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This paper studies H.,, and H, almost state or output synchronization of homogeneous multi-agent sys-
tems (MAS) with partial-state coupling via static protocols in the presence of external disturbances. We
provide solvability conditions for designing static protocols. We characterize three classes of agents for
which we can design linear static protocols for state or output synchronization of a MAS such that the
impact of disturbances on the network disagreement dynamics, expressed in terms of the H,, and H,
norms of the corresponding closed-loop transfer function, is reduced to arbitrarily small value. Mean-
while, the static protocol only needs rough information on the network graph, that is a lower bound for
the real part and an upper bound for the modulus of the non-zero eigenvalues of the Laplacian matrix
associated with the network graph. Our study focuses on three classes of agents which are squared-down
passive, squared-down passifiable via output feedback and squared-down minimum-phase with relative
degree 1.
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1. Introduction

The problem of synchronization among agents in a multi-agent
system has received substantial attention in recent years, because
of its potential applications in cooperative control of autonomous
vehicles, distributed sensor network, swarming and flocking and
others. The objective of synchronization is to secure an asymptotic
agreement on a common state or output trajectory through decen-
tralized control protocols (see [1,17,23,35] and references therein).

State synchronization basically requires homogeneous MAS (i.e.
agents have identical dynamics). State synchronization based on
diffusive partial-state coupling has been considered in many pa-
pers (e.g. see [12,14,26-28,32,33]). The case where the full state is
shared over the network, will be referred to as full-state coupling.
If only part of the state is shared over the network, we refer to it
as partial-state coupling. Historically, the problem of partial-state
coupling was first addressed by using an additional communication
channel between the protocols of each agent relying on the same
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network topology (See for instance [14,26]). This extra communica-
tion is mathematically very convenient making the solvability con-
dition weaker and the analysis simpler. However, from a practical
point of view it is not very realistic. For a MAS via partial-state
coupling, basically the synchronization is achieved via a dynamic
protocol. However, state synchronization via a dynamic protocol
imposes restrictions on the agent dynamics. Agents are assumed
to be at most weakly unstable (all poles in the closed-left half
plane) in e.g. [28,34] and references therein. Alternatively, agents
are assumed to be at most weakly non-minimum-phase (all invari-
ant zeros in closed left half plane) in e.g. [4,9,30,31,39] and refer-
ences therein. The main drawback of dynamic protocols is that the
modes of the protocol will be added to the synchronized trajectory
and in general these modes are unstable and as such the existence
of these modes on the consensus trajectory leads to unbounded
synchronized trajectories. Therefore, static protocols are more
desirable.

There have been research efforts to determine classes of agents
for which synchronization is achievable via static protocols. It has
been shown that designing static protocols for MAS with partial-
state coupling is doable for the class of passive or passifiable
agents. For example, [36] and [6] considered linear agents which
are either passive or passifiable via state/output feedback while
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[5] dealt with agents which are strictly G-passifiable via output
feedback. In [11,21,22], input feed forward passivity was considered
in connection with output synchronization. Nonlinear input-affine
passive agents were considered in [3,29,37,41,43] while general
nonlinear passive agents were studied in [10,18,38].

Most research works have focused on the idealized case where
the agents are not affected by external disturbances. In the litera-
ture where external disturbances are considered, y-suboptimal Hy,
design is developed for MAS to achieve H,, norm from an exter-
nal disturbance to the synchronization error among agents less to
a priori given y. In particular, [14], [42] considered the H,, norm
from an external disturbance to the output error among agents.
[25] considered the H,, norm from an external disturbance to the
state error among agents while [15] and [16] tried to obtain an Hy,
norm from the disturbance to the average of the states in a net-
work of single or double integrators.

In the presence of disturbances, the concept of almost syn-
chronization was also introduced to reduce the impact of external
disturbances on the disagreement dynamics to an arbitrary small
level. The notion of H,, almost synchronization for homogeneous
MAS was first introduced in [19] for homogeneous MAS, where the
goal is to reduce the H,, norm from an external disturbance to the
synchronization error, to any arbitrary desired level. This work was
extended later in [20,39,40].

So far, the literature studied almost synchronization of MAS
with partial-state coupling utilizing dynamic protocols. In contrast,
in this paper, we study H., and H, almost output or state synchro-
nization of homogeneous multi-agent systems with partial-state
coupling via static protocol design for passifiable agents affected
by external disturbances. We see that this problem reduces to a ro-
bust stabilization problem. The impact of disturbances on the net-
work disagreement dynamics, expressed in terms of the H,, and
H, norms of the corresponding closed-loop transfer function, is re-
duced to any arbitrarily small value. Our contribution of this paper
is twofold.

» We provide the solvability conditions of Hy, and H, almost out-
put or state synchronization via static protocols.

- We identify three classes of agents, namely, squared-down
passive, squared-down passifiable via output feedback, and
squared-down minimum-phase with relative degree 1, for
which designing static protocols is possible. We provide static
protocol design for MAS with these three classes of agents.

« We also show that in the context of almost synchronization
there are distinctions between utilizing H., and H, norm.

The organization of this paper is as follows. In Section 2, we
present preliminaries and in Section 3, we formulate our problems.
The connection between almost synchronization and almost dis-
turbance decoupling is presented in Section 4. The protocol design
for Hy, and H, almost synchronization via static protocol is pro-
posed in Section 5. Finally, the numerical example is presented in
Section 6.

2. Preliminaries

In this section we present some notations and definitions. Also,
we will introduce the concept of squared-down passivity and pas-
sifiability.

2.1. Notations and definitions

Given a matrix A € R™" AT denotes the transpose of A, and
|IA]l denotes the induced 2-norm of A. A square matrix A is said
to be Hurwitz stable if all its eigenvalues are in the open left half
complex plane. A®B depicts the Kronecker product between A and
B. I, denotes the n-dimensional identity matrix and 0, denotes

LGl U, ?/=G2JL,

Y

Fig. 1. A squared-down passive system.

n x n zero matrix; we will use I or 0 if the dimension is clear from
the context.

A continuous-time system is called minimum-phase if all in-
variant zeros are in C~. A system is called weakly minimum-phase
if all invariant zeros are in C~ N C? and all invariant zeros in s € C°
are semi-simple. A system is called weakly non-minimum-phase if
all invariant zeros are in C~ N CY and there exists an invariant zero
which is not semi-simple.

