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Subgraphs reveal information about the geometry and functionalities of
complex networks. For scale-free networks with unbounded degree fluctua-
tions, we obtain the asymptotics of the number of times a small connected
graph occurs as a subgraph or as an induced subgraph. We obtain these re-
sults by analyzing the configuration model with degree exponent t € (2, 3)
and introducing a novel class of optimization problems. For any given sub-
graph, the unique optimizer describes the degrees of the vertices that together
span the subgraph. We find that subgraphs typically occur between vertices
with specific degree ranges. In this way, we can count and characterize all
subgraphs. We refrain from double counting in the case of multi-edges, es-
sentially counting the subgraphs in the erased configuration model.

1. Introduction. Scale-free networks often have degree distributions that follow power
laws with exponent 7 € (2, 3) [1, 11, 22, 34]. Many networks have been reported to satisfy
these conditions, including metabolic networks, the internet and social networks. Scale-free
networks come with the presence of hubs, that is, vertices of extremely high degrees.

Another property of real-world scale-free networks is that the clustering coefficient (the
probability that two uniformly chosen neighbors of a vertex are neighbors themselves) de-
creases with the vertex degree [4, 10, 24, 31, 34], again following a power law. Thus, two
neighbors of a hub are less likely to connect. The triangle is the most studied network sub-
graph, because it not only describes the clustering coefficient, but also signals hierarchy and
community structure [29]. However, other subgraphs such as larger cliques are equally im-
portant for understanding network organization [2, 33]. Indeed, subgraph counts might vary
considerably across different networks [25, 26, 35] and any given network may have a set of
statistically significant subgraphs (also called motifs). Statistical relevance can be expressed
by comparing a real-world network to some mathematically tractable model. This compari-
son filters out the effect of the degree sequence and the network size on the subgraph count.
A popular statistic takes the subgraph count, subtracts the expected number of subgraphs in
a model, and divides by the standard deviation in the model [12, 25, 27]. Such a standardized
test statistic sheds light on whether a subgraph is overrepresented in comparison to the model.
This raises the question of what model to use. A natural candidate is the uniform simple graph
with the same degrees as the original network.

For t > 3, when the degree distribution has a finite second moment, it is easy to generate
such graphs using the configuration model, a random graph model that creates random graphs
with any given degree sequence [5, 17]. For 7 € (2, 3), however, the configuration model
fails to create simple graphs with high probability [21]. We therefore consider the erased
configuration model ([8] and [17], Chapter 7), which constructs a configuration model and
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F1G. 1. Optimal structures and asymptotic counts of induced subgraphs on 4 vertices. The vertex colors indicate
the typical degrees and the scaling of the number of subgraphs is given below the pictures. Our results do not apply
to the gray vertices.

then removes all self-loops and merges multiple edges. For an erased configuration model
with degree exponent t € (2, 3), we count how often a small connected graph H occurs as a
subgraph or as an induced subgraph, where edges not present in H are also not allowed to be
present in the subgraph.

We find that every (induced) subgraph H, typically occurs between vertices in the erased
configuration model with degrees in highly specific ranges that depend on the precise sub-
graph H. An example of these typical degree ranges for subgraphs on 4 vertices is shown
in Figure 1 (which will be discussed in more detail in Section 2.4). In this paper we show
that many subgraphs consist exclusively of /n-degree vertices, including cliques of all sizes.
Hence, in such subgraphs, hubs (of degree close to the maximal value n!/=1) are unlikely
to participate in a typical subgraph. Hubs can be part, however, of other subgraphs. We define
optimization problems that find these optimal degree ranges for every subgraph.

We next define the model.

1.1. The erased configuration model. Let [n] ={1,2,...,n}. Given a degree sequence,
that is, a sequence of n positive integers D = (Dq, D2, ..., D,), the configuration model is a
(multi)graph with vertex set [n], where vertex v € [n] has degree D,. It is defined as follows
(see, e.g., [6] or [17], Chapter 7): given a degree sequence with }_, c[,) Dy €ven, we start with
D, free half-edges adjacent to vertex v, for v € [n]. The configuration model is constructed
by successively pairing, uniformly at random, free half-edges into edges and removing them
from the set of free half-edges, until no free half-edges remain. Conditionally on obtaining
a simple graph, the resulting graph is a uniform sample from the ensemble of simple graphs
with the prescribed degree sequence [17], Chapter 7. This is why the configuration model is
often used as a model for real-world networks with given degrees. The erased configuration
model is the model where all multiple edges are merged and all self-loops are removed.

In this paper, we study the setting where the degree distribution has infinite variance. Then
the number of erased edges is large [20] (yet small compared to the total number of edges).
In particular, we take the degrees to be an i.i.d. copies of a random variable D such that

(1.1 P(D=k)=ck " (1 +o0(l)) ask— oo,
where © € (2, 3) so that E[D?] = 0o and
(1.2) E[D]=u < o0.

When this sample constructs a degree sequence such that the sum of the degrees is odd,
we add an extra half-edge to the last vertex. This does not affect our computations. In this
setting, Dmax is of order nY/ =D where Dyax = maxye[n) Dy denotes the maximal degree
of the degree sequence. Denote the erased configuration model on n vertices by ECM™
when the degrees are an independent and identically distributed (i.i.d.) sample of (1.1), and
ECM" (D) when the degree sequence equals D.
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1.2. Quenched and annealed. Note that the erased configuration model as defined above
has two sources of randomness: the independent and identically distributed (i.i.d.) degrees
and the random pairing of the half-edges in constructing the graph. Studying the behavior
of subgraphs in the erased configuration model once the degree sequence has been fixed
corresponds to the quenched setting, whereas the erased configuration model with random
degrees corresponds to the annealed setting. Our main result on the number of subgraphs in
the erased configuration model is in the annealed setting. However, in the proof of our results
we often study subgraph counts in the quenched setting. Throughout this paper, we denote
the probability of an event £ in the quenched setting by

(1-3) IP>n(<€) = ]P(E | (Dv)ve[n]),

and we define E, and Var, accordingly.

1.3. Subgraph counts. Let H = (Vy, y) be a small, connected graph. We denote the
induced subgraph count of H, the number of subgraphs of ECM™ that are isomorphic to H,
by N@D(H). We denote the subgraph count, the number of occurrences of H as a subgraph
of ECM™, by N (f).

Throughout this paper, we denote the sampled degree of a vertex v € [n] in the erased
configuration model by D,. Note that this may not be the same as the actual degree of a
vertex in the erased configuration model, since self-loops are removed and multiple edges are
merged. Since we study subgraphs H, we sometimes also need to use the degree of a vertex
in H inside the subgraph. We denote the degree of a vertex i of a subgraph H by d;.

1.4. Paper outline. We present our main results in Section 2, including the theorems that
characterize all optimal subgraphs in terms of the solutions to optimization problems. We
also apply these theorems to describe the optimal configurations of all subgraphs with 4 and
5 vertices, and present an outlook for further use of our results. We provide an overview
of the proof structures in Section 3. We then prove the first part of the main theorems for
subgraphs in Section 4 and for \/n-optimal subgraphs in Section 5. The proofs of some
lemmas introduced along the way are deferred to Section 6. The proof of the second part of
the main theorem can be found in Section 7. We finally show how the proofs for subgraphs
can be adjusted to prove the theorems on induced subgraphs in Section 8.

1.5. Notation. We say that a sequence of events (&,),>1 happens with high probabil-

ity (w.h.p.) if lim,,— oo P(&,) = 1 and we use ;P> for convergence in probability. We write
f(m) =o0(gn)) iflim,_ f(n)/g(n) =0, and f(n) = O(g(n)) if | f(n)|/g(n) is uniformly
bounded. We write f(n) = ®(g(n)) if f(n) = O(g(n)) as well as g(n) = O(f(n)). We say
that X,, = Op(g(n)) for a sequence of random variables (X,),>1 if | X,|/g(n) is a tight se-

quence of random variables, and X, = op(g(n)) if X, /g(n) i) 0.

2. Main results. The key insight obtained in this paper is that the creation of subgraphs
is crucially affected by the following trade-off, inherently present in power-law networks:
On the one hand, hubs contribute substantially to the subgraph count, because they are well
connected, and therefore potentially contribute to many subgraphs. On the other hand, hubs
are by definition rare. This should be contrasted with lower-degree vertices that occur more
frequently, but typically take part in fewer connections and hence fewer subgraphs. Therefore,
one may expect every subgraph to consist of a selection of vertices with specific degrees that
“optimizes” this trade-off and hence maximizes the probability that the subgraph occurs.
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Let ECM™ |, denote the induced subgraph of the erased configuration model on ver-
tices v. Write the probability that a subgraph H = (Vy, Ey) with |Vy| = k is created on k
uniformly chosen vertices v = (vy, ..., V) in ECM™ as

(2.1) P(ECM™ |, 2 H) =) P(ECM™|, 2 H | D, = D')P(D, = D'),
D/

where the sum is over all possible degrees on k vertices D’ = (le )ielk]> and Dy = (Dy,)ie[x]
denotes the degrees of the randomly chosen set of k vertices. We show that for every (induced)
subgraph, there is a specific range of D1, ..., D; that gives the maximal contribution to (2.1),
large enough even to completely ignore all other degree ranges.

We show that when (2.1) is maximized by a unique range of degrees, there are only four
possible ranges of degrees that maximize the term inside the sum in (2.1). These ranges are
constant degrees, or degrees proportional to n*=2/(=D ‘to  /n or to n!/=D .

2.1. An optimization problem. We now present the optimization problems that max-
imizes the summand in (2.1), first for subgraphs and later for induced subgraphs. Let
H = (Vy,Ey) be a small, connected graph on k > 3 vertices. Denote the set of vertices
of H that have degree one inside H by Vi. Let P be all partitions of Vg \ V| into three
disjoint sets S1, S2, S3. This partition into S;, S> and S3 corresponds to the following typical
orders of magnitude of the degrees of the vertices of H embedded in ECM™: S| denotes
the vertices with degree proportional to n*=2/®=1D S, the ones with degrees proportional
to n'/=D and 3 the vertices with degrees proportional to /7. The optimization problem
finds the partition of the vertices into these three orders of magnitude that maximizes the con-
tribution to the number of (induced) subgraphs. When a vertex in H has degree 1, its degree
in ECM™ is typically small, that is, it does not grow with .

Given a partition P = (51, Sz, S3) of Vi \ V1, let E; denote the set of edges in H between
vertices in S; and Es, = |Ey;| its size, E;, S the set of edges between vertices in §; and S
and Eg; g ;= IEs;, s | its size, and finally &, v, the set of edges between vertices in V| and
Si and Eg; v, = |Es, v, | its size. We now define the optimization problem for subgraphs that
optimizes the summand in (2.1) as

(2.2) B(sub)(H) — max|:|S1| 18| — 2E51 + ES1,53 +Esivi —Esy v ]

P T—1
The first two terms in the optimization problem give a positive contribution for all vertices
in S1, which have relatively low degree, and a negative contribution for vertices in S, which
have high degrees. Therefore, the first two terms in the optimization problem capture that
high-degree vertices are rare, and low-degree vertices abundant. The last term gives a negative
contribution for all edges between vertices with relatively low degrees in the subgraph. This
captures the other part of the trade-off: high-degree vertices are more likely to connect to
other vertices than low degree vertices. Note that BGW) (H) > 0, since putting all vertices in
S5 yields zero.

For induced subgraphs, we define the similar optimization problem
. 2E E E —E
B@d) () = max[|51| 15y — 2Esi + Es,.s3+ Es,v; — Es, v, ]
(2.3) Plind) T—1
st.{i,jle€nVie S, je S USs,

where again plind) — (81, 82, §3) is a partition of Vg \ V| into three sets. The constraint in
(2.3) ensures that edges that are not present in H are not present in the subgraph. Again,
B (H) > 0 because S3 = Vg \ Vi is a valid solution.
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Our main result shows that indeed the optimization problems (2.2) and (2.3) find the typ-
ical vertex degrees for any (induced) subgraph and determine the scaling of the number of
subgraphs. We then investigate a special class of subgraphs, where the optimal contribution
to (2.2) or (2.3) is S3 = Vpy, that is, (induced) subgraphs where all typical vertex degrees are
proportional to ,/n. For this class, which contains for instance cliques of all sizes, we present
sharp asymptotics.

