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Feasible Wrench Set Computation for Legged Robots
Ander Vallinas Prieto , Arvid Q. L. Keemink , Edwin H. F. van Asseldonk , and Herman van der Kooij

Abstract—During locomotion, legged robots interact with
the ground by sequentially establishing and breaking contact.
The interaction wrenches that arise from contact are used to steer
the robot’s Center of Mass (CoM) and reject perturbations that
make the system deviate from the desired trajectory and often make
them fall. The feasibility of a given control target (desired CoM
wrench or acceleration) is conditioned by the contact point distribu-
tion, ground friction, and actuation limits. In this work, we develop
a method to compute the set of feasible wrenches that a legged
robot can exert on its CoM through contact. The presented method
can be used with any amount of non-co-planar contacts and takes
into account actuation limits and limitations based on an inelastic
contact model with Coulomb friction. This is exemplified with a
planar biped model standing with the feet at different heights.
Exploiting assumptions from the contact model, we explain how to
compute the set of wrenches that are feasible on the CoM when the
contacts remain in position as well as the ones that are feasible when
some of the contacts are broken. Therefore, this method can be used
to assess whether a switch in contact configuration is feasible while
achieving a given control task. Furthermore, the method can be
used to identify the directions in which the system is not actuated
(i.e. a wrench cannot be exerted in those directions). We show how
having a joint be actuated or passive can change the non-actuated
wrench directions of a robot at a given pose using a spatial model
of a lower-extremity exoskeleton. Therefore, this method is also a
useful tool for the design phase of the system. This work presents a
useful tool for the control and design of legged systems that extends
on the current state of the art.

Index Terms—Legged robots, multi-contact whole-body motion
planning and control, methods and tools for robot system design.

I. INTRODUCTION

PREVENTING dynamic instability during the locomotion
of legged robots is of utmost importance. Dynamic insta-

bility can cause loss of balance and make the robot fall. Several
works have developed stable walking trajectory generators using
the concepts of Zero-Moment Point (ZMP) [1], extrapolated
Center of Mass [2] and its extensions (Instantaneous Capture
Point [3] and Divergent Component of Motion [4]).

In [5] the Contact Wrench Cone (CWC) [6], a generalization
of the ZMP criterion to multi-contact on uneven terrain, is used
in order to improve the robustness of walking trajectories in

Manuscript received 20 January 2022; accepted 4 June 2022. Date of pub-
lication 20 June 2022; date of current version 29 June 2022. This letter was
recommended for publication by Associate Editor A. Escande and Editor A.
Kheddar upon evaluation of the reviewers’ comments. This work was supported
in part by Wearable Robotics Research Program under Grant P16-05, and in part
by the Dutch Research Council (NWO). (Corresponding author: Ander Vallinas
Prieto.)

The authors are with the Department of Biomechanical Engineering, Univer-
sity of Twente, 7522 NB Enschede, The Netherlands (e-mail: a.vallinasprieto@
utwente.nl; a.q.l.keemink@utwente.nl; e.h.f.vanasseldonk@utwente.nl; h.vand-
erkooij@utwente.nl).

Digital Object Identifier 10.1109/LRA.2022.3184806

humanoids. They improve the robustness of locomotion by gen-
erating trajectories that maximize the magnitude of perturbations
that can be rejected. In [7] a more efficient computation of
the CWC is developed by considering the wrench generated
by each contact surface and making an efficient use of the
double description method [8]. They use the CWC to find the
time-optimal path parametrization of a desired Center of Mass
(CoM) trajectory such that stable contact is achieved along the
trajectory.

In [9] a couple of algorithms to compute 3D operational
space regions in which the CoM of a system can be located
while attaining stable contact for any arbitrary multicontact
configuration are presented. Furthermore, the computed stability
regions are robust in the sense that a provided set of CoM
acceleration perturbations should be rejected without the need
to change contact configuration. In [10], the 3D robust stability
region of [9] is approximated by its Chebyshev radius to use it
in online feedback control. Through a quadratic progam (QP),
they determine a robust CoM location target and contact wrench
distribution given some desired interaction forces, which include
contact sliding without destabilizing the system. The CoM and
wrench distribution task are provided as input to a QP whole
body controller (WBC). The WBC may fail to perfectly fulfill
these tasks at a certain instant but stability is attained in closed
loop. Nevertheless, the stability computations shown in [10] are
‘blind’ to other motion tasks, so in [11] the same authors speed
up the computations of the 3D stability region [9] to provide it
as a constraint to the WBC instead.

It is worth noting that none of the cited works considers
whether the computed trajectory or prescribed task is feasible
by the actuators of the system. In [10] and [11], the WBC finds
an actuator command that conforms to the limits but the tasks
do not take these limits into account explicitly. Concerning
optimized trajectories, [7] and [5] assume that the actuators
are powerful enough to perform the computed trajectories so
actuation constraints are not included in their optimizations.

