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n the last decade, the aerial robotics community has

witnessed an increased interest in fully actuated multirotor

unmanned aerial vehicles (UAVs) that have more

capabilities than conventional underactuated multirotors.

This article collects the different UAV designs having fully
actuated aerodynamic wrench generation proposed in the
literature to date. The work includes a systematic derivation
of the control-allocation matrix for all of the concepts as well
as a discussion of the different quantitative criteria used for
optimizing UAV designs.
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UAVs have seen great growth in popularity. They have facili-
tated cost-effective engineering solutions in many civilian
applications by enabling various sensors to be deployed in the
air. Multirotor UAVs have been widely used due to their
unique qualities, such as vertical takeoff and landing, hover-
ing, and mechanical simplicity. Conventional multirotor UAV
designs, including the quadrotor and hexarotor, are optimized
for maximum flight time. All such UAV rotors have parallel
directions to collectively counteract gravity. Consequently,
conventional multirotor UAVs have underactuated dynamics
due to the coupling between the horizontal translational and
rotational dynamics.
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For many applications, the underactuation property of the
conventional designs has been alleviated by the use of gimbals
to mount sensors onboard. However, the applicability of mul-

tirotor UAVs could be

Multirotor UAVs have been

extended if full actua-
tion can be achieved. An
example of such applica-
tions is the emerging field
of aerial physical interac-
tion [1], in which UAVs
are not required to act

widely used due to their

unique qualities, such

as vertical takeoff and just as flying sensors but
. . as airborne manipula-
Iandmg, hove"“g' and tors. Several fully actuat-

ed multirotor platforms
were introduced during
o the past decade to over-

mechanical simplicity.

come the underactuation
property of conventional multirotors. Full actuation has been
realized mainly by using fixed propellers with dissimilar orien-
tations, which we refer to as fixed-tilt concepts, and actively tilt-
ing the propellers using extra actuators, which we refer to as
variable-tilt concepts.

The problem with fully actuated UAV concepts is that the
optimal rotor configuration is application-dependent, con-
trary to underactuated concepts, which usually have the ori-
entation of their rotors in a vertical in-plane symmetric
configuration. To achieve full actuation, the orientation and
location of the rotors must be altered, which results in a
wide range of possible configurations. Depending on the
requirements of the application, a vast variety of different
concepts results.

Background

In this section, we show how to derive the control-allocation
matrix, which maps the UAV control inputs (that is, the pro-
pellers’ thrust) to the total aerodynamic wrench applied to the
UAV’s body. This is done by defining the reference frames,
followed by a static wrench analysis and the classification of

Figure 1. A schematic view of the reference frames used,
illustrated on a fully actuated hexarotor.
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multirotor UAVs based on the mapping matrix. For a more
comprehensive introduction to the topic, readers are referred
to textbooks such as [2] and [3].

Coordinate Frames

First, we introduce the notion of a coordinate frame, which is
represented by the quadruple {¥;:0;, x;, yi, Zi}, where o;
represents the origin of the frame and (%, y;, 2)) is a
triad of (right) mutually orthonormal basis vectors. Let
{¥s: 08 x5, ¥5, 28} denote a body-fixed frame with o
attached to the center of mass (CoM); z; is chosen such that
gravity acts oppositely when the UAV rests on flat ground,
and xp represents the UAV’s forward direction so that,
when the craft aligns to north, ys points west, as shown
in Figure 1.

Associated with the ith propeller is the frame
{Wi:0p5%ps Vpir Zpi}, Where the origin, o0y, coincides with
the CoM of the ith rotor and z,, is oriented to the direction of
the generated thrust (that is, normal to the spinning-disk
area). The axis, Xp, is chosen so that it is collinear to the line
connecting o0p to 0,, while y,, completes the right-orient-
ed triad, as depicted in Figure 1. The propeller frame, ¥,
does not rotate with the propeller; that is, for fixed-tilt
concepts, it is attached to the body. However, for variable-
tilt concepts, 2, is always aligned with the variable thrust-
generation direction.