A weighted directed graph G is defined by a triple (V, €&, A)
where ¥V ={1,...,N} is a node set, £ is a set of pairs of nodes
indicating connections among nodes, and A = [g;;] € RNV*N is the
weighting matrix. We have a; > 0 if (i, j) € £ and g;; = 0 otherwise.
(i, j) € £ denotes an edge from node j to node i. A path from node
iy to iy is a sequence of nodes {iy, ..., i} such that (ij,i;) € £ for
j=1,...,k—1. A directed tree is a subgraph (subset of nodes and
edges) in which every node has exactly one parent node except for
one node, called the root, which has no parent node. In this case,
the root has a directed path to every other node in the tree. A di-
rected spanning tree is a directed tree containing all the nodes of
the graph. For a weighted graph G, a matrix L = [¢;;] with

N
_ Z ik
- k=1

k#i

i=j,
i# ],

is called the Laplacian matrix associated with the graph G. In the
case where G has non-negative weights, L has all its eigenvalues
in the closed right half plane and at least one eigenvalue at zero
associated with right eigenvector 1 (a vector whose elements are
all equal to 1). A specific class of graphs needed in this paper is
presented below:

—aij,

Definition 2.1. For any given o > >0, let Gg, P denote the set
of directed graphs with N nodes that contain a directed spanning
tree and for which the corresponding Laplacian matrix L satisfies
|IL|| <« while its nonzero eigenvalues have a real part larger than
or equal to B.

2.2. Squared-down passive and passifiable and squared-down
minimum-phase with relative degree 1 systems

We introduce the concept of passivity and passifiability based
on the idea of squaring-down in [24]. Consider a system

5 - {x:AerBu, (1)

y=0Cx,

where x ¢ R", u € R™ and y € RP. We introduce the following defi-
nitions:

Definition 2.2. A system (1) is called squared-down passive with a
pre-compensator G; € R™4 and a post-compensator G, € RI*P if
the interconnection in Fig. 1 with input @i and output j is passive.

Remark 1. Assuming G; and G, are such that (A, BG,) is stabiliz-
able, (A, G,C) is detectable while BG; and G,C have full column-
and row-rank, respectively, then squared-down passivity is equiva-
lent to the existence of a positive definite matrix P, such that

PA+ATP <0,

2
PBG, = CTGl. 2
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H

Fig. 2. A squared-down passive system via output feedback.

Remark 2. Note that when G; =1, squared-down passivity is re-
duced to G-passivity as used in [7]. For a square system, we can
choose Gy = G, =1 and squared-down passivity becomes conven-
tional passivity.

Definition 2.3. A system (1) is called squared-down passifiable via
static output feedback with a pre-compensator G; € R™*9 and a
post-compensator G, € R9*P if there exists an output feedback

i=-Hj+v (3)

which makes the system (1) squared-down passive with respect to
the new input v, as shown in Fig. 2.

Remark 3. A system (1) is squared-down passifiable via static out-
put feedback (3) if there exist a matrix H and a positive definite
matrix P such that

P(A — BG{HG,C) + (A — BGiHG,C)TP < 0,
PBG, = CTGT.

This sufficient condition is also necessary for a system to be

squared-down passifiable via static output feedback if (A, BGy) is

stabilizable, (A, G,C) is detectable while BG; and G,C have full
column- and row-rank, respectively.

(4)

Now, we will define a class of agents, which are closely related
to passive systems.

Definition 2.4. A system (1) is called squared-down minimum-
phase with relative degree 1 with a pre-compensator G; € R™*4 and
a post-compensator G, € R?*P if the square system (A, BGy, G,C) is
minimum-phase with relative degree 1, i.e. det(G,CBG;) # 0.

Remark 4. It is easy to show that if the system (1) is squared-
down minimum-phase with relative degree 1, one can choose G,
such that G,CBG; =1I.

Remark 5. It is known that squared-down minimum-phase with
relative degree 1 agents are a subset of squared-down passifiable
via output feedback agents (see [8,13] and references therein).

We introduce the following lemma which makes the structure
of a system more explicit when the system is squared-down passi-
fiable via static output feedback.

Lemma 1. Consider system (1) and assume it is squared-down pas-
sifiable via static output feedback with compensator G; and G, and
output feedback gain H as in Fig. 2, then for the system (A, BGq,
G,C), with input 4, with u= Gi, and output j = G,y, there exist
non-singular transformation matrices Ty, Ty and T, with

. X . " . "

%= ()é) = T, I=Td, j=T;

where T; = (Ta‘1)T, such that the dynamics of X is represented by
X1 = AnXy + A%,

Xy = A&y + Ap®y + 11,

V=2, (5)
where ®; € R" 1 and &, € R1. To be more specific, we have:

A]]S 0 A121
Ay = , Ap = , Ay =(A A 6
11 ( 0 A]lO) > 12 (A122> 21 ( 211 212) ( )

with:

Aus+AL <0, Ang+Al =0, Ay =-AL,

Remark 6. If the system is squared-down passive, i.e. H=0 in
Figure 2, then we can additionally guarantee that

Ap +AL <0 (7)

Proof. Obviously the system (A, BGy, G,C) is at most weakly non-
minimum phase with relative degree 1. Note that there exists P> 0
such that (4) is satisfied. Choose a unitary matrix U such that

UP'/?BG, =B = <9>
B,

with B, invertible which is possible since BG; is injective.
We first apply a state space transformation X = T,;x with T,y =
UP'/2 and we get:

5 - {x:Ax+Bu,

y=_0x,
where
(A—BHC) + (A—BHOT <0 (8)
B=cT

We decompose A compatibly with B:
i (A Ap
A=|"- -
(A21 Az
Next, (8) implies that

A_]] +A1r1 <0

Choose a unitary matrix U; such that:

- A 0
il ()

with Aqq +A};S <0 and Aqyp +A']r10 = 0. Then, it is easily verified
that

up 0 =
TX: (01 I)TX]’ TH:BZ

yields (5) and (6). Remains to verify that Ay; = _A1Tzz' If we look
at (8) then we get:

T
An A]Z )+ A]] A12 R
Ay Ap—-H Ay Ap—-H

Aqs +A;l;s 0 A +A"21“11 @)
= 0 0 A +A"21“12 =0

AL +Am AL, +Awy Ay + AL -A-AT

where A = BzHég from which it is immediately clear that we must
have Az]z = 7A;r22. O

3. Problem Formulation

Consider a MAS composed of N identical linear time-invariant
agents of the form,

X; = Ax; + Bu; + Ew;,

i=1,...,N 10
o ( ) (10)

where x; e R", u; e R™, y; e RP are respectively the state, in-
put, and output vectors of agent i, and w; € R" is the external
disturbance.
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The communication network provides each agent with a linear
combination of its own outputs relative to that of other neighbor-

ing agents. In particular, each agent i € {1, ..., N} has access to the
quantity,
N N
Gi=) ajyi—y) =Yty (11)
j=1 j=1

The communication topology of the network can be described by a
weighted and directed graph G with corresponding Laplacian ma-
trix L. We will primarily focus on partial-state coupling where C
does not have full-column rank.

If the graph G describing the communication topology of the
network contains a directed spanning tree, then it follows from
[2] that the Laplacian matrix L has a simple eigenvalue at the
origin, with the corresponding right eigenvector 1 and all the
other eigenvalues are in the open right-half complex plane. Let
M, ..., Ay denote the eigenvalues of L such that A; =0 and
Re(A;) >0,i=2,...,N.

