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Abstract—Carrier frequency offset (CFO) and time-varying
fading channels are two problems that emerging ultra-
narrowband solutions for Internet of Things and Wireless
Sensor Networks need to tackle. Previously, an offset tolerant
demodulator for Double Differential PSK (DDPSK) has been
proposed to overcome CFO. To combat channel distortion, time
or frequency diversity together with coding techniques can be
utilized. However, these necessitate transmitting extra bits and
leads to an increase in packet time. A longer packet time
corresponds to longer on-time of the RF front-end and more
power consumption. To avoid longer packet for the same symbol
rate, a higher order modulation is required which considerably
degrades BER performance. In this work, instead of higher order
DDPSK, hybrid frequency/phase modulation is used. An offset
tolerant demodulator for hybrid modulation is proposed which
provides the same robustness against CFO as DDPSK. Besides,
it provides higher order of modulation with less performance
loss compared to higher order DDPSK. Simulation results show
that a combination of BFSK and QPSK using the proposed
demodulator can achieve almost 4 dB improvement at BER=0.001
in a Rayleigh channel compared to Double Differential 8PSK
(DD8PSK) which can provide the same modulation order.

Index Terms—Frequency/Phase Modulation, Frequency Offset,
Time-varying channel, Ultra-narrowband

I. INTRODUCTION

Given that most WSN applications require low data rates,
the ultra-narrowband communication scheme is emerging as
a new approach to low data rate applications [1]–[3]. How-
ever, the carrier frequency offset (CFO) in such systems is
a prominent challenge [3]. The CFO might be either the
consequence of mismatch between local oscillators in the
transmitter and the receiver or a Doppler shift caused by their
relative movement. In [4], an autocorrelation based demodu-
lator (ACD) for Double Differential PSK (DDPSK) has been
proposed as an offset tolerant solution to tackle this issue.
It removes the requirement of precise frequency generation
which necessitates costly crystals and power hungry thermal
compensations. In addition to frequency offset, the fading
effect on such narrowband systems must be taken into account.
As shown in [5], for a low data rate system a time-varying
channel causes an error floor. This error floor is more drastic
in ultra-narrowband systems due to a longer symbol time. As
a consequence of time-varying behavior, channel estimation
at the beginning of a packet is not reliable. Furthermore,
using multiple pilot sequences for channel estimation imposes

prohibitive overhead due to short packets used in these systems
(as short as 200 symbols [3]).

In such circumstances diversity techniques can be utilized to
improve performance [5]. Space diversity is dismissed because
of low power and area constraints of the receiver. In a highly
time-variant channel, time diversity (using channel coding and
interleaving) is a possible solution. Additionally, frequency
diversity (using frequency hopping) can be utilized. Neverthe-
less, both cases involve transmission of redundant information
via channel coding. This increases either the bit rate or packet
time. To keep the packet time constant (avoiding longer on-
time for the RF front-end) for the same symbol rate, a higher
order DDPSK can be used. The downside of the increased
modulation order is a loss in BER performance. To avoid
this performance loss hybrid frequency/phase modulation has
been suggested [6]–[9]. Despite all research performed on
different aspects of such a hybrid modulation, an offset tolerant
demodulator which is capable of tolerating CFOs larger than
the data rate has not been introduced. Besides, the error floor
of such a hybrid modulation in a time-varying channel has not
been dealt with in literature, though the performance of hybrid
modulation in time-invariant (very slow) fading channels has
been investigated [9].

The contribution of this work is twofold. First, an offset
tolerant demodulator for a hybrid frequency/phase modulation
is designed. Using such a demodulator a higher order modu-
lation can be achieved with less performance loss compared
to higher order DDPSK. Similar to [10], the performance of
the demodulator is independent of CFO. Second, approximate
error floor expressions are derived to show the benefit of the
proposed demodulator in time-varying channel.

The rest of this paper is organized as follows. The next
section elaborates on the design of the hybrid system for
ultra-narrowband. Mathematical formulation and error floor
expressions are presented in Section III. Simulation results
and discussions are included in Section IV. Finally, Section V
concludes the paper.

