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Abstract—In harmonic radar (HR), the transmitter illuminates
a nonlinear target (the tag), causing the return signal to consist
of harmonics at multiples of the transmitted carrier frequency. Of
them, the second harmonic is usually the strongest and the one to
which the receiver is tuned. This frequency difference distinguishes
the tag reflection from environmental clutter, which remains at the
illuminating frequency. However, the passive nature of HR tags
severely limits the reflected power, and therefore the operational
range of a HR system. We propose to increase the range and/or
signal to noise ratio (SNR) by novel restructuring at the physical
and signal levels. For this, we accompany the original transmitter
with auxiliary transmitters able to send simple tones that are syn-
chronized to arrive at the tag in phase, and we design the receiver
to detect an intermodulation component. The resulting range and
SNR are much greater than those of the original, conventional HR
system, even if the original system were to transmit with power
equal to the aggregate power of the proposed system. Achieving mu-
tually coherent, (in phase), arrival of the tones at the tag is the focus
of the present paper. We provide a system framework that models
the tag, then present the adaptive phase coherence algorithm and
analyze the probabilistic growth of the output signal power. We
also account for the effects of frequency shifts due to transmitter
mobility and the frequency offset errors in the transmitter local
oscillators.

Index Terms—Harmonic radar, harmonic tags, harmonic RFID,
nonlinear radar, auxiliary transmitters, adaptive phase coherence,
range extension.

I. INTRODUCTION

HARMONIC radar (HR) is the basis of many schemes that
interrogate, or track the location of, a simple nonlinear

tag [1]–[5]. Tracking of insect movement [6] and discovery
of nonlinear electronic circuitry [7] are typical applications.
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HR-based interrogation schemes have also recently been used
for designing harmonic RFID systems in a variety of IoT ap-
plications [8], [9]. Common examples include temperature and
humidity sensing [10], [11], vital sign monitoring [12], [13] and
critical asset inspection [14], [15].

The tag in a typical HR setting has no power source of its
own (i.e., it is passive) and, in its simplest form, it is just
an antenna in series with a diode [16], [17]. In the uplink, a
node containing a radio transmitter (the Tx) sends a bandpass
signal that illuminates the tag, inducing a voltage across the
diode that in turn produces a multiband current according to
the nonlinear diode equation. This results in a weak re-radiated
signal at harmonics of the the incident wave frequency (now the
fundamental frequency). A node containing a receiver (the Rx)
detects this downlink return signal, typically processing only the
second harmonic, which is usually the strongest. Because the
return signal is so weak, the operational range is limited, which
often becomes the central problem in the system design. In more
detail, the second-harmonic downlink signal emitted by the tag
has power proportional to the square of the power of the incident
uplink signal, except at extremely close range. When combined
with the typical inverse-square law dependence on distances
in the uplink and downlink, it gives the overall signal power
response from Tx to a co-located Rx an inverse sixth-power
law [1]. The result is a very short range. For instance, in [18]
a system using classical dipole-based tags was shown to have
a detection range of up to 40 m when operating in the S-band
(2.9/5.8 GHz) with 13dBi Tx/Rx antennas and an output power
of 3 W, and up to 15 m at 10 W with 15dBi antennas in the
X-band (9.3/18.6 GHz). In contrast, harmonic RFID systems
often employ extra circuitry at the tag to allow for additional
modulation and, possibly, amplification of the backscattered
signal [8], [9]. This, however, increases the requirements to the
incident power level at the tag which limits the range even further
prompting the move to the lower operational frequencies in the
UHF range.

Generally, the usual approach to increase the range is to
increase the Tx power. Unfortunately, the resulting range im-
provement in HR is modest: when the tag’s approximate power-
squaring action is combined with the inverse fourth-power dis-
tance dependence, the range varies as the cube root of any Tx
power increase. For example, an 8-fold increase in Tx power
results in a corresponding range increase factor of just 3

√
8 = 2.

Nevertheless, it is common to employ a very powerful trans-
mitter or a high gain antenna at the Tx, or both the Tx and
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Rx, as a brute force way to increase the range. Examples of
such high-power solutions include 25 kW systems in [19], [20];
4 kW and 3 kW systems in [21] and [22], respectively; and, most
recently, a 1 kW system in [23].

We take an alternative, and novel, approach to increasing
the range of harmonic radar. Recently, we proposed the use
of auxiliary Tx nodes, which we term “helper nodes” [24].
Although they transmit only simple tones, they provide a sig-
nificant increase in average power of the desired signal at Rx,
and therefore allow a greater range or lower antenna gain, while
being far simpler and less costly than the high-power Tx. Helpers
can also be added incrementally to achieve desired range and/or
SNR increase. Consider for a instance a single ranging node
(RN) designed for a given range supported by one, or several,
helpers. As the range requirements increase, more helpers can be
deployed without changing the RN. Further, in a helper-assisted
system the total transmit power is distributed among helpers and
RN, so that phase noise skirts and parasitic harmonic leakage do
not impair an RN’s operation in the downlink.

The operation of a helper-based system is enabled by the
nonlinear action of the tag that produces intermodulation terms
when excited by multiple signal sources. Since the power of the
intermodulation terms is defined by the product of the ranging
signal and the helper node contribution, using it for ranging
offers an opportunity for boosting the tag output. In a basic
configuration, the helper tones are allowed to arrive at the tag
noncoherently. Most of the time, this provides a significant
increase in average power of the desired signal at the Rx. During
occasional phase misalignments, however, the received power
can be very low. In this paper, we show how the helper tones
can instead be made to arrive coherently at the tag, thereby
maximizing the power of the tag downlink and, in turn, max-
imizing the Rx signal power and/or the range. In the following,
we describe the adaptive phase coherence algorithm in detail,
and provide an analysis of the resulting Markovian growth of
signal power. We analyze the performance improvement on an
example of a practically built conventional system and explain
the implications for the system designs.

The general concept of a multi-tone harmonic radar that uses
the intermodulation product at the output of a non-linear target
has been previously explored in [25]–[27]. However, to the best
of our knowledge there has been no prior work on the use of
the intermodulation products of multiple helper transmitters to
increase the downlink power from a passive, non-linear tag.
Somewhat related is a design for backscatter data communi-
cation [28], in which a desired data signal from a Tx arrives
at a separate Rx, as does a simple tone from a third node (the
exciter), resulting in beneficial interference at the Rx that puts
the composite signal in a higher-gain region of the noncoherent
detector. In contrast, our helper-node method performs ranging
in harmonic radar at twice the carrier frequency of the uplink,
the tag is simple and entirely passive, and the intermodulation
component produced by helper tones is the essential part of the
received signal.

In what follows, Section II outlines the physical and signalling
layout of the HR system. Section III then contrasts performance
with phase-coherent helper nodes against brute force increase

Fig. 1. Relationship between the input voltage and the output current of a
harmonic radar tag, in time and frequency.

of Tx power. Section IV defines the phase-coherence algorithm,
and Section V provides the analyses of convergence, perfor-
mance effects of the result, and limitations of the helper-node
method. Section VI then demonstrates the degree of improve-
ment due to helper nodes for a specific implementation of a Tx-
Rx ranging node. Finally, Section VII presents our conclusions
about the helper-node method and what the next steps might be.

II. HARMONIC RADAR

A. Conventional Harmonic Radar

In classical radar, the radar transmitter emits a radio frequency
(RF) pulse at frequencyω0 = 2πf0 and the radar receiver listens
for reflections from a passive target at the same frequency. In
contrast, a HR target is nonlinear, as well as passive, so its re-
sponse is rich in harmonics. Typically, such a harmonic response
is induced by attaching a battery-less harmonic transponder tag
to the target of interest. HR tags typically combine a resonant
antenna, a low-voltage diode and possibly a simple impedance
matching network [16], [17], [21]. The antenna voltage drives
the diode, creating a rectified current that contains harmonics of
the received signal, as sketched in Fig. 1. The second harmonic
is usually the strongest, so the tag’s transmit antenna is tuned
to 2ω0. The second harmonic signal is thus emitted from the
tag and subsequently detected at the HR receiver. The main
advantage of harmonic operation is that the background clutter is
greatly reduced, since RF reflection from most objects is linear,
producing a backscattered response only at ω0.