Let N be any agent and define

Xi=xXy—X, Ui=uy—u;andy;=yy—Vi
and
)?1 ﬂl .}71 w1
X= cu=| 1 |Ly= and @ =
XN-1 UN-1 UN-1 N

Obviously, state synchronization is achieved if

lim (x3(6) —xy () =0, Vie{l.....N-1}, (12)

and output synchronization is achieved if
[lim(y,-(t)—yN(t))zo, Vie{l,...,N-1}. (13)

Remark 7. The agent N is not necessarily a root agent. Obviously,
(12) is equivalent to the condition that

[llm (x; (t) 7)(]'(1')) =0
foralli,je{1,..., N} and a similar connection holds for (13).

We formulate below H,, or H, almost state/output synchroniza-
tion problems.

Problem 1. Consider a MAS described by (10) and (11). Let G be a
given set of graphs such that G € GN. The H,, almost state synchro-
nization problem via static protocol with a set of network graphs
G is to find, if possible, a linear static protocol parameterized in
terms of a parameter ¢, of the form

ui:Fsé‘,‘, l:],N (14)

such that, for any given real number & > 0, there exists an £* such
that for any € €(0, £*] and for any graph G € G, (12) is satisfied for
all initial conditions in the absence of disturbances and the closed
loop transfer matrix T,; from o to X satisfies

”Ta»?”oc <. (15)

Problem 2. Consider a MAS described by (10) and (11). Let G be a
given set of graphs such that G < GN. The H, almost state synchro-
nization problem via static protocol with a set of network graphs
G is to find, if possible, a linear static protocol parameterized in

terms of a parameter &, of the form
ui:Fgé',-, l:],N (16)

such that, for any given real number § > 0, there exists an &* such
that for any € € (0, £*] and for any graph G € G, (12) is satisfied for

all initial conditions in the absence of disturbances and the closed
loop transfer matrix T,z from w to X satisfies

I Toxll2 < 6. (17)

Remark 8. It is worth to note that the notion of almost state
synchronization is stronger than almost output synchronization.
Therefore, Problems 1 and 2 imply H., and H, almost output syn-
chronizations as stated in the following problems.

Note that in the case of almost output synchronization, it is
very appealing to ensure that internal states do not explode if we
try to achieve higher accuracy with regard to output synchroniza-
tion. Hence in the following problems we imposed an upper bound
on the effect of disturbances on the state.

Problem 3. Consider a MAS described by (10) and (11). Let G be
a given set of graphs such that G € GN. The H., almost output syn-
chronization problem via static protocol with a set of network graphs
G is to find, if possible, a linear static protocol parameterized in
terms of a parameter ¢, of the form (16), such that, for any given
real number § > 0, there exists an &* such that for any € €(0, £*]
and for any graph G € G, (13) is satisfied for all initial conditions
in the absence of disturbances and the closed loop transfer matrix
T, (from w to y) satisfies

[Toplloo <8 (18)

We can similarly define the H., almost output synchronization prob-
lem with bounded state errors via static protocol when

”Ta)i”oo <M, and ”Ta)ﬁ”oo ) (19)
with M independent of ¢.

Problem 4. Consider a MAS described by (10) and (11). Let G be
a given set of graphs such that G € GN. The H, almost output syn-
chronization problem via static protocol with a set of network graphs
G is to find, if possible, a linear static protocol parameterized in
terms of a parameter ¢, of the form (16), such that, for any given
real number § > 0, there exists an &* such that for any € €(0, £*]
and for any graph G € G, (13) is satisfied for all initial conditions
in the absence of disturbances and the closed loop transfer matrix
T, (from w to y) satisfies

ITopll2 < 6 (20)

We can similarly define the H, almost output synchronization prob-
lem with bounded state errors via static protocol when

I Tozll2 < M, and || Tpll2 <6 (21)

with M independent of ¢.

4. Connection between H,, and H, almost state/output
synchronization and H,, and H, almeost disturbance
decoupling-solvability conditions

In this section, we establish a connection between the problem
of Hy, or H, almost state/output synchronization among agents in
the network and a robust Hy,, or H, almost state/output distur-
bance decoupling problem via static output feedback with internal
stability.

4.1. Analysis of Hy, almost synchronization

Given A c C, we introduce the following system associated to
agent models as

X =Ax + ABu + Ed,

Y —ce (22)
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where A € A, and A, B, C, E matrices are the same as agent models
(10) and d is the disturbance. The robust H,, almost output distur-
bance decoupling problem with bounded input via static output feed-
back for (22) is to find, if possible, a parameterized controller

u=~Fy (23)

and M >0 such that, for any given § >0, there exists ¢*>0 for
which the interconnection of (23) and the system (22), has the
property that for any A € A and for any 0 <& <&* we have:

1. The interconnection of the systems (23) and (22) is inter-
nally stable.
2. The resulting closed-loop transfer function

T}, =C(sl —A— ABF.C)"'E (24)

from d to y has an H,, norm less than &.
3. The resulting closed-loop transfer function

T, =C(sl —A— ABF.C)"'B (25)

has an H,, norm less than 3.
4. The resulting closed-loop transfer function

T} = FEC(sl —A— ABEC)"'E (26)

from d to u has an H,, norm less than M.
5. The resulting closed-loop transfer function

T} =F.C(sI—A—ABE.C)"'B (27)
has an H,, norm less than M.

It is important to note that M is independent of the choice for
8 and independent of A € A.

The robust Hy, almost state disturbance decoupling problem with
bounded input via static output feedback for (22) is equivalent to the
above with the only modification being that instead of (24) and
(25), the closed-loop transfer functions

Tk = (sI—A— ABE.C)"'E (28)

T) = (sl —A—ABE.C)"'B (29)

both have an H,, norm less than 4.

The next lemma establishes a connection between H,, almost
output disturbance decoupling problem and H., almost output
synchronization problem.

Lemma 2. Let G be a set of graphs such that the associated Lapla-
cian matrices are uniformly bounded and let A consist of all possible
nonzero eigenvalues of Laplacian matrices associated with graphs in
G.

The H, almost output synchronization problem with bounded
state errors via static protocol for the MAS described by (10) and
(11) given G is solved by a parameterized protocol u; = F.¢; if the ro-
bust Hy, almost output disturbance decoupling problem with bounded
input via static output feedback for the system (22) with Ae A is
solved by the parameterized controller u = Fy.