With the aforementioned definitions of the coordinate
frames, the configuration of each rotor/propeller can be
determined by the displacement vector, &; € R’, and orienta-
tion vector, u; € S?, given by

=05, ui(t):=Rj 1)z 1)
where 0}, € R*, R}, € SO(3) denotes the position and
orientation of ¥,, with respect to ¥5 and Z=(0,0,1)".
The explicit time dependence in (1) is for variable-tilt
UAVs, whereas for fixed-tilt UAVs, &; and u; are constants.

In the case of a planar multirotor (that is, a design with
coplanar rotor positions) it is possible to parametrize the ori-
entation matrix R}, by three angles such that

R}, =R.(yi)Ry(B:) R:(cxs), (2)

where Ri(-) is the standard rotation matrix around the
kth axis, while the angles a; and S; uniquely define the
direction of thrust-generation axis 2, in ¥s. The angle
v denotes the heading, while «;, 8; will be referred to,
respectively, as the cant and dihedral angles.

Static-Control Wrench Analysis

The aerodynamic wrench produced by the rotors can be
derived through a static analysis. A wrench represents the
generalized force acting on a rigid body and consists of linear-
force, f € R’, and rotational-torque, T € R’, components. A
wrench applied to the origin of ¥'; with its components speci-
fied in ¥; is denoted by W' =(z', f')". The change of a



wrench's coordinates between any two frames ¥; and Wy can
be performed by

®)

Wk= AW, A?:z(R? 6%),

0 Rf

where of, Rf denotes the position and orientation of ¥'; with
respect to W. The skew-symmetric matrix o0 in (3) is defined
such that 6x =0 A x, Vx € R?, where A denotes the cross
product on R’. In differential geometric terms, the matrix
A} represents the dual of the group adjoint operator, while
W' represents the Plucker coordinates of the wrench screw.
For a more rigorous mathematical formulation, interested
readers are referred to [4].

It is well known from the aerial-robotics literature that, in
quasi-static flights, the aerodynamic thrust and drag torque of
a propeller are approximately proportional to the square of
the propeller’s spinning velocity [5]. This simple aerody-
namic-wrench model neglects many high-order effects,
such as blade flapping and induced drag, that induce forces
in the x,-y,, plane. However, for the scale of the multirotor
UAVs used in robotics, these effects cause minor perturba-
tions and are usually neglected in the control-design process
[5]. Thus, the aerodynamic-wrench generation direction is
along z,, only.

The thrust magnitude generated by the ith propeller in ¥,
is denoted by A;, while the drag torque is expressed as
T4 = yoili, where y is the propeller’s drag-to-thrust ratio,
and o; € {—1, 1} specifies the propellers rotation direction
(with o =1 for clockwise rotation). The individual aerody-
namic wrench generated from the ith propeller, applied to the
UAV’s body at the origin of ¥, is expressed in ¥, as

W!'=2:(0,0,75,0,0,1)". 4)
By summing over i, the cumulative aerodynamic-control
wrench, W?, from the total number of rotors, N, expressed
in ¥, can be written as

Np
=2 A WL, )
which can be expanded as
N, B £z B A
L, [Rpi EiRy, (YUI'Z>
( ) Z*(o Rp) : )
oiuit+&iNu;
—Z p(rem e ©)

where the definitions in (1) have been used. We can rewrite
(6) in a compact form as
Wé=Ma, 7)

where A =(A1,...,Ax,) | € A is the rotors thrust vector and
M € R®*™ is the control allocation/distribution matrix.

Classification of Multirotor UAVs

As shown in (7), the UAV’s rotor configuration defines the
mapping matrix, M, which maps the allowable propeller-
thrust space, A, to the allowable aerodynamic-control
wrench space, W. For fixed-tilt UAV designs, M is a constant
matrix; for variable-tilt designs, it is a function of N, angles
representing the number of additional actuators used to
actively tilt the propellers.

For the fixed-tilt design concept, the UAV can be classified
as follows. If rank (M) < 6, the UAV is said to be underactu-
ated; if rank (M) = 6 and N, = 6, the UAV is fully actuated;
and if rank(M) = 6 and N, > 6, the UAV is overactuated,
that is, fully actuated with redundancy. The variable-tilt con-
cepts have the advantage of converting from one class to
another, since the rotors are actively tilted, and, consequently,
rank (M) changes.