We are interested in the feasible wrenches and stability regions
for lower body exoskeletons. These devices are supposed to
move high payloads while being designed to be lightweight
and less material budget is spent on actuators in comparison
to humanoid robots. Actuation limits may significantly reduce
the feasible wrenches and render some motion infeasible. Fur-
thermore, feasible wrenches are dependent on the current con-
figuration. Therefore, we are interested in the explicit effect of
actuation (and lack of it) on the feasible centroidal wrench.

There are some notable publications that explore how the ac-
tuation limits influence the feasible wrench or CoM manipulabil-
ity: [12]–[14]. Both [12] and [13] introduce different approaches
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to compute the set of feasible centroidal wrenches/accelerations
that comply with contact and actuation constraints and [14]
computes an actuation-aware 2D stability region for the CoM in
multi-contact scenarios.

The Feasible CoM Dynamic Manipulability is introduced
in [12]. This is an ellipsoidal approximation of the set of CoM
accelerations that a system can achieve through contact. Their
work focuses only on the translation components of the CoM
dynamics and takes into account static friction, actuation, and
ZMP limits for a single foot on flat ground. The latter restricts
the use of their analysis to such scenarios.

In [13] the Actuation Wrench Polytope1 (AWP) is introduced.
The intersection of the AWP with the CWC yields a new polytope
named the Feasible Wrench Polytope (FWP). This polytope is
claimed to contain all wrenches that a legged robot can exert on
its CoM through contact, and thus, complies with actuation lim-
its and a given contact model. This approach is more complete
than the one presented in [12], because, by using the CWC, the
whole body angular dynamics described at the CoM are also
taken into account and the algorithm can be applied to any kind
of terrain or multi-contact configuration.

Nevertheless, to reduce computation time, the method
from [13] decouples the dynamics of the floating base2 and
each branch of the legged system. Furthermore, it takes the
actuator torques and generalized accelerations of the system
as inputs to compute the contact forces at each leg. However,
ground reaction forces are reactive, so the contact forces and
generalized acceleration are fully determined by the system state
and actuation input. As in [13] dynamics are decoupled, their
algorithm yields different contact forces for the same actuation
input with different input accelerations. Furthermore, the found
forces may neither conform to floating base dynamics, nor cause
the input accelerations because this part of the dynamics is
not enforced. Therefore, this decoupling introduces physical
inconsistencies in the resulting polytope.

In [14], the same authors of [13] compute a horizontal 2D
region in which the projection of the CoM can be stably located
under static conditions. For these computations, they use the
same decoupling of the dynamics as in [13] to account for
actuation limits but they also constrain floating base dynamics,
overcoming the aforementioned inconsistency. This region is
valid in the neighborhood of the system configuration for which
it was computed and assumes static poses. By recomputing this
region, not only do they manage to have a quadruped walk
on challenging terrain, but also update the desired trajectories
online to prevent loss of balance. The achieved locomotion is,
however, quasi-static and relies on a down-scaled version of
the computed stability region to guarantee robustness against
possible assumption-induced errors. The static assumption is a
complete constraint on the joint accelerations and the method
we propose constrains accelerations only at contact point level,

1A polytope is an n-dimensional geometric object with flat faces. In this work,
we only consider bounded convex polytopes, used to represent a bounded convex
subset of n-dimensional space.

2Robots that do not have a base link that is fixed, are free to move through
space. This freedom of motion is regarded as a 6 ◦ of freedom ‘joint’ (3 rotations
and 3 translations)

which allows to compute for wrenches that elicit joint accelera-
tions as well.

In this work, we present a method to compute the set of
feasible wrenches that a robot can exert on its CoM through
actuation, which is dependent on pose and contact scenario.
The presented method does not decouple system dynamics nor
require generalized accelerations as an input, which solves the
shortcomings from [13] and the resulting set is a more accurate
FWP. Our method uses the knowledge of the contact model to
constrain the generalized accelerations in such a way that, as
dependent variables, they can be substituted in the system of
equations and all system constraints can be expressed in terms
of contact forces and actuation torques. Furthermore, changes in
contact configuration are discrete events present in locomotion
that further constrain feasible wrenches and we explore the effect
of breaking contact on the feasible polytope.

The main contribution of this paper is the use of the contact
model knowledge to build a method that computes the set of
feasible wrenches of a system at any given pose. The polytope
obtained is the FWP of a robot that maintains the contact config-
uration. The second contribution of the paper is the extension of
the method to compute the set of feasible wrenches that results
from opening some contacts. Push-off motions or complete foot
detachment are two examples in which this extension is rele-
vant. We apply the method to analyze multi-contact scenarios,
contact opening and the presence of passive joints in a system.
Furthermore, we compare our results with the output of [13]
for a point-feet biped in the plane to show the outcome of not
enforcing floating base dynamics in the FWP computation.

