower semicontinuity and coercivity of W3 and W4, and
closedness of the range of each ©,, which, for instance, still allows the ©, to be densely
defined differential operators and the ®, to be synthesis operators for a given dictionary
or frame. The non-trivial weight o allows to adapt the structure of the graph by remov-
ing edges, as with a« = 0 and supposing for example that W, vanishes in zero, we obtain
Ro(u) = inf{(bqwel:u} \IJS(GEZ GeIWeI)-

The general structure of a regularization graph is defined in section 2 and examples of exist-
ing regularization approaches that are included in this setting are provided in section 2.1 and
listed in the appendix A. Here, the main conditions on the involved functionals and operators
are that the forward operators O, have closed range (i.e., satisfy a Poincaré-type estimate),
that the backward operators @, are continuous and that the involved node functionals ¥, are
coercive.
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Figure 2. Examples of regularization graphs reproducing existing regularization func-
tionals.

Under these conditions, we prove well-posedness, stability and convergence results for the
application of regularization graphs in a general inverse problem setting. Moreover, we develop
abilevel approach that allows to learn the structure of an optimal graph for a given set of training
data and show well-posedness of the resulting non-convex optimization problem.
Contribution of the paper in relation to the state of the art. In a rather abstract setting,
general conditions on regularization functionals that allow to guarantee well-posedness, sta-
bility and convergence are of course well-known, see for instance [29, 32]. Those, however, are
conditions on the overall functionals rather than their building blocks and their verification is
often at the same level of difficulty than the results themselves. Furthermore, they do not allow
to easily combine different approaches without re-checking the underlying conditions. More
specific results also exist, but deal with particular settings such as higher-order regularization
[6, 12].

More related to the aim of this paper are some works on bilevel optimization, see for instance
[16] for a review. In the probably most closely related work [21], the authors consider a gen-
eral bilevel framework that includes TV, the infimal convolution of first and second order TV
functionals as well as the TGV functional as particular cases. In contrast to [21], however,
where essentially well-posed linear inverse problems are considered, i.e., those with closed
range forward operator, our work is generally applicable to any bounded forward operator. In
particular, we do not require closed range and allow for genuinely ill-posed inverse problems,
a generalization that is the main source of difficulty for the analysis in this context.

A second, closely related work is the preprint [20]. There, the authors consider a bilevel
scheme for learning parameters and operators in a TGV-like functional. They provide condi-
tions on the involved operators under which they show well-posedness for a bilevel approach
in image denoising. As application they consider an interpolation between a symmetrized and
a non-symmetrized differential operator in the second order TGV functional. Besides being
applicable to inverse problems beyond denoising, our work is different to [20] in allowing a
more flexible combination of linear operators and functionals, far beyond the cascadic struc-
ture of TGV. Further, our framework allows for an automatic selection from different choices
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of existing regularization functionals but also, for instance, to select an optimal order in TGV
regularization.

Organization of the paper. The paper is organized as follows. In section 2 we give the precise
definition of regularization graphs clarifying the main assumptions on the linear operators,
the functionals and the involved Banach spaces that yield the results of our work. Also, we
provide several examples of existing regularization approaches that can be constructed using
a suitable regularization graph. In section 3 we provide basic algebraic properties of regu-
larization graphs, in particular a recursive representation that will be quite useful later on. In
section 4 we provide the main analytic properties of functionals associated with regularization
graphs that will be the basis for subsequent results on the regularization of inverse problems
and bilevel optimization. In particular, we show that any such functional is weak™ lower semi-
continuous and coercive up to a finite dimensional space. In section 5 we provide an equivalent
predual formulation of regularization graphs. Also, the connection to well-known predual rep-
resentations of existing regularization approaches is made. While the results of this section
will not be needed in the subsequent theory, they are nevertheless of interest on their own, in
particular in view of optimality conditions and duality-based algorithms.

Section 6 then provides well-posedess and convergence results for the application of regu-
larization graphs to the regularization of linear inverse problems. We focus on linear inverse
problems since this allows for a compact presentation of the results without any additional
assumptions on the forward model except for continuity. Nevertheless, the analytic results of
section 4 also allow to show well-posedness for non-linear inverse problems under standard
assumptions on the forward model such as in [32]. In section 7, we develop and analyze a
bilevel framework for learning the weights of regularization graphs. In particular, we show
well-posedness and an example for a bilevel approach that allows to select optimal regular-
izers from a set of possible choices by learning zero-weights in the graph. An appendix A
further provides a list that shows how a selection of existing regularization functionals can be
represented by regularization graphs.

2. Notation and assumptions

In this section we define the underlying setting and assumptions used in the paper. The structure
of a general regularization functional will be represented by a directed graph G = (V, E), where
V is a non-empty finite set of nodes not containing 0 and E C (V x V)\{(n,n) : n € V} are the
edges. We assume that G has a tree structure and that a root node 2 € V exists, i.e., we assume
that G contains no cycles and that for each n € V there exist edges ((n;_1,1;))'., in E such that
ny = nand ny = n.

We call a set F C E a chain (of length M > 0 with root ng) if F = {(ni_1,n)|i =
1,....,M,n; # njfori # Jj}. Further, forn € V, we denote by n~ the node such that (n~,n) € E
if n is not the root node of the graph and n~ = 0 otherwise, noting that n~ is well defined due
to the tree structure of G.

To any graph G = (V, E) we associate a family of Banach spaces spaces (X,),cy with the
nodes and a family of Banach spaces (X, ).cr with the edges. Further, we associate the following
functionals and operators with G.

e A convex functional ¥, : X,, — [0, +o0] for everyn € V.
e A linear forward operator Oy, ) : dom(O ) C Xumy — X for every (n,m) € E.
e A linear backward operator @, ) : X(n,my — X, for every (n,m) € E.

We suppose that each X,,, n € V and each X,, e € E admits a predual space denoted by X7
and XZ’E, respectively, and make the following assumptions on (¥,),, (©,), and ($,),:
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(H1) ¥, is weak® lower semicontinuous for every n € V.
(H2) Foreveryn € V, U, is coercive, i.e., for any sequence (V) in X, it holds

HVkHX,, — 400 = U,0") > +oco ask— +o0.

(H3) v,(0) =0foreveryn € V.
(H4) ©, is weak™ closed for every e € E.
(HS) ker(©,) is finite dimensional for every e € E.

(H6) For every e = (n,m) € E there exists C > 0 and a continuous, linear projection
Pyero,) : Xe — ker(0,) such that

HW - Pker(@e)W”Xe < C”@eWHXm (2'1)

for every w € dom(0,).
(H7) ®, is weak” to weak* continuous for every e € E.

(H8) Bounded sequences in X, and X,, admit weak* convergent subsequences for every e €
EnevV.

Remark 2.1. We can observe the following details in the above assumptions:

e Hypothesis (H5) implies the existence of a linear and continuous projection on ker(©,).

e Under hypothesis (H4), (H5) and (H8), hypothesis (H6) is equivalent to O, having closed
range, see lemma A.1 in the appendix A for a proof.

e Hypothesis (H7) implies the existence of a continuous predual operator for ®, for each
e € E. Consequently, each @, is continuous as well (see for instance [10, remark 3.2]).

e Hypothesis (H8) holds whenever X, and X,, are reflexive or dual spaces of separable
spaces. In case of reflexivity, the notion of weak™ convergence can be replaced by weak
convergence in all assumptions.

e Note that, since the W, are convex, assumption (H3) implies that ¥, (A\v) < AW, (v) for
any v € X,, A € (0, 1] and n € V. This consequence of assumption (H3) will be needed
in the context of varying the weights of a regularization graph. For well-posedness results
such as existence and stability as presented in this paper, however, assumption (H3) is not
necessary and could be dropped.

We also note that hypothesis (H2) implies a coercivity estimate as follows.

Remark 2.2. Hypothesis (H2) holds if and only if there exists C > 0 and D € R such
that ||v||x, < CP,(v) + D for every v € X,,. A proof for this can be found for example in
[4, fact 4.4.8].

We are now in a position to define the main objects of interest in this paper: regularization
graphs and associated regularization functionals. To this aim, we allow for weights of the form
(to)ecr With o, € [0, 400) foralle € E.

Definition 2.3 (Regularization graph and associated regularization functional).
Given G = (V,E) a directed graph with tree structure and root node 7, and the associated
spaces, functionals and operators as in section 2 such that the hypotheses (H1) to (H8) hold, the
structure of a regularization graph is defined as the tuple G = (G, (V,),ev, (O)ecEs (Pe)eck)-
Together with a family of weights o = («.).ck, a regularization graph is then defined as the
tuple G, = (G, o).
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For any such regularization graph G,,, the associated regularization functional R, = R(G,) :
X — [0, +o0] (called regularization graph functional) is defined as

Ra(“) - lnf Z\I/n <@(n,n)w(n,n) - Z a(n,m)q)(n,m)w(n,m)>

(WedecE
We € dom(©,) "€V (n,m)eE

for alln € V, e € Ethereexistw, € dom(©,):

= inf {Z\If,,(vn)

neVv

Vi = O mWarrm — Z a(n,m)‘I’m,m)W(n,m)}

(n,m)€E

where we set © ;- ) = Id and w;- ;) = u. Note that, in case of a trivial regularization graph,
ie,V={n}, E=0,weset R,(u) = Vj(u).

Remark 2.4 (Weights). Generically, to each edge ¢ within the graph structure of a reg-
ularization graph is associated a weight a,. In many cases, e.g., when node functionals only
take values in {0, +o00}, this leads to an overparametrization of the associated regularization
functional. To avoid this, we often fix a subset of weights to be equal to 1 already when defin-
ing a regularization graph. Such weights are called trivial weights, and the other, non-trivial
weights that might still vary are often numbered independently of the edge they are associated
with.

Remark 2.5 (Graphical representation of regularization graphs). Let us revisit
the prototypical graphical representation of a regularization graph in figure 1. There, the circles
represent nodes, with the node space shown above the circle and the functional ¥, inside. A
splitting node is represented by a & and is associated with the functional Zo). The rectangles
denote the edges, with the edge space shown in the center, the forward operator ©, shown
at the top and the backward operator ®, at the bottom. The weights («.).cr are depicted as
scalar factors in front of the backward operators (®,).cr (with arbitrary numbering indepen-
dent of their position in the graph), and we use the convention that omitted weights at an edge
e correspond to trivial weights o, = 1.

The arrows connect the nodes. At each node n, the node functional ¥, is evaluated at O,
of the variable from the incoming edge e minus the sum of all ¢, applied to the variables w,
from the outgoing edges {¢ = (n,m) € E|m € V}. The regularization graph functional is given
by minimizing this construction over all edge variables in the domain of the corresponding
operators (O,).ck.

We can also obtain a more compact representation of R, as follows. Define the spaces

Xy= XX, and Xp= XX,
nev

ecE

equipped with the product norm, and the operator A, : dom(A,) C Xg — Xy as

Ow-mWn—m) — Z ) L) Winm) for n € V\{#},
(Aaw), = (nmek A (2.2)
— Z a(ﬁ,m)é(ﬁ’m)W(ﬁqm) forn = n,
(im)eE

foreveryn € Vandw = (w,).cr € dom(A,) where dom(A,) = X,.cz dom(6,). Then we can
write the functional R, associated with the regularization graph G,, as

7
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Ro(u) = inf § Watu+ (Aaw)i) + D Uu((Aaw),) | w € dom(A,)
neVv\{a}

For notational convenience we also define the functional ¥, : Xy — [0, +o00] for u € X; as

U, (0) =Wl +vi) + > Un(vy) (2.3)
neV\{a}
such that
Ro(u) = inf {T,(v) |v € rg(As)} . 2.4)

Proposition 2.6. Every regularization graph functional R, : X; — [0, +0o0] is convex,
R,(0) = 0and R,(\u) < AR, (u) forallu € X;, A € (0, 1]. Further, in case each U, forn € V
is positively one homogeneous, also R,, is positively one homogeneous.

The statement follows easily from the representation in (2.4) together with assumption (H3).

2.1. Examples

In this section, we provide some concrete examples of regularization graphs to which our
general assumptions apply. Here, for d € N, d > 1, we always denote by 2 C R? a bounded
Lipschitz domain. Moreover, we denote by / the embedding of a Banach space into another
one. We remark that domain and codomain of the embeddings change for different examples.
However, they can easily be deduced from the context.
Total variation. Figure 2(a) shows the regularization graph corresponding to the TV func-
tional. The exponents for the Lebesgue spaces are chosen as d = d/(d — 1) in case d > 1,
d = oo else, and 1 < p < d'. Thanks to the embedding BV(2) < L?(£2), we set BV(Q) as
the domain of the linear operator V : L”(Q) — M(Q, R?). With these choices, we now ver-
ify assumptions (H1)—(HS). Hypotheses (H1)—(H2) follow immediately from the weak* lower
semicontinuity and coercivity of the TV in M (€2, R?) [1]. It can easily be verified that the linear
operator V : BV(Q) C L (Q) — M(Q, RY) is weak* closed and its kernel is the set of constant
functions implying (H4) and (HS). Assumption (H6) follows from the Poincaré inequality for
TV [1] and (HS8) is a consequence of the Banach—Alaoglu theorem. Finally, the embedding
I: Ld/(Q) — LP(Q2) is weak*-to-weak* continuous thanks to the exponents choice 1 < p < d’,
verifying assumption (H7).

The functional R,, : LP(£2) — [0, +00] associated to the regularization graph depicted in
figure 2(a) is given as

Raw = nf Ty —w)+ [Vwllac = |Vl

for every u € BV(£2) and +o0 otherwise.
Infimal convolution of TV — TV* . Figure 2(c) shows the regularization graph correspond-
ing to the infimal convolution of TV¥ and TV*? with k;, k, € N. Here the exponents for the
Lebesgue spaces are chosen as d; = d/(d — k;) in case d; > k;, d} = oo else, and 1 < p <
min{d,,d,}. Thanks to the embeddings BV* () — L () we set BVX(Q) as the domains
of the linear operators V% : Ldz{(Q) — M(€, Sym"" (RY)), where Symk(Rd) denotes the space
of symmetric tensors of order , e.g., R? for k = 1 and the space of symmetric d x d matrices
for k = 2. We refer to [7] for details and basic properties of BV¥(Q2) and TV*.