The structure of the allowable thrust space, A, depends
on whether the propellers have a unidirectional or bidirec-
tional thrust-generation capability. In general, A can be
expressed as

A = {A E RNP‘ 0 S li S Amax or |)«1| S )«max}, (8)

depending on whether the ith propeller is unidirectional or
bidirectional for 1 < i < N, with the assumption that all of
the propellers have the same thrust-generation capabilities
and that bidirectional rotors are symmetric in the maximum
thrust they produce, which is common in practice. The allow-
able aerodynamic-wrench space, W, is simply the image of
A under map M. When W is large enough that the UAV is
able to produce an aerodynamic wrench that fully counteracts
gravity in any direction in ¥, the UAV is classified as an
omnidirectional vehicle.

Optimization-Based Design

As seen in the derivation of the control-allocation matrix, M,
in (6), M is uniquely defined by the rotor-configuration vari-
ables in (1). These variables are usually determined by a num-
ber of design parameters, depending on the UAV design
concept, that can be produced by optimizing certain criteria.
As will be covered in the “Discussion and Conclusions” sec-
tion, some of these optimization criteria use properties of the
mapping matrix, M, since it determines the allowable con-
trol-wrench space, W.

It must be noted that (7), which determines the control
wrench, is based on a static analysis that does not take into
account the UAV’s inertial parameters, that is, the UAV’s total
mass, m, and inertia matrix, J. These parameters can signifi-
cantly affect the optimization process of a UAV’s design for a
given application. However, including the inertial parameters
in the optimization process requires an analytical parametri-
zation of J in terms of the rotors’ configuration variables in
(1), which increases the complexity of the design process.

Fixed-Tilt UAV Concepts
In this section, we survey fixed-tilt multirotor UAV de-
signs, classified into nine concepts as listed in Table 1.
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Each fixed-tilt concept is displayed in Figure 2 with an
illustrative plot of its rotor configurations. Table 2 pres-
ents the concepts’ mapping-matrix variables, including
the rotor displacements, &; orientations, u;; rotation
direction, a;; and design parameters for different versions
of the concepts.

Quad4Hor

The first concept is an extension of a conventional

quadrotor that achieves full actuation by adding four

(unidirectional) horizontal rotors (indexed 5-8). There
have been two different

implementations of this
concept in the litera-
ture. In Frankenberg
and Nokleby [6], the
additional rotors are
positioned between the
quadrotor rotor arms, as
shown in Figure 2(a).
The added rotors do not
create a moment around
the CoM, and the airflow
interference among the
o rotors is minimized. The

Several fully actuated
multirotor platforms were
introduced during the past
decade to overcome the
underactuation property of

conventional multirotors.

other implementation is
by Salazar et al. [7], where the horizontal rotors are located
under the vertical ones. However, the airflow interference in
the design of [7] has negative effects on the controllability of
the UAV. It is worth mentioning that [7] was one of the

[ ]

Table 1. The abbreviations used in the
“Fixed-Tilt UAV Concepts” and “Variable-Tilt
UAV Concepts™ sections.

Concept Abbreviation
Quadrotor with four horizontal rotors Quad4Hor
Hexarotor with canted rotors HexC
Hexarotor with canted and dihedral rotors HexCD
Coaxial hexagon with 12 canted rotors CoHexC
Double tetrahedron hexarotor HexDTet
Heptarotor with minimized frame HeptF
Heptarotor with maximized wrench HeptW
Octarotor cube OctCu
Octarotor beam OctB
Quadrotor with variable cant rotors QuadvC
Quadrotor with variable dihedral rotors QuadvD
Quadrotor with variable cant and dihedral rotors QuadvCD
Quadrotor with coupled variable cant and QuadvCDc
dihedral rotors

Hexarotor with variable cant rotors HexvC
Hexarotor with coupled variable cant rotors HexvCc
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earliest attempts to obtain horizontal actuation with a multi-
rotor UAV.

HexC

The HexC concept [Figure 2(b)] can be considered the sim-
plest modification of conventional multirotors to achieve
fully actuated flight. The rotor’s positioning is the same as
the conventional hexarotor’s, with all six rotors placed on
the vertices of a planar hexagon. Full actuation is achieved
by tilting the rotors around the axis collinear with the rotor
arm. This tilting, denoted by o, is referred to as canting, as
discussed in the “Coordinate Frames” section. By canting
the rotors, they will produce thrust vertically and horizon-
tally. The canting angle of all of the rotors is equal, and the
rotors’ canting and rotation directions alternate (Table 2),
resulting in three symmetric rotor pairs with opposite rotation
directions. Due to the design’s symmetry, the drag torque of the
rotors is counteracted. The amount of canting depends on
the application: a large cant angle leads to high horizontal
forces, while a small one results in higher flying efficiency.
The angle is limited by the minimum required upward
thrust for overcoming gravity.