The paper is structured as follows: Section II presents the
proposed method to compute a physically more accurate FWP.
Section III shows two examples in which the method is applied:
in Section III-A the method is applied to a planar model of a
biped in uneven contact configuration and in Section III-B the
method is used to compute the FWP of a spatial model of an
under-actuated lower-body exoskeleton. Section IV discusses
the attained results and Section V concludes the work.

II. METHOD

In this section, we present a method to compute the set of
wrenches that a system can exert on its CoM, without violating
friction constraints and actuator limits, given the system state
and knowledge of contact locations.

A. Legged System Model

The Equations of Motion (EoM) of an articulated system are:

M(q)v̇ + h(q, v) = Sau+ τe, (1)

where q is the vector of configuration variables and v is the vector
of velocity variables3. Furthermore, M(q) is the configuration-
dependent mass-matrix and h(q, v) is the vector of generalized
forces due to gravity and velocity effects. The vector u consists
of the actuation input (joint torques) and the selector matrix

3The size of q is bigger than the size of v if a quaternion or SO(3) element
is used to represent the orientation of the floating base. In such a case q̇ �= v.
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Sa maps the input into generalized forces. External generalized
forces acting on the system are represented by τe. The only
external forces considered in this work are contact reaction
forces.

External forces can be modeled as forces fi acting on a
body-fixed point of the system pi. Contact forces arise when
any pi is in contact with the environment. For simplicity, it
is common to pre-define contact locations (end-effectors, feet
edges, fingertips,...) and assess whether the contact is active. We
refer to contacts as active when the distance from the predefined
contact point and the environment is zero. Active contact forces
contribute to the generalized forces in the following manner:

τe =J
T (q)f=

[
JT
1 (q) JT

2 (q) · · · JT
nk
(q)

]
⎡
⎢⎢⎢⎢⎣

1f1
2f2
...

nkfnk

⎤
⎥⎥⎥⎥⎦ , (2)

where nk is the number of active contacts and Ji(q) is the
Jacobian of contact point pi in frame4 ψi:

Ji(q) =
∂
(
ipi(q)

)
∂q

.

For brevity, we will drop the dependency of the aforementioned
matrices and vectors on q and v.

The coordinate frames used in this work are the inertial frame
ψ0, centroidal frame ψc, which shares orientation with ψ0 but
has the origin at the CoM of the system (xc), and contact frames
ψi, with the origin at a point on the environment closest to pi (or
the foot as a whole, when more than one contact point is defined
in the foot edges) and with the axes aligned with the tangential
and normal directions of the environment.

Looking at (1) we see that given some state q, v and actuation
input u we can solve for generalized accelerations v̇ once the
external forces are known. However, contact forces are reactive
and cannot be determined just from (1). Thus,

[
M −JT

] [v̇
f

]
= Sau− h

is underdetermined. Therefore, a contact model is needed.

B. Contact Model

In this work contact is modeled as purely inelastic,as in [15].
Thus, contacts follow Signorini’s conditions:

kpN ,
kfN ≥ 0, kfN

kpN = 0, (3)

where �N represents the normal direction in the contact frame.
Notice that we have dropped the contact point index i and we use
a general contact frame ψk because the contact model applies to
all contact points.

For an active contact (kpN = 0), we can rewrite Signorini’s
conditions to velocity and acceleration constraints:

kṗN ,
kp̈N ,

kfN ≥ 0, kfN
kṗN = 0, kfN

kp̈N = 0. (4)

4In this work, the coordinate frame ∗ is written as ψ∗. If a point, vector or
screw is represented in ψ∗, this is denoted by the left superscript ∗�.

We will also consider Coulomb’s friction model, which con-
strains tangential forces:

‖kfT ‖2 ≤ μ kfN , (5)

whereμ is the static friction coefficient, and�T is used to denote
the tangential direction in the contact frame.

To completely constrain contact forces we adhere to the maxi-
mum dissipation principle: contact forces minimize the apparent
kinetic energy of active contacts [15].

C. Feasible Wrench Set Computation

For each active contact point we consider three possible
scenarios [15]:

1) Opening Contact: When kṗN > 0 (or kṗN = 0 and kp̈N >
0), the contact is opening, in which case the contact be-
comes inactive and there is no reaction force: ‖kf‖2 = 0.