2.2. General subgraphs. Let stub) , Sésub), Sgsub) be a maximizer of (2.2). Furthermore,
for any @ = (o, ..., ax) such that o; € [0, 1/(zr — 1)], define

(2.4) M@ () = {(v1,...,v): Dy, €[e, 1/el(un)® Vi € [k]}.

These are the sets of vertices (v, ..., vx) such that Dy, is proportional to n*' and D,, pro-
portional to n*2 and so on. Denote the number of subgraphs with vertices in M,E“)(e) by
NGub) (g M,S“) (¢)). Define the vector a®"P) ag

(t—2)/(x—1) ieS™,

— : (sub)
(2.5) o) 11/(7: iy €S, 7,
i 5 i e S§SUb),
0 ieV.
For induced subgraphs, let Sl(ind)’ Séind), Séind) be a maximizer of (2.3), and define @™ as

(sub)

(e)
or M,‘j‘(md) (¢) contain a large number of subgraphs, and computes the scaling of the number
of (induced) subgraphs.

in (2.5), replacing Sl.(sub) by Sl.(ind). The next theorem shows that sets of vertices in MY

THEOREM 2.1 (General (induced) subgraphs). Let H be a subgraph on k vertices such
that the solution to (2.2) is unique.

(i) For any €, such that lim,,_, o &, =0,

(sub)
2.6) NOOH, My Den) B
' N(sub) ( H) :

(i1) Furthermore, for any fixed 0 < ¢ < 1,

(sub)
NGO (H, My ()

2.7 < 1),
7 137 (ko + BOW)(H) k2 (&) +opD)
and

N H, M e)
(2.8) > f(e) +op(1),

27" o+ BOWD) (H)) 4Ky /2

for some functions f (g), f (¢) < oo not depending on n. Here ko denotes the number of ver-
tices in H of degree at least 2, and ky the number of degree-one vertices in the subgraph H .

For induced subgraphs the same statements hold, replacing (sub) by (ind) and the optimiza-
tion problem in (2.2) by that in (2.3).

Theorem 2.1(ii) only provides the scaling in n and some functions f(¢), f (¢), which could
tend to co when ¢ \( 0. For subgraphs with S3 = Vg, we obtain more precise asymptotics in
the next section.
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2.3. Sharp asymptotics for /n-class of subgraphs. Now we study the special class of
subgraphs for which the unique maximum of (2.2) or (2.3) is S3 = V. By the above inter-
pretation of Sy, S> and S3, we study (induced) subgraphs where the maximum contribution to
the number of such subgraphs comes from vertices that have degrees proportional to /7 in
ECM"™ . Examples of subgraphs that fall into this category are all complete graphs. Bipartite
graphs on the other hand, do not fall into the /n-class subgraphs, since we can use the two
parts of the bipartition as S| and S> in such a way that (2.2) results in a nonnegative solution.
The next theorem gives asymptotics for the number of /n-(induced) subgraphs.

THEOREM 2.2 ((Induced) subgraphs with /n degrees). Let H be a connected graph on
k vertices with minimal degree 2 such that the solution to (2.2) is unique, and BGW) (f) = 0.
Then,

NC®PI(H) P

(2.9) ———— — A () < o0,
n§(3—‘f)
with
o0 o
(2.10) A(Sub)([-[) = cku—é(r—l) /(; .. /0 (x1---x3)" " 1_[ (1 _ e—xixj) dxq - - - dxg.
{i.j}e€n

For induced subgraphs the same statements hold, replacing (sub) by (ind) and (2.2) by (2.3),
where

. o0 o0
A(md)(H):CkW%(H)/o /0 (rx™" [ (1= e5)

@2.11) thj)een

X 1_[ e M dxy - - dxg.
{i,j}¢€u

In the erased configuration model, the probability that a vertex with degree D,, connects to
a vertex with degree D,; can be approximated by 1 — g~ D Duj/Ln swhere L, =, ¢, Dy de-
notes the sum of all degrees. When rescaling, and taking Dy, ~ x;+/n/w and Dy, = xj/n/,
this results in the factors 1 — e™*/ in (2.10) for all edges {i, j} € £y in subgraph H. For
induced subgraphs, the fact that no other edges than the edges in H are allowed to be present
gives the extra factors e ™%/ for {i, j} ¢ €y in (2.11).

2.4. Subgraphs on 4 and 5 vertices. We apply Theorem 2.1 to characterize the optimal
subgraph configurations on 4 or 5 vertices. We find the partitions that maximize (2.2) and
(2.3), and check whether this maximum is unique. If the maximum is indeed unique, then
we can use Theorem 2.1 to calculate the scaling of the number of such (induced) subgraphs.
Figures 1 and 2 show the order of magnitude of the number of induced subgraphs on 4 and
5 vertices obtained in this way, together with the optimizing sets of (2.3). For example, the
optimal values of S, S> and S3 for the subgraph in Figure 1(d) show that
24+0+0-1 1

1 .
T—1 +1:—1

(2.12) B (Hy=2_1+
By Theorem 2.1, the scaling of the induced subgraph in Figure 1(d) then equals
(2.13) pGD@=1/(t=1)/245 _ 7-21—1y

The scaling of the other induced subgraphs are computed similarly.
Most induced subgraphs in Figures 1 and 2 satisfy the constraint in Theorem 2.1 that the
solution to the optimization problem (2.2) or (2.3) is unique. However, the gray vertices in
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FI1G. 2. The scaling of the number of subgraphs in n for induced subgraphs on 5 vertices. The vertex colors
correspond to the typical degrees.

Figure 1 do not have unique optimizers, so that our theorems do not apply. Still, a similar
analysis as in Section 4.2 shows that there exist ranges of degrees that give the major contri-
bution to the rescaled number of such (induced) subgraphs. The only difference is that these
ranges are wider than for the vertices with unique maximizers. For example, for the diamond
subgraph in Figure 1(b) the major contribution is from vertices where the degrees of vertices
at each side of an edge {i, j} in the square around the diamond satisfy D; D; = ®(n). Note
that having all degrees proportional to /7 therefore is one of the main contributors. However,
contributions where the bottom left vertex and the top right vertex have degrees proportional
to n® and the other two vertices have degrees n!~* give an equal contribution for other val-
ues of a. Using that D; D; follows a power-law distribution with exponent t with an extra
logarithmic factor ([19], equation (2.16)), then gives the extra factor log(n) in Figure 1(b).
The bow tie in Figure 2(i) has a unique optimal solution to (2.2), but it depends on t. For
7 < 7/3, the maximum of (2.3) is uniquely attained at 0, so that the optimal composition is
with all vertices of degree ®(4/n). On the other hand, when t > 7/3, S contains the degree
2 vertices while the middle vertex is in S,. This partition gives a contribution to (2.3) of
2.2 3r-17
t—1 1-1"
which is larger than zero when t > 7/3. Thus, for 7 larger than 7/3, the major contribution is
when the middle vertex has degree n'/(*=1 and the other vertices have degrees n(*=2/(—1),
When the maximal contribution to an induced subgraph comes from vertices with degrees
proportional to 4/, then by Theorem 2.2, the number of such induced subgraphs converges

(2.14) 41—



508 R. VAN DER HOFSTAD, J. S. H. VAN LEEUWAARDEN AND C. STEGEHUIS

to a constant when properly rescaled. When the maximal contribution contains vertices in S
and S, this may not hold. For example, counting the number of induced claws of Figure 1(e)
is similar to counting the number of sets of three neighbors for every vertex. The only sets of
neighbors that we do not count, are neighbors that are connected. This is a small fraction of
the pairs of neighbors ([15], equations (5)—(7)), thus the number of claws is approximately
equal to

(2.15) > éDv(Dv — 1)(Dy —2) *‘é > D).

veln] ve(n]

Since the degrees are an i.i.d. sample from a power-law distribution, } , c[, DS converges to a
stable law when normalized properly. Thus, when vertices of degrees proportional to n!'/(z=1
contribute, the leading order of the number of (induced) subgraphs may contain stable random
variables, in contrast to the deterministic leading order for \/n degrees of Theorem 2.2.

The scaling of the number of (noninduced) subgraphs can be deduced from Figure 1.
For example, we count the number of square subgraphs (the subgraph of Figure 1(c)) by
adding the contributions from the induced subgraphs in Figures 1(a), 1(b) and 1(c), that all
contain a square, which shows that a square occurs © (n°27 log(n)) times as a subgraph.
The major contribution to the number of square subgraphs is from the induced subgraphs in
Figure 1(b), which indeed contains a square, and occurs more frequently than the subgraphs
of Figures 1(a) and 1(c). In this manner we can infer the order of magnitude of the number
of subgraphs from the number of induced subgraphs.

2.5. Discussion and outlook.

2.5.1. Uniqueness of the optimum. Theorem 2.1 only holds when the optimum of (2.2),
respectively (2.3), is unique. Figures 1 and 2 show that for most subgraphs on 4 or 5 vertices,
this is indeed the case. In Section 4, we show that (2.2) and (2.3) can both be interpreted as
piecewise linear optimization problems over the optimal degrees of the vertices that together
form the subgraph. Thus, if the optimum is not unique, then it is attained by an entire range
of degrees. In Section 4 we show that in this situation the optimum is attained for vertices v;,
v; with degrees Dy,, D, i such that D, D, = ©®(n) across some edges {i, j} € £ . One such
example is the diamond of Figure 1(b) discussed in Section 2.4. We believe that the number
of subgraphs where the optimum is not unique scales as in Theorem 2.1 with some additional
multiplicative factors of log(n). Proving this remains open for further research.

2.5.2. Automorphisms of H. An automorphism of a graph H is a map Vg +— Vg such
that the resulting graph is isomorphic to H. In Theorems 2.1 and 2.2 we count automor-
phisms of H as separate copies of H, so that we may count multiple copies of H on one set
of vertices. Since |Vg/| is fixed, and Theorem 2.1 only considers the scaling of the number of
subgraphs, this does not influence Theorem 2.1. Because Theorem 2.2 studies the exact scal-
ing of the number of subgraphs, to count the number of subgraphs without automorphisms,
one should divide the results of Theorem 2.2 by the number of automorphisms of H.

2.5.3. Self-averaging. A random variable is called self-averaging if its coefficient of vari-
ation tends to zero, otherwise it is called non-self-averaging. When the degree distribution
follows a power-law with exponent t € (2, 3), the number of subgraphs may be non-self-
averaging [28], so that

Var(N®"®)(H))
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One such example is the triangle. While the triangle subgraph satisfies the conditions of
Theorem 2.2, so that the rescaled number of triangles converges in probability to a constant,
it was shown in [28], the number of triangles is non-self-averaging in the annealed sense
when 7 is close to 3. This indicates that most realizations of ECM® (D) will have a number
of triangles that is close to the value predicted by Theorem 2.2. However, since the number
of triangles is non-self-averaging making its standard deviation quite large, some realizations
will have a number of triangles that is much larger or smaller than the value predicted in
Theorem 2.2.

2.5.4. Other random graph models. An interesting question is whether Theorems 2.1
and 2.2 also apply to other models that create simple power-law random graphs. A very
natural model for simple power-law random graphs is the uniform random graph, which
samples a uniform graph from the ensemble of all simple graphs on a given degree sequence,
which we analyze for triangles using similar techniques as in this paper in [13].

Another random graph model that generates simple power-law random graphs is the rank-
1 inhomogeneous random graph [4, 9]. In this model, vertices have weights /;, where the
weights are an i.i.d. sample of a power-law random variable with exponent t € (2, 3). Then,
two vertices are connected with probability f,(h;, h;). Two standard connection probabil-
ity functions are f, (h;, h;) = min(h;h;/(un), 1) [9], and f,(h;, hj) = 1 — e it/ (em) 7],
Conditionally on the weight sequence, the edge statuses are independent, which is differ-
ent from the erased configuration model, where the edge statuses are not independent, even
when conditioning on the degree sequence. We prove Theorems 2.1 and 2.2 for the erased
configuration model by using the approximation P, (X;; = 1) &~ 1 — e~ PiPi/Ln_Therefore,
Theorems 2.1 and 2.2 hold also for the rank-1 inhomogeneous random graph with these con-
nection probabilities instead [32].