This concept was proposed by Voyles et al. [8], [9] and
achieved fully actuated flight with a cant angle of = 20°.
The same authors demonstrated in [10] that the HexC con-
cept has better disturbance-rejection capabilities against lat-
eral wind gusts than the conventional hexarotor. A higher
cant angle of 47° was used by Rashad et al. [11] to maximize
the horizontal force applied during a contact-based scenar-
io. An experimental 2-kg HexC platform was able to apply
1 kg of force to a vertical surface without pitching. Omnidi-
rectional versions of the HexC concept have been proposed
in [12] and [13]. In [12], a version with a cant angle opti-
mized for a maximum wrench was proposed as a cobot for
space applications. Due to the absence of gravity during the
intended operation, the optimal cant angle was higher: 55°
instead of the 47° in [11]. Finally, another omnidirectional
version was proposed in [13] that utilized variable-pitch
propellers to generate bidirectional thrust, unlike the previ-
ously presented designs, which use fixed-pitch unidirection-
al propellers.

HexCD

The HexCD concept, displayed in Figure 2(c), is considered
an extension of the HexC. In this design, the rotors are canted
and tilted along the axis perpendicular to the rotor arms,
which is called a dihedral angle (B), as discussed in the “Coor-
dinate Frames” section. This concept is the most studied/used
design in the literature so far, with different angles optimized
for different criteria. The concept was proposed by Rajappa
et al. [14] who chose « and j to minimize the required total
thrust for full-pose UAV controllability for a given trajectory.
The optimal angles depend heavily on the trajectory; for
instance, for an in-hover pitching maneuver, the optimal
dihedral angle was shown to be nonzero. It was demonstrated
in [14] that the direction of the dihedral angle (positive or



|

D
@ |

5
NS

-05 0 05 1 15

x
(c)

Coaxial
Rotor Pairf

G 15
1 1 |
0.5 0.5 /
: 5
& - O
05 Q . -05 &
-1} -8 Q} . 1 1 1 Tl
-15 10 ol | -15 -15
15 -1 -05 0 05 1 15 15 -1 =05 0 05 1 15 15 -1 -05 0 05 1 15
X y X
(d) (e) ®

1.5 ‘ — 1.5 [ ‘ 1.5
1 1 :
0.5 $ 0.5 2 1 0.5
0 72N 0 0 “
> \Z > > ( 8 ( 1
-0.5 5 ) -0.5 @ 3 -0.5
| ‘ | l l |
-1.5 -15 -1.5
-15 -1 -05 0 05 1 15 -15 -1 05 0 05 1 15 -15 -1 05 0 05 1 15
X X X
(9) (h) (i)

Figure 2. The fixed-tilt concepts. Each concept is accompanied by an illustration of the top/side view of the rotor configuration.
Clockwise-rotating rotors are yellow, while counterclockwise ones are green. The (a) Quad4Hor [6], (b) HexC [9], (c) HexCD [14],

(d) CoHexC [22], (e) HexDTet [23], (f) HeptF [25], (g) HeptW [26], (h) OctCu [27], and (i) OctB [29].
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Table 2. The mapping-matrix variables for fixed-tilt concepts.

Rotation Design

Concept Index (/) Direction (6;) Orientation (u;) Displacement (£;) Fixed Parameters Parameters

QuaddHor 1<i<4 o1=03=1, u;=(0,0,1) &i=(Lcy sy, 0) yi=G-1n% [6: Z:%,

02=04=—1 W = 45°
5<i<8 o0s=06=1, Ui=(Cy,Sy,0) Ei=(Lcy, Lsy, 0) y/,-:(i—l)%ﬂ[/ [7]: L=1,
07=08=—1 =0