2) Stick Contact: If the contact is not opening, as the contact
cannot penetrate the environment we have that: kṗN = 0,
kp̈N = 0. According to the maximum dissipation prin-
ciple the apparent kinetic energy at kp must be minimal
and, as long as (5) holds, the global minimum is attained at
‖kṗ‖2 = 0. If the contact is completely static to start with,
the contact forces must ensure ‖kp̈‖2 = 0 and maintain
the contact point in place. These forces that maintain the
contact point in place will be called stick solutions.

3) Slipping Contact: When the contact is not opening and
the stick solution violates the friction cone constraint, the
contact will slip (‖kṗT ‖2 �= 0).

If we focus on controlled legged locomotion, it is desirable to
know the wrenches that can be applied on the CoM by:
� not changing the contact configuration. These wrenches

are the stick solutions.
� taking a step or producing a push-off motion, which con-

sists in opening some active contacts while the rest stick.
These wrenches are the opening solutions.

Pure opening solutions (all active contacts open) correspond
to jumping, in which no contact force can be applied. Contact
points slip when the force that would make them stick violates
the friction constraints. Thus, slip forces belong to friction cone
facets and as such, some of these forces will be present in the
corresponding facets of the FWP. Explicit knowledge of slip
forces could potentially be used for CoM control but are not
considered in this work.

Our method consists on the following steps:
1) Construct the half-plane (H−)description [8] of f and u
2) Compute the vertex (V−)description of this set using a

vertex enumeration algorithm
3) Transform all f vertices into centroidal wrench (cw) ver-

tices (in the same fashion as [7], [13])
In the remainder of the section we first introduce our notation

for the H and V−description of a polytope. Then, we briefly
refresh how to express all friction cones and actuation limits as
linear inequalities and finally derive the constraints that enforce
stick forces and opening+stick solutions.

1) Vertex and Half-Plane Description of Polytopes: LetP ⊆
Rn be a bounded convex polytope. P can be described in terms
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of its vertices and its bounding half-planes:

P =

{
x ∈ Rn : x = V α,

m∑
l=1

αl = 1, 0 ≤ αl ≤ 1

}
,

P = {x ∈ Rn : Ax ≤ b ∩ Cx = d} . (6)

where m is the number of columns of V , which are the vertices
of P . The rows of A, b and C, d describe, respectively, the
inequality and equality constraints that bound P . Our notation
for the V− and H−description of P is:

V(P ) = V,

H(P ) = {A, b, C, d} . (7)

Vertex and facet enumeration algorithms compute one represen-
tation given the other:

V(P ) := vertexEnum(A, b, C, d),

H(P ) := facetEnum(V ). (8)

In order to compute the set of feasible wrenches, we first con-
struct H(Ps) and H(Po), which are the sets of constraints that

bound x =
[
fT uT

]T
when all contact points stick and when

some points stick and other open5. Then we compute6 V(Ps)
and V(Po), and finally we transform these vertices to centroidal
wrench vertices for stick and stick+open solutions respectively.

2) Actuation Limits and Linearized Friction Cone: Regard-
less of contact configuration, we have that u is bounded on each
entry r:

ur ∈ [u−r , u
+
r ], (9)

with u−r < 0 < u+r . Thus, the actuation space can be regarded
as a convex polytope whose H−description is given by:

[
Ina

−Ina

]⎡
⎢⎢⎣
u1
...

una

⎤
⎥⎥⎦ = Aau ≤

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u+1
...

u+na

−u−1
...

−u−na

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= ba, (10)

where I is the identity matrix (of size equal to the subscript) and
na equals the number of actuators.

Furthermore, for any given time instant with known active
contacts, the friction cone constraint for every kf are given by
kfN ≥ 0 and (5). In the plane, (5) is linear and theH−description
is given by:⎡

⎢⎣−1 −μ
1 −μ
0 −1

⎤
⎥⎦
[
kfT
kfN

]
= Af

kf ≤ bf =

⎡
⎢⎣00
0

⎤
⎥⎦ . (11)

5x ∈ Rtnk+na with t = 2 in 2D and t = 3 in 3D
6In vertexEnum() we project down the inequalities to the equality-constrained

space of C, d, compute the vertices in this reduced space (fewer variables) and
project them back to x.