Below, we provide a model of conventional HR that combines
the effects of the uplink (HR transmitter to tag antenna input),
the tag (tag antenna input, nonlinearity and tag antenna output),
and the downlink (tag antenna output to the HR receiver). We
assume for simplicity that the HR transmitter is collocated with
the HR receiver, forming a single HR node (the ranging node,
or RN). Note that ranging systems can have more than one RN,
e.g., in order to locate the tag by multilateration. For simplicity
of presentation, our analysis considers just one. Throughout, we
distinguish real bandpass signals from their complex envelopes
by an overhead tilde; for example, we denote the real bandpass
signal transmitted at ω0 by s̃(t) = Re{s(t)ejω0t} and its base-
band complex envelope by s(t).
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In the uplink, the RN sends a pulse with complex envelope

sr(t) =
√
2PrRtxx(t), (1)

where Pr is the transmit RF power and Rtx is the transmit
antenna resistance. We assume that x(t) occupies the RN’s
pulse duration [0, Tr], where it satisfies |x(t)| = 1, and has
good autocorrelation properties. Examples include biphase ±1
sequences or chirps (linearly frequency modulated pulses). With
line of sight transmission, the RN signal is received at the tag
antenna with the complex envelope

vin(t) =

√
kin

|ZF|
Rtx

Gtxhu(dr)sr(t− τr)e
jθr , (2)

in which ZF and kin are the tag antenna impedance and the
input tag power transfer efficiency at ω0, respectively, Gtx is the
transmit antenna gain, and hu(dr) =

√
Gtag(ω0)c2/(2ω0dr)2

is the uplink gain where Gtag(ω) denotes the tag antenna gain,
c is the speed of light, and dr the distance from the RN to
the tag. The phase of ZF has been omitted since fixed phase
shifts do not affect the phase adaptation algorithm presented
in Sections IV and V. The propagation delay is τr = dr/c and
the corresponding phase shift is θr = −ω0τr. For notational
convenience, we combine (1) and (2) to obtain an alternative
expression for the input voltage at the tag as

vin(t) = Arx(t− τr)e
jθr , (3)

where Ar =
√

2|ZF|kinPrGtxhu(dr).
The tag can be modeled as a series circuit with the real

bandpass voltage ṽin(t) = Re{vin(t)ejω0t} as input and real
multiband current ĩT(t) as response, linked by the nonlinear
equation

ṽin(t)

niVT
= ρ

ĩT(t)

Is
+ ln

(
ĩT(t)

Is
+ 1

)
. (4)

Here, ni and VT are diode thermal voltage and the ide-
ality factor, respectively, Is is its saturation current and ρ =
Is|ZF|/niVT. An explicit solution to (4) has been obtained
in [29] in terms of the Lambert W-function. From that, [29] also
provides the closed-form expressions for the relation between
the complex envelope vin(t) at the fundamental frequency ω0

and the complex envelope i2(t) of the current at the second
harmonic 2ω0, in two conditions:
� small-signal conditions (vin(t)/niVT < −1− ln ρ− ρ),

where

i2(t) ≈ bt
|ZF|v

2
in(t), (5)

in which bt =
1

4(niVT)

∑∞
n=1((−1)n−1nn+1/n!)ρnenρ.

For ρ < 0.04 it simplifies further to bt ≈ ρ/4niVT;
� large-signal conditions (vin(t)/niVT � 1), where

i2(t) ≈ 2

3π

1

|ZF| |vin(t)|e
j2ϕin(t), (6)

in which ϕin(t) = arg(vin(t)).
From (5) and (6), the phase of the tag output current at the

second harmonic is double that of the input signal, while its
magnitude grows quadratically in the small-signal region and

linearly in large signal conditions. Our principal interest is to
extend the limits of the operating range where signals at the
tag are weak. Consequently, in the following we consider the
small-signal quadratic1 model (5).

With ZH as the output impedance of the tag at 2ω0, the
complex envelope of the tag output voltage in the small-signal
conditions becomes

vout = |ZH|i2(t) ≈ |ZH|
|ZF| btv

2
in(t), (7)

with the corresponding bandpass equivalent provided by
ṽout(t) = (bt|ZH|/|ZF|)Re{v2in(t)ej2ω0t}. Note that for the rest
of the paper, we drop the approximation sign in (7), bearing in
mind that it is a small-signal approximation.

Finally, the downlink mirrors the uplink, such that at the HR
receiver we obtain

r(t) = hd(dr)

√
kout

Rrx

|ZH|Grxvout(t− τr)e
j2θr + n(t), (8)

where Grx is the receiver antenna gain and hd(dr) =√
Gtag(2ω0)c2/(4ω0dr)2 is the downlink gain, in which Rrx

is the resistance of the Rx antenna and kout is the output tag
power transfer efficiency at 2ω0. The complex noise n(t) in (8)
is considered to be white Gaussian with power spectral density
(PSD) N0 = RrxkBTn where kB is the Boltzman constant and
Tn is the noise temperature. Lastly, we combine (7), (8) and (3)
to obtain

r(t) = ηrA
2
rx

2(t− 2τr)e
j4θr + n(t), (9)

where ηr = hd(dr)bt
√|ZH|RrxkoutGrx/|ZF|. The product

ηrA
2
r represents the total gain of the Tx–tag–Rx link. In the

absence of noise, (2), (7) and (8) combined make the received
amplitude |r(t)| proportional to h2

u(dr)hd(dr), and hence in-
versely proportional tod3r . The received power in harmonic radar
with battery-less passive tags descried by (4) is then inversely
proportional to d6r , i.e., an inverse sixth-power law.

B. Distributed HR System With Auxiliary (Helper) Nodes

Consider the system of [24] that, in addition to the RN of
a conventional HR system, employs M auxiliary transmitters,
each sending a simple tone at ω0 (see Fig. 2). For simplicity, we
assume that these additional nodes, which we also refer to as
helper nodes (HNs) or simply helpers, have the same transmit
power and antenna gains which we denote by Ph, Gh, respec-
tively. Then, when the m-th helper sends the complex envelope
sm =

√
2PhRtxe

jθm , where θm denotes its local oscillator (LO)
phase relative to that of the RN, the tag receives

vin(t) =

√
kin

|ZF|
Rtx

Gtxhu(dr)sr(t− τr)e
jθr

+
√

2kinPhGh|ZF|
M∑

m=1

hu(dm)ejθ̄m . (10)

1Our numerical results in Section VI-C show that the phase-adaptation ap-
proach that we develop based on the small-signal model continues to work well
in the tag regions above quadratic.
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Fig. 2. Harmonic radar system with auxiliary helper nodes: a single ranging
node (RN) that transmits a ranging signal at ω0 and listens for signal returns at
2ω0 is aided by M helper nodes (HNs) that transmit simple tones at ω0.