HexC 1<i<6 oi=(-1)"  Ui=(Sy:Sar —Cy:Sai Car) £i=(Lcy, LSy, 0) wi=(i— 1)% + %, [8]: @ =20

o= @(-1) [11]: G=47
[12]: G=55°
HexCD 1<i<6  oi=(1)""  ui=(CyiSp+SuiSaiCpi Ei=(Lcy, LSy, 0) vi=(— 1)% + %, [11]:a= 30:,
SyiSpi — CyiSaiCpir ai:d(*])iﬂ []9]. Sjl;;o
CaiCp;) o - =29,
Bi=B B=0
[20]: & =35",
B=0
[32]: a =47,
B=0°

CoHexC  1<i<12 oi=(-1)"" Ui =(Sy:Say —CuiSai Car) £i=(Lcy, Lsy, 0) wi=(@i— 1)% + %, [22]: G =2

ai=a(-1)"

HexDTet 1<i<6 oi=(-1) Ui = (CyiCp, SyiCni Sy) Ei=(Lcy, Lsy, (1Y Lsy)  wi=(i— l)% [23]: n=75°

HeptF 1<i<7  oi=1 ur =(0.08, 0.39, 0.92) £i1=(0.43,-0.15,—0.44)
u>=(-0.33,-0.90,0.29)  &;2=(0.08,-0.22,—0.14)
us=(0.13,-0.87,-0.48)  £:3=(0.1,-0.9,-0.2)
ua = (0.56,0.08, 0.82) £14=(~0.34,0.25, 0.006)
us=(0.83,0.11,-055)  £;5=(0.184,0.359, —0.254)

Us=(-0.66,0.57,-0.49)  £;6=(—0.22,—0.44, —0.04)
u7=(-0.59,0.62,-0.51)  £7=(0.51,0.79, —0.06)

HeptwW 1<i<7 oi=(1)""  u;=(-0.71,0.67,0.11) &i=(Leyi Lsy, 0) 1//,-=(i—1)27”
u>=(0.11,0.04,—0.98)
us =(0.41,0.85,0.31)
us =(0.44,-0.35,0.81)
us =(0.57,-0.38,-0.72)
us = (—0.64,—0.58, —0.48)
u7=(~0.17,-0.26,0.94)

OctCu 1<i<8 oi=1 ur=us=(-a,b,0c) E1=—¢i8=(d,d,d) a=1/2+1//12
u2=u7=(b,a,—c) £i2=—¢i7=(—d,d,d) b=1/2-1//12
us=us=(-b,—a,c) £i3=—¢i6=(d,—d,d) c=1//3
us=us=(a,—b,c) (id=—¢i5=(—d,—d,d) d=0.577m

OctB 1<i<8 o01=06=1 uy=us=(a, b, a) Eil=—£i5=(L1,—L, L)) a=0.68

o7=08=1 u>=ue=(a,b,—a) £i2=—¢i6=(L1, Ly, L>) b=0.28
02=03=-1 us=u7=(a,—b,a) Ei3=—¢i7T=(L1,—Lz—L2) Li=04m
04=0s5=-1 us=us=(a,—b,—a) Eid=—£i8=(L1, Lz —L>) L>=0.17m

negative) does not influence the performance of the UAV.
However, the maximum dihedral angle is more limited by the
UAV’s frame when the rotor is tilted inward (3 < 0); thus, all
of the rotors are tilted outward (3 > 0).

The HexCD concept was also used for physical interaction
in [15] and [16], with angles of = 30° and B = 10°.
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Another study [17] analyzed how different angles changed
the maximum achievable lateral accelerations as well as the
dynamic maneuverability of the UAV. In [18] and [19], a mul-
tiobjective optimization was performed to determine the cant
and dihedral angles for a physical-interaction application. The
objective function was chosen as a weighted sum of three



criteria: the maximum lateral forces, flying efficiency, and
dihedral effect. The interesting result in [18] and [19] was
that the optimal set of angles could be chosen in most cases
such that 8= 0. A similar result was achieved in [20] using
the dynamic maneuverability as the optimization criteria. In
such a case, the HexCD concept becomes equivalent to the
HexC discussed previously.