II. DESIGN OF HYBRID SYSTEM FOR

ULTRA-NARROWBAND

As previously mentioned, the main target of demodulator
design is to increase the modulation order while achieving a
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better BER performance compared to higher order DDPSK.
For an ultra-narrowband application combining DDPSK with
the smallest order of FSK (BFSK) is considered to minimize
the increase in bandwidth and complexity of the demodulator.
Assume that a basic system needs to transmit a packet of 𝐿
information binary symbols with a symbol rate of 𝑅𝑠 and the
energy consumption for each of the 𝐿 symbols is 𝐸𝑠. To design
a modulator which compensates for the redundancy overhead,
two requirements are considered. First, the packet time should
remain constant (𝐿/𝑅𝑠) to avoid extra on-time of the node.
Second, the energy consumption for each information binary
symbol 𝐸𝑠 and, as a result, the overall energy consumption
which is required for transmitting 𝐿 information symbols
needs to remain constant. 𝑅𝑠 is assumed to remain constant
as well.

Now, we focus on the design of a hybrid system by
combining Differential BFSK (DBFSK) and DDQPSK. This
hybrid modulation is called BFQPSK in the following. Its
modulation order is equal to 8 which is the same as the
modulation order of DD8PSK. The increased modulation
order provided by the hybrid modulation (or higher order
modulation) can be used to apply any channel coding or di-
versity scheme for performance improvement. In this work, to
compare the proposed demodulator for hybrid modulation and
the conventional DDPSK demodulator, simple retransmission
of symbols in different time intervals (repetition coding and
interleaving) is considered as a use case scenario in time-
varying channels. The proposed offset tolerant demodulator
and conventional DD8PSK demodulator are simulated in such
system to demonstrate achievable performance improvement.

A. Modulator Design

The baseband equivalent block diagram of the BFQPSK
modulator is shown in Fig. 1. The data from the information
source goes through channel coding (which is considered to
be repetition code in this work). Then, bits are interleaved so
that they are affected by uncorrelated channel characteristics.
Afterwards, the interleaved sequence of bits is split between
two different paths of FSK and PSK modulators. The ratio
of the number of data bits passing through each path is
proportional to the ratio of the number of bits in each PSK
symbol to that of FSK symbol which is two in our case. Each
symbol includes three bits, two modulated on QPSK and one
on FSK. In the FSK branch the data is differentially encoded
and sent to the FSK modulator while in the PSK branch data
is coded with a double differential scheme. The modulated
signals from each modulator are multiplied to form the final
transmitter baseband signal.

B. Demodulator Design

The complex baseband model for the samples of the sig-
nal at the input of the demodulator during the 𝑛𝑡ℎ symbol
assuming zero noise is as follows:

𝑟𝑘,𝑛 =
√
𝐸𝑠/𝑁𝑠 exp[𝑗((𝜔𝑛+𝜔𝑂)((𝑛−1)𝑇+𝑘𝑇𝑠)+𝜑𝑛)] (1)

Fig. 1. Baseband equivalent block diagram of BFQPSK modulator

Where 𝑘 is sample index, 𝐸𝑠 is energy per symbol, 𝑁𝑠 is
the number of samples per symbol, 𝑇𝑠 is sampling time, 𝑇
is symbol period, 𝜔𝑂 is CFO, 𝜔𝑛 ∈ {−𝜔𝑑/2,+𝜔𝑑/2} (𝜔𝑑 is
frequency deviation of BFSK) and 𝜑𝑛 are information bearing
frequency and phase, respectively. Frequency deviation (𝜔𝑑) is
considered equal to 2𝜋/𝑇 . Applying a stage of the autocorre-
lation demodulator (ACD) to the signal similar to the DDPSK
demodulator in [10], 𝑋𝑘,𝑛 (samples of 𝑋𝑛) is achieved as
follows.