By similar arguments to those used in the previous example and the generalized Poincaré
inequality for TV¥ [7, corollary 3.23], it follows that our general assumptions (H1)—(H8) are

8
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satisfied. The functional R, : L”(£2) — [0, +0o0] associated to the regularization graph depicted
in figure 2(c) is given as

R.(w)= inf  Tiop(u —wi —aws) + || VWi s+ [ VW 1
w;EBVKi (Q)

- in+f TVH (wy) 4+ TV (wy).
u=wi+awy

TGYV and its infimal-convolution-based combination with shearlets. Figure 2(d) without the
part in the dashed box shows the regularization graph corresponding to TGV?, the second order
TGV functional as in [8]. While the depicted graph shows the two dimensional case 2 C R?
with d = 2, the construction works in the case of general d € N as follows. Choosing d' =
d/(d—1)incased > 1,d = oo else, and 1 < p < d’, the domain of the linear operator V :
L7 (Q) — M(Q,R?) is BV(£2) and the domain of the symmetrized gradient & : L¢ (2, RY) —
M(Q, Sym?(R%)) is BD(12), the space of functions of bounded deformation, where again we
take advantage of the embeddings BV(2) < L% () and BD(Q) — L% (£, RY).

By similar arguments to those used in the previous examples and the generalized Poincaré
inequality for w— [|[Ew||a¢ [5, corollary 4.20], it follows that in this setting our general
assumptions (H1)—(HS) are satisfied. The functional R,, : L”(£2) — [0, +00] associated to the
corresponding regularization graph functional is given as

R.(u) = inf Tioy(u — w) + Zigy(Vw — wi — awa) + |[wi || m + || Ewa || ag

weBV(£2),
w1 EM(Q.RY) Wy eBD(Q,RY)

= inf | Vi = awla+ [ Ewlu
for u € BV((2) and +oo otherwise. Building on results in [6], also the TGV functional of
arbitrary order k € N can be realized via a regularization graph in a similar way.

Using the framework of regularization graphs, TGV? can also be extended via the infimal
convolution with a shearlet-based penalty as introduced in [28] (see also [30]), as depicted in
figure 2(d) when including the dashed box. For this, we consider the above setting of TGV?
with d = 2 and introduce the shearlet transform in L>(IR?) as follows. First, fora > Oand s € R
let A, and S; be the dilatation matrix and the shearing matrix defined, respectively, as

e 8 o)

The discrete shearlet system of ¥ € L?(R?) is defined as
3.
W jkm(x) = 24U (SpAi(x — m))

fork,j€ Zandm € 72 [36, definition 8]. This allows to define the discrete shearlet transform
operator SH as

SHfG, kym) = (f, U jm)p2 (2.5)

for f € L*(R?). By standard results in shearlet theory it holds that if ¥ is a classical shear-
let, then SH : L*(R?) — (*(Z*) is a Parseval frame for L*(R?), i.e., [|SHf || 2z4) = | f ]l 22
for every f € L*(R?) [36, proposition 2]. In particular, this verifies (H6) for SH. More-
over, a simple computation using that [| W s [/ 22y = ||¥||,2r2) for every j, k, m together with
Holder’s inequality shows that SH is weak*-to-weak™ continuous, implying (H4). The back-
ward operator / o rq is the composition of the embedding 7 : L*(€2) — LP(£2) with the restriction

9
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rq : L*(R?) — L*(€). It is immediate to check that I o rq is weak*-to-weak* continuous show-
ing (H7). Finally, we remark that the functional || - ||; : £2(Z*) — [0, +-00] is intended as the
extension to +oo of the ¢'-norm on ¢2. Such extension is convex, coercive and weak* lower
semicontinuous showing (H1)—(H3). The functional R, : L7 (£2) — [0, +o0] associated to the
corresponding regularization graph functional is then given as

Ro(u) = inf Zioy(u — wy — aprowz) + Zioy (Vwy — w3 — agwy)
w1 EBV(Q).wreL2(R2),
w3 M(QLR2),ws€BD(Q)

+ [l wsllv | Ewallat | SHwa |y

= inf || V(u— agrows) — ayws||pm+ || Ewsl|m+ || SHwall.

wy€L2(R2),

wa€BD(Q)
Convex convolutional sparse coding. Figure 2(b) shows the regularization graph correspond-
ing to a data-adaptive convolutional-sparse-coding-based method recently introduced in [17].
As such methods are in general non-convex, in [17], the authors proposed a convex relaxation
of the convolution LASSO problem in the tensor product of convolutional filter kernels and
coefficient images. We refer to [17] for a more detailed description of the model. We denote by
M ®, L? the projective tensor product between M (Qyx) and L*(X) [17, appendix A], where
¥ is a bounded Lipschitz domain and Qy :=Q + ¥ C R? is the Minkowski sum of  and
. The operator K : M ®, L*> — L*() is the unique tensor lifting of the bilinear operator
K : M(Qx) x L*(X) — L*(2) defined essentially as

K(p, 0)(x) = / O(x — y)du(y). (2.6)
Qs

Thanks to [17, lemma 2], the operator K is weak* to weak* continuous. We also define the con-
vex functional ¥ : M @, L? — [0, +-00] as U(C) = ||C|| + v||C||nu for every C € M ®, L2,
where v > 0 is a parameter,

ICll= = inf{z [ 12ill 16 2

i=1

c=% u@ﬂa,} 2.7)
i=1

is the projective norm of M®,L? and

1l = > olTo) if C € L(Q5)0,L%(5),
nuc — i—1

+00 otherwise,

(2.8)

is an extension of the nuclear norm, where o;(T¢) are the singular values of C interpreted as
a bounded linear map from L?(Qy,) to L?>(X). By lemmas 1 and 7 in [17] it follows that ¥ is
weak™ lower semicontinuous. Hence the general assumptions (H1)—(H8) for a regularization
graph are satisfied and the functional R,, : L*(2) — [0, +oc] associated to the regularization
graph depicted in figure 2(b) is given as

R.w)= inf Tipy(u— KC) + || Cllx + || Cllnue-
CeEM®,L2
Remark 2.7. The regularization graph functional for TV, infimal convolution of TV —
TV* and TGV can be extended to L' (Q) even if L' () does not admit a predual. Such extension

is described for general regularization graphs in proposition 4.8.

10
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3. Algebraic properties of regularization graphs

This section provides a recursive representation of regularization graphs and deals with esti-
mates between different regularization graph functionals as well as their combination via
addition or infimal convolution. First we need the definition of the height of a graph.

Definition 3.1 (Height of a regularization graph).  Given a regularization graph G,
with G = (V, E) the associated directed graph, we denote by H(G,,) its height defined as the
number of edges in the longest path of G connecting the root to one of the leaves. That is, with
no = n the root node, we define

H(Go) = max {M | Iny,...,nywith(n;_y,n;) €E, fori=1,...,M}
if this set is non-empty and define (G, ) = 0 otherwise, i.e., in case of a trivial graph.

Note that the height of a regularization graph does not depend on the particular choice of
weights a.. Next, we provide a recursion result that allows us to rewrite a regularization graph
of height % in terms of regularization graphs of height 7 — 1.

Lemma 3.2 (Recursive representation of regularization graphs). For G, a regu-
larization graph of heighth > 1,G = (V, E) the associated directed graph and i the root node,
let E C E be the set all edges connected to the root node i, ii® for ¢ € E be their endpoints
and let G¢ = (V¢, E¥) be the subtree of G = (V, E) with it as root node.

Then, there exist regularization graphs G, with associated directed graphs G° = (V¢, E)
of height at most # — 1 and weights (o), such that, with R, = R(G,,) and Rié = R(Qi@) the
associated functionals, the following recursive representation holds

R.(u) =inf { U, | u — Zag@gWg + ZRi@(GgWg) w; € dom(©;) forall é € E
eckE eckE
3.D

Proof. We explicitly construct the claimed recursive representation as visualized in figure 3.
First note that we can rewrite R, as

Ro(u) =1inf < WU | u — ZagtbgWg + ZZ\I/,,(V,,) w, € dom(©,) foralle € E,

eck ecEncve
Ve€c E,n¢c Ve Vv, = e(n*,n)w(n*,n) — Z Oé(n,m)q)(n,m)W(n,m)
(n,m)cE?

Now define G°, to be a regularization graph with graph structure G° = (V¢,E°) and the
associated operators, functionals and weights, such that Ri s = R(Qi@) is given as

R,(x) =inf ¢ > W,(w,)|w, € dom(®,) foralle € E,

neve

YneViiy, = @(n’,n)w(n’,n) - Z ) LinmyWanm) ¢ »
(n,m)cE?
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Figure 3. The recursive representation of a regularization graph according to lemma 3.2.

where we note that here 72° is regarded as anode of G°,, and thus © ;¢ ¢, = Id and e~ se) =
z. The recursive representation of R, is then given as

R,(u)=1inf < U, | u — Zag%wé + ZZ\I/n(V,,) w, € dom(©,) foralle € E,

ecE ecEnecve

Ve e E,Vn € Vg\{fle} LV, = @(n*,n)w(n*,n) — Z Oé(n,m)q)(n,m)W(n,m),

(n,m)cE?

Ve = Oawp — Z O‘(ﬁé,m)‘b(ﬁé,m)w(ﬁé,m)

(7€ m)cE?

=inf ¢ U, | u— Za@@@w@ + ZRZE(@@W@) ws € dom(©;) foralle € E »,
eck eck

eck
which proves the assertion. ([

As first consequence of this recursive representation, we obtain an estimate between two
regularization graph functionals corresponding to regularization graphs with different weights.

Lemma 3.3. Let G, and G, be two regularization graphs with the same underlying graph
structure G and directed graph G = (V, E) with root node i, and let ol o? be weights such

12
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that a} > o? for all e € E. Then, with
a?
C,1 2= max H—i F C Eiseither empty or achain withzasroot p , 3.2)
@ a
ecF ¢

2
where we use the conventions [ [ . Z—E = land g = 0, for the associated regularization graph
Sunctionals R,1 = R(G,1) and R,» = R(G,2) it holds that

R,i(w) < Cpi 2R 2(u)  forallu € Xj.

Proof. We prove the result by induction over the height % of the graphs. Assume the result
holds true for any two regularization graphs with height less than A.

Now note that, by assumption, (! = 0) implies (o> = 0), so we can adapt the graph G =
(V,E) by removing all edges e € E with a! = 0 and all subsequently disconnected nodes,
without increasing its height, changing C,1 > or the values of the R ;. Hence, without loss of
generality, assume that o) > 0 for all ¢ € E. Now for & = 0 the result holds trivially and for
h > 1 we can use the recursive representation of lemma 3.2 to obtain

Oaws )
Ra(w) =inf S s [u— dowe | +Y R . ( e ) w; € dom(©;) foralle € E

ecE ecE

<inf¢W; |u— Zaztb w | + Z eRfal)e(G)gw@) ws € dom(0;) foralle € E

eckE eckE

< Cal’(,gRaz(u),

where in the first line we substituted w; to a w; and in the second line we substituted agwé
to w;; additionally, in the first inequality we used that RL 1)e()\u) < AR? @ 1)e(u) for A € [0, 1],
see proposition 2.6, and we obtained the last estimate from the induction hypothesis and the
definition of C,,1 2. 0

Remark 3.4. Itis easy to see from the proof above that, whenever ¥, for some n € V is pos-
itive one-homogeneous, the assumption o) > a2 for e = (n~, n) can be replaced by (o} = 0)
implying (a? = 0). In particular, if (o) = 0) if and only if (a? = 0) for all e = (n~,n) such
that W, is positive one-homogeneous and all other o} and o2 coincide, then R, and R>
are equivalent, i.e., R,1 can be estimated from above and below by a constant times R 2,
dom(R,1) = dom(R ) and also their zero-sets coincide.

3.1 Combining regularization graphs

Obviously, for R, = R(G,) being a regularization graph functional and A > 0, also AR, is a
regularization graph functional (corresponding to an adaption of the regularization graph G,
where all node functionals ¥, are replaced by AW,). In this subsection we show that also the
sum and infimal convolution of two regularization graph functionals are again regularization
graph functionals.

Proposition 3.5 (Infimal convolution and sum of regularization graphs). Let
;1 =(G',a') and Qiz = (G2, a?) be two regularization graphs with associated directed
graphs G' = (V',E") and G* = (V*, E?) and root nodes i' and %, respectively. Let X be a

13
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Banach space admitting a predual such that bounded sequences in X admit weak™ convergent
subsequences and such that the embeddings I}, : X;1 — X and I3 : X;2 — X are continuous

w.r.t. weak* convergence.
For additional nodes i, i’ ¢ V' U V? define the combined graph G = (V, E) with

V={nituvV'uvi  E={ni", @ 1", @, ")} UE" UE.

Then, combined regularization graphs can be constructed as follows.

e Infimal convolution: for the additional nodes and edges in G, define the spaces
Xy =X0 =X, X(ﬁﬁo) =X, X(ﬁoﬁ/) =Xy, [=1,2,
the operators
O40) = Ot = Oy = 1d, D0, = 1d, Doy = Iy, Qo) = Iy
and the functionals and weights
U = Wh = Zyoy, Qa0 = Qgoan = 1, a2y = i € [0, 400),

and adopt the elements of Q(lll and QiZ for all other nodes and edges. Then, the associated
structure G, = (G, a) defines a regularization graph and, for R, = R(G,), R(‘l1 = R(g{'yl)
and Riz = R(Qi2 ), it holds that

Ra(u) = inf R (4 — o) + R, ().
e Summation: for the additional nodes and edges in G, define the spaces

Xi=X, Xp=XxX, Xao=X. Xgom =Xy, [=12,
the operators

Ogiq0) = [u— (u,u)], 041y = O 2y = 1d,

D ;0 = 1d, Do,y = [u— L, 0], Rgosey = [u— (0, )],
and the functionals and weights

Wi = Wi = Loy, Q) = Qo aty = 1, Q30,22 = Qs € (0, 400),

and adopt the elements of Q(lll and QiZ for all other nodes and edges. Then, the associated
structure G, = (G, a) defines a regularization graph and, for R, = R(G,), R(‘l1 = R(g{'yl)
and RiZ = R(gi2 ), it holds that

Ro(u) = R! () + R% (' w).

Proof. 1t is easy to see that all spaces, functionals, operators and weights involved in the
definition of G, fulfill assumptions (H1) to (H8), such that G, defines a regularization graph.
Denote the edges e = (n,nh) forl € {0, 1,2}. For the claimed representation of R,, in case of
the infimal convolution, we observe that

14
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2
R.(u) = inf I{o}(u —wy)+ I{O}(Weo — W, — W)+ Z Z W(v,)

I=1 pley!

Vie {1, 2},1’11 S Vl\{fll} V= @((nl)inl)w((nl)inz) — Z O((n[qm)q)(nlqm)w(nl,m),

(n!,m)cE!

Vil =Wy — Z ity Pt iy Wity V€ € E-w, € dom(®g)}

(Al m)eE!

2
= inf Z Z\Ifnz(vnz) W +aw,e =u, V1€ {1,2},n' € VI\{2'}:

=1 pley!

Vil = O by Wity ) — Z Aty Pl )Wl mys
(n!,m)eE!

(Al ,m)cE!