The reason for favoring 8 =0 is related to the fact that a
nonzero dihedral angle causes part of the generated thrust to
be transformed into internal stresses in the x,, axis. Conse-
quently, the torque contribution of the rotor (mainly around
the 23 axis) is reduced, and so is the UAV’s maneuverability.
This implies that the HexC concept has greater maneuverabil-
ity than the HexCD concept. However, a recent study [21]
proved that a nonzero S provides the HexCD concept with
robustness against rotor failure, a feature that a HexC UAV
does not have.

CoHexC

This concept [Figure 2(d)], by Lei et al. [22], consists of 12
rotors positioned in pairs in a hexagonal configuration. They
are called coaxial rotor pairs because the rotors rotate around
the same axis. Both rotors rotate at the same speed but in
opposite directions, and the drag torque from one rotor is
counteracted by the other. The advantage of coaxial rotor
pairs is that, compared to a single rotor, the amount of thrust
that can be produced increases. As for the airflow interference
between the top and bottom rotor, the drawbacks are less
severe in this design (and for coaxial rotors in general) com-
pared to the Quad4Hor design in [7] since both rotors have
the same speed. Preliminary experiments on a test rig were
carried out in [22], but, unfortunately, the authors did not
provide the rotors’ cant angle.

HexDTet

This concept, proposed by Toratani [23], can be considered
the first attempt to produce a hexarotor with noncoplanar
rotors. The design consists of six rotors restricted to the shape
of two opposite tetrahedrons, as depicted in Figure 2(e). Both
tetrahedrons have a common base, which lies in the xz-y5
plane. Each rotor is attached to an edge of the tetrahedrons,
and the design parameter is the elevation angle, 77, which is the
angle between the common base and edge that contains a
rotor. All of the rotors have the same elevation angle, which is
evident in Figure 2(e). As mentioned in Table 2, the elevation
angle, 7, in [23] was 75°. That choice was based on an optimi-
zation process; however, the authors of [23] didn't provide any
details on the optimization criteria. The work of designing
noncoplanar hexarotors was also studied in [24], in which the
dynamic maneuverability and maximum lateral-translations
measures were used to compute the optimal configurations of
the three rotor pairs.

HeptF
The UAV concept proposed by Nikou et al. [25] and pre-
sented in Figure 2(f) was one of the first attempts in the

literature to create an omnidirectional UAV with only unidi-
rectional rotors. It was shown mathematically that a mini-
mum of seven rotors was required to achieve this. The rotor
configurations were optimized to minimize the volume of
the frame. Interference of the rotors airflow was avoided by
imposing a minimum distance between rotors. The distance
was determined empirically based on a computational fluid
dynamics analysis. Since no symmetry requirements were
imposed on the UAV, all of the rotors were designed to
rotate clockwise.

HeptW

The concept [Figure 2(g)] proposed by Tognon and Franchi
[26] is another omnidirectional UAV with seven unidirection-
al rotors, similar to the HeptF concept. The rotors are placed
on the vertices of a heptagon in the horizontal plane and spin
in alternating directions. Their orientation is optimized for
maximum omnidirectional wrench generation. This UAV
concept was introduced in [26], but an operational prototype
has not been developed.

OctCu

The concept [Figure 2(h)] designed by Brescianini and
D’Andrea [27] is considered to be the first multirotor UAV to
successfully perform omnidirectional flight. The rotor posi-
tions are fixed to the ver-

tices of a cube, while the . .,
To achieve full actuation,

orientation of the rotors is
optimized to maximize
the vehicles agility, mea-
sured by the maximum

attainable omnidirectional of the rotors must be
wrench. All of the rotors . .
are designed toturnin the ~ altered, which results in

same direction, and sym-
metric propellers provide
bidirectional thrust. The
UAV is surrounded by a
cage-like frame to facili-

a wide range of possible

configurations.

the orientation and location

tate human-robot inter-

action without the risk of injury from the propellers. A
detailed analysis of the proposed UAV concept and prototype
can be found in [28].