Here, dm denotes the distance between the m-th helper node
and the tag, while θ̄m = θm − ω0τm = θm − ω0dm/c. With the
notation of (3), (10) becomes

vin(t) = Arx(t− τr)e
jθr +

M∑
m=1

Ah,mejθ̄m

= Arx(t− τr)e
jθr +Ahe

jθh , (11)

where Ah,m =
√

2|ZF|kinPhGhhu(dm). We distinguish here
the RN contribution, Arx(t− τr)e

jθr , and the HN contribution,
Ahe

jθh =
∑M

m=1 Ah,mejθ̄m . Substituting (11) into (7) gives the
tag output as

vout(t) =
|ZH|
|ZF| btv

2
in(t)

=
|ZH|
|ZF| bt

(
Arx(t− τr)e

jθr +Ahe
jθh
)2

, (12)

and inserting (12) into (8) finally yields

r(t) = ηr

(
A2

rx
2(t− 2τr)e

j2θr + 2ArAhx(t− 2τr)e
j(θr+θh)

+A2
he

j2θh
)
ej2θr + n(t). (13)

The composition of the downlink signal (13) captures the
nonlinear action of the tag in its quadratic regime near the
maximum range. The received signal now contains three
terms:

1) the first term (ranging signal only) corresponds to the
output of a conventional HR system without helpers;

2) the second term (intermodulation) carries the ranging
waveform x(t) with amplitude proportional to 2ArAh;

3) the third term (helpers only) is unmodulated carrier.
In helper-based HR, the receiver detects the intermodulation

term (term 2 above) because its power is at least 6 dB greater
than in conventional HR (term 1), if the sum of the helper
tones exceeds the RN amplitude (Ah ≥ Ar). Our design goal
is then to maximize the probability that amplitude Ah of the
helper node sum exceeds that of RN, and, conversely, to min-
imize the possibility that it falls below it. Detection of term
2 alone is possible because the receiver’s sliding correlator or

filter matched to x(t) is unresponsive to the other two terms,
since the first term contains x2(t) = 1 and the third term is a
constant, neither of which correlate strongly against typical x(t)
sequences with good autocorrelation properties. Thus, with term
2 as the objective in (13), the main goal of the helper-based HR
system design is maximizing the amplitude of the helper node
contribution Ah.

Discussion above focused on transmit powers Pr and Ph.
However, Ar in (3) and Ah in (11) show that, in both RN and
helpers, it is their respective effective isotropic radiated powers
(EIRPs),Pe,r = PrGtx andPe,h = PhGh, that affect strength of
signals arriving at the tag. This allows a familiar design trade-off
between transmit power and antenna gain, although increasing
either of them usually incurs greater size, weight and cost.

III. BENEFITS OF USING HELPER NODES

Above, we saw that when the amplitude Ah of the HN
contribution is greater than half of the ranging signal amplitude
Ar, helper-based system provides an increased SNR (or range),
relative to conventional HR. The advantage of employing helper
nodes is that the increase of the tag output power is achieved
by using simple constant-envelope signals, which are inexpen-
sive and power-efficient. Further, helper nodes can be added
incrementally in order to provide the power boost needed for
the desired SNR or range increase. It is worth noting that in
some systems, helpers may be distributed around the operating
area independently of the locations of the RN and the tag.
Some of them may then be closer to the tag than is the RN,
thereby producing a much larger downlink signal than would be
achievable by increasing Tx power of the RN instead. Below, we
evaluate how much improvement can be achieved with helper
nodes in different operating schemes.

A. Coherent Transmission Scheme

A coherent transmission scheme ensures that HN signals
arrive at the tag in phase, in spite of drifts in distances and in
oscillator phases. In Section IV, we introduce an adaptive phase
coherence method to achieve such a system. Here, we show that
the benefits of coherent operation are substantial. Consider the
amplitudeAh of the helper node contribution introduced in (11):

Ah
Δ
=

∣∣∣∣∣
M∑

m=1

Ah,mejθ̄m

∣∣∣∣∣ . (14)

If all θ̄m = θ̄, then

Ah =

∣∣∣∣∣ejθ̄
M∑

m=1

Ah,m

∣∣∣∣∣ =
M∑

m=1

Ah,m = MA, (15)

where the last equality assumes, for simplicity of presentation in
this section, that all helper tones arrive at the tag with the same
amplitude A. Then, the power of the intermodulation term in
(13) is proportional2 to

Pi = 4M2A2A2
r , (16)

2For notational convenience, here and in the following the signal power is
assumed to be normalised to the total link gain ηr defined below (9).
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which is 4M2α2 times the power of the ranging signal in a
conventional HR system (first term in (13)) where α = A/Ar is
the ratio of the HN and RN amplitudes at the tag. As a result, the
helper-based system provides an SNR boost of 20 log(Mα) +
6 dB. Since received signal power in HR varies as inverse sixth
power of distance, a coherent helper system provides a range
extension factor (REF) of

ζcoh = (4M2α2)1/6 =
3
√

2Mα. (17)

The value of the amplitude ratio α will depend on the ratio
of the EIRP of the ranging transmitter, Pe,r = PrGtx, and HNs,
Pe,h = PhGh, in the direction of the tag, as well as the distances
dr, dm via the uplink and downlink gains. Assuming all path
losses to be equal, the amplitude ratio becomesα =

√
Pe,h/Pe,r

which turns into α =
√
Gh/Gtx if we further assume equal

transmit powers at the RN and HNs. In a typical setting, the
helper nodes would carry broadbeam3 antennas to avoid the
need for manual or electronic scanning. As for the RN antenna
gain Gtx, it is often assumed to be relatively large to enable tag
localization (hence α � 1 or α ≈ 1 if helper antenna gains are
also high). On the other hand, in a system that solely relies on
ranging and multilateration for tag localization, such as in [30]
for instance, the RN antennas can be more broadbeam (α ≈ 1). A
combination of multiple RNs with pointing and multilateration
is also possible.

Expression (17) implies that with equal path losses and EIRPs
(α = 1) M = 4 helper nodes can double the range, compared
to conventional HR. Furthermore, with all things being equal,
even for the simplest case, i.e., a single helper (M = 1) where
coherence is no longer a consideration, REF is 1.26 which means
a 26% increase in range for almost no effort. This range increase
can be decisive. Consider for example tracking of insects or
small vertebrates. Movement of the RN or helpers might startle
the subject and change its behavior. Extending the system’s
range, e.g., from 20 m to 25 m, can mitigate the problem. Another
example is discovering and locating victims trapped in rubble
after an avalanche or an earthquake. Being able to increase the
effective power impinging on the locator circuitry, and therefore
the search range, can make a crucial difference to the victim’s
chances of survival.

B. Basic Scheme – Noncoherent Transmission

Although the focus of this paper is ensuring that helper tones
arrive coherently at the tag, there may be a role for a simpler
noncoherent system, one which omits the adaptive phase coher-
ence algorithm, as in [24]. According to (14), if the phases θ̄m
are mutually independent and uniformly distributed in [−π, π),
then the mean helper node power at the tag is the power-wise
sum

P̄h =

M∑
m=1

A2
h,m = MA2, (18)

3Note that broadbeam, and even omnidirectional, antennas may obtain high
gain by compressing the beam in the vertical (elevation) direction.

where the last equality, for simplicity, sets all helper amplitudes
equal to A. The mean power of the intermodulation term then
becomes

P̄i = 4P̄hA
2
r = 4MA4

rα
2. (19)

This is 4Mα2 times the power of the signal term in a con-
ventional HR system. On the other hand, this average is M
times smaller than the constant power (16) of the coherent
transmission. At the mean power of the intermodulation term
(19), the SNR boost is then 10 log(Mα) + 6 dB.

What about the instantaneous power Pi = 4A2
hA

2
r ? From

(14), the magnitude Ah varies as the individual phases drift with
changing distances to the tag and different individual LO phase
offsets. Suppose that there are many helpers. Then, invoking the
central limit theorem we can model the real and imaginary com-
ponents of the helper node contribution as Gaussian variables
with weak mutual dependence. It is well known that the resulting
complex Gaussian process has a Rayleigh distributed amplitude
(Ah) and an exponentially distributed power (Ph = A2

h) [31].
Consequently, the cumulative distribution function (CDF) of Pi

for many helpers is asymptotically

Pr[Pi ≤ z] = 1− e
−
z

P̄i = 1− e
−

z

4MA4
rα

2
. (20)

From (20), the instantaneous power of the helper-based HR
system with noncoherent transmissions is 4Mα2 times the
power of conventional HR approximately 37% of the time,
and when the phases are almost aligned it can occasionally
approach the power of coherent transmission, which is 4M2α2

times that of conventional HR. However, infrequent deep fades
can take it below the power of conventional HR, with prob-
ability 1− exp(−1/4Mα2) ≈ 1/4Mα2. In other words, this
means that if the range is extended by a factor ζinc, then
the dropout probability becomes 1− exp(−ζ6inc/4Mα2) which
grows rapidly. For such a system, range extension may not
be an appropriate measure. Instead, if this noncoherent system
operates at the same range as conventional HR, it provides much
higher SNR on average, at the cost of dropouts a 1/(4Mα2)
fraction of the time.