In 3D, (5) describes a cone. We have chosen to linearly approx-
imate this cone with the inner pyramidal approximation:⎡

⎢⎢⎢⎢⎢⎢⎣

−1 0 − µ√
2

1 0 − µ√
2

0 −1 − µ√
2

0 1 − µ√
2

0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣
kfT1

kfT2

kfN

⎤
⎥⎦ = Af

kf ≤ bf =

⎡
⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎦
. (12)

3) Stick Constraints: To find the stick solutions we constrain
the acceleration of all active contacts to be zero. Contact point
acceleration is expressed in terms of the generalized velocities,
accelerations, and the contact Jacobian:

ip̈i = Jiv̇ + J̇iv = 0. (13)

Combining (13) with (1) we get:[
M −JT

J 0

][
v̇

f

]
=

[
Sau− h

−J̇v

]
. (14)

As v̇ can be written in terms of x = [fT uT ]T , we find the
following stick equality constraint:[

JM−1JT JM−1Sa

]
x = JM−1h− J̇v,

Csx = ds. (15)

Collecting (10) and (11) or (12) for every active contact point
we complete the H−description of x:[

diag
(
Af1 , . . ., Afnk

)
0

0 Aa

]
x ≤

[
0

ba

]
,

Asx ≤ bs, (16)

where diag() represents the block-diagonal stacking of the fric-
tion constraints. Therefore, we have:

H(Ps) = {As, bs, Cs, ds} ,
V(Ps) := vertexEnum (As, bs, Cs, ds) . (17)

Constraint (13) is bilateral, which means that contact points can
neither penetrate the contact surface nor open. However, the
friction cone constraints will prevent that the contact ‘pulls’ on
the ground and limit the tangential forces.

Moreover, constraint (13) can only be used with established
contacts (‖iṗi‖ = 0). During impact events, the contact points
have non-zero velocity, and therefore (13) cannot be applied to
compute the contact forces. In this paper, we will only address
established contacts.

4) Opening Constraints: In order to compute forces that are
feasible when some of the active contacts open, the reasoning is
the following:

1) The set of active points that we choose to open produce
zero force (‖fo‖2 = 0), so we only need to solve for the
forces of the active contacts that stick (fs)

2) The set of active points that stick cannot accelerate
(‖p̈s‖2 = 0) and the active contacts that open cannot pen-
etrate the environment (p̈oN ≥ 0)
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As ‖fo‖2 = 0, we can remove fo from x and reduce our vari-
ables to xo = [fT

s uT ]T . Equation (14) is reduced to constrain
the motion of the stick contacts only, and account for the force
only in those points:[

M −JT
s

Js 0

][
v̇

fs

]
=

[
Sau− h

−J̇sv

]
, (18)

where Js is the stack of contact jacobians corresponding to the
active contacts that stick. Thus, the equality constraint on xo is
given by:[

JsM
−1JT

s JsM
−1Sa

]
xo = JsM

−1h− J̇sv,

Coxo = do. (19)

The opening contacts cannot penetrate the environment. There-
fore, it is insufficient to constrain the motion of the contacts
that stick to compute the FWPo; the fs cannot cause the open-
ing contacts to penetrate the environment. In our acceleration
formulation, the following must hold:

JoN v̇ + J̇oNv ≥ 0, (20)

where JoN represents the normal component of the stack of
contact jacobians corresponding to the active points that open.
This non-penetration inequality can be rewriten in terms of xo:[

−JoNM−1JT
s −JoNM−1Sa

]
xo ≤ J̇oNv − JoNM

−1h,

Anpxo ≤ bnp. (21)

These inequalities, along with (10) and the friction cones (11)
or (12) corresponding to the contact points that stick, complete
the inequalities bounding xo:⎡

⎢⎣diag(Af1 , . . ., Afns
) 0

0 Aa

Anp

⎤
⎥⎦xo ≤

⎡
⎢⎣ 0

ba

bnp

⎤
⎥⎦

Aoxo ≤ bo (22)

and, therefore:

H(Po) = {Ao, bo, Co, do}
V(Po) := vertexEnum (Ao, bo, Co, do) . (23)

As this constraint only applies in the time frame in which the
contact point switches from active to open, it may be tempting to
approximate the FWPo by the FWPs with fewer contact points,
which means neglecting (20). In Section III-A we show the im-
portance of including (20): disregarding it (naïve computation,
n-FWPo) yields the wrong FWPo, because it overestimates the
capabilities of the system.

5) Transformation to Feasible Wrenches: Any force acting
at a contact point can be transformed into the corresponding
contact wrench in ψc as follows:

cwi =

[
0p̃i − 0x̃c

I3

]
0Ri

ifi = Ti
ifi (24)

Fig. 1. Biped planar models with both feet in contact on uneven terrain. Left:
point-feet model Right: triangular-feet model.

where �̃ is the matrix-form of the vector cross-product and 0Ri

is the rotation matrix from ψi to ψ0. The total centroidal wrench
cw equals the sum of each individual contact wrench:

cw =
[
T1 · · · Tnk

]
f = Tf (25)

Thus, we can compute the vertices of the set of feasible wrenches
when all contact points stick (FWPs):

V(FWPs) =
[
T 0

]
V(Ps). (26)

When some contacts open, the force at those points is null so, to
compute the feasible wrenches when some of the active contacts
open (FWPo), we truncate T to only contain the transforms of
the points that stick (Ts):

V(FWPo) =
[
Ts 0

]
V(Po). (27)

For a given contact configuration with nk contact points there
is one FWPs and 2nk − 2 FWPo. The union of FWPs and all
non-empty FWPo yields the complete FWP, which is the (non-
convex) set of wrenches that the system can exert on its CoM
through actuation.