OctB

Developed by Park et al. [29] and detailed in Figure 2(i), this
concept is an omnidirectional octarotor UAV with a beam-like
shape. The UAV was designed for aerial physical-interaction
tasks that require full wrench generation. This concept is con-
sidered a to be second-generation version of the authors’ beam-
like hexarotor in [30]. Each side of the beam contains four
rotors placed on the vertices of a square, with rotors 1 and 6-8
spinning clockwise and rotors 2-5 turning counterclockwise.
The rotor configurations are optimized for omnidirectional
wrench generation, while imposing a minimum rotor distance
so that airflow interference is avoided. The UAV achieves
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omnidirectional flight using bidirectional rotors. The bidi-
rectional thrust generation is achieved by stacking two unidi-
rectional propellers in the opposite direction. Thus, the
proposed OctB design contains 16 propellers. In contrast to
the preliminary work in [30], the authors presented a tech-
nique in [29] to shape the wrench generation by weighing
the different wrench-generation directions. The OctB con-
cept was utilized to create a serial chain of multiple fully
actuated UAVs connected by spherical joints in [31]. The
highly complex system performed several experimental dex-
terous manipulation tasks.

Variable-Tilt UAV Concepts

In this section, we survey six variable-tilt multirotor con-
cepts, illustrated in Figure 3. The mapping-matrix vari-
ables appear in Table 3.

QuadvC

Ryll et al. [33] introduced this concept [Figure 3(a)]. Full actuation
was achieved by adding four tilting actuators to a conventional
quadrotor’s rotors. The actuators actively canted each rotor indi-
vidually around the %, axis. Since the rotors the authors used
were unidirectional and the tilting actuators had maximum limits,
the UAV’s top achievable pitch/roll angle during hovering was
limited to approximately 30°.

QuadvD

This concept [Figure 3(b)], by Badr et al. [34], resembles the
QuadvC presented in the previous section. Instead of the cant
angle, the dihedral angle is actively tiled by an extra actuator.
In contrast to the cant angle, the inward dihedral angle is lim-
ited by the frame, which interferes with the rotor blades at
large dihedral angles. Another difference with variable cant
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Figure 3. The variable-tilt concepts. Each concept is accompanied by an illustration of the top view of the rotor configuration. Clockwise-
rotating rotors are yellow, while counterclockwise ones are green. Double arrows indicate the active tilt axis. The (a) QuadvC [36], (b)
QuadvD [34], (c) QuadvCD [35], (d) QuadvCDc [37], (e) HexvC [38], and (f) HexvCc [40].
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Table 3. The mapping-matrix variables for variable-tilt concepts.

Index Rotation Displacement Fixed Active
Concept (#) Direction (0;) Orientation (u;) () Parameters Tilt
QuadvC 1<i<4 oi=(-1 )iﬂ Ui = (SyiSain —CyiSais Ca) &i = (LcyiLsy;,0) vi=(i— ])% aj
QuadvD 1<i<4 c1=0,=1 Ui = (CyiSpuSuiSpuCpr) vi=(i— l)% Bi
O03=04=—1
QuadvCD 1<i<4 oi=(-1)*" Ui =(CyiSp + SyiSaiCpy yi= (- 1)% ai
SyiSpi — CyiSaiCpi Cmcﬁi) ﬁi
QuadcCDc 1<i<4 l//i:(i—])% Om
o1 =—03=0m Bm
02 =—04=fim
Bi1=—PB3=Pm
ﬁz = *,34 =—0m
HexvC 1=i<6 oi=(-1)" Ui = (SyiSain = CyiSai Car) &i= (Lcyalsy,0) vi=(— ])% ai
HexvCc 1<i<6 1//,-=(i—1)% @

rotors is that the dihedral angle does not contribute to the yaw
torque (as discussed in the section “HexCD”), effectively
reducing the total torque.

QuadvCD

This concept by Segui-Gasco et al. [35] [Figure 3(c)] com-
bines the approaches presented in the two previous sec-
tions. Two actuators added to each rotor of a conventional
quadrotor actively tilt the rotors around the cant and dihe-
dral angles. Thus, the UAV has eight actuators for the
thrust vectoring. For the dihedral tilt actuation, the push-
pull mechanism used limited the maximum achievable
dihedral angle. However, an alternative actuation method
for the cant and dihedral tilting that can be used to extend
the range of achievable cant and dihedral angles was pro-
posed by Ryll et al. in [36].