C. Brute Force Conventional HR

A helper-based system invests the power of the ranging node
and M helpers into SNR improvement or range increase. As-
sume, again for simplicity, that all helpers have the same transmit
power as the ranging node and that all path losses are equal. A
fair comparison might then allow conventional HR to increase
its transmit power by a factor of M + 1. With this brute-force
improvement, the received power at the tag in conventional HR
is

Pr = (M + 1)2A4
r . (21)

Comparison with (16) and consideration of the inverse sixth
power dependence on range gives the REF as

ζconv = 3√M + 1. (22)
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Fig. 3. Block scheme of a helper node that can operate in one of two modes:
a phase adjustment mode (A) or a fixed-phase transmission mode (T). QM and
QD here stand for the quadrature modulator and demodulator, respectively.

For a single helper (M = 1), therefore, SNR and REF of the
conventional HR system are as good as those of the coherent
helper-based system (16) in which α = 1. However, conven-
tional HR rapidly falls behind the coherent helper system as
the number of helper nodes increases, leaving the coherent
system with an asymptotic (26 · α)% greater range. On the
other hand, to match the range of a helper-based system, the
conventional system must increase the transmit power of its
RN, which also increases the weight and cost of the amplifier
and power supply. It is worth noting here that HR systems
have increased linearity requirements on the RN in order to
minimize the parasitic 2nd harmonic leakage, leading to the
need for more carefully designed amplifiers and, depending
on the modulation, implementation of additional linearization
techniques [32], [33]. In contrast, the helper-node approach is
distributed and incremental, so that helpers can be added as
needed. Also, the set of helper nodes boosts the effective power
of every RN, in case there is more than one.

IV. PHASE ADAPTATION FOR COHERENT HELPER NODE

SIGNAL COMBINING AT THE TAG

A. Two-Mode Transmission With Phase Adjustment

From Section II-B, helper nodes transmit a fixed-phase tone,
a mode which we will call T-mode (tone). However, from (16)
and (17), we want the individual helper node tones to combine
coherently at the tag, in order to maximize the tag’s output power.
That requires an additional mode (A, for adjustment) in which
a helper node adjusts its transmit phase θm in response to the
tag output signal ṽout(t), which implies that helper nodes must
also be able to receive signals on the downlink. Fig. 3 outlines
the helper node structure that supports this two-mode operation.
When in mode A, the helper node sweeps its phase around the
circle as θm + ϕ(t), where ϕ(t) = 2πt/Ts, 0 ≤ t ≤ Ts and Ts

is the phase sweep duration. During this time, it processes the
received response from the tag in order to calculate the new value
of transmit phase to use when it next returns to T mode.

Fig. 4. Simplified transmission frame structure for M = 3 helper nodes. The
frameTf is organized inM time slots:M − 1 phase adjustment slots of duration
Ts each followed by a Tr-long slot for ranging, i.e., Tf = (M − 1)Ts + Tr. .

To coordinate the change between the two different modes at
each helper and the operation of the ranging node, the trans-
mission time consists of a series of frames, e.g., see Fig 4.
Maintaining such a frame structure and its use requires a higher
protocol layer on a different frequency, or perhaps on a wired
network if there is one among all nodes. The protocol would
provide three principal services:
� Establish slotting (determination of the time intervals). The

timing can be possibly derived from a satellite reference via
GPS or a master clock that could be associated with the RN.

� Coordinate use of slots by all nodes, including plug and
play operation in which helper nodes and RNs can be intro-
duced to or removed from the network. Assigning nodes to
slots may include sorting by amplitude (see Section V-B).

� If there are multiple RNs, allow them to report their ranging
information to some central point for processing.

We note that even for a conventional (non-helper) HR system
with more than one RN, a protocol for coordinating the RNs and
reporting of measurements would be similar [30].

Every frame begins with a phase adjustment interval ofM − 1
time slots, each of duration Ts, used for helper phase adjust-
ments, followed by a ranging interval of duration Tr, resulting
in a total frame duration of Tf = (M − 1)Ts + Tr. Furthermore,
during phase adjustment slots only a single helper is in mode A
at any given time. Fig. 4 exemplifies a simple frame structure
for M = 3 helpers. In slot 1, helper 1, which is in mode T, sends
a tone and helper 2, in mode A, sends a phase sweep that allows
it to align its phase with that of helper 1. In slot 2, helpers 1
and 2 send their now-aligned tones in mode T, while helper 3,
in mode A, sends the phase sweep in order to align its phase
with that of the sum of helpers 1 and 2. The adjustment interval
continues to add one helper at a time, slot by slot, until all M
helpers are aligned. In the absence of receiver noise, M − 1
phase adjustment slots are sufficient here to achieve exact phase
coherence. During the ranging interval that follows (slot 3 in
Fig. 4), the RN sends the ranging signal while the helpers, all
now in mode T, send tones which arrive coherently at the tag,
thereby boosting the amplitude of the intermodulation term at
the tag output.
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In more detail, helper m adjusts its phase in slot i = m−
1,m ∈ [2,M ], which lasts over (m− 2)Ts ≤ t ≤ (m− 1)Ts.
The signal arriving at the tag consists of the phase-sweep of
helper m and the fixed-phase tones of helpers 1 to m− 1. The
complex envelope of the tag input is then

vin(t− (m− 2)Ts) = Ah,mejθ̄mejϕ(t−(m−2)Ts)

+Ap,m−1e
jθp,m−1 , (23)

where Ap,m−1e
jθp,m−1 =

∑m−1
m=1 Ah,mejθ̄m is the partial sum

of helper node signals in slot i = m− 1, inherited from the
adjustment in the previous slot. Note that only a subset of helpers
is in T mode during any phase adjustment slot. After the final
adjustment by helper M in slot i = M − 1, the sum is no longer
partial so that Ahe

jθh = Ap,Mejθp,M . Moving to the downlink,
(12) gives the second-harmonic complex envelope at the tag
output in slot i = m− 1 for helper m as

vout(t− (m− 2)Ts) = (|ZH|/|ZF|)btv2in(t− (m− 2)Ts).
(24)

Substituting now (23) into (24), the second-harmonic receiver
input at helper m, which is in mode A, is given by

rm(t− (m− 2)Ts) = ηm

(
A2

h,i+1e
j2θ̄mej2ϕ(t−(m−2)Ts)

+2Ah,mAp,m−1e
j(θ̄m+θp,m−1)ejϕ(t−(m−2)Ts)

+A2
p,m−1e

j2θp,m
)
e−j2ω0τm−1 + nm(t− (m− 2)Ts),

(25)

where ηm = hd(dm)bt
√

kout|ZH|Rrx/|ZF|. For simplicity, in
(23)–(25) we ignore the propagation delay in ϕ(t), on the
grounds that τm � Ts, but we revisit this point later in Sec-
tion V-D. From (24), the partial sum Ap,m−1 from slot m− 1
reflects adjustments by them− 1 prior helpers, so that helperm
should change its phase to equal that of the partial sum, θp,m−1.
In the absence of error, this maximizes the amplitude of the next
partial sum Ap,m = Ah,m +Ap,m−1. According to (25), helper
m can achieve this by offsetting its phase by

ϕo,m = θp,m−1 − θ̄m = θp,m−1 − θm + ω0τm. (26)

Below, we describe how ϕo,m can be estimated from the
received signal rm(t− (m− 2)Ts).

B. Phase Offset Estimation

The individual terms in (25) are separable with respect toϕ(t)
via the following integrals:

G0,m =

∫ (m−1)Ts

(m−2)Ts

rm(t)dt

= ηmTsA
2
p,m−1e

j2(θp,m−1−ω0τm)︸ ︷︷ ︸
Ġ0,m

+

∫ (m−1)Ts

(m−2)Ts

n(t)dt

= Ġ0,m + n0,m, (27)

G1,m =

∫ (m−1)Ts

(m−2)Ts

rm(t)e−j2π
t−(m−2)Ts

Ts dt (28)

= 2ηmTsAh,mAp,m−1e
j(θ̄m+θp,m−1−2ω0τm)︸ ︷︷ ︸

Ġ1,m

+

∫ (m−1)Ts

(m−2)Ts

n(t)e−j2π t
Ts dt

= Ġ1,m + n1,m.