A third model that creates simple power-law random graphs, is the hyperbolic random
graph where vertices are sampled in a disk, and connected if their hyperbolic distance is
sufficiently small [23]. The geometry in the hyperbolic random graph makes the presence of
triangles and other subgraphs containing cycles likely. By Theorem 2.2, a complete graph on

k vertices occurs ®(n§(3_f)) times as a subgraph in ECM®™ . Interestingly, this is also true
for hyperbolic random graphs for & sufficiently large [3]. It would be interesting to investigate
the presence of other subgraphs in hyperbolic random graphs.

Another class of popular models, which create power-law random graphs dynamically,
are those that incorporate preferential attachment. In these models, subgraph counts scale
significantly differently from the erased configuration model and uniform random graphs
[14].

3. Overview of the proofs. We now provide an overview of the proof structure of The-
orems 2.1 and 2.2. Our main results study the annealed version ECM, with random degree
sequence. In the proofs of Theorems 2.1 and 2.2, we often first study the quenched version
of ECM"™ (D) instead, where the degree sequence D is fixed.

We relate L, = ), ¢[,) Dy, the total number of half-edges before erasure, to its expected
value pun by defining the event

(3.1) Jn={|Ln — pn) <n?7).

By [16], Lemma 2.3, P(J,)) — 1 as n — oo. When we condition on the degree sequence, we
will work on the event J,,, so that we can write L, = un(1 4 o(1)). Similarly, when we work
with [E,, and Var,, we condition on the event J,,. We do not include J,, into the notation of P,,,
since given D, J, either happens with probability one, or with probability zero. This could
be treated more formally by denoting

(3.2) Pn (&) =1,,PE | D),

but keep notation light, when using IP,,, we always assume the event J, to hold.
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Denote the indicator that an edge is present between vertices u and v by X, ,. To obtain
the probability that a specific subgraph is present on a given set of vertices, we investigate the
probability of a set of edges being present in the erased configuration model. In ECM™ (D)
(see the proof of Lemma 4.1 for a more precise statement),

(33) ]P)n(Xu,v = 1) ~1— e_DuDv/Ln.

However, subgraphs often contain more than just one edge, and edges in ECM) (D) are
not present independently. In Section 4.1, we show that these dependencies are weak, so
that we can use the approximation (3.3) for all edges in a subgraph as if they were present
independently.

We then compute the probability that a subgraph is present on a specific set of vertices as
a function of their degrees, which shows that

3.4) N(sub)(H’ M,ga)(é‘)) = Op <nk+(1—r)z,~ Q; 1—[ nai‘f'aj—l).

{i,j}e€gai+aj<l

To prove Theorem 2.1(ii) we optimize this over & = («y, ..., o). Here & does not appear
in the scaling, since it is independent of n. To prove Theorem 2.1(i) for ¢, | 0, we analyze
NGW®(H, M,g“) (¢)) in more detail in Section 7.

To prove the sharp asymptotics of Theorem 2.2, we compute the contribution to the ex-
pectation and the variance of the number of subgraphs in ECM®) (D) from vertices with
degrees proportional to 4/ in Section 6. We use a second moment method to show that the
number of subgraphs concentrates around its expectation in ECM™ (D). We then investigate
the asymptotic behavior of this expectation. A first moment method which shows that the
expected contribution to the number of subgraphs from vertices with other degrees is small
completes the proof of Theorem 2.2.

Theorem 2.2 for induced subgraphs can be proven similarly, the only difference being that
we have to take into account that to form an induced subgraph, some edges are not allowed
to be present in ECM™. We explain how this changes the proof of Theorems 2.1 and 2.2 in
more detail in Section 8.

4. Maximum contribution: Proof of Theorem 2.1(ii).

4.1. The probability of avoiding a subgraph. The edges of a subgraph are not present
independently. The following lemma computes the probability that an edge is not present
conditionally on other edges not being present.

LEMMA 4.1. Fixm € Nand ¢ > 0. Let {{u;, vi}}ic(m+1] be such that u;, v; € [n] for all
ielm+1])and {ums1, Vnt+1} # {ui, vi} forall i € [m]. Let

4.1) E={Xy, v, =0Vi € [m]}.
If Dy;, Dy, <n'/ "=V /e fori € [m + 1], then

(4.2) P, (X =01]&) = 0 Prms1 Doy /3Lm),

Um+1>Vm+1

Furthermore, when Dy, .\ Dy, ., <n/e,fory e (z(ft—__zl), ;—:%),

D“m Dvm D D
43)  PyX T (1+0(ww)).

Um+15Vm+1
n
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Throughout the rest of the paper, we mainly use (4.2) to bound the probability that an edge
between two high-degree vertices is absent, whereas we use (4.3) to compute asymptotic
identities for the probability that a subgraph is present.

PROOF. For m = 0 the claim is proven in [18], eq (4.6) and (4.9), which states that for
two vertices u# and v with D,, > D,,,

4.4) Py(Xyy =0) =e P/t 1 0 (DD, /L}),
and that, by using [18], equation (4.5),aswellas L, —2i +1 <L, and 1 —x <e™”,

Dy/2

v —D,D,/2L
4.5 P,(X =0 < 1l )< uDy/ n
@2 K )—Z.I:II< L,,—2i+1)—e

Thus we assume that m > 1. Note that © := {{u;, v;i}}ic[») may contain the same vertices
multiple times. Denote the number of distinct vertices in {{u;, v;}}ic[m] by 7, and denote
these distinct vertices by wi, ..., w,. Let uy 41, vym1 correspond to w, and w,_1 (if they are
present in wy, ..., w, at all). The ordering of the other vertices may be arbitrary.

We now construct ECM" (D) conditionally on the edges €2 not being present. We pair the
half-edges of the erased configuration model attached to wy, ..., w,. First we pair all half-
edges adjacent to w1 . Since we condition on the edges €2 not being present, no half-edge from
w is allowed to pair to any of its neighbors in 2. After that, we pair all remaining half-edges
from w», conditionally on these half-edges not connecting to one of the neighbors of w» in
2, and so on. We continue until all of the forbidden edges €2 have at least one incident vertex
whose half-edges have already been paired. Then, if we pair the rest of the half-edges, we
know that none of the edges in 2 are present.

Let B denote the number of vertices we have to pair before all of the forbidden edges 2
have at least one incident vertex whose half-edges have already been paired. We never have
to pair half-edges adjacent to u,,+1 or to v, (if they are present in {{u;, v;}}ic[m]), since
they are last in the ordering, and {u,,+1, Um+1} is not present in {{u;, v;}}icm). Therefore,
the half-edges incident to all forbidden neighbors of u,,+1 and v,,4+; in €2 have already been
paired before arriving at u,, 1 or v,4+1. Let X u,v denote the number of half-edges between
u and v in the configuration model, so that the edge indicator of the erased configuration
model can be written as X, , = ]l{f(u,v > 0}. Furthermore, let F<; = 0'((Xw,-,j)i§s,je[n]) be
the information about the pairings that have been constructed up to time s.

After pairing the half-edges incident to vertices in [ B], denote

(4.6) Zn =L,—2 Z (Dwi - Xw,-,w,-)v
i€[B]

which equals the remaining half-edges after pairing the half-edges incident to (w;);¢[p]. Here
we subtract D,, twice, since the pairing of every half-edge removes one half-edge incident
to w;, and one other half-edge, unless it is paired to another half-edge incident to w;, giving
rise to the term Xw .w; - Define Dum+1 = Dy, — 2ieB] Xiums,» and define Dy, similarly.
These quantities are all measurable with respect to F<p. The probability that u,,; does not
palr to vy, 41 1s the probability that Um+1 of degree Dum . does not connect to vy, of degree
D in a configuration model with L half-edges. Thus, using (4.4),

Um+1

4.7 P, (X 0|f<B)_e Dum+1Dvm+l/Ln + 0( . anl+1/l~,,%),

Um+1,Vm+1 —

where we have assumed w.l.0.g. that D > D

Um+1 Um+1*
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We now proceed to prove (4.3). The probability that the jth half-edge incident to w; pairs
to u;,4+1 can be bounded as

D

Um+1

=23 seli—1] Dw,

(4.8)
5 KDuer]/Ln»
for some K > 0. We have to pair at most D, < n!/~D /e half-edges, since some of the
half-edges incident to w; may have been used already in previous pairings. Therefore, we
can stochastically dominate X witms1 DY Yu;, where ¥, ~ Bm(n]/ =D /& KDy, /Ln),s0
that E[Yy,] = Kin™ D um+1 for some K, where 8 = (r —-2)/(zr —1).
Choose y € (2(r T 7= l) By the Chernoff bound, for some K > 0,

(4.9) P(Yy, > Kin Dy, (1 +n7)) < e 57 P
Define the events

(4.10) Buw=1{3i € [Bl: Xuyup,y > Kin P Dy, (14+17)},

4.11) Bu,=1{3i €[B]: Xy, > Kin P Dy, ., (1+n7)},

»Um+1

and let B, , and By, , denote their respective complements, so that, by a union bound,

(4.12) P(BS,) > 1 — Be KM Puns,
On the event 5, ,,
(4.13) [)um+1 = Dy, (1 - Z XWinm+l) =Dy, (1 + 0(”)/_/3))'

i€[B]

Similarly, D Um+1 (1 + O(nV ,3)) on B n Vs where ]P)(B;‘l’v) > 1— Be—]%nZVfﬁDvarl )

Umt1 —

Then, when Dy, Dy, ,, = O(n) as assumed for (4.3), (4.7) becomes
Pn(XMn1+lsvm+l =0 | ‘FB-F]’ Bn u’ BC )
, 2
(4.14) o P (0T <_D u,n+£?vm+1 )
n

e DM"1+}‘,I,)U'n+l (1 n O<Dum+1 Dvm+1 n_}/))’
Ly

where we have used that D = O(n'/*=D). Furthermore, 2y — B > 0, whereas by as-

Um+1

sumption Dy, ., Dy, /L, = O(1), so that (4.12) together with (4.14) proves (4 3).
To prove (4.2), we use (4.5) and the fact that on the event By, , N By, Dy, Dy, =

D, ., Dy,,.,/2 for n sufficiently large to obtain

Um+1

Pn(X =0 | ]:B-‘rl n,u’ BC ) = Dum+1Dvm+|/2L”

Um+15Vm+1
(4.15) < e Dupg1 Pogyyy 12Ln

< e_D"nH»l Dvm+l/4L"‘

Combining this with (4.12) and the fact that 2y — 8 > 0 completes the proof of (4.2). [J
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4.2. An optimization problem. We now use Lemma 4.1 to study the probability that a
subgraph is present on vertices (vy, ..., vi) of specific degrees. Assume that D,, € [¢, 1/¢]n%
with o; € [0, 1/(z — 1)] for all i, so that D,, = O (n*).

Let H be a subgraph on k vertices labeled as 1,...,k, and with m edges labeled a
Eug =i, j1}, ..., {im, jm}}. Furthermore, let ECM(")(D)|,, be the induced subgraph of
ECM(")(D) on the vertices v = (vy, ..., V). We aim to study the probability that this oc-
curs.