Proof. The MAS system described by (10) and (11) after imple-
menting the linear static protocol (16) is described by

Xi = Ax; + BE. ;i + Ew;,

Yi=Cx
fori=1,...,N. Let
X1 w1
x=|:1] o=|:
XN WN

Then, the overall dynamics of the N agents can be written as
X=(In®A+L®BEC)x+ (IN® E)w. (30)

Note that the Laplacian matrix L has eigenvalue 0 with associated
right eigenvector 1. Let

L=TST, (31)

with T unitary and S; = [s;;] the upper-triangular Schur form asso-
ciated to the Laplacian matrix L such that s{; = 0. Let

& 1
E=T"ehx=|:| o=T"eho=|:

&N N
where & € C" and @; € C". In the new coordinates, the dynamics
of £ can be written as

E(t) =(N®A+S, ®BEC)E + (T @ F)w, (32)
which is rewritten as
N
& =A&5+ ZSUBE:C% +Ew,,
j=2
) N ) (33)
& =(A+MBEOE + Z sijBF:C&; + Ew;,
] Jj=it1
v = (A+ ANBEC)éy + Ean,
for ie {2,...,N—1}. The first column of T is an eigenvector of L

associated to eigenvalue 0 with length 1, i.e. it is equal to 1/+/N.
Using this we obtain:

P -1 0 - 0 1
N 0o -1
X= = QI |(T®h)k
: : R
XN = XN-1 0 - 0 -1 1

~((0 V)en).

for some suitably chosen matrix V € RN*(N-1)_ Therefore we have

M2 V2

y=Wvenl| : | i=VeDh| : (34)
NN VN

where

ni=C&, vi=Fn;, fori=2,...,N.

Note that since T is unitary, also the matrix T~! is unitary and
the matrix V is uniformly bounded. Therefore the H,, norm of
the transfer matrix from  to y can be made arbitrarily small
if and only if the H,, norm of the transfer matrix from @ to n;
can be made arbitrarily small for i =2,...,N. Similarly, the Hy
norm of the transfer matrix from @ to i is bounded if and only
if the H,, norm of the transfer matrix from @ to v; is bounded for
i=2,..., N.

The fact that u = F.y solves the simultaneous H,, almost output
disturbance decoupling problem with bounded input of (22) im-
plies that for small & we have that A + ABF.C is asymptotically sta-
ble for all e A. In particular, A+ A;BF.C is asymptotically stable
fori=2,..., N which guarantees that &;—0 for i=2,..., N for
zero disturbances and all initial conditions. Therefore we have H,,
almost output synchronization.

Next, we are going to show that there exists M > 0 such that
for any 5> 0, we can choose ¢ sufficiently small such that the Hy,
norm of the transfer matrix from @ to &; is less than § and the
H. norm of the transfer matrix from & to v; is less than M for
i=2,..., N. This would guarantee that we can find M > 0 such that

”Ta»?”oo <4, ”Twﬂ”oo <M (35)

for any 6 > 0 provided ¢ is small enough.
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Since the robust H., almost output disturbance decoupling
problem with bounded input via static output feedback is solved
by (23), there exists M such that for any arbitrarily small §, we
have for ¢ small enough that:

IThlle <8, Tyl <6,
IThlleo <M. TSl < M.
for all A e A where Td);,, Ty, Tk and Tj,. are given by (24), (25),

(26) and (27), respectively.
When i = N, it is easy to find that,

Tou, = en ® T,

S AN
Ta)nN =eN® Tdy s du

where e; is a row vector of dimension N with elements equal to
zero except for the ith component which is equal to 1. Hence

I|T(Z)an|oo < 8_, ”T(DUN ”oo < MN
provided
§ <, M < My. (36)

Recall that we can make § arbitrarily small without affecting the
bound M. Assume

ITonlle < 8. 1Ty, lloe < M;
holds for j=i+1,...,N. We have:

N
Ton =ei®Toy+ Y STy Ton, (37)
Jj=i+1
N
Tow =€ ®To+ > SiTaiTon,- (38)
j=i+1
Since
A o A 4 o Ly
e®Ty+ > siTyTon || <0+ > IsijloM; (39)
=i+ o j=i+1
and
N ~ N .
e ® Ta};& + Z SjjTLl)LiTg)vj <M+ Z |S,’j|MMj (40)
Jj=i+1 0 Jj=i+1

we find:
”Td)ni ”oo < S, ”T&Jvi ”oo < Mi (41)
provided:

~ N ~ - -

0+ Z |S,‘j|8Mj <,

et
i J l;{, - ] (42)
M + Z |Slj|MMj < M;.
j=i+1

Note that s; depends on the graph in G but since the Laplacian
matrices associated to graphs in G are uniformly bounded we find
that also the s; are uniformly bounded. In this way we can re-
cursively obtain the bounds in (41) for i=2,...,N provided we
choose ¢ sufficiently small such that the corresponding § satisfies
(36) and (42) fori=2,...,N-1.

If we define:
0
) & ) 12 ) vy
g = , 0= , V= :
én N Uy

then we have

Et) = (v ®AE + (RS, ® B)D + (R E)d,

i = (-1 ®OF
where
R=(0 Iy.1)
We obtain:

E(t) = [I.1 ® (A— KO + (RS, ® B)D + (R® E)@ + Kij

where K is an arbitrary matrix such that A — KC is asymptotically
stable. Clearly, the H,, norms from @ to v and 7 are bounded (with
bounds independent of graph or ¢). Hence the H,, norm from & to
£ is uniformly bounded, i.e. the H,, norm from @ to &; is less than
M for i=2,...,N for some suitably chosen constant M indepen-
dent of ¢ and the specific graph.

Hence, we can choose ¢ sufficiently small such that the Hy
norm from @ to v; is less than § and the Hy, norm from @ to
&; is less than M for i =2,...,N. As noted before this guarantees
that we can achieve (35) for a fixed M and any arbitrarily small
5>0. d

The next lemma establishes a similar connection between the
H,, almost state disturbance decoupling problem and the H,, al-
most state synchronization problem.

Lemma 3. Let G be a set of graphs such that the associated Lapla-
cian matrices are uniformly bounded and let A consist of all possible
nonzero eigenvalues of Laplacian matrices associated with graphs in
G.

The H,, almost state synchronization problem via static protocol
for the MAS described by (10) and (11) given G is solved by a param-
eterized protocol u; = F.¢; if the robust Hy, almost state disturbance
decoupling problem with bounded input via static output feedback for
the system (22) with A € A is solved by the parameterized controller
u=Fy.

Proof. The proof is completely similar to the proof of
Lemma 2. d

We will also analyze whether we can keep the Hy, norm from
w to y bounded if we cannot achieve an arbitrarily small error. We
can find a similar connection as above to a robust control problem:

Lemma 4. Let G be a set of graphs such that the associated Lapla-
cian matrices are uniformly bounded and let A consist of all possible
nonzero eigenvalues of Laplacian matrices associated with graphs in
G.

Given a MAS described by (10) and (11) and a set of graphs G.
Let A denotes all possible locations for the nonzero eigenvalues of the
Laplacian matrix L when the graph varies over the set G.