Vil = Wl — E a(ﬁ/qm)q)(ﬁ/’m)w(ﬁ/,m),V€ ckE: W, € dOm(eg) }
= inf R',(u — a.v) + R%,(v).
veX, @ a

Likewise, for the claimed representation of R, in case of summation, we observe that

2
Ro(u) = inf { Tioy( — wp0) + 0.0y (Weo — Wt weo — cew2)) + 3 Y ()
I=1 plevi
Vie {1, 2}, nl S Vl\{fl[} V= 6((,1/)77”/)1’1/(("[)77”/) - Z a(nl,m)@(nl,m)w(n/,m)’

(n!,m)cE!

Vil = Wyl — Z Oé(ﬁ/’m)(b(ﬁ/’m)W(ﬁ/ﬁl),ve eE: We € dom(@g)
(A m)cE!

2
=infq Y Y W) wa =uwe =o;'u Ve {1,2},4' € VI\{i'}:

I=1 pleyl

Yt = Oty Wity ) — Z Gl Py Wity
(n!,m)cE!

Vil = Wyl — Z Oé(ﬁl’m)q)(ﬁl’m)W(ﬁlﬁl),ve eE: We € dom(@g)
(Al m)eE!

=R\ (u) + R2;(a; ).

O

More generally, note that any regularization graph can be extended by appending another
regularization graph to one of its leaves, and in particular by appending a regularization graph
corresponding to the infimal convolution or the sum of two other regularization graph func-
tionals. The latter can be achieved by appending a splitting or summation unit as in figure 4
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v
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-
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“A

Figure 4. Combining regularization graphs via infimal convolution (top) and summation
(bottom).

to a leaf-node, where the Zy) and X in the left, green nodes in figure 4 are replaced by the
corresponding node functional and node space of the leaf node.

Remark 3.6 (Assumptions on the sum of two regularization graphs). The notion
of regularization graphs was designed mainly for an infimal-convolution-type combination
of functionals and operators, since we believe this situation is more interesting in practice.
For infimal-convolution-type combinations, we believe that our assumptions on the underlying
functionals and operators are rather minimal. Our framework also allows for the summation
of two functionals, but in this situation our assumptions are suboptimal. Indeed, one would
expect that in a summation, only one of the two functionals needs to fulfill the assumptions of
aregularization graph in order to provide a suitable regularization strategy. Indeed, when using
the sum of two (suitable) functionals for regularization, generically, only one of them needs to
fulfill coercivity properties (such as (H2) together with (H6)) in order to obtain well-posedness
results for linear inverse problems. Nevertheless, we do not further generalize our framework
towards weakening the assumptions for the sum of two functionals since (i) we believe this
situation is less relevant and (ii) this would significantly complicate our basic assumptions
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and results for instance on convergence for vanishing noise and bilevel optimization, thereby
hindering our main goal of providing an easily applicable framework.

4. Analytic properties of regularization graphs

The goal of this section is to obtain analytic properties of regularization graph functionals that
provide the basis for well-posedness results for the regularization of inverse problems. To this
aim, we first consider lower semicontinuity and coercivity properties, for which we need a
general lemma that deals with projections.

For the lemma, remember that for a Banach space X and a finite dimensional subspace L of
X, there always exists a bounded linear projection P : X — L.

Lemma 4.1. Let X be a Banach space, R : X — [0, +00] be a functional, L C X be a finite
dimensional subspace and assume there is a function G : X — L and C > 0,D > 0 such that

|u — Gw)||x < CR(u) + D

forallu € X. Then, for a closed subspace K C X and a bounded, linear projection Pgqyr, : X —
K N L there exist constants C > 0,D > 0, with D = 0 in case D = 0, such that for all u € K,

| — Pgrpul|x < CRGu) + D. @.1)
In particular, if K = X, this holds for any bounded linear projection onto L.
Proof. Assume this does not hold true, then we can pick a sequence (u¥); in K such that
|u* — Pgrput||x > kRu") +kD/C

for each k, with C, D being the constants of the original estimate. This implies in particular
that ||u* — Pgrpu¥||x > O for each k. Defining it* = (u* — Pxrpuf)/||uf — Pxrru®||x such that
l#||x = 1, we can estimate

Gy — Pgrpu
|tk — Prrput||x

Clk>C Rw" +D/C . |k — G@Wh)||x

~k
= ||U
Z i = Pty = T = Pt |

[lx-

In particular, this implies that ((G(u*) — Pgnru¥)/||u* — Pxnru¥|x)k is bounded and, by finite
dimensionality, admits a (non-relabeled) subsequence strongly converging to some z € L. Con-
sequently, also (i), converges strongly to z and from closedness of K we get that z € K. Hence

0=(d— Pgnp)z = lilgn(Id — Pxap)ilt = lilgn i

strongly, which is a contradiction to ||it*||x = 1 for each k and concludes the proof of the coer-
civity estimate in the general form. Also, it can be seen from this argument that we can choose
D = 0in case D = 0, which completes the proof. (]

The following lemma provides a standard lower semicontinuity and compactness result.
Since it will be used frequently in the paper, we provide its proof for the sake of completeness.

Lemma 4.2. Let X, W and Y be Banach spaces such that bounded sequences in X and W
admit weak*-convergent subsequences. For © : dom(©) C X — W a weak” to weak* closed
operator and F : W — [0, +00) convex and weak™ lower semicontinuous, suppose that:
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(i) There exists a finite dimensional subspace L C W such that F(u+ v) = F(u) for all u €
W, v € L, a continuous, linear projection P, : W — L and C > 0, D > 0 such that

|z — Przllx < CF(z)+D VYzeW. 4.2)

(it) The space ker(©) is finite dimensional and there exists a continuous projection Pyero)
X — ker(©) and B > 0 such that

|u — Prer@ytt|lx < B||Oullw Yu € dom(©) C X. 4.3)
Then, defining F o © : X — [0, 400] as
F(Ou) ifu € dom(©),

00 else,

(Fo®)u) = {

implies that F o © is weak™ lower semicontinuous.

Further, for K : X — Y a linear, bounded operator, for any sequence (W"); in X such that
both (KwX), and ((F o ©)(WX)) are bounded, there exists a sequence (W¥)y such that wk —
Wk € ker(K) N ©~ (L) and both (W), and (OW*), are bounded.

Proof. _ Atfirstnote that, by lemma 4.1 and using that rg(0) is closed (lemma A.1) there exist
C > 0, D > 0 such that

|z — Prg@yrzllw < CF(z) + D for all z € rg(0),

where Pry@)nz is a bounded linear projection onto the finite dimensional space rg(©) N L.

Defining ker(©)* :=rg(Id — Pyexo)) N dom(0), it is easy to see that ker(©)* is a comple-
ment of ker(©) in dom(©) and that © is injective on ker(©)*. Hence, with M :=0~'(L), we
can define P : dom(©) — M as

Pw = G’lPrg(@)mLG)w + Pyer(@)w,

where © ! is the inverse of © : ker(©)" — rg(0). Then, we observe that F o © is invariant
on M and that M is a finite dimensional vector space. Further, for any w € dom(©),

[w— Pw|lx = [[w— O Prg@)n.OW — Prer@)(w — O Prgi@)nr.OW)||x
< B|O(w — O™ ' Py OW)||w

(4.4)
= B||O(w — Pw)||w

= B||®Ow — Pigey.Ow|w < BCF(Ow) + BD.

We now prove that F o © is weak* lower semicontinuous. Take (w*), weak* converging to
some w € X. Without loss of generality, we can assume that lim inf,(F o ©)(w*) < 400 and,
up to extracting a subsequence, we can choose w* such that it realizes the lim inf. Then, by the
estimate (4.4) above, both (||wf — PwX||x), and (|[©(w* — Pw*)||w) are bounded such that,
by taking a non-relabeled subsequence, we can assume that O(w* — Pwk) weak* converges
to some z € W and w* — Pw* weak* converges to some v € X. Weak* closedness of © then
implies that v € dom(©) and ©v = z. Also, thanks to the finite dimensionality of M we have
that w — v = w*—lim; w* — (w* — PwK) € M such that, by weak* lower semicontinuity of F,
we conclude
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F(Ow) = F(Ov) < lim inf F(OW — Pwh)) = lim inf F(Owh)

as claimed.

Now take (w¥); in X such that both (Kw"); and (F o ©(w")); are bounded. Let Z be a
complement of ker(K) N M in M and Pz : M — Z a continuous linear projection onto Z, i.e.,
Id — P; : M — M is a projection onto ker(K) N M. Then, define w* = wk — (Pw* — P,Pw%). Tt
follows that w* — W = (Id — Pz)Pw* € ker(K) N M and that (W€ — Pw*), is bounded in X by
the estimate (4.4) and the boundedness of (F o ©(wk)),. Now since K is injective on the finite
dimensional space Z and KP; = K, we further get for A > 0 a generic constant that

| PzPw*|x < Al KPzPW |y < A(|Kw!||y+ || KW — Pwb)|ly) < A < 400

such that (WK); is bounded. Boundedness of © on the finite dimensional space Z C dom(©)
together with the estimate (4.4) further implies that (6" is bounded. U

Using the previous lemma, we now deal with the kernel and coercivity of regularization
graph functionals.

Theorem 4.3. Let G, be a regularization graph with weights ()., underlying graph struc-
ture G = (V,E) and root node n € V, and let R, = R(G,) : X; — [0, +00] be the associated
regularization graph functional. Then:

(i) The infimum in the recursive representation of R,, (3.1) provided in lemma 3.2 is attained
forany u € Xj.
(ii) R, is weak® lower semicontinuous.
(iii) There exists a finite dimensional subspace L C X; such that R,, is invariant on L and for
Py : X — L a bounded, linear projection there exist C > 0, D > 0 such that, for u € Xj,

lu — Prul|x, < CR.(u)+ D. 4.5)

Proof. We prove the result via induction over the height of the graph. Assume that the
claimed assertions hold true for any regularization graph of height less than £ and let G, be a
regularization graph of height 4 with associated functional R, = R(G,). If h = 0, the results
hold trivially with L = {0} thanks to assumptions (H1) and (H2) and the definition of trivial
regularization graphs. Otherwise, using lemma 3.2 we write R, as

Ro(u) =inf { Wy [ 1= ae®ews | + > R:(Oawe)| we € dom(©;) foralle € E o,
eck éck

(4.6)

where E are the edges connected to 7 and for each ¢ € E, Ri2 : X, — [0, +00] is a functional
associated to a regularization graph G°, with root node 7°. Also, remember that by (H5) and
(H6) (see also remark 2.1) each ©; : X; — X, has closed range, finite dimensional kernel and
satisfies

lw = Prercopwllx, < B°||©aw|x . 4.7

for B¢ > 0 and all w € dom(©;).
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Applying the induction hypothesis, each RZL is weak™ lower semicontinuous and there exists
a finite dimensional subspace L° where Ri . 1s invariant such that for P;; a bounded linear
projection there exist constants C° > 0 and D > 0 with

Iv—"Pvlx, <CR,M+D"  VveXy. (4.8)

Moreover, applying lemma 4.1 with L = L*, G = Pz, R = R, and K = rg(6;) (that is closed
thanks to (H5) and (H6) and remark 2.1) yields that for Prg(@;)ﬂ ¢ alinear, continuous projection

there exists C¢ > 0 and D? > 0 with
v = Prgoprzevlix, < C°R (W +D° VveX. (4.9)
Now proceeding as in the proof of lemma 4.2, we define ker(©;)* :=rg(Id — Prero,) N

dom(©;). It is easy to see that ker (©;)" is a complement of ker(©;) in dom(©;) and that
©; is injective on ker (©;)". Hence, with

M =0, (LY, (4.10)
we can define P¢ : dom(0;) — M¢ as

Pow:=0,"P 0.0 + Pleyo, Ws (4.11)
where ©; ! is the inverse of ©; : ker (©;)* — rg(0;). Then, we observe that Ri , 0 O is invari-

ant on M¢ and that M¢ is a finite dimensional vector space. Then, estimating as in (4.4), we
obtain that for each w € X; that

lw— P*wllx, < B°C°R® ,(©,w) + B°D’. (4.12)
Now we write the recursive representation (4.6) in a vectorized form as follows: With w =

We)sei € X = XEGE X;, define K : X — X; and O : XEEE dom(©;) C X — XéGEXﬁz» as
Kw:=> a;®w; and Ow:=(Oswe),cs- (4.13)

eck
Further, with v = (v;2),.€ X,X;e define F: X, _z X,z — [0, +-00] as
Fv) = R(v;e). (4.14)
ecE

Finally, define F 0 © : X — [0, +oc] and Py : X — M, where M == X

s M¢ is a finite dimen-
sional subspace of X, as

> R (Oawe) ifwe X, ; dom(6;), )
(Fo®)W) = 1 ok and - Pyw = (P‘We)c-
00 else,

(4.15)
We observe that F o © is invariant on M = O~ (L) where L = X,_; L. With these definitions

eck
we can write the recursive representation (4.6) in the vectorized form

R,(u) = inf{\I/;,(u — Kw) + (F 0 ©)(w) ’w € Xdom(eé)} :

ecE
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Now we first show weak® lower semicontinuity of R, on Xj;. To this aim, take (u")x to be
a sequence in X; converging weakly* to some u € X;. Without loss of generality, we can
assume that liminf; R, (%) < +o00 and, up to extracting a subsequence, we can assume that
() realizes the lim inf. Next, take (W), to be a sequence in X such that

Uit — Kw®) + (F 0 ©)(W*) < R, (u*) + 1 /k.

Together with assumption (H2), this implies boundedness of (Kw*); and (F o ©)(w*). We now
want to apply lemma 4.2 choosing X, _;L° for L and v (Pevse),.p With v = (Vi dock: €
XXz for Pr. Note that F is weak* lower semicontinuous, it is invariant on Xee L% and the
estlmate (4.2) holds thanks to the inductive assumption (4.8) applied to each Re Moreover, it
can be readily verified that the operator © is weak™ to weak* closed, has finite dlmenswnal ker-
nel and the estimate (4.3) holds as a direct consequence of (4.7) applied to each ©;. So, applying
lemma 4.2 and using the weak* to weak™ closedness of © we can select, up to a non-relabeled
subsequence, (W*); such that w* — w € ker(K) N M, Ww* converges weak* to some w € X; and
OWwk converges weak* to Ow. Weak* lower semicontinuity of ¥; and F o © together with
weak” continuity of K and the invariance of F o © on M then imply

Ro() < Uy(u — Kw) + F(Ow) < limkinf Ut — Kwh) + F(Owh) < limk inf R, (ub),

thus weak™ lower semicontinuity of R, on X; follows. In addition, given any u € Xj, choosing
uk = u for every k implies existence of minimizers in (4.6) as claimed.