When o; + aj < 1, by (4.4),

jtoj—

«a, 1
(4.16) Pp(Xy0,=1)=(1—e°" N (1 +o0(1)) = O+,
Furthermore, by (4.4), P\, (Xy, v; = 1) = ©(1) and P, (X, »; = 0) = O(1) when o; +-orj = 1.
When a; + a; > 1 instead, by (4.5),
ajtai—1
(4.17) Py(Xyo, =) =1—0("" 7 /w),

so that it equals 1 minus a stretched exponentially small term. For vertices v;, v; € [n] with
D, €[e,1/e]n* and Dy, € [e, 1/e]n%/, denote

(4.18) w; j=noteiml=y

with y as in (4.3). By Lemma 4.1, for any set of m edges in [n], and Dup € e, 1/e]n%r,
Dy, € e, 1/e]n%r,

Pp(Xuj0 ==Xy, =0 = H (1+ O(wi[hjp))(l - @(nai,,+aj,,—1))

p: Ol,'p+0!jp<1

4.19) < 1—[ e—Duip D”f'p/(“")(l 4 0(n—(r—2)/(r—l)))

p: tx,-p—i-ajp:l
_ Otl‘p-Hij—l
x l‘[ Oo(e™ /(4u)).
p: a,-p+ajp>1
For ease of notation, we denote

(1+ 0w )1 —0n* 1) ifay+a; <1,

(4.20) g, jy=1e PP/ (14 0(n77)) ifo; +a;=1,
ajtai—1 .
O(Cin o /(4M)) 1fa,~+aj>1.
We write the probability that H is present on a specified subset of vertices v = (vy, ..., V)
as

P,(ECM™ (D)|, 2 Ex)

m
=1- ZPH(XUi,,UjZ =O) + Z]P)n(xv,-l,vjl = Xv,'p,v

Jp :0)
=1 I#p
- Z ]P)n(Xvil,vjl = Xv,-p,vjp = Xv,‘r,v,'r = 0) + -
I#p#r
4.21) + (=D"Pu(Xyy oy, =+ = Xuyy 0, =0)

=1-=Y qjp)+Y_q jDatp. jp)

=1 I#p
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— > qG jDaGp, jpaGr, jo) + -+ D" T gt i)

I#p#r ps
=11 (1—61(1'1,1'1)):@( I1 na,-+aj_1>‘
le[m] {i,jle€m: Oli+0(j<1

Here we have used that, for o; + o < 1,
422) =g =1~ (1-0@" )1+ 0w,))=06@m+T),

and that, for o; +a; > 1,

(4.23) 1—qG, jy=1—0(""" 160y = 1 4 o(1).
Furthermore, for D,, € [e, 1/¢]n%, Dy, € [e, 1/eln® and o; +aj =1,
(4.24) l—gG, pH=014+0nT7))(1- e_DiDj/(un)) =0(1),

so that edges {i, j} with &; + «a; > 1 do not contribute to the order of magnitude of the last
term in (4.21). The degrees are an i.i.d. sample from a power-law distribution. Therefore,

(un)*/e
P(D; €le, 1/el(un)®)= Y cx (1 +o(1))
(4.25) r=e(um®

1/e(un)® )
=0(1) ex”Tdx = K (8) O ((un)*179),
£(un)

for some K (&) not depending on n. The number of vertices with degrees in [e, 1/e](un)*
is Binomial(n, P(D; € [g, 1/e](un)*)), so that the number of vertices with degrees in
e, 1/e](un)® is Op(n1 =92+ for @ < Lo Then, for M\ as in (2.4),

(4.26) # sets of vertices with degrees in M'® = @p(nk“l_f) i ).

Combining (4.21) and (4.26) yields

(4.27) N (sub) (H, M,Ea) (£)) = Op <nk+(1f)2i o 1—[ nai+a_/l>_

{i.jle€yaita;<l
The maximum contribution is obtained for & that maximizes

max(1 — 7)) o + > (i +oj— 1)
(428) i {i.j}e€u: ai+otj<1

1
s.t.o; € |:0, ] Vi.
T—1

The following lemma shows that this optimization problem attains its maximum for specific
values of the exponents ;:

LEMMA 4.2 (Maximum contribution to subgraphs). Let H be a connected graph on
k vertices. If the solution to (4.28) is unique, then the optimal solution satisfies o; €
{0, %, %, T—il} for all i. If it is not unique, then there exist at least 2 optimal solutions
with o; € {0, ;_:% % t%1}]00;’ all i. In any optimal solution «; = 0 if and only if vertex i has
degree one in H.
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PROOF. Defining 8; = o; — % yields that (4.28) equals

(4.29) max

> Bi + B)),

i {i.j}e€u: Bi+B;<0

over all possible values of 8; € é e 1)] Then, we have to prove that 8; € {— 2 5 (TT 31) ,0,

2(r 1)} for all i in the optlmal solution. Note that (4.29) is a piecewise linear function in
B1, - .., Br- Therefore, if (4.29) has a unique maximum, then it must be attained at the bound-
ary for Bi or at a border of one of the linear sections. Thus, any unique optimal value of §;
satisfies B; = 2, Bi = 2(r 1) or B; + B; =0 for some j. We ignore the constant factor of

(1- ‘L’)% in (4.29), since it does not influence the optimal 8 values. Rewriting (4.29) without
the constant factor yields

(4.30) maxZﬂi(l —t+|{selk]l:{s,i} € Ex and Bs < —Bi}]).

The proof of the lemma then consists of three steps:

Step 1. Show that g; = — 1 5 if and only if vertex i has degree 1 in H in any optimal solution.

Step 2. Show that any umque solution does not contain i with |3;]| € (0, 2( — 1))
Step 3. Show that any optimal solutlon that is not umque can be transformed into two

different optimal solutions with 8; € {— 2 2(2 31) ,0, 2( — 1)} forall i.

Step 1. Let i be a vertex of degree 1 in H, and j be the neighbor of i. Let N; denote
the number of edges in H from j to other vertices v not equal to i with 8, < —p;. The
contribution from vertices i and j to (4.30) is

(4.31) Bi(l—t+Nj)+Bi(1 —1+1Lig>—p;1) + Bilig<—p;)-
For any value of 8; € [—%, 2(31;_’1)], this contribution is maximized when choosing g; = —%.
Thus, B; = —% in the optimal solution if the degree of vertex i is one.

Let i be a vertex in Vg, and recall that d denotes the degree of i in H. Let i be such that
d > 2 in H, and suppose that 8; < 2( P 1) Because the maximal value of B; for j #1i is

2(r 1), the contribution to the ith term of (4.30) is

1
(4.32) —5(1 —14d;) <0,

irrespective of the Values of the B;, j #i. Increasing B; to 2(1’ 1) then gives a higher contri-

bution. Thus, 8; > 2(r 1) when d; > 2.
Step 2. Now we show that when the solution to (4.30) is unique, it is never optimal to have

1Bl € (0, 727). Let

(4.33) f=min 16l

Let N = denote the number of vertices with their 8 value equal to — B,and N G+ the number
of vertices with value 3, where N Gt + N;_ > 1. Furthermore, let E 5 denote the number
of edges from vertices with value —pB to other vertices j such that 8; < B, and E 5+ the
number of edges from vertices with value B to other vertices j such that 8; < —pB. Then, the
contribution from these vertices to (4.30) is

(4.34) B((1 =) (Ngy = Ng-) + Ej — Ej-).
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Because we assume S to be optimal, and the optimum to be unique, the value inside the
brackets cannot equal zero. The contribution is linear in B and it is the optimal contribu-
‘zon ;nd therefore f € {0, }. This shows that 8; € {2('[ L 0, 2(r 1)} for all i such that
>
Step 3. Suppose that the solution to (4.30) is not unique. Suppose that 8, appears in one
of the optimizers of (4.30). In the same notation as in (4.34), the contribution from vertices
with B-values B, and — B, equals

(4.35) Bl (1 = ©)(Ng+ — Ny—) + Eg+ — Eg].

Since this contribution is linear in B, the contribution of these vertices can only be nonunique
if the term within the square brackets equals zero. Thus, for the solution to (4.30) to be
nonunique, there must exist g1, ..., B > 0 for some s > 1 such that

(4.36) B —O(Nge = Nj) + Eje = Ej) =0 Vjels].

2(r 1)

Setting all ,3 7 =0 and setting all ,é =3 (3 _’1) are both optimal solutions Thus, if the solution

to (4.30) is not unique, at least 2 solutions exist with g; € {2(r T 0, 2(1 1)} foralli € Vy.
O

PROOF OF THEOREM 2.1(ii) FOR SUBGRAPHS. Let ™ be the unique optimizer of
(4.28). By Lemma 4.2, the maximal value of (4.28) is attained by partitioning Vg \ V| into

the sets S1, S», S3 such that vertices in S; have oc(wb) = %, vertices in S, have a(SUb)
(sub) _ 1

vertices in S3 have q; and vertices in V| have oz(SUb) = 0. Then, the edges with

1
-1
(SUb) + ozjsum < 1 are edges in51de S1, edges between S| and S3 and edges from degree 1

Vertlces Recall that the number of edges inside S; is denoted by Eg,, the number of edges
between S and S3 by E§, s, and the number of edges between V; and S; by Eg, v,. Then we
can rewrite (4.28) as

(=0 (E1si+ 1520+ 51s0) + Tk
max| (1 — 1) —— — — N
P P I Ity AL Tt
4.37)

n T—3 E Esi vy 1-2 1

2r—1) BT T o1 -1 2N T

over all partitions P = (S, S2, §3) of Vg \ Vi. Using that |S3| = k — |S1| — |S2| — ki,
Es, vy =ki — Es, v, — Es, v,, where k1 = | V1] and extracting a factor (3 — 7)/2 shows that

this is equivalent to

1-— 3— -2 2E E
S+ man C 2 (1811 - I5a1 4 Ty — oS
P 2 3—1

ES3,V1]’

—1
(4.38) ‘
_Esivi— ESz,vl)

T—1
Since k and k; are fixed and 3 — 7 > 0, we need to maximize
2E51 + E51,53 + Es, v, — Es, v, :|
T—1

9

(4.39) BO (H) = mgx[wn — 82| —

which equals (2.2). By (4.27), the contribution of the maximum is then given by

(4.40) pn 7k BODHN 52k 355 g+ BOD (H)+h /2,

which proves Theorem 2.1(ii) for subgraphs. [J
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5. Proof of Theorem 2.2. Define the special case of Mn(“) (¢) of (2.4) where o; = 1 for
alli e Vg =[k] as

(5.1) W,]f(g) ={(1,...,0): Dy, € e, 1/el/un Vs € [k]},
and let W,’f (¢) denote the complement of W,f (¢). Denote the number of subgraphs H with all
vertices in W¥(e) by N (H, Wk(e)).

LEMMA 5.1 (Major contribution to subgraphs). Let H be a connected graph on k > 3
vertices such that (2.2) is uniquely optimized at S3 = [k], so that BGW) (H) = 0. Then:

(i) the number of subgraphs with vertices in W,’f (e) satisfies

N(Sub) H, Wk e X 1/e 1/¢
n7(3—‘[) € 2

(5.2)
X 1_[ (1 —e ") duxy -« -dxg + fu(e),
{i.j}elu
for some function f,(e) such that, for any § > 0,

(5.3) lim limsup P(f;, () > 8 | J,) = 0;
e\

n—oo

(i) A®D)(H) defined in (2.10) satisfies AS"D) (H) < oo.

The proof of Lemma 5.1 can be found in Section 6. We now prove Theorem 2.2 using this
lemma.

PROOF OF THEOREM 2.2. We start by studying the expected number of subgraphs with
vertices outside W,’f (e). First, we investigate the expected number of subgraphs in the case
where vertex 1 of the subgraph has degree smaller than ¢,/un. Similar to (4.21), we can use
Lemma 4.1 to show that the probability that H is present on a specified subset of vertices
v = (vyq, ..., V) can be written as

P,(ECM™ (D), 2 &) = @( I (1—e P Duj/Ln))
{i./}e€n+ Dy Dy <Ly

= @( [T ¢ —e‘vaD”f/L")>.

{i.j}e€n

Furthermore, by (1.1), there exists Co such that P(D = k) < Cok™" for all k. Let
[OW (H ) = Ligem® (D)), 0651 SO that N (H) = 3", 1" (H, v). Then, the expected
number of subgraphs in the case where vertex 1 of the subgraph has degree smaller than
&./un is bounded by

ZE[I(sub)(H, v)ﬂ{DU1<8W} | ‘In]
v

(5.4)

e/un oo 00
< ®(1)nkf f / (x1---x5)" " 1_[ (1— e—xixj/(/m))dxl g
(5.5) ! : ! (i.j)eén

=@(l)nk(un)g(l_f)/(;s‘/(;oo.../(;oo(tl...tk)_f 1_[ (1 —e_li[j)dl‘l---dl‘k

{i.j}e€u

= 02 )hy(e),
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where h1(¢) is a function of ¢. By Lemma 5.1(ii), #1(¢) — 0 as € \( 0. We can bound the
situation where one of the other vertices has degree smaller than ./, or where one of the
vertices has degree larger than /n/e, similarly. This yields

(5.6) E[N® (H, Wke)) | J,] = 0(n23 D) h(e).

for some function A (¢g) not depending on n such that 4(¢) — 0 when ¢ \ 0. Then, by the
Markov inequality, conditionally on J,,,

(5.7) NO (F Wk (e)) = h(e) Op(n23~D).