For a parameterized protocol u; = F,¢;, there exists M such that
when applied to the MAS the H., norm from w to y is less than M for
all ¢ >0 and for any graph in G if for the parameterized controller u =
F.y, there exists M such that for any &, we have for & small enough
that

1. The interconnection of the systems (23) and (22) is internally

stable.
2. The resulting closed-loop transfer function
Td);, =C(sl—A— ABE.C)"'E (43)

from d to y has an Hy, norm less than M.
3. The resulting closed-loop transfer function

T, =C(sl —A— ABF.C)"'B (44)

has an Hy, norm less than §.
4. The resulting closed-loop transfer function

T}, = F.C(sI — A — ABF.C)"'E (45)

from d to u has an Hy, norm less than %



A.A. Stoorvogel, D. Nojavanzadeh and Z. Liu et al./ European Journal of Control 54 (2020) 73-86 79

5. The resulting closed-loop transfer function
T} =F.C(sI—A—ABE.C)"'B (46)
has an Hy, norm less than M.

for all AeA.

Proof. The proof relies on the same recursive argument as in the
proof of Lemma 2. O

4.2. Analysis of H, Almost Synchronization

In this subsection, we consider the H, norm instead of the H.,
norm. Firstly, we define the robust H, almost output disturbance
decoupling problem via static output feedback for (22) as follows.
There should exist a parameterized controller (23) and M > 0 such
that, for any given § > 0, there exists &* > 0 for which the intercon-
nection of (23) and the system (22) has the property that for any
Le A and for any 0 <& <&* we have:

1. The interconnection of the systems (22) and (23) is inter-
nally stable;
2. The resulting closed-loop transfer function Td}; from d to y

has an H, norm less than /5.

3. The resulting closed-loop transfer function Tu)s, has an H
norm less than §.

4. The resulting closed-loop transfer function Td)\u from d to u
has an H, norm less than M/+/8.

5. The resulting closed-loop transfer function T2, has an Hy
norm less than M.

It is important to note that M is independent of the choice for
8 and independent of A € A.

The robust H, almost state disturbance decoupling problem via
static output feedback for (22) is equivalent to the above with the
only modification being that instead of items 2 and 3, T(}X has an
H, norm less than V8 and Tj; has an H,, norm less than § where
these transfer functions are given by (28) and (29).

Remark 9. In the above problem, note that we need to consider
two aspects in our controller, H, disturbance rejection and robust
stabilization. The latter translates in the H,, norm constraints.

Next, we present the H, equivalent of Lemmas 2 and 3.

Lemma 5. Let G be a set of graphs such that the associated Lapla-
cian matrices are uniformly bounded and let A consist of all possible
nonzero eigenvalues of Laplacian matrices associated with graphs in
G.

The H, almost output synchronization problem via static protocol
for the MAS described by (10) and (11) given G is solved by a pa-
rameterized protocol u; = F:¢; if the robust H, almost output distur-
bance decoupling problem via static output feedback for the system
(22) with A € A is solved by the parameterized controller u = F.y.

Proof. The proof is similar to the proof of Lemma 2. The proof has
the same structure. There is one step we need to be careful. The
proof follows the same lines of Lemma 2 except that we require
the @ to n; arbitrarily small while we keep the H,, norm from @
to v; bounded. Recall that for two stable transfer matrices T; and
T, with Ty strictly proper we have:

ITiT2ll2 < ITi 21 T2l o> (47)
and therefore we obtain for (37) that

N
Ai Ai
ITonllz < 1Tl + D sl Ty oo I Tow, 12

Jj=i+1

and

N
I Tonll2 < 1T 12 + > il Tl oo | T, 112

j=i+1
We use these two inequalities instead of (39) and (40), respec-
tively. Given that we have a parameterized static feedback which
solves the robust H, almost output disturbance decoupling prob-
lem, we find constants N; and M; such that

M;

[T ll2 < Niv/8, 75

I Tau 2 <
O

Lemma 6. Let G be a set of graphs such that the associated Lapla-
cian matrices are uniformly bounded and let A consist of all possible
nonzero eigenvalues of Laplacian matrices associated with graphs in
G.

The H, almost state synchronization problem via static protocol for
the MAS described by (10) and (11) given G is solved by a parameter-
ized protocol u; = F.¢; if the robust H, almost state disturbance de-
coupling problem via static output feedback for the system (22) with
A e A is solved by the parameterized controller u = F.y.

Proof. The proof is basically identical to the proof of Lemma 5. O
5. Protocol design for H,, and H, almost synchronization

In this section, we will consider a static protocol design to
achieve Hy, and H, almost synchronization.

5.1. Hyo almost synchronization

We consider a MAS described by (10) and (11). We split the
protocol design for H., almost state and output synchronization
into two cases. The first case considers agents which are squared-
down passifiable via output feedback given G;, G, and H. Clearly
this class of agents included squared-down passive agents as a spe-
cial case. The second case is squared-down minimum-phase with
relative degree 1 agents which as stated in Remark 5 is a subset of
squared-down passifiable via output feedback agents.

5.1.1. Squared-down passifiable via output feedback agents

First by providing the following example, we will show that Hy,
almost state synchronization, in general, is not solvable via static
protocol for the class of passifiable via output feedback agents.
However, the H,, almost output synchronization problem is solv-
able.

Example 1. Consider the MAS with two agents

. 0 1 0 1
Xi = <1 O)Xl‘ + (1)”1’ + <0>a),
Yi= (é ?)Xi (48)

for i = 1, 2. The communication graph has the associated Laplacian
matrix

)

The system is squared-down passifiable with G; =1 and G, =
(0 1).If we consider an arbitrary static protocol

u=Fg=(fi f)&

the transfer matrix from w; to x; — x, is given by

-1
e _ 0 1 1) 1 s—fr
e (1-(3%0 2) () ()
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where f; <1 and f, <0, and
-1
Ts(0) = (fz/ n )

Clearly Hy, almost state synchronization is not possible.

As it is shown in the above example, the H, almost state
synchronization via static protocol is not possible as stated in
Problem 1. Now we focus on a weaker notion of H,, almost syn-
chronization, namely, H,, almost output synchronization of MAS
with squared-down passifiable via output feedback agents.

Problem 3 formulated earlier was in terms of an arbitrary set
of graphs G. The results in this section are obtained for specific
classes of graphs where:

G=Gl,

for some «, B >0 which has been defined in Definition 2.1. For all
the problems in this paper we consider the same parameterized
protocol

1
u; = —561525, (49)

Our next result regarding H., almost output synchronization
problem via static protocol is stated as follows.

Theorem 1. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down passifiable with respect to Gy, Gy and H, such
that (A, BG,) is stabilizable, (A, G,C) is detectable while BG, and G,C
have full column- and row-rank, respectively. Let any real numbers c,
B >0 and a positive integer N be given, and hence a set of network
graphs Gl s be defined.

The H. almost output synchronization problem with bounded
state errors via static protocol as defined in Problem 3 with respect
to the compensated output j = G,y where G = Gg’ﬂ is solvable if

ImE < ImBG;. (50)

In particular, for any given real number & > 0, there exists an &*, such
that for any ¢ (0, £*), the protocol (49) achieves state synchroniza-
tion and the Hy, norm from w to y; — y; less than § and the Hw norm
from @ to x; — x;j less than M for any i, j e 1,..., N and for any graph

QeGg.ﬁ.