G2,m =

∫ (m−1)Ts

(m−2)Ts

rm(t)e−j4π
t−(m−2)Ts

Ts dt

= ηmTsA
2
h,mej2(θ̄m−ω0τm)︸ ︷︷ ︸

Ġ2,i

+

∫ (m−1)Ts

(m−2)Ts

n(t)e−j4π t
Ts dt

= Ġ2,m + n2,m, (29)

where nk,m =
∫ (m−1)Ts

(m−2)Ts
n(t)e−j2πkt/Tsdt and the overhead dot

denotes the noise-free component. Since the basis functions
exp(−j2πkt/Ts), k = 0, 1, 2 in (27)-(29) are orthogonal and
have equal energy, the noise terms n0,m, n1,m, n2,m are in-
dependent and have equal variance σ2

n = TsN0. Hence, for each
of the integration outputs, we can define individual SNRs

γ0,m =
|Ġ0,m|2

σ2
n

=
η2m A4

p,m−1Ts

N0
, (30)

γ1,m =
|Ġ1,m|2

σ2
n

=
4η2mA2

h,m A2
p,m−1Ts

N0
, (31)

γ2,m =
|Ġ2,m|2

σ2
n

=
η2mA4

h,mTs

N0
. (32)

Given (27)-(29), helper m can estimate the phase offset ϕo,m

as

ϕ̂o,m = arg(G0,mG∗
1,m), (33)

where (·)∗ denotes complex conjugate. Note that while we do
not directly use the output G2,m of the third integrator for phase
estimation, we will see in the following that it provides a useful
SNR reference that is independent of the variable partial set
amplitude Ap,m−1.

Phase estimation in (33) is similar to a phase error detection in
a phase-locked loop. In contrast to operating directly on the mag-
nitude of received measurements, it first projects the received
signal onto a set of orthogonal subspaces and then extracts the
phase. This separates the individual signal components and, by
averaging over the sweep time, reduces the effect of additive
noise.

V. PHASE ADJUSTMENT ACCURACY

Above, we presented a transmission scheme and a phase
estimation method to phase-align helper node signals for co-
herent signal combining at the tag. In the absence of noise, it
achieves phase alignment in M − 1 slots. When an additive
noise is present, how well the phases can be aligned depends
on the phase estimation accuracy of (33). The following section
presents an analysis of the phase adjustment accuracy of the
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proposed approach and its effect on the REF of the helper-based
system.

A. Phase Estimation

As a first step, we introduce a more compact notation. We
normalize the helper amplitudes Ah,m and partial helper set
amplitudes Ap,m by the RN amplitude Ar to obtain amplitude
ratios αm = Ap,m/Ar and βm = Ah,m/Ar, and normalize the
downlink gains ηm by the RN gain ηr to obtain the downlink
ratios η′m = ηm/ηr. All three ratios are unitless. With these, we
can relate all SNRs to that of the RN which is given by

γr =
η2rA

2
rTs

N0
. (34)

Thus, using (30)–(32) in reverse order we obtain

γ2,m =
η2mA4

rβ
4
mTs

N0
= η′2mβ4

mγr, (35)

γ1,m =
4A2

p,m−1

A2
h,m

γ2,m = 4η′2mα2
m−1β

2
mγr, (36)

γ0,m =
A4

p,m−1

A4
h,m

γ2,m = η′2mα4
m−1γr. (37)

Consider now (33) and rewrite G0,m, G1,m in terms of
γ0,m, γ1,m so that

G0,mG∗
1,m = σ2

n
√
γ0,mγ1,mejϕo,m + nt,m, (38)

where

nt,m = σn(√
γ1,me−jarg(Ġ1,m)n0,m +

√
γ0,me−jarg(Ġ0,m)n1,m

)
+ n0,mn∗

1,m. (39)

From (38), the phase offset ϕo,m can be written as

ϕ̂o,m = arg(G0,mG∗
1,m) = ϕo,m + ϕer,m, (40)

whereϕer,m is the noise-induced phase estimation error suffered
by helper m in phase adjustment slot i = m− 1. As a result,
even if the partial set amplitudeAp,m−1 and helper-m amplitude
are known before the adjustment, the post-adjustment partial set
amplitude Ap,m is a random variable.

The three terms that constitute nt,m in (39) are uncorrelated,
so its variance is

σ2
m = (γ0,m + γ1,m + 1)σ4

n. (41)

Because of the quadratic term n0,mn∗
1,m the noise nt,m is not

strictly Gaussian. Nevertheless, when its two linear components
dominate the quadratic term (γ0,m + γ1,m ≥ 1), nt,m can be
well approximated as zero-mean complex Gaussian. In this case,
G0,mG∗

1,m has a non-central complex Gaussian distribution with
a K-factor (ratio of the squared mean to the variance, another
SNR measure) equal to

Km
Δ
=

(
σ2
n
√
γ0,mγ1,m

)2
(γ0,m + γ1,m + 1)σ4

n

=
γ0,mγ1,m

γ0,m + γ1,m + 1
. (42)

Substituting (36), (37) into (42), the K-factor becomes

Km =
4α6

m−1γ
2
2,m

α4
m−1β

2
mγ2,m + 4α2

m−1β
4
mγ2,m + β6

m

=
4η′4mα6

m−1β
2
mγ2

r

η′2mα4
m−1γr + 4η′2mα2

m−1β
2
mγr + 1

. (43)

As for the phase error ϕer,m, its distribution is that of the
phase of (38) when ϕo,m = 0. From [34, eq. (5.33)], its PDF is

fϕer,m
(ϕer,m,Km)

=
e−Km

2π

(
1 +

√
4πKmzmeKmx2

Q(−
√

2Kmzm)
)
, (44)

where zm = cosϕer,m and Q(·) denotes the complementary
cumulative distribution function (CCDF) of a standard Gaussian
distribution.

B. Phase Adjustment

Consider now the phase adjustment process exemplified by
Frame 1 in Fig. 4. Our primary interest is how the partial helper
set amplitude Ap,m changes from slot to slot as each additional
helper adjusts its phase. Since helper 1 does not adjust its phase,
the process is initialized with Ap,1 = Ah,1 or, equivalently, with
α1 = β1. In the first slot, helper 2 tries to align its phase with
that of helper 1. Elementary geometry gives post-adjustment
amplitude for use in the next slot as

Ap,2 =
√

A2
h,2 + 2Ap,1Ah,2 cosϕer,2 +A2

p,1, (45)

and substitution of the normalized amplitudes α2 and β2 gives
the equivalent expression

α2 =
√

β2
2 + α1β2 cosϕer,2 + α2

1. (46)

Generalizing to adjustment of helper m in slot m− 1, we
have the new partial set amplitude ratio for slot m as

αm =
√

β2
m + 2αm−1βm cos(ϕer,m) + α2

m−1, (47)

in whichαm ∈ [max(αm−1 − βm, 0), αm−1 + βm] for any 2 ≤
m ≤ M .