III. EXAMPLES

A. FWP of a Planar Biped Model

To illustrate the added value of our method we apply it to
a planar model of an anthropomorphic biped climbing stairs.
When a biped climbs stairs (as shown in Fig. 1), it confronts
multi-contact situations (double support phase) on uneven ter-
rain (contacts are not at the same height), in which case co-planar
contact simplifications cannot be used. In Fig. 1 we show two
bipeds, the first with point-feet and the second with triangular-
feet and ankle joints. The point-feet biped model consists of a
torso and two legs with hip and knee, and the segment length and
inertial properties are computed for the standardized model by
Winter [16] for a human that is 1.7 m tall and weighs 70 kg. The
triangular-feet model is identical to the point-feet model when
the feet (mf = 0.8 kg, hf = 0.1m, lf = 0.3m) and ankle joints
are added.

We first compute the FWPs of the point-feet biped with our
method and compare it with the output of the method from [13],
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Fig. 2. FWPs and FWP according to [13] of the point-feet biped model in the
configuration depicted in Fig. 1 and gravity compensation wrench (−WG) with
their projections in the principal back-planes. Left: the FWPs is presented as the
projection of the whole polytope in the linear force plane, similar to the results
analyzed in [12]. Right: the complete wrench space is shown, and the feasible
moments around the CoM are also visible. All wrenches are expressed in ψc:
x-axis corresponds to the horizontal direction, y-axis to the vertical and the
z-axis is the direction out of the page (counter-clockwise rotation as positive).

which works for point-feet and would require further computa-
tions otherwise. We solve for two forces per leg7, where each leg
has two actuators (hip and knee). All results shown in this work
were attained using Matlab 2021b. All polytope intersections
and double-description operations in this work were computed
using [17].

With a friction coefficient μ = 0.5 and torque limits u± =
±100 Nm for all joints, the FWPs of the point-feet biped model
at the configuration shown in Fig. 1 and zero joint velocity (com-
puted both with our method and with the algorithm from [13]) is
presented in Fig. 2. On the left, the linear forces are shown. The
friction cone constraint produces a sharp tip at zero force and
follows the linear slope defined by μ, which is clearly depicted
in this figure. On the right, the full FWPs is shown. Fig 2 shows
with the complete polytopes and their side projections that also
a moment may be applied around the CoM. As the polytopes
have non-zero volume, the system can exert the same force on
the CoM with various resulting moments, because the force
distribution can be divided between the feet. Although these
observations apply to both our FWP and the one computed using
the method from [13], there are differences. The latter method
underestimates the maximum horizontal forces that the system
could exert at the CoM, while the maximum vertical force is
overestimated. Thus, some of the wrenches computed with the
method from [13] are not feasible.

As presented in Section II, the FWPs only contains the
wrenches that are feasible when all the contacts stick. Fig. 3
shows the FWPs superposed with FWPo for two different contact
opening situations for the triangular-feet biped model (with
μ = 0.5 and u± = ±100 for all joints). Furthermore, we show
(in green) the naïve-FWPo, which disregards (20) in the compu-
tations. The first FWPo, on the left, is the set of feasible wrenches
if a push-off motion is started (the heel of the trailing leg detaches

7We compute their version of the FWP applying (3), (10–13) from [13], setting
v̇ = 0.

Fig. 3. Gravity compensation wrench (−WG), FWPs and two different FWPo

(and n-FWPo) of the triangular-feet biped model in the configuration depicted in
Fig. 1 with their projections in the principal back-planes. Left FWPo: all points
stick except the heel of the trailing leg. Right FWPo: the toe of the trailing leg
sticks and the other points open. All wrenches are expressed in ψc. n-FWPo

corresponds to the naïve computation of the FWPo, which does not take (20)
into account.

while the toe remains in contact). This polytope shows that a
(slightly) greater positive moment can be applied on the CoM
when the heel detaches than when the whole foot remains in
place, while the feasible force in the positive horizontal direction
is reduced. The system is statically unstable in this opening
contact scenario because static gravity compensation is not
feasible. However, with the push-off, the biped can compensate
gravity while some added moment is applied around the CoM.
Thus, the resulting linear acceleration can be zero but in such a
case the whole-body angular momentum rate will not be zero.