The above theorem states that for squared-down passifiable
agents we can achieve Hy, almost output synchronization with re-
spect to the compensated output y = G,y if (50) is satisfied. The
following remark shows that this is no longer valid if we use the
original output.

Remark 10. Consider the MAS (48) with the same communication
network as stated in Example 1. The transfer matrix from w; to

Y1 — > is given by

-1
o B 0 1 1 _% S_f2
o (-(%0 1) O s ()

where f; <1 and f, <0, and

Twly(O) = <f2/{1-1_ 1)

Clearly H,, almost output synchronization is not possible with re-
spect to the original output y.

Proof of Theorem 1. Given Lemma 2, we only need to verify that
u=—-pGGyy where p =% solves the robust H,, almost output

disturbance decoupling problem with bounded input via static out-
put feedback for the system (22) with A< A. Given G € Gg g we

know that A € A implies ReA > f.

Using Lemma 1, the dynamics of (22) with pre/post compen-
sator Gi, G, i.e. (A, BGq, G,C), can be written as:

X =Anf +Ank + Eo,
X = A& + AR + Al + Eyo,
V=%, (51)

with respect to our new basis for state, input and output. Using
our output feedback we get:

i = —pXy,

where

X=TTI >0,

we obtain

X1 = AnXy + Ak + Ero,

Xy = An&i + (Ax — 2pX)%s + Bro,

V=%, (52)
It is easily verified that there exists p* such that for p > p*,

S(s) = (sI — Az + pAX)~!

satisfies:

a4
Slle = — 53
N 5 (53)

for some suitable constant «; independent of A and p using that
ReX > B and X > 0. Consider

-
T(s) = (sl — An — A1z (SI — Apy + ApX) ' Az1)

Given (9) for some given H it is easily seen that there exists p*
such that for p > p*:

A]] A]z A]] A12 ’
+ <0
<A21 Ap — )\,OX) (A21 Axp — )\PX) -
for all A with Re A > 8. It is not difficult to show that this implies
that

-1
A A I
T(s)= (1 O) [Sl - (A; A _12)pr>i| <O)

has no poles in the open right half plane.

Next, we note that (G,C, A) detectable implies that (A7, Aqp) is
detectable and hence there exists >0 such that for all v and all
s e €0 we have:

sl —A]]
v
First assume v is such that
(5T = An)vll = 22| Apz ||| Azz ||V (55)

Al (54)

In that case:
1T ()]l = [1(s] = AVl — [|Az1 (ST — Azz + ApX) " Ap) |
> DAl A2V (56)
for p large enough.
Next assume (55) is not satisfied. Then clearly there exists M > 0

such that |s| <M. In that case, using the additional structure of
Lemma 1, we have that:

(]
and we can find u (independent of A and s) such that

lvill < Ellvll, llvall = 31wl (57)
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Given (55) and (57) we find that (54) yields that we can find M;
such that:

|A21v — Appp1a || < 31 lA22v2 |l = S0 vl (58)
for p sufficiently large. We can also find M, such that:
lvAss + v3AT, | < 2 ] (59)

using (57) for p large.
Since s € C°, we have for some suitable constant Ms:

V[(sl —An) + (ST = Ay)* v = V[ (SI = Auis) + (ST = Aqis) [y < 7‘
Next, we have for some suitable constant My:
(ST = Azz + 2pX) " = (ApX) M|l < T

for p large. These two bounds yield that:

1 1
()\/) + M)U*Anx_l/"zﬂ/ — %

for some suitable constant Ms. Using our earlier obtained bounds
(58) and (59) we get:

llvil?

[T ) + T ()" Jv| =

V[T s) + T 1) Ju| = 2L vsAT X 1 Agavs > £ gt |lv)?
for p large. This yields that

IT- il = % vl (60)
for some constant «,. We have (56) if (55) is not satisfied and
(60) otherwise for s € C°. Combining the two and using that T has

no poles in the open right half plane we find there exists Mg such
that:

Tl < Msp (61)

for p sufficiently large.
After these preparations, we find that for the system (52), the
transfer matrix from w to y = x, equals:

wy = SE; + SA31TA15SE, + SA TE; (62)
while the transfer matrix from w to @ equals:
Ta)fl = _IOXwa

Note that, in this case, (50) implies that E; = 0. Using (62) and the
above bounds we find:

”Ta))?”oo =< %
for suitable M7 Similarly
I Taglloo < M7[IX]|.

[ Toallee < M7 IXIIIE2]I-

ol < 22,
where:
Tyy = S+ SAnTA;RS,

Taa = —pX[S + SA2 TA12S].

This clearly implies that protocol (49) solves the robust H,, almost
disturbance decoupling problem with bounded input via static out-
put feedback for the system (22) as required. O

Theorem 1 implies that the effect from @ on X is bounded
whenever (50) is satisfied. We note from Remark 10 that the ef-
fect from w on X can actually be unbounded if (50) is not satisfied.
The following result shows that if (50) is not satisfied, the effect
from w to Gy (y; —y;) forany i, j e 1,..., N, is always bounded un-
der protocol (49).

Theorem 2. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down passifiable with respect to G;, G, and H, such
that (A, BGy) is stabilizable, (A, G,C) is detectable while BG; and G,C
have full column- and row-rank, respectively. Let any real numbers o,

B >0 and a positive integer N be given, and hence a set of network
graphs G p be defined.

There exists M such that the protocol (49) achieves state synchro-
nization in the absence of disturbance and in the presence of dis-
turbance the Hy norm from w to Gy(y; —y;) less than M for any
i,jel,...,N, for any p >0 and for any graph G ¢ Gg’ﬁ.

Proof. Again we set p = % In this case, we again have (52). We
find, similarly as in the proof of Theorem 1, that the transfer ma-
trix from w to j = X, is given by (62) but in this case E; need not
be zero. We get:

I Toslloe < MsllExll + "2 |IEx |

for suitable Mg with M as defined in the proof of Theorem 1. Sim-
ilarly, we get

Tag 0 < 2.
IToallo < MgpIlIXINE | + M7 [IXIIIE2 .

[ Taalloo < M7 |IX].

Using the above and Lemma 4, we can complete the proof. O

5.1.2. Squared-down Minimum-phase with Relative Degree 1 Agents

In this subsection, we consider solvability and design of H.
almost state and output synchronization as stated in Problem 1
and 3, for a MAS with squared-down minimum-phase with rela-
tive degree 1 agents.

The next theorem shows that for minimum-phase agents we
can achieve Hy, almost state synchronization if condition (50) is
satisfied. Moreover, if condition (50) is not satisfied then we still
achieve Hy, almost output synchronization.