From (47), the amplitude ratio αm for m ≥ 2 is a random
variable that depends both on the phase estimation error in the
current slot ϕer,m and the amplitude ratio in the previous slot
αm−1. Next, we obtain its conditional PDF fαm

(αm|αm−1).
Define zm = cosϕer,m and express ϕer,m in terms of zm. From
(47) it is equivalent to

ϕer,m = arccos zm = arccos

(
α2
m − α2

m−1 − βm

2αm−1βm

)
. (48)

Note that (48) is symmetric about zero as is the PDF (44),
so there are two mirror-image branches to consider. For conve-
nience, we take the positive branch and multiply the result by 2.
Applying the change of variables, we obtain

fαm
(αm|αm−1) = −2fϕer,m

(ϕer,m,Km)
dϕer,m

dαm
, (49)
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in which
dϕer,m

dαm
= − αm

βmαm−1

1√
1−

(
α2

m−α2
m−1−βm

2αm−1βm

)2
= − αm

βmαm−1

1√
1− zm

. (50)

Combining (50) with (49) we have the conditional PDF

fαm
(αm|αm−1) =

e−Km

π

αm

βmαm−1

1√
1− z2m

(51)

×
(
1 +

√
4πKmzmeKmz2

mQ(−
√

2Kmzm)
)
, (52)

where zm = (α2
m − α2

m−1 − βm)/2αm−1βm.
The unconditional PDF fαm

(αm) is obtained by marginaliz-
ing (52) over the distribution of αm−1:

fαm
(αm) =

∫ um

0

f(αm|αm−1)f(αm−1)dαm−1, (53)

where um =
∑m

k−1 βk. For m = 2, where α1 = β1 in K2 and
z2, (53) has a closed-form solution which is given by

fα2
(α2) =

e−K2

π

α2

β2β1

√
1

1− z22(
1 +

√
πK2z2e

K2x
2
2Q(−

√
2K2z2)

)
. (54)

For any 2 < m ≤ M , the unconditional PDF fαm
(αm) can

then be obtained numerically by successive iterations of the
recursion (53).

To illustrate the successive PDFs over the M − 1 adjustment
slots, we start with a simplified scenario in which all downlink
factors ηm are equal and all helper amplitudes are equal to
the amplitude of the RN, βm = 1 for m = 1, . . . ,M (hence
α1 = 1). The SNRs γ2,m,m = 1, . . . ,M are then all equal as
well and denoted simply by γ2. Fig. 5 exhibits PDFs of the
partial helper set amplitudes, adjustment after adjustment, for
different values of m and input SNR γ2 ranging from -5 to 5 dB.
In Fig. 5(a), we observe that the theoretical PDFs computed via
(54) coincide well with the empirical ones for both considered
SNRs. Fig. 5(b) on the other hand, illustrates that, as the phase
adjustment proceeds from slot to slot and the number of helpers
m grows, so does the likelihood that the partial set amplitude
Ap,m increases, as higher values of the amplitude ratio in pre-
vious slots lead to improved phase estimation performance (via
increased K-factor) and thus better chances for obtaining higher
amplitude ratio and higher SNR in the current slot. Further, the
long-tailed asymmetry of the PDFs shows that, while Ap,m is
almost always close to mAr, it can fall to very low values on
rare occasions. Therefore, our design analysis should be based
on performance percentiles, rather than on the average values.

In Fig. 6 we examine a more ambitious scenario: dif-
fering amplitudes among M = 4 helpers. It shows the
cumulative distribution functions (CDFs) of the ampli-
tude ratio αM after final, (M − 1)-th, phase adjustment
for three cases characterized by the following values of
βm: largest first {1.323, 1.118, 0.866, 0.5}, smallest first

Fig. 5. Exemplary PDFs of the amplitude ratio αm for (a) m = 2 and (b)
m ∈ [2, 5] when βm = 1 and ηm = ηr for all m ∈ [1,M ].

Fig. 6. CDFs of the amplitude ratio αM for M = 4 helpers
with differing amplitudes for three cases: βm = 1 for all m (equal
power), {βm} = {1.323, 1.118, 0.866, 0.5} (largest first), and
{βm} = {0.5, 0.866, 1.118, 1.323} (smallest first).

{0.5, 0.866, 1.118, 1.323}, and equal {1, 1, 1, 1}. These values
are selected so that

∑
m β2

m = M resulting in the sum of individ-
ual helper powers at the tag being the same for all cases. For sim-
plicity, downlink factors are made equal (η′m = 1 for allm). The
reference SNR is γr = −5 dB, so (36) gives the individual SNRs
as: largest first {−0.138,−3.06,−7.45,−17.0} dB, smallest
first {−17.0,−7.45,−3.06,−0.138} dB, and for equal powers,
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all are -5 dB. These poor SNRs are intended to highlight relevant
phenomena in statistics of αM . Fig. 6 shows that both smallest
first and largest first have the same maximum possible helper
sum (3.8 =

∑M
m=1 βm), but largest first generally provides a

better performance. Equal power has a larger maximum possible
value (

∑M
m=1 βm = M = 4). However, its CDF crosses that of

the largest first at 3.5 at probability 0.438. That is, equal power
has a higher probability of small amplitudes than largest first,
even though it is preferable to largest first at high amplitudes.
This reinforces the need for design to be based on performance
percentiles.

There are many other parameter variations to explore, and the
differences among downlink gains expands that space further.
We have provided the analytical tools for such investigations.
However, given the space limitations of the present paper, the
analytical and numerical explorations to follow will adopt the
simplified scenario of Fig. 5 in which all normalized downlink
factors η′m and helper amplitudes βm are equal to one and the
SNRs γ2,m = γ2 = γr for all m.

C. Effect on Ranging SNR and REF

Now we demonstrate the range extension provided by our
helper-based system and compare it to the range extension
achievable by a conventional system that is given the same
total transmit power. The helper-based HR system uses the
intermodulation term (the second term of (13)) for ranging.
Previously, we saw that its instantaneous power is

Pi = 4A2
hA

2
r ≤ 4A2

r

(
M∑

m=1

Ah,m

)2

= 4A4
r

M∑
m=1

β2
m, (55)

with the upper limit being achieved when all M helper tones
perfectly phase-align at the tag. After the last, (M − 1)-th,
phase adjustment slot, the helper node amplitude becomesAh =
Ap,M−1 and (55) can be written as

Pi = 4α2
MA4

r , (56)

where αM = Ah/Ar. Comparing (56) with the power of the
ranging term (term 1 in (13)), we see that the SNR boost is
proportional to 4α2

M while the corresponding REF for phase
adjustment is then ζpa = 3

√
2αM . With another change of vari-

able, we obtain the PDF of ζpa as

fζpa(ζpa) = 1.5ζ2pafαM
(ζpa). (57)

Its CDF is Fζpa(ζpa) =
∫ ζpa
0 fζpa(ζpa)dζpa. We also define

the inverse function of the CDF as

Gζpa(p)
Δ
= ζpa : Fζpa(ζpa) = 0.01p. (58)

That is, Gζpa(p) is the value of the REF ζpa at the p-th
percentile.

We evaluate the REF on an example of a simplified scenario
in which ηm = ηr and βm = 1 for all m = 1, . . . ,M . Fig. 7
depictsGζpa(p) as a function ofM for input SNRγ2 = −5 dB. It
shows a conservative 10th percentile as a worst acceptable case,
as well as the more optimistic 50th percentile along with the
corresponding REFs of a brute-force conventional HR system

Fig. 7. REF percentiles as a function of M for input SNR γ2 = −5 dB
when βm = 1 and ηm = ηr for all m ∈ [1,M ]. The solid black line indi-
cates REF of the conventional brute-force HR system without helper nodes
ζconv = 3

√
M + 1 (22) while the black dashed line shows REF of a fully

coherent helper-based system ζcoh = 3
√

2M (17).

ζconv = 3
√
M + 1 (22) and a fully coherent helper-based system

ζcoh = 3
√

2M (17). All three systems have the same total EIRP.
We observe from Fig. 7 that, at this SNR (γ2 = −5 dB), one
could expect a range extension factor greater than one (ζpa > 1)
even in the worst-case scenario4, while in 50% of cases the REF
of the helper-based system well exceeds that of the conventional
brute-force approach when both systems are given the same total
transmission power.

D. Slot Duration Limitations

In our helper-based system, the phase adjustment interval
consists of M − 1 slots followed by a ranging interval. Each
phase adjustment slot lasts Ts seconds during which the A-
mode helper sweeps its phase according to the sweep function
ϕ(t) = 2πt/Ts and collects the tag response in order to compute
its phase correction according to (33). While it appears that the
slot duration Ts is a free parameter of choice, there are several
considerations that limit its practical range.