Now we note that R,, is invariant on the finite dimensional space

L= —|—aé(I>

éckE

Indeed, if u = Zéeéaé%ug with u; € M€ it follows from (F o O)(aette),ep) = 0 that R, (it +
u) = R, (u) for all u € X;.

Next we show the coercivity estimate. To this aim, for any given u € X3, we select (wz);j
to be minimizers in (4.6) and define v = v(u) == . Ea@@@P@w@. Using (4.12), the coercivity
of U; (see remark 2.2) and the continuity of ®; we estimate

lu —v(w)|x, = ||u— Zag@@PeWg
eck X;
= |lu— Zag@gWg + Zag@gWg — ZQQ(I)QP&W@
eck eck eck x

<C ;| u— ZOZ@@@W@ + Dy + CgZO[@HW@ — PéW@”X2

eckE eckE

Wi | u— ZO@‘I’@WQ +D; + CZZ(aéBéééRié(eéWé) + a;B°D%)

ecE ecE

< CRO&(”) + Da
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with suitable C > 0 and D > 0. Using lemma 4.1 with G(#) = v(u) and K = Xj, this implies
the claimed coercivity. (]

Remark 4.4 (Domain and invariant subspace). With R, : X; — [0, +oc] a regular-
ization graph functional with recursive representation as in lemma 3.2, we have that

dom(R,) = dom(¥,) + —|— P <@g1(dom(Rié))>,
éck

where equality follows since the infimum in the recursive representation of lemma 3.2 is
attained. Further, a simple contradiction argument shows that the finite dimensional subspace
L where R,, is invariant and coercive in the sense of (4.5) is unique (and will henceforth be
called the invariant subspace of R,). We also have the recursive representation

L= as®; (@gl(Lé)),
éck

with L; the invariant subspace of Ri@. Via induction, this implies in particular that L only
depends on the support of (), i.e., the set of edges where «, # 0, but not on their values.

Existence for the infimum over edge variables associated with edges connected to the root
node in the recursive representation of R, as stated in theorem 4.3, immediately implies, via
induction, existence of infimizing edge variables in the definition of the regularization graph
for all edges. This is stated in the following corollary.

Corollary 4.5 (Existence of infimizing edge variables). Ler G, be a regularization
graph with root node n and R, = R(G,) be the associated functional. Then, for each u € X;,
there exists (W.)ecg such that

R(y(u) - Z\Ijn (e(n,n)w(n,n) - Z a(n,m)q)(n,m)w(n,m)> 5

neV (nm)eE
i.e., the infimum in the definition of the regularization graph functional is attained.

Remark 4.6 (Regularity). Letusobserve how an infimal-based combination and an exten-
sion of regularization graphs affect the coercivity of regularization graph functionals as in
theorem 4.3.

e When combining two different regularization graph functionals defined on two different
normed spaces via infimal convolution, the norm for underlying joint space and hence the
norm for the coercivity estimate needs to be the weaker of the two norms. In the construc-
tion of proposition 3.5, this is reflected in the assumption that the embeddings I}, : X1 — X
and I3 : X;» — X need to be weak* continuous. An example here is the infimal convolu-
tion of TV and TV?, where TV and TV? are coercive up to their kernels on L@~ and
L4@=2) respectively (here the exponents are set to oo for d = 1 and d < 2, respectively).
The infimal-convolution-based combination of the regularization graphs corresponding to
TV and TV?2, according to proposition 3.5, is then coercive on the weaker space LY/~ D,
see [7, section 4.2] for details.

e When extending a given regularization graph with a further edge, stronger norms can be
chosen. A particular example is the composition of two gradient operators V, V; to obtain
TV? = ||[(V20 V) - | m. Given that V, is coercive up to its kernel on L@~ we can
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define V, as operator from L@~ to L9/@=1 and again obtain coercivity up to constant
functions between those spaces by standard Sobolev embeddings. In this case, the overall
regularization graph functional corresponding to TV? is coercive up to affine functions
with respect to the norm in L%“=?_ which is the improved regularity of TVZ, see [7,
section 3].

The following proposition deals with the dependence of the coercivity estimate for a
regularization graph functional R, on the weights a.

Proposition 4.7 (Dependence on the weights). Let G, be a regularization graph with
weights o and root node n, let L be the invariant subspace of R, = R(G,) that only depends
on the structure of the regularization graph G and the support of (c)ecp, let K C X;; be a
closed subspace and let Pkny : X; — L be a bounded, linear projection. Then, for any A >
max{«.|e € E} there exist C > 0, D > 0 that only depend on A such that for any u € X; we
have

HM — PL“”X;, < CQCRQ(M) +D,

where

C, = max {Hae
ecF

using the same conventions as in lemma 3.3.

F C E is either empty or a chain with 7€V as root},

Proof. This follows from first applying theorem 4.3 and, subsequently, lemma 4.1 to Rz =
R(Gs), where a, = A if a, > 0 and &, = 0 else, and then using the estimate of lemma 3.3. [J

The next proposition deals with extending a regularization graph functional R, : X; —
[0, +o0] by infinity to a Banach space X not satisfying hypothesis (H8), but with X; < X. The
prototypical application of this result would be, e.g., to extend R,, from LP(2) with p > 1 to
L'(), where 2 C R?is abounded domain. Note that directly choosing X; = L'(£2) is not feasi-
ble since, in general, bounded sequences in L' (£2) do not admit weak* convergent subsequences
(or weakly convergent subsequences since L!(2) is generally not a dual space).

Proposition 4.8 (Extended domain). Ler G, be a regularization graph with weights o
and root node n. Let L be its invariant space. Suppose that X is a Banach space such that X;; —
X and X;, is reflexive. Then, with R, = R(G,) extended to X via R.(x) = +o0 for x € X\X;,
R, is convex and lower semicontinuous w.r.t. weak convergence in X, and for any continuous,
linear projection P X — L, there exists C > 0, D > 0 such that

|u — Pru|xy < CRo(u) +D forallu € X. (4.16)

Proof. Convexity is immediate and the coercivity estimate follows directly from the con-
tinuous embedding X; < X and theorem 4.3 by defining P, as the restriction of P, to X;.
Regarding weak lower semicontinuity, take (#*); to be a sequence in X converging weakly to
some u € X. Without loss of generality, we can assume that lim inf; R, (u¥) < +oc and, up
to extracting a subsequence, we can choose u* such that it realizes the liminf and u* € X;
for every k. With Py, : X;; — L a continuous, linear projection, from the coercivity estimate of
theorem 4.3 applied to R, : X; — [0, +0c] we obtain that v* :=u* — P;u* is bounded in X;
such that we may assume weak convergence of the latter to v € X;. Also, by the embedding
X; < X, Ppuf = u* — V¥ is bounded in X and hence, by finite dimensionality of L, admits a
subsequence converging to some z € X; N L with respect to || - [|x,. Again by the embedding
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X, — X, weak convergence in X; implies weak convergence in X such that, by uniqueness of
the weak limit, u = v + z € X;. Lower semicontinuity of R, with respect to weak convergence
in X finally implies

Ra(u) = Ra(v +2) < lim inf R, (V" + Prub) = limkinfRa(uk)

implying the lower semicontinuity of R, with respect to weak convergence in X. |

Remark 4.9. It can be observed that, in the above result, reflexivity of X, (instead of just
requiring that bounded sequences admit weak™ convergent subsequences) is only needed to
conclude from (weak) convergence of (V¢ + P, u*); to v+ z in X; and the weak convergence
of (V* + Pub); to u in X that, by uniqueness of limits, v + z = u follows. The same could be
achieved for weak* convergence of (V* + P;u*); in X;, thus not requiring reflexivity, if, for
instance, X; = L>(2) and X = L'(Q).

5. Predual formulation of regularization graphs

The goal of this section is to provide an equivalent, predual reformulation of regularization
graphs. Remember that a regularization graph functional R,, : X;; — [0, +00] can be written in
a vectorized form as

Ro(u) = inf {T,(v) |v € 1g(As)}

with A, and ¥, given in (2.2) and (2.3), respectively. With Af and \Ifjf7£ predual versions of A,
and W, respectively, our goal is to show that every regularization graph functional R, can be
written equivalently as

Ro(u) = —inf{T¥(v) | v € ker(A¥)}.

To this aim, we need in particular that the functionals W, and the operators ©, and ¥, admit
predual versions. By an application of the Fenchel-Moreau theorem [22, proposition 4.1] it
is easy to see that there exist convex, proper, lower semicontinuous functionals ¥* : X* —
[0, +00] such that their convex conjugates are ¥,,.

Lemma 5.1. For each n €V, ¥, :X, — [0,+00] is the convex conjugate of a convex,
proper, lower semicontinuous functional \Ifff : X# — [0, +00].

Proof. Consider the dual pair (V, V*) for V = (X,,w*) and V* = (X7, w). Note that ¥, is
convex, proper and lower semicontinuous on V. Therefore by the Fenchel-Moreau theorem
[22, proposition 4.1] there holds that V)" = W, In particular, defining \Iff = U7, we have that
U# . X# — [—o0, +00] is proper, convex and strongly lower semicontinuous and its convex
conjugate is ¥,. The positivity of ¥# follows from assumption (H3). (]

Moreover, remark 2.1 ensures the existence of a bounded predual of ®,,, that we are
going to denote by ‘I)t,m) (X7 — X(’;"im). Finally, we suppose that the operators ©, admit closed,
densely defined preadjoints as stated in the following additional assumption.

(H9) For each e = (n,m) € E, O, is the adjoint of a closed, densely defined operator
OF ) dom(©f ) C XF = XIr .
Define the following predual spaces of Xy and Xg:
x¥ = ><fo and X7 = X x7. 5.1)
ne

ecE
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Now we characterize the predual of the linear operator A,, : Xg — Xy from (2.2).

Lemmab5.2. Let G, be aregularization graph with root node n and corresponding operator
A, asin (2.2) such that (H9) holds. Then A, is the dual of the linear operator Af : dom(AZfE) -
X — xi with

dom(A*) = {v Xy

V(l’l, m) € E, Vm € dom((—)#(#n,m))}

given as
A V) = OF Vi — Q@ va  for allv € dom(AF). (5.2)

Proof. First, let us verify that dom((Af)*) = dom(A,), where dom(A,) = X,cx dom(6,).
Note that for every v € dom(Af) and w € Xp it holds

<W’ A#V> = Z <W("qm)’ sz,m)vm - a("qm)q)zf,m)v">

(n,m)eE
= Z Z Win, m), (n, m)Vm Z Z W(n,m)» Q(n, m)q)(n m)Vn> (53)
meV (nm)eE neV(nm)eE

By the definition of the domain of the adjoint we have

dom((A*)*) = {w € Xz|3C > 0 such that (w, A*v) < C IVl W e dom(A*)}.  (5.4)

Therefore, using (5.3), the boundedness of @, ,,, and the fact that ©y, ) is the adjoint of of
(see assumption (H9)), we immediately deduce that dom(A,) C dom((Af) ). To prove the
opposite inclusion, consider w = (w,).cg ¢ dom(A,). Then, there exists (n,m) € E such that
Wmy & dom(O,)). Using that

(n,m)

dom(m) = dom((©F,,)")

{w € Xom ‘ac >0 suchthat (w, 8, v) < |Vl .+ Vve dom(@jjm))}

(see assumption (H9)), we can find a sequence (v )i with v € d0m(®
such that

)\{0} for each k

(nym

Ve = 5.5
% oy o St =20 o

Then, with v* € X7 defined as () = vk if i = m and ();; = 0 else, one notices that, using
the boundedness of ® for every e € E, there exists a positive constant C independent on k
such that

1

w, ATV
Wl e

Q(m.jn)
(w (n,m)’e(?i,m)"m_ Z kmn <W(mﬁ)’q)2i,ﬁ)"l;1>
[ || e T

> 1y ” T W, O Vi) = C. (56)
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Therefore, combining (5.6) and (5.5) with (5.4), we deduce that w ¢ dom((Af)*) showing that
dom((A7)*) € dom(A,).
It remains to prove (5.2). For every v € dom(Af) and w € dom(A,), using (5.3) we have

(AL w.v) = (w. Al)
Z <®(m*,m)w(m*,m), Vm> - Z Z <a(m,n)q)(m,n)w(m,n); Vm>

meV\{i} meV (mn)€E
= Z <@(m,m) Win—m) — Z O‘(m,n)q)(m,n) W(m,n)» Vm>
meV\{i} (m.n)eE
+ <_ Z (i) P oy W) Vﬁ>
(A,n)EE
= (Aaw, V)
ending the proof. 0

With this, we define a predual regularization graph functional as follows.

Definition 5.3 (Predual regularization graph functional).  Given a regularization
graph G, with root node 7 and associated functional R, = R(G,,) such that (H9) holds, we
define the predual regularization graph functional Rf = R#(G,) : X; — [0, +00] as

R¥(u) = —inf S WF () — (wvi) + Y UF0)| (vdev € dom(AF),
nev\{a}

@Zim)vm = a(n,m)¢2f,m)vn for all (n,m) € E

= —inf {T7 ()| v € ker(A¥)}

with U7 (v) == \I/,?f(v;,) — (u,vp) + Znev\{ﬁ}\llf(vn), and ©7, ®¥ and U being the predual
operators and functionals of ©,, ®, and ¥, respectively, according to hypothesis (H9), remark
2.1 and lemma 5.1.

Our goal is now to show that R¥ = R,,. As first step, we obtain the following proposition.

Proposition 5.4. Assuming again that hypothesis (H9) holds, any predual regularization
graph functional R¥ = R (G,,) according to definition 5.3, where G, is a regularization graph
with root node n, can be written as

R (u) = min{ ¥, ()|v € rg(A)" }, (5.7)
where U, is defined as in (2.3).

Proof. Since \I!f is proper, convex and lower semicontinuous according to lemma 5.1, the
Fenchel-Moreau theorem [22, proposition 4.1] yields \I/f = (\I/f)**. Hence, since ¥, is coer-
cive thanks to hypothesis (H2), using [45, theorem 10], we deduce that \Ilff is continuous in
zero. Consequently, also v — \I/f&(v) — (u, v) is continuous in zero, such that dom(,) contains
a neighborhood of zero and hence is absorbing.
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In order to apply the Attouch—Brézis theorem [2, corollary 2.2], we note that

JAdom(¥#) + ker(A#)) = | JAdom(¥#) + ker(A#) = Xy.
A>0 A>0

Therefore, noting that (\IJ#)* = W, we deduce that
—inf{U*() |v € ker(A*)} = min{¥,(v) |v € (ker(A*))*},

where the minimum is attained and (ker(Ajfﬁ))L denotes the annihilator of ker(Af). As Af is
closed and densely defined we apply remark 17 in [11] to deduce that (ker(A’fi))L =rg(A)"
and conclude. U

In the next proposition we use theorem 4.3 to prove that rg(Af) is weak*-closed, and hence
obtain the desired duality formulation.