Theorem 3. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down minimum-phase with relative degree 1 with
Gy and G, such that (A, BG;) is controllable and (A, G,C) is observ-
able. Assume that without loss of generality G, is chosen such that
Remark 4 is satisfied.

Let any real numbers «, B >0 and a positive integer N be given,
and hence a set of network graphs Gx 8 be defined.

The Hy, almost state synchronization problem via static protocol,
as defined in Problem 1 where G = GN , is solvable if (50) is satisfied.

If (50) is not satisfied then the H., almost output synchronization
problem with bounded state errors via static protocol, as defined in
Problem 3 with respect to the compensated output j = G,y where G =
GN wp is solvable.

In particular, for any given real number § > 0, there exists an &*,
such that for any € <(0, €*), the protocol (49) achieves output syn-
chronization and an H, norm from w to y; —y; less than & for any
i,jel,...,N and for any graph G e (GN/S

If (50) is satisfied then the protocol (49) achieves state synchro-
nization and an He, norm from w to x; —x; less than § for any
i,je1,...,N and for any graph G € Gzﬁ.

Proof. We use similar arguments as in the proof of Theorem 1. We
obtain the system (52) with X =I. However, in this case we have
that Ay is Hurwitz stable. This implies there exists Mg such that

V(s) = (sI—Aqp)™!

satisfies

[Vllee < M. (63)
but then:

T(s) = VS = AnS©)AnV ($)]

which yields

[Tl < 2Mo
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for p sufficiently large, using the earlier obtain bounds (53) and
(63). Note the improvement over (61) due to the fact that Ay is
Hurwitz stable. We then use (62), and our improved bound for T
in combination with the previously obtained bound for S to get:

IToplloo < M [Ey | + Mot |1y | (64)
On the other hand, we have:

Toi = —pTyy

which yields that:

I Twalloc < MiollEx [l + M [|Ez |l

for p sufficiently large, independent of A.
We have

Ta)il = TA»SE; + TE;

Hence, if (50) is satisfied, then

My,
2

for some constant My, and sufficiently large p. The latter, in com-
bination with (64), yields

Tl < M

[ Tos, || <

for some constant My3 and sufficiently large p.
Using these bounds in connection with either Lemma 2 or
Lemma 3, yields the required results. O

5.2. Hy, almost synchronization

In this section, we consider the solvability and protocol de-
sign to achieve H, almost state and output synchronization. Pri-
marily,we consider the class of squared-down passifiable via out-
put feedback agents. We also consider the class of squared-down
minimum-phase with relative degree 1 agents which are a subset
of squared-down passifiable via output feedback agents. Later, we
will show that a weaker solvability condition and stronger results
can be obtained when the agents are minimum-phase with relative
degree 1.

To apply either Lemma 5 or Lemma 6, we know that the graph
must be uniformly bounded. Thus, the graph set Gg,ﬂ with o,
B >0 is used in the following protocol designs.

To obtain our results regarding H, almost synchronization, we
need the following classical result:

Lemma 7. Consider an asymptotically stable system:
p=Ap+Bw

y==Gp

The H, norm from w to y is less than ¢ if there exists a matrix Q such

that:

AQ+QAT +BBT <0, qocl < &2

or, using a dual version, the H, norm from w to y is less than ¢ if
there exists a matrix P such that:

PA; +ATP+clc <0, BIPB, < &2

5.2.1. Squared-down passifiable via output feedback agents

In this subsection, we consider solvability and protocol de-
sign of H, almost state and output synchronization as stated in
Problem 2 and 4, for a MAS with squared-down passifiable via out-
put feedback agents.

First we provide our main result for H, almost state synchro-
nization via static protocol as the following theorem.

Theorem 4. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down passifiable with respect to Gy, G, and H, such

that (A, BGy) is stabilizable, (A, G,C) is detectable while BG; and G,C
have full column- and row-rank, respectively. Let any real numbers «,
B >0 and a positive integer N be given, and hence a set of network
graphs Gg, p be defined.

The H, almost state synchronization problem via static protocol
stated in Problem 2 with G = Gg_ is solvable when (50) is satis-
fied. In particular, for any given real number § >0, there exists an
&*, such that for any € (0, €*), the protocol (49) achieves state syn-
chronization and an H, norm from w to x; —X; less than § for any
i,je1,...,N and for any graph G € Gg’ﬁ.

Proof. We know that we only need to verify that the protocol
(49) solves the robust H, almost state disturbance decoupling
problem with bounded input for the system (22) with A € A. Given
Ge (Gg.ﬁ, we know that A € A implies Re X > 8.

The agents are squared-down passifiable given G;, G, and H.
Using Lemma 1, the dynamics of (22) with compensator G, G,
and output feedback gain H, i.e. (A, BGy, G,C) can be written as
(51) with respect to our new basis for state, input and output. Us-
ing our output feedback we get:

il = —pX¥,
where
X=TT! >0,

and we obtain (52).

In the proof of Theorem 1, we already established that the H,
norm of TZ is less than Mp~! for some M and the H,, norm of T2,
is bounded. We still need to investigate the H, norm from w to x
and the H, norm from w to . It is clear that we can equivalently
study the H, norm from w to X and i, respectively. After all, the
H, norm from w to x is arbitrarily small/bounded if and only if the
H, norm from w to X is arbitrarily small/bounded. Similarly with
using i or .

Using the more specific structure in (6) we get:

Ants 0 A Ants 0 A
p( O Ao A2 +1 O A1p A1 P
Aot *A1Tzz Ap — ApX A 4\?22 Ap — ApX
0 0 0 Ars +A-1r1 0 A1 +A§11
o 0o o |- o 0 0 <0
0 0 EE}

A—{Z] +Aon 0 Ap +A—2rz - BpX

for p large enough where P = %I with a3 such that
EEl < a3 BX.

Note that we explicitly rely here on the fact that A115+A'1rls <0.
But then, using Lemma 7, we obtain that the H, norm from w to

% is less than %3 while the H, norm from w to i is less than
/pas. The proof is completed by using Lemma 6. O

In the case (50) is not satisfied, in general we can not achieve
H, almost state synchronization via static protocol as illustrated by
the following example.

Example 2. Consider the MAS with two agents:

=% Dxe(uwe(e 9o
PT\-1 0)™ 1/ 0 e
yl_ 0 ‘l xl

for i = 1, 2. The communication graph has the associated Laplacian
matrix

(4 )

(65)
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The system is squared-down passifiable with G; =1 and G, =
(0 1). Hence almost synchronization with respect to the com-
pensated output j; = G,y; is possible. However, almost state syn-
chronization with respect to the original state is not possible un-
less (50) is satisfied. Consider an arbitrary static protocol

u=Fa=(fi f)&

Transfer matrix from w; to x; — x, is given by

1
0 1 e 0
mﬂngl(ﬁ—lf)) Q;EJ

where f; <1 and f, <O0.