The second FWPo (Fig. 3, right panel) corresponds to the
situation in which all points except the toe of the trailing leg
open. This is a more challenging situation and all feasible
forces will have an associated moment that cannot be indepen-
dently modulated. Therefore, any desired wrench outside of this
(hyper-)plane (be it desired change in centroidal momentum
or gravity/disturbance compensation) is not feasible. Only its
projection onto the FWPo is feasible and therefore the system
will accelerate in the non-compensated direction.

To conclude, neglecting (20) yields some n-FWPo that differ
from our proposed FWPo. The found differences are not too big
and the n-FWPo could be considered an outer approximation of
the FWPo. Nevertheless, failing to comply with (20) means that
the contact opening will not happen.

B. FWP of a Three-Dimensional Exoskeleton Model:
Comparison of Passive and Active DoF

In this section, we apply the method to a spatial model,
where the centroidal wrench has 6 components (3 moments and
3 forces). Due to the higher dimension of this space, the
polytopes cannot be easily visualized and the results are more
challenging to interpret. Nevertheless, the FWP is a useful tool
to evaluate the design of an articulated system.

To exemplify this we use a rigid multi-body mathematical
model of our Symbitron exoskeleton [18], which is a lower-body
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Fig. 4. Model of the Symbitron exoskeleton in two different configurations and
the corresponding singular wrench directions. The green marker represents the
location of the CoM, the red markers show the active contact point locations.
(a) Parallel feet double support stance with a little crouch. The blue (double
headed) vector represents the non-actuated direction. A moment around this
vector is not feasible with the depicted contact configuration. (b) Single support
stance in static equilibrium. The blue (double headed) and green (single headed)
vectors represent the six components of a unitary CoM wrench in the non-
actuated direction. A moment around the blue arrow combined with a force
along the green arrow is not feasible (where the moment/force proportion is
given by the vector lengths) with the depicted contact configuration if the ankle
in-eversion joint is passive.

exoskeleton with 6 joints per leg: hip endo-exo rotation, hip
abduction-adduction, hip, knee, and ankle flexion-extension, and
ankle in-eversion. The hip endo-exo rotation is spring-loaded
and the ankle in-eversion is non-actuated. The non-actuated
joints can be locked and we restrict this analysis to a model
in which the hip endo-exo rotation is locked. Therefore, the ex-
oskeleton model has a 6 DoF floating-base joint and 10 revolute
joints, 2 of which are passive (we remove the ur of passive
joints from u and the corresponding columns from Sa). We use
the same μ and u± (in the actuated joints) as Section III-A.

The FWPs of the system in the configuration shown in
Fig. 4(a) determines that the exoskeleton is in static equilibrium
configuration as gravity compensation is feasible. However, the
FWPs is singular as it is contained in a 5D hyper-plane8, instead
of being 6D, similar to the FWPo shown in Fig. 3 being a 2D
plane in 3D wrench space. Thus, there is a wrench direction in
which the system is not actuated. The singular (non-actuated)
direction for this configuration is a pure moment around the axis
shown by the blue vector in Fig. 4(a). Any actuation input that
maintains the contact configuration will elicit the same moment
around this axis so the whole-body angular momentum rate of
change in this direction is constant (in the absence of perturba-
tions). As the system is in static equilibrium, the feasible moment

8The singular dimensions correspond to the rows ofC inH(FWPs). However,
as we were not interested in the complete H(FWPs), the singular directions
shown in this section were found by determining the eigenvalues and eigenvec-
tors of the covariance matrix of V(FWPs). Zero eigenvalues indicate that there
is a dimension of zero thickness. The corresponding eigenvector is the direction
of zero thickness, i.e. the non-actuated direction.

around the singular axis is zero. A good example in which this
is not the case was shown in Fig. 3, where, regardless of the
actuation input, the resulting centroidal wrench will belong to
the plane and the moment will be non-zero.

For comparison, we checked the FWPs of the exoskeleton at
the same configuration, now assuming that the ankle in-eversion
was actuated, with the same actuator limits as the rest of the
joints. The results show that the system would be non-actuated
in the same direction. Therefore, the only way to excite the mo-
menta in this direction (through internal forces) is by changing
contact configuration.

The benefit of actuated over passive ankle in-eversion is
clearer during single support. The FWPs of the exoskeleton at the
configuration in Fig. 4(b) is singular in the direction determined
by the moment around the blue arrow and linear force along the
green arrow when the ankle in-eversion is passive but it would
be full dimensional, which means that all momenta would be
independently actuated, if the ankle in-eversion were actuated.

IV. DISCUSSION

In this work, we developed a method to compute the set of
feasible wrenches that a legged robot can exert on its CoM
through contact. The proposed method can be used for any
contact configuration and takes into account actuation limits and
a contact model to determine what wrenches are feasible.