Proposition 5.5. Let A, : Xg — Xy be as in (2.2) corresponding to a regularization graph
Go. Then, rg(A,) is weak*-closed in Xy. If in addition (H9) holds and R, = R(G,) and R¥ =
R7(G,) are the primal and predual regularization graph functionals according to definitions
2.3 and 5.3, respectively, then

R? =R,.

Proof. We are only going to show weak® closedness of rg(A,) since, under assumption
(H9), the assertion R¥ = R, then follows as immediate consequence of proposition 5.4 and
the definition of R,. Assume that the result holds true for all operators corresponding to a
regularization graph of height less than 4 and let G, be a regularization graph of height &
with corresponding operator A, and associated directed graph G = (V, E). The case h = 0 is
immediate since rg(A,) = {0}.

Denote by 71 the root node of G,, and let E be the edges connected to the root node and V their
corresponding endpoints. Further, for ¢ = (7, #°) € E, denote by G° = (V?, E?) the subtree of
G with root node 7° and by Ai@ the operator corresponding to the subtree G°. Then, we define
G°; to be the regularization graph with structure G° = (G, (|| - |lx,)peves (Oc)pepes (Pe) pepe)
and weights af = (ct),cpe. It follows that G¢; is indeed a regularization graph and that the
associated functional Ri , = R(gié) : X2 — [0, +00) is given as

R, (u) = inf{ () |v € rg(A° )} (5.8)

with T500) 1= [|u + v lIx; + 2nevergaeyl[vallx, -
Now take (A,w*), with (wWK); in dom(A,,) to be a sequence in rg(A,) weak*-converging to
somey € Xy = XneVX,,. Then, we note that by the definition of R;2 and Afl;, we have that

Ré

af

(@éwg) g Z H (Aawk)n”X,, < +o00.

neve
Further, defining w’é = (lef)@ei«: and, for wz = Wa),z, Opwp = (OeWe) s
Kwg = ZOQ(I)@W@, and  F((vip)sep) = ZRiE(VﬁZ)’
ecE ecE

we observe that both (K w’é)k and (F o © E)(wg))k are bounded. Hence, using lemma 4.2, we can
choose (Vv’é)k such that w’é - Vv’é € ker(K) N O, '(Ly) and both (Vv’é)k and (© Eﬁ/’é)k are bounded,
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where L; is the invariant subspace of F is given as Ly = X,_zL; with L; the invariant subspace
of RZ . and the respective projection onto Lj is given as PLEWE = (Pr,we),cp»> With Pp, the
projection onto L;. Hence, up to taking a further non-relabeled subsequence, we can assume
that both (Vv’é)k and (© EVV%)k are weak” converging, such that, by weak™ closedness of ©;, for
Wi = W* —limy VNVIIE; we have that GEWE =w" —lin}k @EVV%

Now since the infimum in the definition of R;é as in (5.8) is attained thanks to corollary
4.5, and since Rié(@g(w’g — k) = 0, there exist minimizers z’é@ € dom(Aig) such that
0 = O;(Wk —wh) — (Ai@zgé)ﬁg and 0 = (Ai@Z'fE@)n for all n € V*\{®}. Defining, with wk, =

(WI;)L’GEé’
Sk ek ok k
W= (W Wge — Zgedoc)
we observe that (A, wF); = (A,wh); since w’é — Vv’é € ker(K), and

(Ao = Oaith — (A2, (Wh, — 2h )i = @awh — (A2 Wk )e = (Aawh)je,
where in the first equality we used the definition of wk and in the second equality the fact that
0 = Oa(Wh — wh) — (AL:28,);e. Also, since 0 = (AS;2t,), forall n € V\{i’} we have

(Ao = (A8 o (Whs — 25D = (ASewho)y = (Aaw)y

forn € Ve\{a‘}, e € E.
This implies that also A,w* =y in Xy and, since (@Efv’é)k is weakly* convergent, that

k k
g fpe

hypothesis, there hence exist wg: € dom(AiZ,) such that w* —1limy Ai2 Vv’l‘?@ = Aig wgz. Defining

also (A° ik, )i, with ¥, == w is weakly* convergent for each ¢ € E. By induction

w = (wg, (Wge),.;) we finally see that Aqw =y, since, from Aqw 2oy it follows that

(A(yw)ﬁ - KWE = W*—llkaW% = Y,

(Aaw),e = Opwz — (A% wh,)e = W’ —lim (OaWh — (A205),2) = v

E? é ol " g /n
foreach e € E, and

(Aaw)y = (AZwpe)y = W —Hm(AL W) = Yo
for each n € Vé\{n®}, ¢ € E. This completes the proof. O

5.1. Examples of predual regularization graph functionals

Here we provide predual regularization graph functionals for several examples introduced in
section 2.1 by verifying the additional assumption (H9). We represent such predual regular-
ization graphs as in figure 5. In this context, we denote by Zp, the indicator function of the L”
unit ball for p € [1, oo]. Note that, for sake of clarity, in the root node of each predual regular-
ization graph we write the corresponding functional v; — \Iff(v;l) — (u,v;) and not just \I/f
Moreover, nodes represented by an empty circle are associated with the zero functional.

Total variation. Figure 5(a) shows a predual regularization graph for TV. We refer to
section 2.1 for the construction of the regularization graph realizing TV. We remind also that
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4 <Q> %y Co(%, Sym*1(R%))

( 1)F1div
v i)
17 () Co(2,R?) ( 1F2diy k2 Co (£, SymF2 (R?)
%a‘ @
(a) Total variation (TV). (b) TVF — Tsz infimal convolution.
¥ () 7dw Co (2, R?) CO(Q R2)
_aiy  Co(@,Sym?(®?))
L2(Q R?) @
[ 27 747 7\
: sH# e
I 2 (r2 !
e ()
! |
! 1

(¢c) TGV? and TGV?-shearlet infimal convolution (with the dashed box).

Figure 5. Examples of predual regularization graphs.

X1 = LP(£2) and Xo = M(£2,RY) where 1 < p < d withd =d/(d— 1) in case d > 1 and
d'" = oo else. Therefore the predual Banach spaces associated with the nodes are X f’é = L7 (Q)

and Xf# = Co(Q2, R?) where p/ satisfies 1/p+ 1/p/ = 1. Moreover, it is easy to see that the
convex conjugate of Zz__ on Co(£2, R%)is || - ||\, and the convex conjugate of the zero function
is Z(oy. To show (H9), we further claim that V : BV(Q) C LY (Q) — M(Q,R?) is the adjoint
of the negative divergence operator —div : dom(—div) C Co(2, R?) — L4(Q) defined in the
weak sense as

(—div ¢, ) = /<p -Vidx Vo e CH(Q) (5.9)
Q
with domain
dom(—div) = {p € Co(L,RY) |div ¢ € LY (Q)}. (5.10)
Note that from (5.9), using a simple density argument we obtain that dom(—div) is densely

defined and closed in Cy(2,RY). To show that V is the adjoint of —div according to the
definitions above, it is enough to observe that

dom(—div*) = {u € Ld/(Q)’ de > Osuchthat/udiv pdx< )¢l Vo€ dom(—div)}
Q
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implying that dom(—div*) = BV({2) and (—div)* = V. The predual regularization graph
functional R7 : LP(£2) — [0, +-oc] is given as

R (u) = —inf{—(u,\q) +Ip. (n2) ‘vl € Lpl(Q), vy € dom(—div), vi = —div vz}

:sup{/udiv vdx
Q

Infimal convolution of TV — TVX_ Figure 5(b) shows a predual regularization graph corre-
sponding to the infimal convolution of TVF and TV* with &y, k» € N. We refer to section 2.1
for the construction of the regularization graph realizing the infimal convolution of TV —
TV*2. We remind also that pis chosen such that 1 < p < min{d},d,}, whered, = d/(d — k;) in
case d; > k; and d; = oo else. Similarly to the TV predual regularization graph, the pre-adjoint
of each linear operator V : L4 (Q) — M(£, Sym*(R%)) can be seen to be the (possibly neg-
ative) higher-order divergence (—1)%div% : dom((—1)4div&) C Co(£2, Sym* (R%)) — L%(£2)
defined in the weak sense as

v e Co(RY, div v e L7 (Q), || v]|se < 1} .

(=Dfidivhi @, ) = (—1)""+l/g0~vk"wdx Vap € Chi() (5.11)
Q
with domain
dom((— 1)!divk) = {p € Co(Q2, Sym*“(RY)) | div¥ o € L% (Q)} (5.12)

which is again closed and densely defined, showing (H9). The predual regularization graph
functional R7 : LP(£2) — [0, +-oc] is given as

R (u) = —inf{— (u,v1) + T, (v2) + Tp. (v3) |v1 € L7 (), v2 € dom((—1)M1divh1),

b3 € dom((—1Y2divk), v = (=1 div¥ vy, avy = (—1)2div V3}

= sup {/udivk1u1 dx
Q

u; € Co(§2, Symh (R%)), div¥ u; € L7 (),

div? uy = adivh u, | uilloo <1, i= 1,2} .

TGV? and its infimal-convolution-based combination with shearlets. Figure 5(c) without
the dashed box shows a predual regularization graph for TGV2, again in the two-dimensional
case. We refer to section 2.1 for the construction of the corresponding regularization graph.
We remind also that p is chosen such that 1 < p < d’ where d' = d/(d — 1) in case d > 1
and d’ = oo else. The pre-adjoint of V : BV(Q) C L (Q) — M(Q,R) is given as in the TV
example. Moreover, a pre-adjoint of £ : BD(2) C Ld/(Q, R?) — M(S, Sym*(RY)) is the neg-
ative divergence operator —div : dom(—div) C Co(£2, Sym?*(R%)) — L% (Q, R?) defined in the
weak sense as in (5.9) with domain

dom(—div) = {p € Co(%, Sym*(R?)) | div ¢ € L/(Q, RY)}, (5.13)

which is again densely defined and closed, showing (H9). The predual regularization graph
functional RZSE 1 LP(Q2) — [0, +o0] is for @ > 0 given as
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R* (u) = —inf{—(u, v;) + L)oo <1y (V3) + Ly o<1y (Va) V1 € Lp/(Q), vy € dom(—div),

vz € Co(2, Rd), v4 € dom(—div),v; = —div va, v» = v3, av, = —div V4}

= sup {/udivzvdx
Q

v € Co(€, Sym*(RY)), div v € Co(Q, RY), div? v € L (Q, RY)

I[div V] < 1, [[av]so < 1} :

Again, in case d = 2, an extension to include the infimal convolution with a shearlet-based
penalty is possible, see figure 5(c) with the dashed box for the predual regularization graph.
We refer to section 2.1 for the definition of the regularization graph including the shearlet
part. We also remind that the exponent p is chosen as 1 < p < 2. Note that a predual of the
extension to infinity of the ¢ ' horm is the indicator function of the unit ball of cp, denoted
by 7, : 2(Z*) = [0, +00]. Thanks to the closedness of ¢y N £2 in 2, such indicator function
is lower semicontinuous. Moreover, as SH : L>(R?) — ¢*(Z*) defined according to (2.5) is a
bounded operator between Hilbert spaces, its pre-adjoint exists and is bounded, showing (H9).
Further, it can be easily characterized for v € (>(Z*) as

SH#V = Z Vijkm \Ijj,k,m~

JKEZ, meZ?

Finally, noticing that the pre-adjoint of the restriction operator rq is the extension to zero
outside () (denoted by r?z), the predual regularization graph functional Rf 1 LP(Q)) — [0, +o0]
is for ap, oy > 0 given as

R (u) = —inf{— (U, v1) + Ty o<1y (V3) + Lo <1y (Va) + Loy (vs) ’ vi € L7 (),
vy € dom(—div), v3 € Co(Q, R?), vs € dom(—div),

vs € (X(ZY, vy = —div vy,

aor%vl = SH*vs, vy = v3, aqvy = —div V4}

= sup {/udivzvdx
Q

2 € co(Z*), ||div vl < 1, || a1v]|leo < 1, aprdy diviyv = SH*z, ||z < 1} )

v € Co(€, Sym(R?)), div v € Co(Q, R?), div? v € L¥ (2, R?),

6. Regularization of linear inverse problems

6.1. Setting and well-posedness

‘We now consider the application of regularization graphs to the regularization of linear inverse
problems. That is, with K : X;; — Y a bounded linear operator (the forward model), Sy : Y —
[0, +00) a discrepancy functional associated with the data f and 8 > 0 a regularization
parameter, we consider the minimization problem
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ng(r} S(Ku) 4+ BR.(u), 6.1)

where R, = R(G,,) : X; — [0, +0o0] with G,, a regularization graph with root node 7.

Remark 6.1 (Forward operator with general domain X). Note that considering only
forward operators being defined on Xj;, where bounded sequences need to admit weak™ con-
vergent subsequences according to (HS), is not a restriction compared to considering general
operators K : X — Y with X a Banach space such that X; — X and R,, being extended by +oco
to X as in proposition 4.8, since one can always recover this setting by choosing K = K o Ix, x>
with Iy, x the continuous embedding of Xj to X.

In order to study convergence in the data space for general discrepancies Sy, we introduce
the following notion of convergence: we say the functionals (S ), converge to Sy if

S(v) < liminf S ()  wheneverv® —v inY,

. (6.2)
Sy(v) = limsup S (v) foreachv €Y.
k

Further, we say that (ka)k is equi-coercive if there exists a coercive function Sy : ¥ — [0, +00)
such that S« > So in Y for all k. Note that this always holds true if S (v) = $||v — f*|% and

f*— f in Y, but the more general assumptions allow us to capture, for instance, also the
situation when S is the Kullback—Leibler divergence [7, example 2.16].

Now, under weak assumptions, the previously established properties of R, allow to obtain
a standard well-posedness result for (6.1).

Theorem 6.2. Let R, = R(G,) with G, being a regularization graph with weights o and
root node n such that X is reflexive, 8 > 0, and let Y be a Banach space, K : X;; — Y be linear
and continuous and Sy: Y — [0, +o0] be a proper, convex, weakly lower semicontinuous and
coercive discrepancy functional. Then, the Tikhonov minimization problem (6.1) is well-posed,
i.e., there exists a solution and the solution mapping is stable in sense that, if S u converges to Sy
and (S p)x is equi-coercive, then for each sequence of minimizers ("), of (6.1) with discrepancy
S s,

(i) Either ka(Kuk) + BR,(UX) = +00 as k — oo and (6.1) with discrepancy St does not
admit a finite solution.