We have
T
0 1 0 fi-1
P+P +I=0
<f1 -1 fz) (1 h )
which yields
Ly fht L 1
P= (2(f1 1) 2fz 2f, 2(fl )l)
2(f1—1) 2f2(f1 1) 2f
hence
1 2 1 1
IToill2 = & (s + 57 - 25) + S (gD — 21)-

For f, <0 and f; <1, we have

f fi-1 1 1

2-0 " 2h 2h

Hence, H, almost state synchronization is not possible for e; #0.
For e; = 0, we have

[Tozll2 — 0

as f, — —oo with f; =0.

Now, we consider H, almost output synchronization in the case
(50) is not satisfied.

Theorem 5. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down passifiable with respect to Gy, G, and H, such
that (A, BGy) is stabilizable, (A, G,C) is detectable while BG; and G,C
have full column- and row-rank, respectively. Let any real numbers «,
B >0 and a positive integer N be given, and hence a set of network
graphs G ; be defined.

The H, almost output synchronization problem stated in
Problem 4 with G = GN «p is solvable. In particular, for any given real
number § >0, there exists an &*, such that for any ¢ €(0, €*), the
protocol (49) achieves state synchronization and the H, norm from w
to Gz(y, y;) is less than & for any i,j e 1,...,N and for any graph
Ge Ga P2

The above theorem states that for squared-down passifiable
agents we can achieve H, almost output synchronization with re-
spect to the compensated output j = G,y. The following remark
shows that this is no longer valid if we use the original output.

Remark 11. Consider the MAS (48) with the same communication
network as stated in Example 1.
We have

T
0o 1 0 fi—1 _
<f]_1 f2> P+P(1 1f2 )+1_0

which yields

f + -1 1 1
P= (Z(fl 1) 2fz 2f 2(f1—1) )
2(f1 1) 2f2(f1 1) E

hence

-1 1
1T 512 = L2 S

J’_ —_—
20f-1  2f  2f;
since f; <1 and f, <0, it is easily verified that
[ Topll2 = 1.

hence H, almost synchronization is not possible.

Proof of Theorem 5. We use similar arguments as in the proof of
Theorem 4.

This time, we obtain, using our output feedback,
X1 =AnX +Apk + Eo,

= AnXi + (An — Ap)Xy + Eao,
V=%, (66)
In the proof of Theorem 1, we already established that the H,,
norm of TM is less than Mp~! for some M and the H,, norm of

Tﬁ*ﬁ is bounded for p sufficiently large. We still need to study the
H, norm from w to y and the H, norm from w to il. We have

5

As 0 A Ans 0 A
[3pt]0 Ao A2 Q+Q| O Ao Az
Aot —A;rzz Ay — ApX Ao —A;rzz Ap — ApX
0 0 0 Ans+AT 0 A +AL
+o o o= o 0 0 <0
0 0 I AL +Am 0 Apn+AL - Box

(67)
for p large enough with Q =
I < 0[4/3X

But then, using Lemma 7, we obtain that the H, norm from w to y
is less than

oy
)
while the H, norm from w to i is less than

JaplIX | IEET + EET |12
The proof is completed by using Lemma 5. O

%I while a4 is such that

1,2
E{EX + E,EN

5.2.2. Squared-down minimum-phase with relative degree 1 agents

Note that for squared-down minimum-phase with relative de-
gree 1 agents we still cannot achieve H, almost state synchroniza-
tion in the case that (50) is not satisfied. The only additional prop-
erty we can obtain for this class of agents is that the H, norm from
the disturbance o to x; — x; is uniformly bounded, i.e.

Theorem 6. Consider a MAS described by (10) and (11). Assume (A,
B, C) is squared-down passifiable with respect to Gy, G, and H, such
that (A, BGy) is stabilizable, (A, G,C) is detectable while BG; and G,C
have full column- and row-rank, respectively. Let any real numbers «,
B >0 and a positive integer N be given, and hence a set of network
graphs GN p be defined.

The H, almost output synchronization problem with bounded state
errors via static protocol stated in Problem 4 with G = GN w.p is solv-
able. In particular, there exists M >0 such that for any given real
number 6 >0, we have an &* >0, with the property that for any
e (0, €*), the protocol (49) achieves state synchronization and an
H norm from w to y; —y; less than § while the H, norm from w to
X; — xj less than M for any i, j e 1,..., N and for any graph G € GN wp

Proof. Similar to the proof of Theorem 5. But since

An +A;[; <0
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O—
0

there exists @ such that

An +A}; +ul<0
We can then obtain instead of (67)

T
Ay Az An Ay wi(l 0
+ +— <0
<A2] A22 — )\.pX Q+Q Az] A22 — ApX 0 0 1) -

for p sufficiently large provided Q = %I. But then, using Lemma 7, @ @ .

we obtain that the H, norm from w to X is less than

12
1 T T . . L
W Eq E1 + EZE2 H . Fig. 3. The directed communication topology.
which is exactly the extra property that we needed to
establish. O

with disturbances
6. Numerical example w1 =0, wy = cos(t), ws = 0.5,

. w4 = Sin(2t), ws = sin(t), wg = cos(2t).
The effectiveness and performance of the H, almost output

synchronization design is demonstrated through the following nu-
merical example. We illustrate our results for a homogeneous MAS
of N =6 agents. We consider H,, almost output synchronization
problem via static protocol for squared-down passive agents.

The communication topology is shown in Fig. 3 with associated
Laplacian matrix

. . 1 0 -1 0 0 0
Theoagen]t mo(:lel is wrlttenoas . 1 1 0 0 0 0
0o -1 2 0 0 -1
A:<—1 0 0), B:(l 0 0), cz(? (1) _11> =14 o 0 1 0 0
o 0 - 2 11 0 0 0 -1 1 0

According to condition (2), we verify that this agent model is 0 0 0 0 -1 1
squared-down passive by choosing P =1, and G;, G, and E given
by Now by choosing p =4 and p =20, we obtain the results as

1 1 Fig. 4 and 5, respectively. The simulations confirm the results of
G = (_2)7 Gy = (3 1), and E = <1> the paper that by increasing the value of p we achieve higher de-

1 1 gree of accuracy.

Hc>c Almost Output Synchronization
T T T T
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time(s)
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time(s)
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time(s)

Fig. 4. H., almost output synchronization with p = 4.
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H_  Almost Output Synchronization
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=
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time(s)

Fig. 5. H., almost output synchronization with p = 20.

7. Conclusion

In this paper, we studied Hy, and H, almost state or output
synchronization problems for homogeneous MAS with partial-state
coupling via static protocols in the presence of external distur-
bances. We provided solvability conditions for designing static pro-
tocols for three classes of agents, namely squared-down passive,
squared-down passifiable via output feedback, and squared-down
minimum-phase with relative degree 1. Finally, we concluded our
paper by a numerical example to show that we can decrease the
impact of disturbances on the network disagreement dynamics to
an arbitrary small value. As an extension of this work, in the fu-
ture, we will work on almost synchronization of MAS with nonlin-
ear passive agents.
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