Therefore, for any § > 0,

(5.9) lim sup lim sup P >0

e\0 n—oo

NG (H Wk(e))
nk(3—1)/2

) =0.

Combining this with the fact that P(J,,) — 1 and Lemma 5.1(i) gives

N(SUb)(H) P ko e’} o) —
NETUH) P kb 1)/ / (X1seeo xp) 7T
n56-0) 0 0

(5.9

x [] (1—e ) dx; - dxg.

lijlegn O

6. Major contribution to subgraphs: Proof of Lemma 5.1. We first prove Lem-

ma 5.1(i). We compute the expected value of the number of subgraphs in the quenched sense

in Lemmas 6.1 and 6.2. Then, we study the variance of the number of subgraphs in the
quenched sense in Lemma 6.3. Together, these lemmas prove Lemma 5.1(1).

6.1. Conditional expectation. In this section, we study the expected number of subgraphs
in ECM®™ (D). Let H be a subgraph on k vertices, labeled as [k], and m edges, denoted by
€1 = {lla Jl}’ ] em = {lWh jm}-

LEMMA 6.1 (Conditional expectation of subgraphs). Let H be a subgraph such that
(2.2) has a unique maximum, attained at S§SUb) = [k] so that BS"®) (H) = 0. Then, on the
event J,, defined in (3.1),

61) B[N (H W)= ) [T - PP/ )1+ o0)).
W1,.-, 0k EWK () (i, J}EEH

PROOF. Let v = (vq,...,vr) and ECM(”)(D)l,, again be the induced subgraph of
ECM®™ (D) on v. We first derive a more detailed expression for the probability that a sub-
graph is present on v than (4.21) which holds when v € W,’f (¢). Because v € W,]f (g), we may
use (4.3) for all edge probabilities to obtain

m
(62) Pn(Xvil’vjl =...= le'm’vjm = O) = H]P)H(Xvil’vjl = 0)(1 + O(n(T—Z)/(T—l))).
=1
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When Dy, Dy; € [es/n, /n/e], Py (Xy;.0; =0) = ©(1) and P, (Xy,,0; = 1) = ©(1). There-
fore, similarly to (4.21), for v € W,’l‘ (e),

P,(ECM™(D)|, 2 Ex)

m
=1- ZPH(XUU’UJI =0+ ZP”(X”Q’”J‘I = Xvip’”jl’ =0

=1 I#p
(6‘3) - Z Pn(Xvi],vjl =ijp,v,~p :Xv,'r,vj, =O)+"'
I#p#r

+ (—1)mPn(le.l = Xvim,v_,-m = O)

Vi T
1+o(1)) 1‘[ 1= Pu(Xy, 05, =0)).
=1

Thus, the conditonal expected value satisfies

E,[NC®(H, Wre)]= Y B,(ECM™ (D), 2 En)
veWk(e)

=(l+o(1) > ]_[ 1= Pu(Xy,,0, =0)).

veWk(e) =1

Because Dy, Dy; = O(n) and L, = un(1 4+ o(1)) under J,, by (4.4),

(6.4)

- D: D, ~
(6.5) Pn(le.yvj =1)=1-e¢ Dv,'va/Ln + 0( 122 Uj) — (1 +0(1))(1 _e Dviva/Ln)‘
n
This results in
(6.6) B [NC (H, We@)] = (1+01) Y [ (1—e Pulullny
veWk(e) {i, j}ESH O

6.2. Convergence of conditional expectation. We now study the asymptotic behavior of
the expected number of subgraphs using Lemma 6.1.

LEMMA 6.2 (Convergence of conditional expectation of /n subgraphs). Let H be a
subgraph such that (2.2) has a unique maximizer, and the maximum is attained at 0. Then,

[N(Sub)(H Wk(é‘))] E(r—1) 1/e 1/8 .
56D = (1 op(D)t / f )

6.7)
x J] (1—e ) dx; - dx + fu(e),
{i.j}elu

for some function f,(¢) such that, for any § > 0,

(6.8) lim limsupP(f,(e) > 8 | J,) =
eN\O n—>o0

PROOF. Let |Ey| =m and denote the edges of H by {i1, ji}, ..., {im, jm}. Define
(6.9) gy, ..., ) = 1_[ (1 _e—z,,zv)'

{i.j}e€n
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Using the Taylor expansion of 1 —e™* on [g, 1/¢]? results in

_ (xy)’ e’
6.10 l—e™ = + 0 ( )
(©10) ; TR Vo
Since g is bounded on F = [e, l/e]k, we can find sq,...,s,; and n(t,..., ) such that
In(t, ..., 6] < ekT=D+1 guch that
o P tlfll t'fll P tbfnr:l 521”
Gty = 3 o Yo (i N R
p1=1 pm=1 m:
(6.11)
Sm ( 1)p1+ +Pm
Yy (St )+t
pi=1  pm=1 P!
where
l
Let M™ denote the random measure
L1y —
(6.13) M ([a,b]) = (un)2 " D0~ 3" 1p e samtany-
ven]

The number of vertices with degrees in a certain interval [a, b] is binomially distributed. By
(1.1), we thus get (un)2 T~ DP(D; € /ala, bl) — i(a, b]), where

b
(6.14) A([a, b]) == c/ x “dx.
a
Hence, by the weak law of large numbers, as n — oo,
(6.15) M ([a, b]) —> A([a, b]).

Let N™ denote the product measure M® x M® x ... x M® (k times). Then (6.11) to-
gether with Lemma 6.1 yields

E,[NC® (H, Wk(e))]
n§(3—r)ug(l—r)

:/ g(tl,...,tk)dN(n)(tl,...,tk)

(6.16) 11’1+ “+Pm
:1 Leee D!
Sm NPt tpm pl/e 1/e
_ Z . L/ o dM(”)(n)-"/ 17 dM ™ (1) + fale).
pi=1 pn=I1 ‘ ’
Here

fule) = / Z e Y ) AN @)

p1=1 pm=1

Sm
/ Z e 3 KD AN @)

pi1=1 Pm=1
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(6.17) = k=D g, MO (e, 1/6])*
= F =D+ 0p (A ([, 1/2])Y)
— KD+ (1= otk ou (1) — Op(e),
which shows that, for any § > 0,

(6.18) lim limsupP(f,(e) > 8 | J,) =
eNO0 n—o0
As in [30], equation (55), for any y,
1/e P 1/¢
(6.19) / xVdM® (x) — / x7 da(x).
& &

Combining this with (6.16) results in

E,[N®W® (H, Wk(e))]
n§(3—r)ug(1—z)

(14 o0p(D)) Z Z

pi=1 =1 Pm!

(=1yprteten 1)p1+ “+Dm

1/e /e
6200 / 1 A1) - - f (% dh(tr) + f(e)

TS

pi1=1 Pm=1

(_1)p1+~-~+pm o o
WH LM dh () - da () + fule)
L !

=(1 +0p(1))/;g(t1,...,tk)d)»(tl)--'d)»(tk) + fu(e).

Then, by (6.15),

E [N(sub)(H Wk(8))] (1’ 3 1/e 1/8 .
6.21) Lo-n) = (1 op(D)ct™ / / i)

x g(ty,....,ti)dty ---dtx + fu(e),

which proves the claim. [J

6.3. Conditional variance. 'We now study the conditional variance of the number of sub-
graphs in the quenched setting for the degrees. The following lemma shows that the condi-
tional variance of the number of subgraphs is small compared to its expectation.

LEMMA 6.3 (Conditional variance for subgraphs). Let H be a subgraph such that (2.2)
has a unique maximum attained at 0. Then, on the event J,, defined in (3.1),

Var, (NS (H, Wk(e))) p
E,[NGW (H, Wk(e))]?

(6.22)

PROOF. By Lemma 6.2,

(623) Ea [N (H, Wi ()]} = ©p(n~7").
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Thus, we need to prove that the variance is small compared to n3~™*% Denote v =
(v1,...,vr) and u = (uy,...,ur) and, for ease of notation, we denote G = ECM(")(D).
We write the variance as

Var, (N (H, Wh@) = Y. Y (Pu(Gls 2En, Glu 2Em)
(6.24) veWk(e) ueWk(e)

—Pu(Glo 2 E)Pu(Glu 2 En)).

This splits into various cases, depending on the overlap of v and u. When v and u# do not
overlap, similar to (6.3),

Y Y (Pu(Gly2En.Glu2En) —Pu(Gly 2 E)Pu(Glu 2 En))
veWk(e) ueWk(e)

Z Z ((1 +0(1))11r[1(1 _Pn(Xvi[’Ujl :O))(l _P”(X”il’”jl :O))

(6.25) veWk(e) ueWk(e)
(L+o(1) 1_[ (1- IP)”(Xvil’vjl =0)(1 - IFD"(X“iz’“j/ = 0)))

=E, [N (H, Wre))Po(1).

The other contributions are when v and u overlap. We then denote by |v U | the number of
distinct vertices in v and u. In this situation, we use the bound P, (X, , = 1) < 1. When v
and u overlap on s > 1 vertices, we bound the contribution to (6.24) as

> Pu(Glo 2 €. Glu 2 Ep) < |{i: D; € Junle, 1/e]}[*
(6.26)  VHEW(e): [vUu|=2k—s

B—1)(2k—s)
2

).

= Op(n

which is 0(n3~9%), as required. [

PROOF OF LEMMA 5.1. We start by proving part (i). By Lemma 6.3 and Chebyshev’s
inequality, conditionally on the degrees

(6.27) NEO(H Wk(e)) = B[N (H, Wk (e)](1 4 op(1)).

Combining this with Lemma 6.2 proves Lemma 5.1(i). Lemma 5.1(ii) is a direct consequence
of Lemma 7.2 in the next section, when we take |S3| = k. Here, we remark that the proof of
Lemma 7.2 is entirely self-contained, so no circularity in our argument arises. []

7. Major contribution to general subgraphs: Proof of Theorem 2.1(i). In this section
we prove Theorem 2.1(i) for subgraphs. We start by giving an overview of the proof. We

(sub)
restrict this overview to the expected value of N (sub) (H, M, ( )( n)).

(sub)
To compute E[N Sub) (H M, (o )(8”))] we need to count the expected number of copies
o (5uD)
of H on vertices vy, ..., vk € [n] for which D,; ~#n% . This means that we sum the prob-

sub)
abilities that D,, = k; for all i € [k] over all k,~ that are of the order n“} , multiplied by
the probabilities that {v;, v;} is an edge in CM,, (D) for all {i, j} € £y, conditionally on the
(sub)

degrees. We rescale the arising sum over k;, and instead integrate over x; = k;n %

After rescaling, we are left with a k-fold integral over the variables x; for all i € [k] of
which we aim to show that it satisfies the appropriate bounds. Here, we will crucially rely
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on the uniqueness of the optimization problem in (2.2). While we are “merely” left with a
k-fold integral over relatively simple functions, due to the somewhat implicit information that
(2.2) has a unique solution, proving the finiteness of the integral is quite challenging. Indeed,
we will need to resort to comparisons over different partitions, and use that they provide a
smaller value of the functional in (2.2) to establish the finiteness of the integral.