(ii) Or ka(Kuk) + BR,(u") — min,ex, Sp(Ku) + BR,(u) as k — oo and there exists, possi-
bly up to shifts by functions in ker(K) N L, with L the invariant subspace of R, a weak
accumulation point u € X;, of (u¥) that minimizes (6.1) with discrepancy S I

Further, in case (6.1) with discrepancy Sy admits a finite solution, for each subsequence
(uh); weakly converging to some u € X;, it holds that R,(u’) — R,(u) as i — co. Also, if Sy
is strictly convex and K is injective, finite solutions u of (6.1) are unique and u* — u in X;.

Proof. Existence follows by the application of the direct method of calculus of variations
in X;. More precisely, given a minimizing sequence (u*); for (6.1) we can apply lemma 4.2
with W =X = X;;, F = R,, © = Id and L being the finite dimensional invariant space of R,
provided by theorem 4.3, to obtain the existence of another minimizing sequence (it*); for
(6.1) that is bounded in Xj;. Note that the assumptions of lemma 4.2 are fulfilled since the
weak lower semicontinuity of R, (which is equivalent to weak™ lower semicontinuity of R, by
reflexivity of Xj;) and assumption (i) of lemma 4.2 hold as a consequence of theorem 4.3, and
the boundedness of (Ku’); follows from the coercivity of S¢. Therefore, thanks to the weak
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lower semicontinuity of R, and the boundedness of K we can apply the direct method to the
sequence (1) and conclude existence of minimizers for (6.1).

The claimed stability follows with standard arguments. For instance, it can be proven
adapting straightforwardly [7, theorem 2.14]. ([

Remark 6.3. Note that the results of theorem 6.2 can also be modified to hold without
assuming reflexivity of X; but assuming, for instance, that K is weak*-to-weak continuous.
Indeed, in this setting, lemma 4.2 applies the same way and existence follows from the
coercivity statement of lemma 4.2 using weak*-to-weak continuity of K and weak lower
semicontinuity of Sy. Likewise, also the claimed stability can be shown by straightforward
adaptions.

6.2. Convergence and stability for varying parameters

In this section we study the stability of solutions of (6.1) for varying parameters o and for
vanishing noise. To this aim, we first define a variant of regularization graphs for vanishing
weights.

Definition 6.4. For G, a regularization graph with underlying graph G = (V,E) and « €
[0, +00)F weights, define & = (&, )cck as &, = a, for a, > 0 and &, = 1 else. Further, forn €
V, set \i/,, = I{o} in case that n # 7 and oy, ,) = 0, and \i/,, = U, else. Then, we define Qa =
GawithG = (G, (\i/,,),,ev, (©)eck, (Peo)eck), that is, G, is the regularization graph G, with zero
weights being replaced by 1 and node functionals associated with tails of zero-weight edges
being replaced by Zy,. Finally, we set R, = R(G.), being the regularization graph functional

associated to G,,.

This definition is required to deal with lower semicontinuity with respect to weights (o).
converging to zero. An example of R, in case R,(u) = R(G,)(u) = min, cppqra) || Vit —
aow||m+ || Ew||m and ap = 0 is given as

Ryuw)= min ||[Vu—w|y st Ew=0.
weBD(Q,R4)

It is easy to see that for any regularization graph G,, and any choice of weights «, G is again a
regularization graph such that all previous results apply. Moreover, the following lemma holds.

Lemma6.5. Let G, be a regularization graph with root node it and weights o € |0, +00)E,
R. = R(G,) and R, = R(G,). Then for every u € X; we have that R,(u) < R, (u).

Proof. Arguing by induction we suppose that the claimed assertion holds for any regulariza-
tion graph of height less than 4 and we assume that the height of G,, is h. For h = 0, the result
holds since R, = R,,, so we assume & > 1. Using the recursive representation of R, and the
notation from lemma 3.2 it holds that

Ro(u) =1inf < WU | u — Z a ®w;s | + ZRi@(G@Wg) w; € dom(©;) foralle € E

eck: a;>0 eckE
(6.3)
where, for ¢ € E, R°, =R(G%,) and G°, = (G, 0f), with G° = (G*,(V,),cyer (O cpe-

(®e),cpe) and of = (0ve) 2, 18 a regularization graph of height at most 42 — 1 with associ-
ated graph G° = (V*, E°) that is a subtree of G = (V, E) with /¢ as root node. Similarly, using

33



Inverse Problems 38 (2022) 105006 K Bredies et al

lemma 3.2, we write R, (1) as

Ry =inf QWi fu— D aeewe — Y Pewe | + RS (©aw2)
éckra>0 écEia;=0 éckia=0
+ Y R(Oawy)| we € dom(©;) foralle € Ep, (6.4)
EeE:az,>0

where, for ée€E, RS, =R@G%) and G° =(G'a%), with G°= (G’ (L), .
(©c)pepes (Pe)pcpe) and (&),cpe according to definition 6.4, is a regularization graph of
height at most 4 — 1 with associated graphs G° = (V¢, E¢). Note that \ifﬁg = W.; for every
¢ € E such that «; > 0. Therefore, by the way the modified regularization graph Q;e
is obtained from gf;@ according to definition 6.4, it follows that, for e € E with ap > 0,
R:, = R°, with R®, = R(G°,).

Thus, choosing w; = 0 for every e € E such that a; = 0 in (6.4) and using the induction
hypothesis as well as (6.3), we estimate for every u € X as follows

Ro(u) <inf{ Uy | u— Z a®w; | + Z IAiié(Ggw@) w; € dom(©,),

26E2(1é>0 éeE:(yé>0
Vé e Esuchthatoy > 0 p < Ro(u).

O
We now prove a weak™ lower semicontinuity result for regularization graph functionals with
respect to the parameters.

Theorem 6.6. Let G, be a regularization graph with root node it and weights a € [0, +00)F,
R, = R(G.), and (o), be a sequence of weights in (0, +00)f such that (a*); — a.
Then, for every sequence (u¥); in X; such that u* = u € X; it holds that
Ro(u) < liminf R i (ulh). (6.5)
k—00 )

Moreover, for u € X; and

Yk := min {Ho/cf /. |F C Eis eitherempty or (6.6)
eclF
achainwithrootn € V. and a, >0 Vee€ F} , (6.7)

(!12

using again the conventions that for F = (), Hee(oﬁ =1, we have that v, < 1,7, — 1,

R c(viut) < Ro(u) forallk € N and klim R (i) = Ro(u). (6.8)
—00

Remark 6.7. Note that, in case each node functional W, is positively one homogeneous (such
that R « is positively one homogeneous according to proposition 2.6), the convergence of (6.8)
implies that limy_,oc R x(1) = R, (). Also, in case o, > 0 for each e € E, R, can be replaced
by R,
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Proof of theorem 6.6. We argue again by induction and, supposing that the claimed asser-
tions hold for any regularization graph of height less than £, assume that the height of G, is h.
Again, for h = 0, the result holds trivially, so we assume 2 > 1.

We first deal with lower semicontinuity of R, = R(G,), for which, up to taking a non-
relabeled subsequence, we assume that liminfy . R «(u¥) = limy_o R «(t*) < +00. Using
the recursive representation of R« and the notation from lemma 3.2, and the result of theorem
4.3 we can select a sequence W5, in Xée 7 dom(©;) such that

Ry = Wy | b = af®ewl | + > R :(Oaw), (6.9)
éck éck
with Rf(lk)é = R(g(im@) and g(?w being regularization graphs of height at most 7 — 1 with graph

structure G° = (V?, E®) and root node 7. Thanks to proposition 4.7 and the weights o being
positive, the invariant subspace L° of R¢ , , does not depend on k and for

(aky®
- k
C; ok = max { I |ae

ecF

F C E° is either empty or a chain with root ﬂé}, (6.10)

it follows that (C;, .« )i is bounded and that

= Prgoruetllx, < CoqkCoRS o) + Do Vu € Xz (6.11)

(aky

with C;, D; independent of k. Further, remember that each ©; satisfies
W = Prer@yw||x, < B@||®gw\|xﬁ2 Vw e dom(6;),

with B; > 0, thanks to assumption (H6). Now defining M¢ C dom(©;) and P¢ : dom(©;) —
M¢ as in (4.10) and (4.11), respectively, one sees that they also do not depend on k and,
estimating as in (4.12), we obtain

[lw — PE‘WHXé < B; GG,

e,o

ka 12 (©ew) + BzD;. (6.12)

(6%

Further, define K : W — X, with W:= X, . X; as

eeE
Kw =) ®:w; (6.13)
eck

and Pyw = (P°w;); for w € W. Note that for M = Xeei«: Mé, Py:W—Misa projection.
Choose Pyerxynm : M — ker(K) N M to be a projection onto ker(K) N M and let Pz: M — Z
be defined as Pz = Id — Pyerk)nm, Where Z = rg(Id — Pyerx)nar)- Note that Py is a projection
onto Z. Then, defining aipw = (apwe), . forw € W and o € [0, +00)E, we can observe that,
with a’é = (O‘]é()éeé"

W= wh — (Pyw* — (1/a)Pzali Pyw) (6.14)
also realizes the minimum in (6.9), since

wh— Wt = Pyw! — (1/ap)PzalPyw* = (1/0%)(1d — Pz)al Pyw
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with  (Id — Pz)a’lizPMw" €ker(K)NM, such that >, zal®(w — w5 = K(1d —
Pz)a’éPMw" =0 and O;(wf —Wwk), = (1/a%)O;:[(1d — Pz)aléPMWk]g = 0. By the estimate
(6.12) we obtain for some constants C, D, D > 0 that

| Wk — Pywh||w < C(max c@,ak)ZRf”k)é(@@wg) +D<D<+c0, (6.15)
¢cE )

ecE

where the constant D does not depend on k thanks to the boundedness of R« (u"), the recursive
formula (6.9), and the boundedness of (C; . )x-

Since K is injective and bounded (see remark 2.1) on the finite dimensional space Z, there
exists C > 0 independent from k such that ||z||w < C||Kz||x, forall z € Z. Thus we can estimate
by coercivity of U; and using on/éPMw" = a’é(fv" — (wk — Pywh)) that for generic constants

C,D (and D as in (6.15)) we have
|| Pz()(%PMWkHW g C HI(onééPMWkHx;l
< C ||Kakit|x, + C | oWt — ok Pyw! ||

< C [|[Kalih —ut|lx, + C ||u|lx, + Cmaxaf) [|w' — Pyw|lw
ecE
< OV — Kokith) + C ||uf||x, + C(max of)D
ecE
< CR (k) + D < +o0, (6.16)

where also used (6.15), the fact that (1), is uniformly bounded as it is weak* converging and
that w* realizes the minimum in (6.9).

Now for & € E with a; > 0 this together with (6.14) and (6.15) implies that (Vv’g)k is
bounded, hence admits a (non-relabeled) subsequence weak* converging to some w; € X;
by (H8). Moreover, using (6.9), (6.11) and (6.16), the boundedness of R, «(u*) and the finite
dimensionality of Z we have for & € E that

1@l < [@ewh — ©cPowklx, + @c(1/ab)(Pra P yel,,
= H@gW’é - Prg(@;)ﬂLé(a@WgHXﬁ@ + Heé(l/alg)(PzakPMWk)é||Xﬁ@
< C; ok CoR 1 (Oawh) + D + C|| (P2 Pyuw e x ,
< C < +o0,
where the constant C is independent of k and we use the definition of P? in (4.11). Hence, by
weak* sequential compactness of the X;; and weak*-closedness of ©; we obtain w; € dom(©;)
and, up to taking a further non-relabeled subsequence, W* —limy_; o OW, = OW,.

Further, for ¢ € E with a; = 0, we see from (6.14), (6.15) and (6.16) that (a’gfv’g)k is
bounded. Hence, up to taking a further subsequence, we can assume that

W' — lim ofih = W*— lim(Pzok Pyw"); = z; € M° (6.17)
k—00 k—00

by (6.15) since a’g — 0 as k = 4o00. Using lemma 3.2 we can write R.(u) as
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R”(u):inf Uil u— Z a; Pyws — Z Pows | + Z Rgg(@gWg)

ecEia;>0 ecEia;=0 ecE:a;=0

+ Z R%,(©swz)| w; € dom(©;) foralle € E 5,
écE:a;>0

where, for ¢¢cE, Rzé = R(Gg@) and G%e =(G%a%, with G® = (G% (T,),cye»
(©¢) s (Pe),cpe) and af = (Gte),cpe according to definition 6.4, is a regularization graph of
height at most 4 — 1 with graph structure G = (V¢, E°) and root node 7°. Note that for e € E
such that a; > 0 we have RS, = R, with R, = R(G?;) and G¢ ; being the modification of the
regularization graph Qié according to definition 6.4. Therefore, weak” lower semicontinuity
of U;, the induction hypothesis and (6.17), leading to ﬁfyé(Gng) = 0 for a; = 0, then yields

Ro(u) < U; | u— Z QoW — Z Doz | + Z f?ié(@gfvé)

éeE:a@>O éeE:a@:O éeE:(yé>0

< liminf Wy (o D ab@eih | + ) R (00f) = lim inf R (u).
¢ecE eck
Now take # € Xj; and observe that, since the convergencey, — 1 as k — 400 is immediate, the
second assertion of (6.8) follows directly from what we just showed, provided that R «(yxu) <
Ro(u) for every k € N holds. In order to show the latter, we first select w € W to attain the
minimum in the recursive representation of R, () according to lemma 3.2 (which is possible by
theorem 4.3), noting that we can choose w; = 0 fore € E with a; = 0, and that a’éwa — QpWe
foralle € E. In particular, R® , .(Ow;) = I?fyé(@@w@) = 0 foreé € E with a; = 0. Also, define

~; = min {Ha’é/ae

eclF

k)e

F C E%iseither empty or a chain with root #° and a, >0 VeeF } ,

«:>-

using again the convention HLGV)— = 1. Therefore, using the induction hypothesis together
with remark 2.1 and proposition 2. 6 we obtain

Rox(yew) < Wi | mett — Z a;®; ( kW‘> Tk Z Powe

Z’GE:U@>O eck: ;=0
Qg
+ Y R L)L< (7/( km))
eeEa >0
’Yk Qg
< wVa [u— Z a;®a(wz) — Z Powe | + 2F ok (ak)e(Wk@aWé)
Z’EEI(Y@>O éeE:a@:O éeE:a@>O

., R
E a®ew, — E Dowe | + g R’ (Ozwz) = Ro(u),

eckia;>0 écEia=0 eckia;>0

Wk

e

where we used that vy, < 1 as well as ’—"a—z < 1 since 3 < v,fa

g
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We are now ready to prove a result that will in particular imply stability for varying
parameter « and convergence for vanishing noise for (6.1).