The i-th phase adjustment slot (i > 1) is launched with the
helper node phases of nodes 1 to i obtained by the end of the
preceding slot. The primary concern then is the phase drift due
to frequency errors in LOs of the helpers and, if they or the
tag are moving, differences in their Doppler shifts. Phase drift
causes increasing de-coherence among helpers across the slot
time, with a corresponding slow reduction of the amplitude ratio
αi through the shrinking of the Ap,i factor. Suppose that due
to LO and movement-induced frequency shifts the k-th helper
signal arriving at the tag has a frequency error ωer,k at the end
of the phase adjustment slot Ts, which causes a growing phase
difference between the different helper tones. The longer the
slot duration, the greater the phase difference. Since the phase
difference must be contained over all M − 1 phase adjustment

4At lower SNRs the long tails offαM
(αM ) can cause the 10th percentile REF

for M > 1 to fall below that of the constant REF provided by a single helper,
which we observe in Fig. 7 for M = 2. Nevertheless, adding more helpers
consistently improves the 10th percentile performance.
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TABLE I
PARAMETERS OF A HR SYSTEM REPORTED IN [18]

slots, we require that

Ts ≤ Δθmax

(M − 1)ωer,max
, (59)

where Δθmax is the maximum allowable phase difference and
ωer,max is the maximum frequency error of each helper.

According to (59), the phase drift limits the slot duration from
above. However, the slot duration cannot be too brief either.
Since the SNR γ2,i is proportional to Ts, it sets a minimum
value for slot duration Ts required for reliable phase estimation
so that

Ts ≥ γ2,minN0

Ph,min
, (60)

where γ2,min is the minimum allowable input SNR for a de-
sired performance level, while Ph,min indicates the minimum
individual incident helper-tone power received by any A-mode
node. In addition, because of the time it takes the signal from the
A-mode helper to reach the tag, the phase offset that maximizes
the helper node sum at the tag differs from the estimated one
by θd = 2πτk/Ts. Clearly, when τk � Ts the phase delay θd is
negligible, which is why it was omitted earlier. Nevertheless, it
contributes to the total phase difference and has to be accounted
for when setting the SNR limit in (60).

Finally, combining (59) and (60) we arrive at

γ2,minN0

Ph,max
≤ Ts ≤ Δθmax

(M − 1)ωer,max
, (61)

which shows how the combination of noise, mobility and the
number of helpers bounds the slot duration Ts. In the following,
we explore (61) in more detail.

VI. NUMERICAL EXAMPLE

A. System Parameters

In this section, we numerically evaluate proposed HR system
with adaptive self-coherent auxiliary helper nodes and compare
it against conventional HR without helpers. As a benchmark, we
consider an X-band HR system reported in [18] with operational
parameters summarised in Table I. With an output transmit
power of Pr = 10 Watt and Tx/Rx antenna gains of 15 dBi,
its reported maximum detection range is 15 m.

For modelling the behaviour of the harmonic tag, we consider
a wire-based tag design from [17], [21] where the tag consists of
a single dipole antenna that acts both as the receive antenna atω0

and the transmit antenna at 2ω0, a Schottky diode and a parallel
inductive loop. In our evaluation we use a Skyworks Schottky

TABLE II
PARAMETERS OF A SCHOTTKY DIODE SMS7630-040 [35]

diode SMS7630-040 [35] with parameters specified in Table II.
For simplicity, we also assume perfect matching conditions at
both ω0 and 2ω0 such that kin = kout = 1. To facilitate this, we
assume that the tag antenna is a half-wavelength dipole at ω0

with an arm ratio of (2 : 1), which, as outlined in [36], [37],
ensures a double resonant structure necessary to maximise the
power transfer efficiency of the tag. Using an antenna-analysis
tool MMANA-GAL [38], we find that for a copper wire with
a diameter of 0.31 mm this yields |ZF| ≈ RF = 132Ω, |ZH| ≈
RH = 146Ω, Gtag(ω0) = 2.2dBi, Gtag(2ω0) = 3.15 dBi. The
tag antenna gains, together with the parameters from Table I,
determine the uplink gainhu(d) (2) and the downlink gainhd(d)
(8).

Given an arbitrary transmit waveform x(t), a transmit power
Pr and a downlink gain hd(d), we can determine the input volt-
age at the tag antenna vin(t) according to (2). Throughout this
paper, we made use of the quadratic small-signal approximation
(5) to model the relation between the input voltage vin(t) at the
tag and the tag output current at the second harmonic i2(t). Here,
we employ the more general explicit solution to (4) instead [29]:

ĩT(t) =

(
W0

(
ρe(ρ+ṽin(t)/niVT)

)
ρ

− 1

)
IS, (62)

in which W0(·) denotes the principal branch of the Lambert
function [39]. Given (62), we compute i2(t) numerically as

i2(t) = a2(t)− jb2(t), (63)

where a2(t), b2(t) are the second harmonic Fourier coefficients
of ĩT(t) (see [29] for details). As before, the output tag voltage
is

vout = |ZH|i2(t). (64)

Using (62) allows us to test how well our quadratic model
holds and evaluate how the proposed algorithm behaves outside
the quadratic region.

B. Conventional HR System

We begin our study by determining operational conditions of
a conventional X-band HR system without helper nodes with
parameters specified in Table I. Fig. 8 shows input signal power
at the tag antenna, Pin = h2

u(d)Pr, and at the harmonic radar re-
ceiver, Prec = h2

d(d)RHI
2
2/2, for a tone input, where I2 denotes

the amplitude of the second harmonic current. We can clearly
observe the change in the curve slope of Prec appearing around
d = 4m. It illustrates the transition from the quasi-linear regime
characteristic of the large-signal conditions to the quadratic
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Fig. 8. Signal power as a function of the distance to the tag dr in a conventional
HR system without auxiliary helper nodes.

regime in the small-signal region. We also indicate here the
point corresponding to the reported maximum detection range
dmax = 15m [18], which is clearly in the quadratic region. It de-
termines the minimum received signal power ofPmin = −115.5
dBm with a corresponding tag input power of Pin = −48 dBm.
From this, we also compute a minimum required voltage am-
plitude at the tag, which is Ar = 2.43niVT = 63 mV. Finally,
we determine the receiver noise power asPn = 2BrN0 ≈ −118
dBm, in which N0 = RrxkBTn(Nf − 1) where Tn = 290 K is
the standard room temperature and Nf is the Rx noise figure in
linear scale.

C. HR System With Auxiliary Helper Nodes

This section examines the benefits of introducing helpers into
the operational scenario described above. In what follows, we
assume helper tones to arrive at the tag with the same amplitude,
which is equal to RN amplitude (Ah,m = Ar and βm = 1 for
any m ∈ [1,M ]). In this case, when the helpers are perfectly
phase-aligned at the tag the composite helper node amplitude
Ah is equal to MAr and the amplitude ratio at the end of the
phase adjustment interval is αM = M .

First, we present the statistical distributions of the normalized
amplitude ratio α̃M = αM/M ∈ [0, 1]. Previously, we saw that
fαM

(αM ) depends on the input SNR5 γ2, which in turn depends
both on the phase adjustment slot duration Ts via the integration
time in (29) and the distance to the tag dr via the amplitude
of the receiver input. Suppose now that the tag is positioned
at the maximum range of the conventional system such that
dr = dmax. Then, the amplitudeAr is fixed and γ2 is determined
by the slot duration Ts. Fig. 9(a) shows 10th and 50th percentiles
Gα̃M

(p) of the normalized amplitude ratio α̃M as a function of

5In light of using (62) for determining the tag output, we define γ2 here as the
SNR at the output of the third integrator (29) during the first phase adjustment
slot, i.e., γ2 = γ2,1 = |Ġ2,1|2/TsN0.

the input SNR γ2, together with the values of Ts corresponding
to the SNRs. We observe good correspondence between the
empirical results obtained using (62) and the theoretical ones
derived from the asymptotic quadratic model (5). Fig. 9(a) also
demonstrates that the phase adjustment performance improves
both with M and the input SNR. For instance, when M = 2
and the slot duration is greater than one microsecond (i.e.,
γ2 > 0), 90% of the outcomes achieve more than 60% of the
maximum possible amplitude amplification (i.e., αM is greater
than 0.6M = 1.2) while for M = 4 it exceeds 85% (i.e, αM

is greater than 0.85M = 3.4). To test how well our approach
performs outside of the quadratic region, we fix the slot duration
Ts and change the distance to the tag dr instead. Note that the
slot duration is set to Ts = 1ns, an extremely low value, solely to
avoid excessively large SNR values when the distance is small
and the tag operates far above the quadratic region. Fig. 9(b)
demonstrates the results. It indicates that the move towards the
quasi-linear (dr << dmax) region does not significantly affect
the ability of our phase adaptation algorithm to phase-align
helper signals at the tag.