Let us give some more details about the nature of the integral, and on the organisation of
the proof. To simplify notation, we write S;" = Sl.(SUb) for i =1, 2, 3 for the optimal partition
P in (2.2). Recall that, by Lemma 6.1 and on the event J,,,

(7.1) P, ({vi, v} is an edge in CM,, (D)) < min(Dy, Dy, /(un), 1),

and these events are close to being independent for different edges. We bound the minimum
in (7.1) by Dy, Dy, /(un) for i, j € ST, fori or j in V; and for i € S, j € S5 or vice versa.
We bound the minimum by 1 for i, j € S5 and i € S3, j € S5 or vice versa. This means that
in the integral over the rescaled variables x;, a factor xfi appears for a certain ¢; > 0 (for a
precise definition of ¢;, see (7.2)). Further, the nice aspect of this bound is that the integrals
over x; for i € [k] factorize into integrals over x; fori € S5 and i € ST U S7. This allows us to
study these integrals separately. It turns out that our proof of the finiteness of these integrals
depends sensitively on the optimization problem in (2.2) having a unique solution. In turn,
this explains why some of these integrals are quite hard to bound, as the only ingredient we
have is that the optimization problem in (2.2) has a unique solution.

The remainder of the proof is now organized as follows. In Lemma 7.1, we derive bounds
on the additional powers ¢; of x; in the rescaled integral, which will prove crucial in bounding
the arising integrals. In Lemma 7.2, we derive a bound on the integrals over x; for i € S3,
and in Lemma 7.3, we bound the integrals over x; for i € ST U S5. After stating Lemmas 7.2
and 7.3, we complete the proof of Theorem 2.1(i). Then we give the (rather involved) proofs
of Lemmas 7.2 and 7.3.

Before giving the details of the argument, we introduce some further notation. For any
W C Vp, we denote by d; w the number of edges from vertex i to vertices in W. Let H be
a connected subgraph, such that the optimum of (2.2) is unique, and let P = (S}, S5, S3) be
the optimal partition. Define

1 ifd; =1,
d' * d * d 'f ; c S*’
(72) é‘l — l,Sl + l,S3 + i,V1 1 l }k
di,V] lfl S Sz,
di s +div, ifi € S3.

The following lemma states several properties of the number of edges between vertices in the
different optimizing sets.

LEMMA 7.1 (Bounds on the additional powers of rescaled variables). Let H be a con-
nected subgraph, such that the optimum of (2.2) is unique, and let P = (S}, S5, S3) be the
optimal partition. Then:

(i) ¢ <1foriesSf;

(i) d; st + i =2 fori € 53;
(iii) & < 1and d; s+ > 2 fori € S§.

PROOF. Suppose first that i € S7'. Now consider the partition S 1 =S7\{i}, 3"2 =55,83=
S5 U{i}. Then, ES’I = Egr — di,Si‘ and E§1 8= Egr sx +di,Sf —d; gz Furthermore, ES’I v, =
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ESTaVI — d,‘7V1 and E§2,V
unique optimum of (2.2),

= Eg y,. Because the partition into S}, S5 and S5 achieves the
1 2

(7.3) : 2 T—1
| * * ZEST - EST,ST - di,ST - di,S;‘ + Es;,vl — ESI‘,VI +d;.y,
> ST = 1—83] - : ’
T—1
which reduces to
74 disx+disi +diy,=¢ <11

Using that 7 € (2, 3) then yields d; s+ +d; s: +div, < 1.

Similar arguments give the other inequalities. For example, for i € S5, considering the
partition where i is moved to S} gives the inequality d; st + d;. st + d; v, > 2, and considering
the partition where i is moved to S5 results in the inequality d;, st + diy, <1,sothat ¢ <1.

O

We now show that two integrals related to the solution of the optimization problem (2.2)
are finite, using Lemma 7.1. These integrals are the key ingredient in proving Theorem 2.1(i)
for subgraphs.

LEMMA 7.2 (Subgraph integrals over S3).  Suppose that the maximum in (2.2) is uniquely
attained by P = (S}, S5, 83) with |S5| = s > 0, and say S5 = [s]. Then

00 00 I
(7.5) / / [1x7° [] minGxix;,1)dx---de < oo.
0 0

iels] li.j)eEs;

The proof of Lemma 7.2 is deferred to after the proof of Theorem 2.1(i). We continue with
the integrals over S} U S3.

LEMMA 7.3 (Subgraph integrals over S{ U S3).  Suppose the optimal solution to (2.2) is
unique, and attained by P = (S}, S5, S3). Say that S5 = [t2] and ST = [t2 + t1] \ [12]. Then,
for every a > 0,

a a oo 00 —T+; )
(7.6) /O/O/O /O I1 X; [[ minCxix;, 1) dxy 44, - -dxy < oo,

JjElti+1] {i,]'}egsfs’zk

The proof of Lemma 7.3 is deferred to after the proof of Theorem 2.1(i). Now we are ready
to complete the proof of Theorem 2.1(i) for subgraphs.

PROOF OF THEOREM 2.1(i). Because Dyax = Op(n'/"=D), for any 5, — 0, Dypax <
n!'/=D /., with high probability. Define

1/(z—1) [ *
n /nn ifies;,
(7.7) yi'(n) = { 5D " 2

n“i /e, else,

with al-(sub)

! 1 ifi e Vq,
(78) Vi (I’l) = Ol-(SUb)
gan’i else.

as in (2.5), and denote
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We then show that the expected number of subgraphs where the degree of at least one vertex
i satisfies D; ¢ [yl-l (n), y{*(n)] is small, similar to the proof of Theorem 2.2 in Section 5.

With loss of generality, we assume that vertex 1 € Vg satisfies 1 € V|. We count the ex-
pected number of v = (v, ..., vx) for which the edge {v;, v} is present in CM,, (D) for every
{i, j} € €. We first study the expected number of copies of H where vertex V; has degree
Dy, €11, yll (n)) and all other vertices satisfy D,, € [yil (n), y{*(n)], by integrating the proba-
bility that subgraph H is formed over the range where vertex vy has degree D,, € [1, yll (n))
and all other vertices satisfy D,, € [yl-l (n), y{(n)]. Using that the connection probabilities can
be bounded by M min(D,, Dy, /n, 1) for some M| > 0 (recall Lemma 6.1, and in particular
(7.1)), and the degree distribution can be bounded as P(D = k) < M>k™" for some M, > 0
by (1.1), we bound the expected number of such copies of H by

(sub)
ZE [P H 0L, .0y, ety ) vis 1]

i) pys) Vi () XiX:
/1 /2 . /k (1 xx)"° l_[ min<#,1)dxk---dx1,
% 7 n

) a8 {i.jlen

(7.9)

for some K > 0, and where we recall that 7 (S“b)(H ,V0) = ]l{ECM(")(D)lvggH}' This inte-

gral equals zero when vertex 1 is in Vi, since then [1, yll (n)) = @. Suppose that ver-
tex 1 is in S5. Without loss of generality, assume that S5 = [£2], ST = [f; + 2]\ [#2] and
S;" =[t; + o + 3]\ [t1 + t2]. We bound the minimum in (7.9) by:

(@) xjxj/nfori, jeSy;

(b) xjxj/nforior jin Vi,

(c) x;jxj/nfori e S}, j e S; orvice versa; and

(d) 1fori, jeS5andie S5, jeS; orvice versa.

(sub) ~
Applying the change of variables y; = x;/n%  results, for some K > 0, in the bound
b)
DBV H 0L i by ety o) vis 1)
v

< Kn!ST1C-0+18551(-1)/2-53]

3
< nkn —1EstTan l)ES* s 1ES1 v~ Es* Vi T 1E52 v
/ /-l/nn /1/nn/ f 1_[ y_fﬂul
IGVH\Vl
—T
< TT minGu Dy dn [T [ o) ay
{i’j}egSé“UES’l“,S* jevi

where the integrals from 0 to 1/7, correspond to vertices in S5 and the integrals from O to
oo to vertices in S} and S3. Since T € (2, 3), the integrals corresponding to vertices in V; are
finite. By the analysis from (4.37) to (4.40),

T — T—3
STl(2 — S¥la — 2—|S¥+k+ —E¢p+———Fg
1ST12 =)+ [S5]d1 — 1)/ S5 + +1,'—1 51+2(T_1) ST.83
1 1 T—2
(7.10) ———1Esivi 5 Esv - 1 Estv

3—1
=——(ky + BOU (H)) + Ky /2.
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The integrals over y; € Vg \ V| can be split into

1/ 1/nn _ . .
// / / / [T » JI minGiy;, Ddyygs---dyi

1€S1US; {i.j)eEgr s
(7.11)
p— + i
X / 1_[ T+ l_[ mln(yl yj’ 1) dytl+;2+,3 dyl‘]—l—tz—l-l
IGS‘; {i, j}ESS*

By Lemma 7.2 the set of integrals on the second line of (7.11) is finite. Lemma 7.3 shows
that the set of integrals on the first line of (7.11) tends to zero for 7,, fixed and &,, — 0. Thus,
choosing 1, — O sufficiently slowly compared to ¢, yields

1/77;1 1/7711 _ .
// / f / [T 5™ TT  minGiyj, Ddyyis--dy
(712) ieSTUSsy {i,j}egsi‘,si‘
Therefore,
sub
DB H 0L, i)y ettt vis 1))

(7.13) v
— o(n T ke +BOV (D) +h1 /2y

when vertex 1 satisfies 1 € S5. Similarly, we can show that the expected contribution from

Dy, < yll (n) satisfies the same bound when vertex 1 is in ST or S3. The expected number of
subgraphs where D, > y{'(n) if vertex 1 is in S}, S5 or V| can be bounded similarly, as well

as the expected contribution where multiple vertices have D, ¢ [yil (n), y/(n)].
Denote

(7.14) To(ens ) = {1, .., v): Dy € [ (m), v )]},

and define [, (en, nn) as its complement. Denote the number of subgraphs with vertices
in Tp(gn, 1n) by NC)(H T, (4, n)). Since Dmax < n'/=D/n, with high probability,

(sub)
Cpen, np) = M,(,“ ) with high probability. Therefore, with high probability,
(7.15) NO® (H, &) (e,)) = NOO (H, Ty (e, 1)),
— (sub)
where NG (H M,E“ ))(8,,)) denotes the number of copies of H on vertices not in
(sub)
M,(,“ )(sn). By the Markov inequality,

(7.16) NO) (H Ty (60, ) = op(n 2 kaet B D)k /2y

Combining this with the fact that by Theorem 2.1(ii) as proved in Section 4, for fixed
e>0,

N(sub)(H) — N(sub) (H, Mr(loc(sub))(g)) n N(Sub) (H, M,(la(sub))(g))

(7.17)
— Op(n T etV () +ha /2)
shows that
(sub)
(7.18) NOWH M ) e

N(sub) ( H)
as required. This completes the proof of Theorem 2.1(i). [J
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We close this section by proving the integral Lemmas 7.2 and 7.3.

PROOF OF LEMMA 7.2.  Recall that S5 = [s]. Without loss of generality, we may assume
that x| < x» < --- < x5. Let U = [¢] be such that x; < 1 precisely when i € [t]. Here U = &
when ¢ = 0.

The integral (7.5) consists of multiple regions that will be characterized by U, and we will
deal with all of them in the sequel. The first region is where U = &, so that xq, ..., xs > 1.
Since —7 + ¢; < —1 by Lemma 7.1(iii), this integral can be bounded by the full integral over
[1, co) for all variables, which is bounded by

(7.19) / / l_[ x T dxy - -dx, < 00.

Jé€ls]

The second region is where U = [s], so that xq, ..., x5 € [0, 1]. Since by Lemma 7.1, any
vertex in S5 satisfies §; + d;, st = 2, this integral can be bounded as

[T 1 s

J€ls] {t,j}efs*

—T+ij+d
(7.20) _f / Tt sy R

Je[s]

1
E‘/ / (xl...xs)z_rd_xl---dxs<00.
0 0

The other regions arise when U # @ and U # [¢]. For these cases, the integral runs from
1tooofori e U,and fromOto 1 fori e U = S5\ U. In such a region, min(x;x;, 1) = x;x;
when 7, j ¢ U, and min(x;xj,1) =1 when i, j € U. Then, as we assumed that x; < x3 <

-+ < Xg, the contribution to (7.5) from the region described by U can be bounded by

(7.21) / /xl /xrl P ]‘[ h(i,x) dx; -+~ dxy,

Jjelt] i=t+1

where x = (x;);e[;) and

1 i+d; g
(7.22) h(i, x) = / e [] minCux;, 1)dx,
0 JeU: lij)ets;

fori e U =[s]\ [t].