Theorem 6.8. Ler R, = R(G,) with G, be a regularization graph with weight « and root
node n such that X; is reflexive, and let Y be a Banach space, K : X;; — Y be linear and con-
tinuous and Sy, S I Y — [0, +00] for k € N be proper, convex, lower semicontinuous and
coercive discrepancy functionals with S(v) = 0 if and only if v = f. Further, assume that S j
converges to Sy and that (S p ) is equi-coercive. Choosing 0y := S u(f) (such that 6x — 0 by
convergence of S p), let (aX) in (0, +00) and (B)x in (0, +00) be such that

D) Br — B, g—i — 0, anda’;—>ag, o > a, foralle € E.

e

In case 8 = 0, assume additionally that
(ii) There exists uy € X; with ﬁa(uo) < +o0 such that Kuy = f.

Then, for (u¥) a sequence of minimizers of (6.1) with parameters (8i) and (o), up to
shifts in ker(K) N L, with L being the invariant subspace of R« (which does not depend on k),
(), has a subsequence weakly converging in X;. Further, any limit it of a subsequence (u*);
converging weakly in X solves

QQSAM0+5RJW (6.18)

in case 8 > 0 and

m@w)mm:f (6.19)

UEX;

in case 3 = 0. Also, in both cases, lim; R (ki) = Ry(&).

Proof. Given the properties we have obtained for R, and the assumptions on Sy, Sy, the
proof is now rather direct and we only provide a sketch for the sake of completeness.

At first note that, in case 5 = 0, existence of a solution # to (6.19) follows using theorem 6.2
with Sy = 7, and assumption (ii) ensures a finite minimum. Further, since o/e‘ > «, for all
e € E, which yields vy, = 1 for 7, according to (6.6), theorem 6.6 implies that R« (it) — R.(it)
and we get

ka(Kuk) + BiR k(") < 0p + BiR k(@) — 0 as k — oo (6.20)
using assumption (ii). Consequently, using hypothesis (i), it also holds that
R« () < 04/ B + Ri(it) = R, () as n — oo. (6.21)

This implies in particular boundedness of S s (Ku*) and R, (u").
Incase 8 > 0, we can select i to be a solution to (6.18) and by theorem 6.6 and convergence
of Sy to Sy estimate according to

S p(Kub) + BiR (1) < S w(Kit) + BiR (i) = Sp(Kit) + BRa(it) as k — oo. (6.22)

In particular, also in this case, both ka(Ku") and Rak(u") are bounded. Choosing Z as a
complement of ker(K) N L in L, such that the projection Pz : L — Z satisfies rg(Id — Pz) =
ker(K) N L, and it* :== u* — P uf + PP u*, we observe that it* — u* € ker(K) N L and, using
equi-coercivity of (S« ), and proposition 4.7, we can obtain, as in the proof of lemma 4.2, that
(i*); is bounded and hence admits a subsequence weakly converging in X;.
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Now take u € X; to be the limit of a subsequence (1%); of (u*);, weakly converging in
Xi. In case 8 =0, using weak lower semicontinuity, convergence of Su to Sy, and that
Sr(v) =0 only if v = f, it follows from (6.20) and (6.21) that Ku = f and f?a(u) < IAQQ(L?) as
claimed in (6.19), and consequently, also that lim; R «, (ki) = I%(u). Incase 8 > 0, again using
weak lower semicontinuity and convergence of ka to Sy, it follows from (6.22) and I%(u) <
lim inf; R 4, (u") that u solves (6.18), and that Ey, :== S i (Ku"i) + Bi,R i (uk1) — Eo := S (Ku) +
BR.(u). If lim sup; R i, (u") > R, (u), then the estimate

S(Ku) < lim inf (Ex, — BuR k(")) = Eg — limsup R , (u") < Sy(Ku)

yields a contradiction, hence also lim; R x; (ki) = I%(u) and the proof is complete. U
Remark 6.9. Theorem 6.8 is valid for several particular cases which are worth mentioning:

e If @ > 0 component-wise, then the above results hold for ﬁa =R,.

e If we fix of = o and have 3 = 0, this is a classical convergence-for-vanishing-noise result
for a fixed regularization functional.

e Regarding both 3 and « as regularization parameters, this is a rather general convergence
result for multi-parameter regularization and we refer to [6, 34, 41] for related work.

o If we fix f* = £, this is a stability result for varying the parameters c, (3, which is in
particular relevant in the context of bilevel optimization, see section 7 below.

e Note that a’; > «a, was only used in combination with theorem 6.6 to ensure that
limyyoo R k(1) = ﬁa(u). In case R, is positively one-homogeneous, following remark
6.7, this assumption can be dropped. Also, in case fX = f and 3 > 0, the assumption
can be dropped in case Sy is continuous in the sense that limy_,; S¢(Av) = S;(v) for all
v € dom(Sy).

e Again, as described in remark 6.3, the result can be modified to hold without assuming
reflexivity of Xj.

7. Bilevel optimization

The goal of this section is to show well-posedness of a bilevel optimization problem for learning
the weights « in a regularization graph. In order to allow for an arbitrary removal of different
subtrees of the graph via setting o, = 0, we will need to include an additional penalty on the
edge variables (w,).cg. To formulate this, we use the notation

Ra(u’ (We)eeE) = Z\Ijn <e(n,n)w(n,n) - Z a(n,m)q)(n,m)w(n,m)>

nev (n,m)€E

where again w;- 5 = u and O, ;) = Id. Also, we need an assumption based on the invari-
ant subspaces of regularization graph functionals. To formulate this, first recall the recursive
representation of a regularization graph functional R, = R(G,) from lemma 3.2 as

Ro(u) =inf $ Wy (= ae®ewe | + Y R..(Oawe)| we € dom(©;) foralle € E
eck eck

(7.1

Based on this, for ¢ € E, we henceforth denote M¢ := @;l(Le), where @;l is the inverse
of O, : ker (©,) — rg(©,) (recall that ker(0,)* : = rg(Id — Pyexo,)) N dom(O,) with Piexo,)
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according to assumption (H6)) and L° is the invariant subspace of the regularization graph
functional RS, = R(G¢.) with G¢. the regularization graph corresponding to the subtree of G
starting at edge e € E with functionals, spaces, operators and weights inherited from G,,. Note
that M¢ is finite dimensional by finite dimensionality of L° and of ker(®,) for every e € E.
Finally, we denote the projection P° : dom(©,) — M* as

Pew = @e_lPrg(@e)mLe @eW + Pier(Qe)W’ (72)

where Py ¢ ) is a projection onto ker(6,), noting that P* is indeed a projection.
Using these notations, we now provide a lower semicontinuity result that includes vanishing
weights as follows.

Lemma 71. Let G, be a regularization graph with root node i and weights a. € [0, +00)F,
R, = R(G.) and () be a sequence of weights in (0, +00)E such that (o), — o

Then, with (uX), weak* converging to some u € X; and ((w’e‘)eeg)k a sequence realizing the
minimum in (2.2) with u* for u and o* for o such that (P°w*), and (R x(u¥, (WX)e)))x are
bounded, (WX)ocp)r is bounded and admits a subsequence converging weak* to some (W, )eck
such that

Ra(1t, (we)e) < liminf R (u', (w)ei)- (7.3)

Note that, in addition to explicitly including the variables (w,)., this lower semicontinuity
result differs from the one of theorem 6.6 in the fact that in the limit, only the weights change
(possibly to zero), but not the original regularization graph. This can be achieved thanks to the
boundedness assumption on the sequences (P*wX); that does not always hold true as clarified
in the following remark.

Remark 7.2. Consider the regularization graph functional for TGV? (see section 2.1)
according to

Ry = _inf  Zyoy(u' = wi) + Loy (Vwi = wz = aws)+ [[wa et [Ewsllae, (7:4)
w1 ,
W e M(QLRY),
w3€BD(Q,R?)

where of -0 and uf =u for every k with Vu € ker(£)\{0}. Then, the sequence
wWh, wh, whe = (u, 0, Vu/ o) realizes the minimum in (7.4) with R« (u*) =0 for every
k. However, for edge 3, we have M* = ker(£) and it holds that [|Pys(Vu/a)| v ey =

(@)~ Vul| L @Rdy — T00, showing that in this case, the assumptions of lemma 7.1 do not
hold.

Proof of lemma 7.1. Again we proceed by induction, assuming the result holds true for all
regularization graphs of height less than 4 and assume that the height of G, is 4. The case 4 = 0
is again immediate and we assume i > 1. Writing

R, 0h)e) = Wy [ = "k ®owf | + D R o (Oawh, (W),cpe)
ecE eck

eck

with E C E the set all edges connected to the root node 7, R i = R(gf”k)@), and (Qfak)é) reg-
ularization graphs of height less than 4 (see lemma 3.2) and with root node 71° we observe,
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estimating as in (6.12) and using boundedness of the (o/g)k, for generic constants C, D, C>0
independent of &, that

I we — Piwg

X, < CR 1 :(©awf) + D < C < +0o0,
hence boundedness of (Pw¥), for every e € E implies that (w¥), is bounded for ¢ € E. Further,
again using the coercivity estimates for R:’ak)@, the definition of P¢, the estimate in (6.11) and
the continuity of ©;P¢ we obtain

|©awh

|X;,2 < H@@Wé — @@Péwlg

|Xﬁg + ||92P@W§||Xﬁg

< CR(:(Oawp) + D + [|[©:P wlx , < C < +ox,
where again C, D, C > 0 denote generic constants independent of k. Hence, by weak* com-
pactness and weak® closedness of the ©; we obtain that wlgi\w@ € dom(©;) as well as
Oawh 2.0;w;. The induction hypothesis together with the weak* lower semicontinuity of ¥
and the weak*-to-weak™ continuity of ®; implies then the result. ([

Consider now a regularization graph G, with root node n and let R, = R(G,) : X;; —
[0, +00] be the associated regularization functional. Let Z be a Banach space such that Z — Xj;
and let H,, H, be two functionals that penalize the weights v and auxiliary variables (w,).cg,
respectively. We consider the bilevel optimization problem

inf | e — itz + Hi() + Hy(W?) k)
ae[0,00)E,3€(0,400)

o 5€X5 08 e (7.5)
S't' (u(l,{))a (Wgﬂ)eeE) e argmln Sf(Ku) + /BR(M(u5 (WK)KEE)a

uEX;,(We)eck
where it is some ground truth datum and f ~ Kit a corrupted measurement.

Remark 7.3. Note that this single-datum bilevel setting is a generic model problem for learn-
ing parameters from a larger training set (i, f,). Indeed, the single-datum bilevel setting can
be extended to a larger training set by simply vectorizing all involved quantities, for instance.

‘We now provide an existence result for the bilevel problem, where we use the convention that
for § = +o00, we have SR, (u, (w.).) = 0 if R,(u, (w.).) = 0 and SR, (u, (w,).) = +o0 else,
and for which a concrete example and its assumptions are discussed after its proof below.

In this existence result, regarding the existence of an optimal parameter /3, it is important
to note that in (7.5), the parameter S is taken in the open interval (0, +-00). This is necessary
as otherwise, existence of a solution to the lower level problem cannot be guaranteed. The
following theorem takes this into account by allowing the optimal parameter also to attain the
value 0, in which case it states that existence to the lower level problem with 3 = 0 also holds,
see remark 7.5 for details.

Theorem 7.4. Let Z be a Banach space, G, be a regularization graph with root node n
and assume that X;, is reflexive with Z — X;. Further, let K : X; — Y with Y a Banach space
be linear and continuous, Sy: Y — [0, +00] be a proper, convex, lower semicontinuous and
coercive and H : [0, +00)f — [0, +00], Ha : XecpX. — [0, +00] be proper and strongly and
weak™ lower semicontinuous functionals, respectively, such that H»(0) = 0.
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Let it € Z be a given ground truth variable such that Sy is the discrepancy with respect to
a noisy version f € Y of Kit. Defining & € [0, +00)E by &, = inf{a, |« € dom(H))}, further
assume that

(i) dom(Ry) is dense in Xj,

(i) Sy is continuous and dom(Sy) open,
(iii) dom(Sy o K) N Ls # 0, where L; is the invariant subspace of R as in remark 4.4,
(iv) ||of] < CH () + D for C,D > 0,

W) Y ecellPwe|| < CHy((we)e) + D for C,D > 0 and with P as in (7.2).

Then, there exist &v € [0, +00)E, [3 € [0, 4-o00], Usj and (wf*g)eeg such that (ug j, (wf*g)eeE)

solves the lower level problem in (7.5) with parameters (&, B) and such that

u, 5 — itl|z + Hi (@) + Ha(Wi7),) = inf e — itl|z + Hi () + Ha((ws),)
y a€l0.00%, Be(0,00),

g p€X, &%),

s.t. (Uo, B, (wg’B)g) € argmin S;(Ku) + SR (u, (We)e).

ueXy, Wee

(7.6)

Proof. In case the infimum in the bilevel problem (7.5) is infinite, any parameter combina-
tion together with a corresponding solution of the lower level problem will be a solution, hence
we assume from now on that the infinum in (7.5) is finite. Take (o, 5¢)x to be a minimizing
sequence in [0, +00)" x (0, 400) for (7.5) with () = (une g )k and (Wh)ex = ((w?k’ﬁ")e)k
corresponding sequences of solutions to the lower level problem. Then, obviously () is
bounded in Z and by || - ||x, < C|| - ||z we obtain a (non-relabeled) subsequence weakly con-
verging to some u in Xj. By the coercivity of H; (hypothesis (iv)) we can also assume that, up
to a subsequence, o — & € dom(H;). By possibly considering another (non-relabeled) sub-
sequence, we can further achieve that, for each e € E, either a’; > ( for all k or a’; = 0 for all
k. Noting that in the latter case we can remove the subgraphs of G = (V, E) after e € E with
ok = 0 for all k without changing the value of R,, or any of the R x, we can further assume that
a* > 0forallkande € E.

At first assume that there exists a subsequence of (5;), converging to zero. Then, moving to
this subsequence, we obtain for any z € dom(R;) C dom(R;) (where dom(R;) C dom(Ry)
follows from lemma 3.3 and the definition of &) and z € dom(S; o K) that

Sy(Ku) < liminf § HKu*) + BiR i (ub) < lim inf § (1K) + BiR i (112)

< limkinf Sr(Kz) + BrRa(z) = S(Kz),

where we have used that R _«(2) < Ra(z) < Ra(z) for v according to (6.6) by theorem 6.6
and lemma 6.5, and that Sy is continuous on dom(Sy) with dom(Sy) open (hypothesis (ii)).
Density of dom(Rz) and continuity of S, then implies that (i, (0).cf) is a solution to the lower
level problem in (7.6) for 3 = 0. Lower semicontinuity of || - ||z and H, and the fact that
0 = Hy((0)ecr) < liminfy Ho((W¥),) then yields the claimed optimality of (&, 3) with 3 = 0.
Assume now that () is unbounded such that, again by using a non-relabeled subse-
quence, we can assume that 3, — +o00. Optimality and the estimate (6.8) then give for any
z € dom(Sy o K) with Ra(z) = O (such a z exists by hypothesis (iii) since Ly C La, with L
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and L, being the invariant subspaces of R; and R, respectively) that
SA(Kub) + BiR (b, (Wh),) < Sp(yiKz) — Sp(Kz) < +o0.