Next, we return to Section V-D considerations and determine
the upper and lower bounds on slot duration that allow the
helper-based HR system to outperform conventional HR, when
both systems are given the same total transmit power budget.
To this end, we again consider system performance at the
maximum range by setting the tag distance to dmax, as it is
our primary region of interest. First, we study the lower bound
(60) on slot duration Ts. To account for the propagation delay
in the sweep function ϕ(t), we introduce an additional error
θd = 2πdmax/cTs into the phase offset estimate (40). As our
performance metric we choose the amplitude of the helper-based
system measured by the pessimistic 10th percentile point, i.e.,
G2αM

(10). Recall that the amplitude of the signal into the tag is
proportional to 2αM for helper-assisted HR (56) and to M + 1
for conventional HR (21). Thus, Fig. 9(a) shows the minimum
slot duration required for that 10th percentile amplitude to ex-
ceed the conventional HR amplitude, i.e., G2αM

(10) > M + 1.
For comparison, we also show theoretical and empirical curves
obtained under the initial assumption that θd = 0. Fig. 9(a)
suggests that a slot duration of about 1μs ensures that the SNR
boost of the helper-node system exceeds that of a comparable
conventional system in 90% of the cases. The slot duration can
be further reduced by accepting a lower percentage of outcomes
in which 2αM > M + 1, e.g., by considering a 50th percentile
instead.

We now turn to evaluating the upper bound (59) on slot dura-
tion Ts that still allows the pessimistic 10th amplitude percentile
in helper-based HR to exceed the amplitude of the conventional
HR. We introduce a frequency error ωer as a portion of the
fundamental carrier frequency ω0, so that ωer/ω0 = 10−6pe
where pe is the frequency instability expressed in parts per
million (ppm). Givenωer, the maximum phase error between any
two helpers over the slot duration is 2ωerTs. Fig. 10(b) shows the
maximum slot duration Ts that permits G2αM

(10%) > M + 1
as a function of the number of helpers M , for two values of
pe. As expected, the upper bound begins to approach the lower
one from Fig. 10(a) when the frequency error is increased. As
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Fig. 9. Normalized amplitude ratio percentile Gα̃M
(p) as a function of the input SNR γ2 (a) at a fixed distance dr = dmax and (b) at a fixed slot duration

Ts = 1ns.

Fig. 10. Slot duration required for 10th percentile of helper-based HR amplitudeG2αM
(10) to exceed conventional HR amplitudeM + 1: (a) minimum required

Ts in the presence of the propagation delay θd = 2πdmax/cTs and (b) maximum allowed Ts in the presence of the frequency error ωerr = 10−6peω0.

a result, for large enough frequency errors there might be no
suitable slot duration that fulfills (61) for the performance metric
of choice, so one would have to accept a higher probability of
low-power outcomes. On the other hand, Fig. 10 shows that when
the frequency error is within several ppm, the interplay between
noise, frequency instability and the number of helpers provides
enough room to choose Ts that ensures that the probability of
low-power outcome does not exceed a desired value (10% in our
case).

Our third, and final, assessment is to fix the slot duration and
evaluate the REF of our phase-adaptive helper-based system
(ζpa = 3

√
2αM ) taking into account both the phase delay θd

and the frequency error ωerr. Fig. 11 shows the CDF of ζpa

for Ts = 1μs (i.e., γ2 = 0.4dB at dmax) and pe = 1 ppm. For
comparison, it also provides corresponding values for the fully
coherent system (ζcoh = 3

√
2M , marked by circles) and the

brute-force conventional system (ζconv = 3
√
M + 1, marked by

filled rhomboids). We observe that setting the slot duration
within the limits determined by the performance bounds from
Fig. 10 results in the phase-adaptive system outperforming the
conventional HR with equivalent total transmit power with high
probability, i.e., in more than 80% of the cases. Furthermore,
the performance gap between the two increases with M . These
results show that helpers can be added incrementally in order to
achieve the desired range or SNR increase, as long as the system
design satisfies (61).
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Fig. 11. CDFs of the REF ζpa of the phase-adaptive helper-based system with
the slot duration of1μs and a frequency instability of 1 ppm. Individual circle and
rhomboid markers show the corresponding REFs of a fully coherent helper-based
system ζcoh = 3

√
2M and a brute-force conventional system without helpers

ζconv = 3
√
M + 1, respectively.

VII. CONCLUSION

The low power conversion efficiency of passive harmonic tags
severely limits operational range in harmonic radar. The con-
ventional remedy is ever-higher power at the uplink transmitter,
but the inverse sixth power dependence on distance makes this
an expensive method in HR. In contrast, our approach is based
on new physical and signal configurations. Unconventionally,
we use “helper nodes” to transmit tones that arrive as a single
composite tone at the nonlinear tag while the ranging node trans-
mits its own signal. The maximum benefit however, requires
the helper tones to arrive coherently at the tag. Ensuring that
condition was the focus of this paper.

Our phase-adaptation algorithm causes each helper, one at a
time, to adjust its phase at the tag, aligning it with the composite
tone from previously-aligned helpers based on the tag feedback.
The adjusting helper sweeps its phase around the circle in the
uplink while receiving the downlink signal. From a Fourier-like
decomposition of the received signal, it estimates its required
phase adjustment. Receiver noise causes adjustment error and
consequent statistical variation in the composite helper sum at
the tag. We provide analysis of the resulting distribution of the
helper sum amplitude with a closed-form solution for M = 2
helpers and a recursion for M > 2. The result is a long-tailed
distribution in which the 50th percentile is close to the maximum
value, but the 10th percentile can be much lower, depending on
the SNR and M . Assessment of the proposed method based
on a measurement set from a prototype HR ranging node [18]
showed that the proposed approach can be a viable solution for
increasing detection range and/or SNR, or decreasing Tx/Rx
antenna gains at RN, in HR-based systems.

In the pursuit of range increase, it may become an implemen-
tation issue whether our helper-based system or the conventional

system is preferable. We note, however, that conventional rang-
ing nodes become bigger, heavier and costlier as their transmit
power increases, and they may require additional linearization.
In contrast, the helper-based system can add power incremen-
tally by adding nodes as needed, without requiring upgrades to
the RN or any change to existing HNs or the high-level protocol
to adjust their phases. Moreover, for systems with multiple RNs,
a single set of helpers boosts the effective power of every RN.
An alternative to increasing the range is to reduce the uplink and
downlink antenna gains which can also provide savings in size
and cost.

Our overall conclusion is that a helper-based system, rel-
ative to conventional harmonic radar systems, offers greater
operational flexibility, as well as improved receiver sensitivity
and higher power efficiency—and therefore the opportunity to
increase the range, or reduce the required transmit power or
antenna gains at the ranging node. The success of the helper-node
structure prompts questions that should be addressed in further
research. One issue is that powerful tones, as emitted from
the helpers, are generally unwelcome near other electronics.
Are there alternative helper signals that have a lower power
spectral density, do not interfere with the ranging application and
still allow easy separation of intermodulation components for
estimate of phase errors, or other property? Another question is
additional application areas. Could our adaptive phase coherence
at a point in space be used for, say, backscatter communications?
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