The integral in (i, x) consists of multiple regions, depending on whether x;x; < 1 or not.
Suppose vertex i € U is connected in H to vertices ji, j2,..., j1 € U, where j| < jo <--- <
Jisothatalso 1 <uxj <xj <---<uxjandl+d; 5= d,-,S;. Then, by splitting the integral
depending on how many j;’s are such that x;x;, < 1, we obtain

1 4
h(i,x) _/ ST min(xile, 1) min(x;xj,, 1) - --min(x;x,, 1) dx;
0
! —T+¢i+d; Vxj_y  —t+g+H—1+d,
(7.23) = X; Ul 44X, xij X; U d;
l/xj1 l/xj-l

1

Uy —vqgi+l+d, 5
+x,-1---x,-,/ x, o "Vdx.
: it fy

Since §; +d; j+1—1=2¢ + di,s;* — 7 > —1 by Lemma 7.1(iii), the last integral is finite.
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Computing these integrals yields

. ‘L'—;,'—di’g—l T—¢i—l—d; 5+1
h(z,x)zCo-i-Clle +-+ Cropxgy X X,
r ti—l—d;
(7.24) +Cixjixjp - xj_, X;,
=: Coho(i,x) + Cihi(i,x) +---+ Cihy (i, x),
for some constants Co, ..., C;. These terms (except for the first term) are all products of
powers of xj,, ..., xj,, such that the sum of these powers is T — {; — di, g — 1. Furthermore,
the exponents of x;,,...,x;, equal 1 for some b € [/], and the exponents of xj,.,,...,x}
equal zero, and
. T=§i—p i
hpG,x) X, Xy \TETP
(7.25) ——=Xj, . 5= ,
hp-1(x) D g
p—1

which is at most 1 for p < 7 — ¢;, and smaller than 1 for p > v — ¢;. Thus, p* = p¥ =
argmax , hy(i,x) = [t — {;]. Therefore, there exists a K > 0 such that

(7.26) h(i,x) < Kh (i, x).

In particular, pf = |t — ¢;] > 1 by Lemma 7.1(ii).
Then, for some K> 0,

/ / /x | P ]‘[ i, x)dx; --

jE[t] i=t+1

<K/ /x, /);tl r+§’ l_[h «(i,x)dx; -

Jjelt] i=t+1

(7.27)

The above steps effectively perform the integrals over x; for i € U, and we are left with
the integrals over x; for j € U. It is here that we will rely on the fact that the optimization
problem in (2.2) has a unique solution. We start by rewriting the integral in (7.27) so that we
can effectively use the uniqueness of (2.2), for which we need to make the dependence on the
various x; for j € U explicit. We start by introducing some notation to simplify this analysis.

Let T; = {j;: g € [p/]} € U denote the set of neighbors of i that appear in hp;k (i, x). For
all j e U, let

(7.28) Qj={ieU:{i,j}e&s, jp = Jj}

denote the set of neighbors i € U of j € U such that x j appears in h pr (i, x) (note thati < j
foralli € U, j € U). Then,

t

l_[ —T+¢; l_[ h *(l x)

j=1 i=t+1
(7.29)

t

1—[ T+ Q) 1—[ t—1-¢i—d; g—p;]
j 9

p:
j=1 i=t+1 !

for some constant _12 > 0. We now simplify the above integral.
Let W;={i e U: Xjx = J} for j € [t], so that W; denotes the set of neighbors i of j in

—¢j—pi—d;

U such that the factor x; appears in h Jpr (i, x). Furthermore, let Wj =(ViUsSiuU
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[j1UD)\ W;. Then, by (7.2) and the fact that p = di,[j,,fk]’

(7.30) Y Gitdigtpi=) divi+dis;+d g+ pf =2Ew; +Ey y .
icW; ieW;

where

(7.31) Ew; =|{{i,j}€Ess: i, je W)}

denotes the number of edges inside W; and Ey w. denotes the number of edges in Sg“
' VARAN)

between W; and Wj. As aresult, (7.27) becomes
. [00 OO oo I —14+|Q i+ —D|W;|—2Ew.—E, s
(7.32) Kf / / [Mx Yy
1 X Xi-1 j_

We aim to perform the integrals one by one, starting with the integral over x;, followed by
X¢—1, etc. For this, we crucially use the uniqueness of (2.2) to show that

(7.33) —T+ 4+ 10+ (T = DIW,| = 2Ew, — Ey, <1,
so that the integral in (7.32) over x; is finite. Indeed, note that
(7.34) OQi=l{ieU: {i,t} e, jpr =t} ={i e Wi {i,1} € Egs},

because ¢ is the maximal index in U, so that |Q;| = d; w,. Also, W, =WViUSTUSH\ W,
because [1]UU = S3.
Define S, = 3’5‘ U {t}, S| = S’f U W; and 3'3 = 853 \ (W, U {t}). This gives

(7.35) E; — Es; = Ew, + Ew, s;,

(7.36) Eg s — Ests;=Ew, st — Ew, — Ew, st — Q1| = dy 57>
(7.37) Eg v, — Es;vi = Ew,v,

(7.38) Eg v, — Esg vy =diy;.

Because (2.2) is uniquely optimized by S}, S5 and S3,

2E; +E; o +E; , — Eg
o o S 51,8 51,V S5,V
1S1] = 1S, — 1 1,53 1L V1 2. V1

T—1
Egr + Egr st + Egr vy — Egp v,

T—1

(7.39)

* * 2
<|St[=183] -
Using (7.35)—(7.38), this reduces to
2Ew, + Ey, w, — Qi —d; 5: —dyrv,

T—1

(7.40) W, — 1 — <0,

which is equivalent to

(7.41) —T7 4+ (t — 1)|W;| + 0] +dz,s;f +d; v, —2Ew, — Ey w, < -1,

which is (7.33). Since ¢; = d; v, + dt,ST by (7.2), the inner integral of (7.32) is finite. As W;

and W,_ are disjoint, we obtain that the integral over x; can be evaluated as
—THGHQ (= DIW)I2Ew; —Ey,

co 1 _
/ 1_[ .X'j jdxt
(7.42) Tt j=1-1

KXI_ZH'Q*H'{’HQ’*‘|+|Q"+(T_1)|W’UW’*‘|_2EW1UWt71_EW,UWt,l,W/,LN/,,l
- t—1 ’

for some K > 0, where W, UW,_j =V} U St U S¥\ (W, UW,_)).
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We next repeat the above procedure to evaluate the integral over x;_;. Choosing S =
STUfr,r =1}, 8 =SFUW, UW,_j and $3 = S\ (W, UW,_1 U {t,1 — 1}), we can again
use (7.39) to prove that the power of x;_1 in (7.42) is smaller than —1, so that integral (7.42)
over x;_1 from x;_5 to oo as in (7.32) results in a power of x;_>. We continue this process
until we arrive at the integral over x; and show that this final integral is finite.

In general, fixb e [r —1]. Welet Z, = W, UW,_{U---UW,_ bandf— Vi USi"US;\Zb
Choosing 8" = S3U([t1\ [t —b—11), 8 = §*UZ, and 8" = 5\ (Z,U([1]\ [t —b —1]))
gives

(743) Eg‘l(h)_EST:EZa-i_EZb,ST’

Eso g, — Esps; = Ez,55 = Ezy — Bz, 57 = 1Qil =+ — [ Qi
(7.44)

—dy s = —dipst
(7.45) Egib),vl — EST,Vl =Ez, v,
(7.46) ES;”),VI —Egi vy =diy, +di—1,v; + -+ di-p v
Then, (7.39) reduces to
2Ez,+E, 5 — Qi — - —|Qt—pl =& —-— &b
(T47) |Zpl—b—1— 22" 22 = 1 ! ! = <o,
‘E J—

which is equivalent to
—(+Dr+b+ (= DIZp| + Qi+ -+ Qi+ &

(7.48)
+- o+ Gy —2E7, — EZb,Zb < —1.

This is precisely the exponent that appears in the variable x;_, when integrating for x;_;
from x;_p_1 to 0o (as in (7.42) for b = 1). Thus indeed, evaluating the integrals in (7.32) one
by one does not result in diverging integrals at co as their exponents are smaller than —1.
Therefore (7.32) is also finite, so that the claim in (7.5) follows. [

PROOF OF LEMMA 7.3. We first argue that we may assume that ¢ = 1. Indeed, the
integral with a < 1 is upper bounded by that with a = 1, while for a > 1, we can do a change
of variables and use that min(bx;x;, 1) < bmin(x;x;, 1) for all b > 1. Thus, from now on,
we will assume thata = 1.

The proof that this integral is finite has a similar structure as the proof of Lemma 7.2, and
we will be more concise here to avoid repetitions. Recall that S5 = [;] and ST = [f2 + 1]\
[#2]. Now, it will be convenient to order the x; fori € [#;] such that x; > x2 > -+ > x;,, which
we can do w.l.o.g. We first rewrite the integral as

t1+1

(7.49) / f [T T1 ~G.x)dx,-dx,

jelt] i=tHh+1
where x = (xj)je[,z] and, fori € [t; + 2] \ [%2],
(7.50) hi, x) =/ x T I1 min(x;x;, 1) dx;.
0 J€Elnl: {ivj}egsik,sik

Similar to (7.23), suppose that vertex i € S} = [f2 +11]\ [#2] has vertices ji, jo,..., ji as
neighbors in S; = [1], where j; < jo <--- < ji,sothatnow 1 > xj > xj, >--- > xj,. Note
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that [ = di,S;‘ . Then,

o0
h(i,x) =/ xi_tﬂ" min(x;x;,, 1) min(x;xj,, 1) - - -min(x; xj,, 1) dx;
0

0. Vxpy ety
(7.51) :/1 x<r+§’dx,-+---+[1 BT kg dyy

l l
/xj; /xj

Vxj o _ .
+ X T e x s
0 i Jr G

1

Because §; + 1 =¢; +d; g =d; =2 by (7.2), and §; < 1 by Lemma 7.1(i), the first and the
last integrals are finite. Computing the integrals yields that for some Cy, ..., Cj,

(i, x) = Cpx, o TGl _ t—gi—l .
(752) h(l,X)—Clle —|—--.—|—~C2xj2 xB...xjj-f—C]le Xjy X,
::Clhl(i’x)+cl_1hl—1(i:x)+"'+C1h1(i,x).

Similar to the argument leading to (7.26), for all i € [t; + 2] \ [#2], there exists p} such that,
forall 1 > xy, > xp, > -+ > Xy,

(7.53) h(i,x) < Khys (i, x),

for some K > 0. Thus,

1 pxy Xtn—1 _ .ZI—HZ ~
// / T Y T A dx, - dig
o Jo 0 , / -
V& i=tr+1
(7.54) 1 -
X1 Xtn—1 _ . ~
SK/ f / ? I1 xer" [T AprGox)dxs, - dar.
0 J0 O el i=n+1

Let T; = {j,: ¢ = p}}, so that |T;| <, denote the set of neighbors of i whose terms appear
in hp;k (i,x).Since & +1=1¢ + di,S;‘ =d; >2by(7.2),and ¢; <1 by Lemma 7.1(i), we have

that [ > 1, and therefore |7;| > 1 for all i € [t;]. For j € S7, let
(7.55) Qj=liesSi:{i,jYe&u, jpr <J}
be the set of indices i such that x; appears in h pr(i, x). Then,

i+t

—T+; =
I xjr g I h s (i, x)
J€ln] i=t+1
(7.56)

H+1t
= —T+¢i+10;| 1—1—¢i—(—pF+1)
<& ] 5 [T 1/, etosmero,
Jelnl i=n+1

for some K > 0. _

Define W; = {i € S}: Jpr=J}for j € S5 and let W; = Vi \ (W; U[j — 1]). Using that
¢ =div, +d; s: +d; g; fori € ST by (7.2),and that — pj +1 = d,-’S;\[J-p*_l], (7.56) reduces
to '

8 — 4+ = DIW) | —2Ew, —Ey .
(7.57) K H X P J jTWRW

Jelr]
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We set §; = ST\ W, Sy = S5\ {2} and 3‘3 = 8 UW,, U {12}. Notice that

(7.58) Egr —Eg = Ew, + Ew, s0\w,,»

(7.59) Egx st — Eg 5. = Ew, st —di st\w,, = Ew,,.s1\W,, -
(7.60) Estvi = Eg, v, = Ewiyvi

(7.61) ESQ‘,VI - E§2,V1 =dp, v,

Because the optimal solution to (2.2) is unique, we obtain using (7.39) that

— 1+ (= DIWy,| =2Ew,, — Ew, sp\w,,
(7.62)
- EW;Z,S§< - EWtzvV] +dt275T\Wt2 +dnv >~

Note that W,2 =V USTUS; U () \ W, since S7 = [2]. Therefore,

(763) EW,2,W,2 = EWtszT\WtZ + EWtz’Sg* + dl‘z’Wt2 + EW’Z’VI .
Using (7.62) and that by (7.2) ¢, = d,, v, then shows that
(764)  —T+(x = DIWy| = 2Ew, — Ey,_ 3y, + Ew, s +diy s, + 6 > 1.