QuadvCDc

In this concept [Figure 3(d)], Odelga et al. [37] proposed to
actuate the angle of all quadrotor propellers by using a single
actuator with a parallelogram linkage mechanism instead of
actuating each rotor separately. This linkage mechanism tilts
all of the rotors in the same direction. For a second rotation
direction, a similar linkage is used. In this way, the rotors have
the same orientation and cannot be orientated individually, in
contrast to the QuadvCD concept. One drawback of such a
coupling feature is that the maximum tilting angle of the
rotors in all directions is limited by the maximum inward
dihedral angle. The main advantage of this actuation method
is that it reduces the number of actuators required for the cant
and dihedral actuation from eight to two. In [37], only a con-
ceptual proposition of the design was provided, and a work-
ing prototype has not been reported.

A= Olm (_-I )i+1

Table 4. The optimization criteria for designing
fixed-tilt concepts.

Optimization Criteria References

[12], [18], [19], [32],
[26], [28], [29]

Maximum allowed wrench

Maximum allowed accelerations [17], [24]
Minimum control effort [14]
Maximum flying efficiency [18], [19]
Minimum dihedral effect [19]
Maximum dynamic maneuverability [20], [24]
Minimum volume of vehicle [25]

HexvC

Shown in Figure 3(e) and presented in [38], this is the
first variable-tilt concept to achieve successful omnidirec-
tional flight. It contains a canting actuator added to each
rotor of a conventional hexarotor to achieve omnidirec-
tional flight with unidirectional thrust generation. The
UAV was developed by a group of students at the Swiss
Federal Institute of Technology, Zurich, and Zurich Uni-
versity of the Arts. A modified version was proposed in
[39] for contact-based aerial-inspection applications. The
UAV design in [39] had coaxial rotors to increase the
thrust-generation capabilities of the UAV, with all other
design aspects remaining the same.

HexvCc

Finally, the concept by Ryll et al. [40] [Figure 3(f)] uses a sin-
gle actuator to cant all of a hexarotor’s rotors. This coupled
rotor tilting is achieved through a wire mechanism. The cant
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angle alternates similarly to that in the HexC concept, while
the maximum achievable cant angle is limited by the frame.
The advantage of a single actuator instead of six to cant the
rotors is that the energy consumption and total mass of the
system are greatly reduced compared to the parallel mecha-
nism of the QuadvCDc concept. However, the maneuverabili-
ty of the UAV is reduced by the lower bandwidth of the tilting
mechanism that uses wires.

Discussion and Conclusions

In this article, we reviewed multirotor UAV concepts pro-
posed in the literature over the past decade. The concepts
were classified into fixed- and variable-tilt UAVs in which the
mapping matrix is structurally different. The design variables
for reconstructing the concepts’ mapping matrices were pro-
vided as well. We conclude with some remarks on different
issues related to the work.

The HexC and HexCD concepts are found most widely in
the literature, which is a consequence of their mechanical
simplicity and the ease of transforming the conventional
hexarotor into a fully actuated vehicle. Due to a low number
of design parameters, these concepts reduce the effort of
optimizing designs for a given application. Different fixed-tilt
designs were optimized based on a variety of criteria, as sum-
marized in Table 4. The most-used measure maximizes the
control wrench generated with (7) in specific directions or all
directions (for omnidirectional UAVs). However, it is impor-
tant to know that (7) is based on a static analysis and does
not take into account the UAV’s inertia parameters, such as
the dynamic-maneuverability and generated control acceler-
ation measures. As an example of the false intuition these cri-
teria can provide, the maximum wrench of the CoHexC
concept would be twice that of the HexC design (assuming
that the propellers and cant angle were identical). However,
considering that the CoHexC has (roughly) double the iner-
tia parameters of the HexC, the maximum acceleration is
(approximately) the same.

We close with a remark about the control-system architec-
ture of the presented UAVs. In most of the works surveyed here,
a two-stage control architecture is employed, where the control
wrench from (7) is considered a virtual input to the rigid body
model of the UAV and the mapping matrix is used to compute
the desired propeller thrusts. For fixed-tilt concepts, this involves
computing the inverse/pseudo-inverse of the M matrix, which
is guaranteed to exist, as shown in the “HexCD” section. How-
ever, for variable-tilt designs, the control-allocation problem is
more involved, as the rank of the M matrix might change dur-
ing flight and the UAV might operate in an underactuated con-
figuration. This calls for nonlinear control-allocation techniques
and control algorithms that can handle different UAV operating
conditions, such as those in [41].
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