This implies in particular that (R «(u*, (w%).)); is bounded such that, using that (P‘w%), is
bounded for each e € E due to coercivity of H, as in assumption v), by lemma 7.1, the sequence
((w';)g)k admits a subsequence weak* converging to some (w,).. Weak® lower semicontinuity
then yields

Ra(u, (we)e) < liminf R (', (W))e) = 0.

Also, from weak lower semicontinuity of Sy o K, we obtain that S (Ku) < S;(Kz) and, conse-
quently, that (u, (w,).) solves the lower level problem in (7.6) for (&, B) with B = 4o0. Lower
semicontinuity of || - ||z and H;, and weak* lower semicontinuity of H, finally implies that
(&, B) is optimal as claimed.

At last assume that, again up to a non-relabeled subsequence, 5, — B € (0, +00). Then,
we get forany z € dom(R) N dom(Sy o K) (which again exists by hypothesis (iii) since L5 C
dom(R;) C dom(Ry)) that

lim inf S (Ku") + BeR (1, (w,)e) < Tim inf S7(K2) + SRk (162) < Sp(Kz) + BR:(2),

such that again, (R, «(u*, (W¥).))r and (P°w); are bounded and by lemma 7.1, we can assume
that (WX),), admits a subsequence weak* converging to some (w.),. Lower semicontinuity then
yields

Sy(Ku) + BRa(u, (we)e) < Sp(Kz) + BRa(2),

which shows that (u, (w,).) solves the lower level problem in (7.6). Finally, again lower semi-
continuity of || - ||z, H; and weak® lower semicontinuity of H, imply optimality of (&, /3) as
claimed. 0

Before discussing the assumptions and results of theorem 7.4 in detail, we provide an
example.
TGV?-shearlet infimal convolution. With the notation of section 2.1 we can define a regu-
larization graph G, to be the one in section 2.1 such that R, = R(G,,) : L*(2) — [0, +o00] with
2 C R? a bounded Lipschitz domain is given as

R,(w)= inf ||V(u— apraws) — arwi||m + [[Ewi]|m + ||SHW2 1,
w1 €BD(S),

wreL?(R?)

where o € [0, +00)? is chosen accordingly. Then, for K : L>(€2) — Y linear and continuous
and some Banach space Y, we can consider the bilevel problem

B
LX(Q)

S (0"};1{ s — @tl| Ly ) + Zio.a (HP ker @)Wy

(ag.ap)E0.c]? (7.7)

B ap !
s.t. (ta,p, W), wy") € argmin — ||[Ku — FII3 + BR,(u, wi, w),
uw Wy

where ¢,d >0 and Pyere) : BD(2) = ker(€) is a projection to the finite dimensional
space ker(€) = {x +— Ax +b|A € R¥?2 b € R?,AT = —A}. Then, with ¢y and e; being
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the edges such that a,, = ap and a,, =y, respectively, Hi(a) = Lo (g, ;) +
I{a | =1 for egé{eo,el}}(a) and Hy(wi,wp) = I[O,dJ(HPker(S)Wl ||L2(Q))s we have with @, =
inf{c, |« € dom(H,)} that Rz = TV. Hence, dom(R;) D CX(2) is dense in X; = L*(£2)
and all assumptions of theorem 7.4 hold.

Consequently there exist parameters (&, B) which are optimal for (7.7) as stated in theorem
7.4. Denoting by A the infimal convolution operator, we observe for the corresponding
parameters ¢y, ¢ that:

o If g = 0,é > 0, then Ry = TGV(, | s,

o If o =& =0,then Ry = TV.

e Ifay =0,80 >0, then Ry =TV A (|| - ||1 o SH).

o If &y > 0,9 >0, then Rs = TGVF 5y A (| - [l 0 SH).

Thus, the model is able to learn different functionals by modifying the graph accordingly.
This extends directly, e.g., to learning the order of TGV or the infimal convolution of TGV
with other regularization functionals. The term Zjo 4 (HPker(g)w‘f’g I Lz(Q)) puts a constraint on

the norm of the projection of the auxiliary variable w‘f’B to ker(&). Avoiding such a term is
also possible, but would lead to different limit functionals in case of vanishing a: without a
bound on the elements of ker(&), the limit graph in case &y = &; = 0 would in this example
for instance be

Ra(u) = Weinf [Vu —w||m

ker(€) ‘
instead of R;(u) = || Vul|| pm. Hence, in case of using the infimal convolution of functionals with
non-trivial invariant subspace, the limit functional still allows to subtract an arbitrary element
of this subspace.

Remark 7.5. We now discuss necessity of the additional density and continuity assumptions
of the theorem and the obtained result in more detail.

o If B = 0, the theorem states that u,, 3 is a solution to

n&n S¢(Ku),

and in particular that a best approximation of the noisy data exists. Note that this is not
true in general. In a classical Hilbert space setting with S;(v) = |ju — f||3 for instance,
existence of a best approximation for every f € Y is in fact equivalent to K having closed
range [24].

° IfB = +o00, we see that U solves

m%{n Sy(Ku) subjecttoRs(u) = 0.
UEXy

Here, it can be shown as in theorem 6.2 that solution always exists and we could have
alternatively used 5 € (0, +oc] in the bilevel problem (7.5).

e Density of dom(Rj;) is only required in case 3 =0 to ensure optimality over the entire
space instead of dom(R;). In particular, this assumption can be dropped by bounding the
admissible § away from zero.

e The assumption S being continuous and dom(Ss) open is always fulfilled if, for instance,
S¢(u) = |lu— fI|%. It can be replaced by the weaker assumption that S;(v*Kz) — S;(Kz)
for all z € dom(S; o K) and +* € (0, 1] converging to 1 by either bounding /3 away from
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zero or reducing the optimality of u, 5 in case B = 0 to optimality with respect to all
functions in dom(R) instead of the entire space.

e The assumption dom(Sy o K) N Ls # 0 is always true if, for instance, 0 € dom(Sy). It can
be weakened to dom(S; o K) N dom(Rz) # () if the set of admissible 3 is bounded above.

e Typical examples for H, fulfilling the assumption of theorem 7.4 would be H; that con-
strains a, € [0, c] for all e € Ej or penalizes ZeeEo\ag\, with some Eq, C E, and fixes
a, = 1 for all remaining e € E\Eo. Here, a penalization of >, |c| is expected to pro-
mote sparsity of a and hence, a reduced complexity of the optimal regularization graph.
The purpose of the constraints a,, = 1 for e € E\E) is to avoid overparametrization, i.e.,
the usage of unnecessary parameters. This happens, for instance, in case of splitting nodes,
ie., if ¥, =7y for some n. Further, the constraint a, = 1 for e € E\E, can be used
to avoid Rz = Zypy, which is the case if all weights are set to zero and ¥; = Zyg) (see
definition 2.3).

e The coercivity of H; is only required on the finite dimensional spaces M, for all e € E,
and is used to allow for the bilevel framework to cut edges of the graph by setting weights
to zero. Without this assumption, a similar existence result with R, being replaced by R,
can be obtained.

8. Conclusions and outlook

In this work, we have introduced regularization graphs as a flexible framework for designing
regularization functionals for the variational regularization of inverse problems. The proposed
framework thoroughly covers existing regularization approaches and allows to define new ones
in a simple and constructive way, essentially by drawing corresponding regularization graphs.
‘We have provided a comprehensive analysis of the class of functionals derived from regulariza-
tion graphs, which in particular includes well-posedness and convergence results for applying
this class of functionals in a general inverse problems setting. Furthermore, we have devel-
oped and analyzed a bilevel optimization approach that allows to learn an optimal structure and
complexity of a regularization graph, and hence of the corresponding regularization functional,
from training data. An example for the latter is given as follows.

Remark 8.1 (Application example). Consider an inverse problem defined via an opera-
tor K : L*([0, 1]%) — Y, together with training data (%, f¥)¥_ such that Ki* ~ f* and discrep-
ancy functionals (S fk)kM:l. Our bilevel framework can now be used to learn a regularization
graph from a set of possible choices that is optimal for the given training data. To this aim, let
G, for instance be a regularization graph comprising the TGV functional of order N € N (see
[8]) and sparsity priors with respect to L € N different frames (corresponding, e.g., to wavelet
or shearlet bases), such that R, = R(G,) is given for u € L*([0,17%) as

L L
R(y(u) = il’l{ Vi u-—- Z Q1 M0,112WLl | — Q2w + Z || (<Wl,l, ¢£>L2)i€NHl
L=y =1 M =1
(Wz,z)fv:]l

N—2
+ (Z [ Eway — a2,1+1W2,1+1||M> + [[Ewan-1lm,

=1

with (V))ie, [ = 1,. .., L, the different frames (see section 2.1 and [6] for details) and o
LX(R?) — L2([0, 1]?) a restriction operator. Here, the weights o = ((avy )k, (aa)Y,") define
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the structure of the graph. Learning an optimal graph together with an optimal regularization
parameter /3 thus corresponds to solving a bilevel problem of the form

a€[0,00E, Be(0,00),

@ e 8k

M
inf (Z g5 — |2 + H2<<w3’5>’;eE>> + [,
k=1

st(uf g W Veep) € argmin Sp(Ku) 4 BRa(u, (We)eck),
ueL2([0,112), (we)eck

where here, H, is as in theorem 7.4 and the ¢' norm is used as penalty for the weights v, with
the aim of enforcing sparsity and thus a reduced complexity of the optimal graph.

The theoretical results of this work now guarantee well-posedness of the bilevel problem,
as well as the fact that the learned regularization graph corresponding to an optimal choice of
weights a defines a regularization functional for which stability and convergence results hold.

Future goals of our work are to develop an equally flexible numerical framework for the
application of regularization graphs to general inverse problems, as well as the numerical
realization of the proposed bilevel approach.
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Appendix A

Here we provide a list extending the examples of section 2.1, that outlines the representation of
different, existing regularization functionals as regularization graphs. Note that, as discussed
in section 3, also a finite combination of any of those functionals via summation or infimal
convolution can again be represented as regularization graph.

TV — L7 infimal convolution [14, 15].

LP(9) 9 M(Q,R?) - M(Q,RY)
Ro@= il o Tyl Lo PH—Loen P
a() w1 EBV(Q), wa e M(Q,R?), {0}( )
wa €L (L,RD) g Id

+ Zioy (Vwr — wa — aws) + [lwz||m + [lws]| e
- L(Q,rY)

= inf  ||[Vu—aw|m+ ||lwl|e
werioze)

with 1 < p <d and ¢ € (1,00). of
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Infimal convolution of spatio-temporal TV [33, 48].

LP(Q) - M(Q, R

L4 (@)
Rolw) = - Iof e Tor (= wn = awn) + [V [aes, + [Viallavs, 1

= inf Vu — aVw / \% 3
weglv(mH u—aVuwllm,p, + [[Vwllas, Mm 20

where 1 < p<d and || - ||mp = || - || 5, are anisotropic norms.
Sum of convex functions of TV and TV? [42].

LP(2) C) XM

(V,v?)
Ra(u) = inf = Tioy(u—w)+¥p,((Ver, Viw)) @*4"

=[Vuls +[V?ullg

where 1< p < d' Wpg(n.z2) = | £G@Dllw + [lgG)llae with [FO)at. 8C)llue appropriate
convex functions of measures generalizing || - ||os such that coercivity and weak* lower
semicontinuity holds.

General second-order model [12, 19].

LP(2) M(2,RY) - M(Q,RY)
d
R m Tg—w w{}
w1 EBV(), wa€M(Q,R?), Id
w3 EBV(Q,R?)
+I{0}(Vw1 —wz — aws) + [lwallam + [[AVws [ m . M, B

= 1V~ wllaa + ~ [ AVw] o —
wEBV JR4)

ald

where 1 < p < d’, m € N and the linear operator A : R¥*¢ — R™ is defined pointwise on Vw
such that suitable lower semicontinuity and coercivity assumptions hold.
Infimal convolution of tight frames [35].

22(Q) * 02

(bl
Ro(w)=  inf  Tyop(u—wi — aws) + [ w1 + | D3¢ [ o |
a(u) url,lulGL?(Q) {O}( w1 2) ” 1LU1H1 H 2w2”1
s * 1 *
= ,_inf [@Tw:][1 + EH'I’27U2H1
aId
where @] are associated with tight frames such as curvelets or Gabor frames [35] and || - ||; is

the extension to +oc of the #'-norm to ¢2.
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TV, regularization [13].

LP(Q) . M(2,RY) T M(Q, RY)
om0
Ru(u) = inf Zioy(u —w
Ut( ) w1 €BV(Q), {0}( 1) I 1d
11)2,11}36M(Q,Rd)
+ Zioy (Vwr — wa — aws) + [[wal s + Ly <y (ws) - M@ R

= inf Vu — s.t. <~ L a
11)6/\1112§Z‘R‘1) [Vu — awl| pm s lw| <~

ald

where |w| € MT(Q) is the variation of the measure w € M(2, RY), v € MT(Q) is a given
positive measure and |w| < -y means that y — |w| is a positive measure.

For the sake of completeness, we also provide the proof of the equivalence of a coercivity-
and and closed-range assertion for the operators considered in this paper.

Lemma A.1. Ler © :dom(©) C X, — X,, be a linear operator between Banach spaces X,
and X,, that both admit a predual space and such that bounded sequences in X, admit weak*
convergent subsequences. Further, assume that © is weak™ closed and has finite dimensional
kernel. Then, there exists C > 0 and Pyero) : X. — ker(0) a linear, continuous projection such
that

W = Prereywllx, < C[|Ow[x,
Sfor allw € dom(0©) if and only if © has closed range.

Proof. Assuming that the coercivity assertion holds, the closedness of rg(©) can be proven
directly using the weak” closedness of ©. On other hand, if rg(©) is closed, then from [11,
remark 2.18] we deduce that there exists C > 0 such that

inf |jw—z|lx, < C||Owl|x, Yw e dom(O). (A1)
z€ker(©)

In particular, due to finite dimensionality of ker(®), we deduce the existence of a map G :
dom(©) — ker(©) such that

|w— Gw)|lx, < C||Owlx, Ywe dom(O). (A.2)

Defining now

{||@w||xm w € dom(O),
R(w) =

+00 otherwise,

(A3)

and arbitrarily extending G outside dom(0) to a function G : X, — ker(©) we obtain that
|w — Gw)|lx, < CR(W) Yw € X,. (A.4)

Finally, applying lemma 4.1 with D = 0 (which yields D = 0) and K = X,, we obtain the
existence of a bounded, linear projection Py o) and a constant C > 0 such that the claimed
coercivity holds. (]
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