We then use that d;,, SAW;, T dtz,W,2 =d,,, si to obtain
(7.65) -1+ (- DIW,| -2Ew, — Esz,Wtz +dy st + 8, > —L

Finally, by (7.55), | O, | = dtz,Si“ as 1 is the largest index in S7.

This shows that the integral of (7.57) over x;, € [0, x;,—1) equals a power of x;,_. A simi-
lar argument, setting S 1 =8P\ (W, UW;,_1) and 3‘2 = 85\ {t2, 1o — 1} shows that the integral
of (7.57) over x4,—1 € [0, x;,—2) equals a power of x;, >, and we can proceed to show that the
outer integral of (7.57) is finite. We conclude that (7.6) is finite. [

8. Induced subgraphs. We now describe how to adapt the analysis of subgraphs to in-
duced subgraphs. For induced subgraphs we can define a similar optimization problem as
(4.29). When a; +aj < 1, (4.4) results in

.1) Py (Xyy0; = 0) =@ D (1 £ o(1)) = 1+ 0(1),

whereas for o; +o; > 1, (4.17) yields

(8.2) Pp(Xv;,0; =0) = 0(1),

and for ; +aj =1 (4.4) yields P, (le.,vj =0) = ©(1). Similar to (4.21), we can write the
probability that H occurs as an induced subgraph on v = (vy, ..., vg) as

P,(ECM™(D)|, = Ex)

(83) — ®]P’< 1_[ nOt,‘—H)lj—l 1_[ e—nai+aj_1/2>.

{i,j}e€y: aitaj<l {i,j}¢€n : aitaj>1

Similar to (4.21), edges with a; +a; = 1 do not contribute to the order of magnitude of (8.3).
Thus, the probability that H is an induced subgraph on v is stretched exponentially small in n
when two vertices i and j with o; + «; > 1 are not connected in H. Then the corresponding
optimization problem to (4.28) for induced subgraphs becomes

max(l — 1)) o + > o +aj—1,
(84) i {i.jle€y: aitaj<l

S.t.ai+()lj§1V{i,j}¢5H.
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The following lemma shows that this optimization problem attains its optimum for very
specific values of o (similar to Lemma 4.2 for subgraphs).

LEMMA 8.1 (Maximum contribution to induced subgraphs). Let H be a connected
graph on k vertices. If the solution to (8.5) is unique, then the optimal solution satisfies
a; €10, ;*1 , 2, } for all i. If it is not unique, then there exist at least 2 optimal solutions
with a; € {0, =7 % 1}for all i. In any optimal solution, o; = 0 if and only if vertex i has
degree one in H.

PROOF. This proof is similar to the proof of Lemma 4.2. First, we again define §; =
o — %, so that (8.4) becomes

— 7T
max k+(1—1)) Bi+ > Bi + B;,
(8.5) i {i.j}€€n: Bi+B;j<0

st Bi+B; <OVii, j} ¢ En.

The proof of Step 1 from Lemma 4.2 then also holds for induced subgraphs. Now we prove

that if the optimal solution to (8.5) is unique, it satisfies §; € {—%, 2(71—131), 0, %} forall i.

We take f as in (4.33), and assume that 8 < % The contribution of the vertices with

|8i| = B is as in (4.34). By increasing B or by decreasing it to zero, the constraints on j; + f;
are still satisfied for all {l il Thus we can use the same argument as in Lemma 4.2 to
conclude that g; € {2( 1 0, 2( — 1)} for all i with d; > 2. A similar argument as in Step 3
of Lemma 4.2 shows that if the solutlon to (8.5) is not unique, it can be transformed into two

optimal solutions that satisfy 8; € {— 2 2{{_31) ,0, 2(1_ 1)} for all i with degree at least2. [

Following the same lines as the proof of Theorem 2.1(ii) for subgraphs, Theorem 2.1(ii)
for induced subgraphs follows, where we now use Lemma 8.1 instead of 4.2. We now state
an equivalent lemma to Lemma 5.1 for induced subgraphs.

LEMMA 8.2 (Convergence of major contribution to induced subgraphs). Let H be a
connected graph on k > 2 vertices such that (2.3) is uniquely optimized by S = Vy with

Bd (HY = 0. Then:

(i) the number of induced subgraphs with vertices in Wk (e) satisfies

N (ind) k /e 1/ 8
(H, Wk(e) ot [ [

n2 56-0)
(8.6)
x< T (=) T e™drr-du+ fue),
{i,jle€n {i.j}¢€n
for some function f,(e) such that for any 6 > 0,
(8.7) lim limsupP(f,(¢) > 8 | Ju) =
eNO n—oo0

(i) AN (H) defined in (2.11) satisfies A (H) < oo.

The proof of Theorem 2.2 for induced subgraphs is similar to the proof of Theorem 2.2
for subgraphs, using Lemma 8.2 instead of Lemma 5.1. The proof of Lemma 8.2(i) in turn
follows from straightforward extensions of Lemmas 6.1, 6.2 and 6.3 to induced subgraphs,
now also using that the probability that an edge {i, j} ¢ £p is not present in the subgraph
can be approximated by exp(—D, Dy, /Ly). Lemma 8.2(ii) is an application of the following
equivalent lemma to Lemma 7.2 for Sgk =Vy.
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LEMMA 8.3 (Induced subgraph integrals over S3). Suppose that the maximum in (2.3) is
uniquely attained by P = (S}, S5, S3) with |S5| =s > 0, and say that S5 = [s]. Then

(8.8) / / [T1x7"% [] minix;, ) J] e dx,---diy < oo

i€ls] {l,j}egsék {i’j}¢£s§<

PROOF. The proof follows that of Lemma 7.2, where now we need to rely on the unique-
ness of (2.3) instead of that of (2.2), and we obtain extra factors e **/ for all {i, j} ¢ £g.
We will therefore be more brief, and focus on the differences compared to the proof of
Lemma 7.2.

This integral is finite if

8.9) / / l_[x T l_[ min(x;xj, 1) H Lgxix; <1y dxg - - dxp < o0,

iels] {i, ]}655* ivj}§€gs§"
since if
b pl/x;
(8.10) // X x)e ™12 dxy dxy < o0,
a JO
then also
(8.11) // x)'x}?e ™12 dxy dxy < oo.
1/x1

We can show similar to (7.19) and (7.20) that the integral is finite when all integrands are
larger than one, or when all are smaller than one. We compute the contribution to (8.9) where
the integrand runs from 1 to oo for vertices in some nonempty set U, and from O to 1 for
vertices in U = S5 \ U. Without loss of generality, assume that U = [¢] for some 1 <t <.
Define, fori € U,

~ U —tti+d, :
(8.12) h(z,x):/o X; I minGax, D) [T L <nydxi
JeU: i, jyes JeU: i, jY¢Es;

Then (8.8) results in

—T+¢; k ~
(8.13) f / []x I Lpxj<ty | G, x)dx, - dx.

pelt] ijeU: li.j)gEsy i=t+1

When the induced subgraph of H formed by the vertices of U is not a complete graph,
this integral equals zero, as 1y, xj<l} = 0 when i, j € U. Thus, we assume that the induced
subgraph of H formed by the vertices of U is a complete graph so that {{i, j} e U: {i, j} ¢
Eyl=9

We first bound the region of (8.8) where 1 < x; <--- < x;. When i € U is connected to
all vertices in U, fz(i ,X) equals A(i, x) defined in (7.22), which can be bounded by (7.26).
Otherwise, define

(8.14) ai=max{j €t]: {i, j} ¢ En}.

Thus, i is connected to vertices [¢] \ [@;] and we can write fz(i ,X) as

~ 1/xr  —t+gi+d; gx
h(l,x)zfo X; Tdxi - xp e Xg41 l_[ Xj
jelailfi,j}e€n
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1/x—1 —1—=148+d; ¢*

(8.15) o Sdvoxerxgn ] x4
1/ jelaillijleén
1/xq; —T+gi+d; gx—t+ta;

+ in %3 dx; l_[ Xj.
1/ xa-41 jelailli.jleén

By a similar argument as in Lemma 7.1, §; +d; g = 2 for i € S5 so that the first integral is
finite. Thus, for some constants Cy, ..., Cq,,

A T_Ci_dlﬁs* ‘L’—{,‘—dl«’s*-i-l
h(i,x) = 1_[ xj(Crx, PXi—1 Xa1 + Croix, X2 X
J€lail: {i,j}e€n
T*{ifdl«‘s*+tfai
(8.16) + -+ Cyy xg, 3
= ill‘(l’x) + - +;la,(l’x)
As in (7.26), for every i we can find a p} such that, forall 1 > x; > --- > x;,

(8.17) h(i,x) < Khys (i, x)

for some K > 0. Again, let 7; denote the set of neighbors of vertex i appearing in /1, (i, x),
and Q; asin (7.28),and let W; = {i € U: jp;k = j}. Then,

ﬁ / _H_{j]l{x,x <1} 1_[ h(l x)dxt -dx;
Xi— 1

i=t+1
(8.18) 512/ f P ]‘[ e (i, %) dx -
1 X 1]e[t] i=t+1
00 —r+c,+|Q,|+<r DIW;-2Ew,~Ey
N
1 X Xr—1

Je[t]

for some K > 0, where Wj =(VUSfuUljlu U)\ W;. We can now show that the integral
over x; is finite in a similar manner as in Lemma 7.2.

Indeed, we will now again use the uniqueness of the solution of the optimization problem
in (2.3) to again prove that this integral is finite. For this, we define S = STU W, Sy =
S5 U {t} and Sy = S5\ (W; U {t}). Because t € S5, by constraint (2.3),  is connected to all
other vertices in S», so that the vertices of S5 still form a complete graph. Furthermore, t € U,
so that ¢ is connected to all other vertices in U, since the vertices of U formed a complete
graph. Also, when i € U is not connected to 7, then i € W, by (8.15) and the definition of a;
in (8.14). Thus, £ is connected to all vertices in U U U \ (W, U{t}) = S3

We conclude that S, $; and S5 still satisfy the constraint in (2.3), and we may proceed
as in Lemma 7.2 using (7.39) to show that the integral over x; is finite. Iterating this proves
Lemma 8.3. [

The following lemma is the counterpart of Lemma 7.3 for induced subgraphs.

LEMMA 8.4 (Induced subgraph integrals over S} U S3). Suppose the optimal solution to
(2.3) is unique, and attained by P = (S}, S5, S3). Say that S5 = [t;] and ST = [t2 +11]\ [2].
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Then, for every a > 0,

[Fof [ T T

jelti+n] li.j e sx
(8.19)
% 1—[ e iXj dxt1+tz coodx) < 00.
{lvj}¢gs>fs§

PROOF. This lemma can be proven along similar lines as Lemma 7.3, with similar ad-
justments as the adjustments to prove Lemma 8.3 for induced subgraphs from its counterpart
for subgraphs, Lemma 7.2. [

From these lemmas, the proof of Theorem 2.1(i) for induced subgraphs follows along the
same lines as the proof of Theorem 2.1(i) for subgraphs.
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