The presented method is an extended version of centroidal
manipulability [12] that includes not only rotational dynamics
but can also deal with multi-contact situations in uneven terrain
like the one shown in Fig. 1. It is worth mentioning, however,
that linearized friction cones are an internal approximation of the
friction model and the results of our method are conservative in
3D. Nonetheless, the linear approximation can be made arbitrar-
ily good, at the cost of increasing the size of the H−description.

The method also overcomes the physical inconsistencies
from [13] by completely determining reaction forces and gener-
alized accelerations from the system state and actuation input
and, therefore, it yields the a more accurate set of feasible
wrenches.

Furthermore, besides showing the capabilities of the system
at a given pose, the presented method can also compute the
feasible wrenches when some of the contact points open: the
FWPo-s. These computations can be used to assess whether a
change in contact configuration is feasible while still attaining
the desired rate of change in centroidal momentum so they can be
useful to trigger contact changes and for trajectory planning. In
Fig. 3 we see that none of the shown FWPo contains the gravity
compensation wrench. Thus, the switch to any of these contact
configurations will excite centroidal dynamics: any actuation
that achieves the opening configuration will apply a moment
around the CoM and/or make it accelerate. Although the system
is not in a static equilibrium when these contacts open, it can
still move, which may align with the desired control task.

The method can also be used for comparison purposes and
provide useful information on the actuated vs. non-actuated
directions of the centroidal wrench. We have shown how some
mechanical choices, like the use of passive joints, can have a
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big impact on the resulting FWP and this information can be
used in the mechanical and mechatronic design of the system.
Furthermore, prior knowledge of the non-actuated directions can
assist in controller synthesis. Any undesired acceleration in the
non-actuated direction may result in a fall and is a good indicator
to take a step.

In this paper, for simplicity, the models that have been used
as examples have flat rigid feet. Nevertheless, legged robots can
have flexible feet, which are compliant and have a continuously
varying contact surface. Any foot model (and joint impedance)
can be easily included to analyze its effect. The addition of a toe-
like joint, for example, is trivial and can be a first approximation
of the time-varying contact surface, at the cost of increasing the
size of x and the H−description.

The presented method has, however, one big limitation: the
method cannot compute the effect of impacts (end effectors
at contact distance with the environment and non-zero speed)
on the feasible wrenches. This is particularly relevant during
locomotion, where feet come in contact with the ground with
non-zero velocity. In regular bipedal gait, the system is unstable
in a dynamic sense during the latter part of the leg swing motion
(the extrapolated CoM is outside of the BoS [2]). Heel strike has
a twofold effect on stability:

1) The impact prevents ground penetration so, according to
the contact model we consider in this work, it generates a
kinematically-ideal instantaneous change in velocity. The
magnitude of the impulse that achieves this change can be
computed, but, as the event is discrete, the force is infinite.

2) It increases the BoS and the newly available contact forces
render the system dynamically stable again.

This method can only show the difference due to the increase
in the BoS but cannot predict the change in foot velocity nor the
forces arising from the impact.

In [13] the FWP is used to maximize robustness in trajectory
optimization with prescribed contact locations and instants and
our method can be used for the same purpose. The advantage of
using our method to compute the FWP in trajectory optimization
is that the robustness metric maximized in [13] (a relative
measure of the leftover wrench space) would not overestimate
the Feasible wrenches.

The main drawback of our method is that its direct implemen-
tation is computationally expensive and therefore, not ready for
closed loop control. In literature [10], [11], [14], computations
are in the order of 1–100 ms at most. Our main focus in
this research was not time efficiency and as such, the FWPs-s
(and FWP [13]) in III-A have an average computation time of
10 ms, (4 (resp. 8) contact forces and 4 (resp. 6) actuators for
the point-feet (resp. triangular-feet) model), but the FWPs in
Fig. 4(a) was computed in 3 and 4 minutes when ankles were
passive and active respectively (18 contact forces and 8 and
10 actuators respectively). Even if faster software was used for
the computations, the number of constraints that our method
defines is bigger compared to the mentioned approaches and
therefore we expect that it will take longer. Therefore, it would
be beneficial to make computations more efficient (e.g. using
iterative methods like the ones presented in [9], [11]) if our

method is used for Trajectory Optimization, like in [13]. To use
the method in online control the computations need to be more
efficient, possibly by approximating the set, as in [10], or by
training a Neural Network that then can be used for Real-Time
control. Nevertheless, the method can be used to analyze a
system and aid in controller synthesis.

V. CONCLUSION

In this work, we present a complete method to compute all the
Feasible Wrenches on the CoM of a legged robot given its state,
the actuation limits and the assumption of inelastic contact. This
method extends on the methods presented in literature and can
be used to analyze the strengths and weaknesses of legged robots
at different poses. This tool can provide useful information for
controller synthesis and assessment of the mechanical design of
a system.
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