𝑋𝑘,𝑛 = 𝑟𝑘,𝑛𝑟
∗
𝑘,𝑛−1

=
𝐸𝑠

𝑁𝑠
exp[𝑗(Δ𝜔𝑛𝑘𝑇𝑠 + (𝜔𝑛−1 + 𝜔𝑂)𝑇 +Δ𝜑𝑛)] (2)

where Δ𝜔𝑛 = (𝜔𝑛 − 𝜔𝑛−1) and Δ𝜑𝑛 = 𝜑𝑛 −𝜑𝑛−1. Clearly,
Δ𝜔𝑛 can have three different values, namely, 0 and ±𝜔𝑑.
So in (2), the term Δ𝜔𝑛(𝑛 + 1)𝑇 is ignored as it is a
multiple of 2𝜋. Unlike the DDPSK demodulator, the frequency
component is not removed at the output of the first ACD
because the frequencies of two adjacent symbols might be
different (depending on the FSK modulated data). It can be
seen that the frequency component of 𝑋𝑘,𝑛 only depends on
FSK modulated data but not the CFO (𝜔𝑂). The modulated
frequency (Δ𝜔𝑛) can be obtained using the Discrete Fourier
Transform (DFT) of 𝑋𝑛 as follows [11].

ˆΔ𝜔𝑛 = max
𝜔𝑖∈Ω

∣𝒳 (𝑗𝜔𝑖)∣2, (3)

where Ω = {−𝜔𝑑, 0,+𝜔𝑑} is the set of possible values of
Δ𝜔𝑛 and 𝒳 (𝑗𝜔𝑖) is the Discrete Fourier Transform of 𝑋𝑛.
According to the definition of the DFT, for 𝑋𝑛 we have:

𝒳𝑛(𝑗 ˆΔ𝜔𝑛) =

𝑁𝑠−1∑
𝑘=0

𝑋𝑘,𝑛 exp[−𝑗 ˆΔ𝜔𝑛𝑘𝑇𝑠]

= 𝐸𝑠 exp[𝑗((𝜔𝑛−1 + 𝜔𝑂)𝑇 +Δ𝜑𝑛)] (4)

In (4), the phase component includes two different terms, one
depends on the modulated phase of two adjacent symbols
(Δ𝜑𝑛) and the other depends on the previous modulated fre-
quency and CFO ((𝜔𝑛−1+𝜔𝑂)𝑇 ). The offset dependent phase
component can be eliminated by another differential detection
similar to the second stage of the DDPSK demodulator in [10].
Let us define 𝑑𝑛 as follows.

𝑑𝑛 = 𝒳𝑛(𝑗 ˆΔ𝜔𝑛)𝒳 ∗
𝑛−1(𝑗 ˆΔ𝜔𝑛−1)

= exp(𝑗(Δ2𝜑𝑛 +Δ𝜔𝑛−1𝑇 )), (5)

where Δ2𝜑𝑛 = Δ𝜑𝑛−Δ𝜑𝑛−1. As can be seen in (5) the phase
component has again two terms. The first one is the double
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Fig. 2. The proposed offset tolerant demodulator for hybrid frequency/phase modulation

difference of signal phase over three consecutive symbols (the
same difference used in DDPSK) and merely depends on the
transmitted data over PSK. The second term, Δ𝜔𝑛−1𝑇 , can
be ignored as it equals to an integer multiple of 2𝜋. Using the
assumption of 𝜔𝑑 = 2𝜋/𝑇 , eliminates the effect of Δ𝜔𝑛(𝑛+
1)𝑇 and Δ𝜔𝑛−1𝑇 on the phase in (2) and (5), respectively.
Moreover, this assumption guarantees the best performance of
the estimation in (3) and BFSK detection [11].

The block diagram of the demodulator based on (1)-(5)
is depicted in Fig. 2. The received signal passes through an
autocorrelation stage to achieve 𝑋𝑘,𝑛 as in (2). Afterwards,
samples 𝑋𝑘,𝑛 are passed through three branches with different
mixing coefficients in addition to a

∑
block, which are

equivalent to the DFT of the signal at ±𝑗𝜔𝑑 and 0. Then,
the frequency component is detected according to the output
of the MAX block. The result of the MAX block is also
used to select the proper path which goes to the next stage
of differential decoding. The outputs of the MAX block and
the second ACD are sent to the de-interleaver and detection
block to provide the transmitted data.

III. ERROR FLOOR ANALYSIS

The improvement of hybrid modulation in an AWGN
channel is demonstrated in literature [6]–[8]. In [9], the
performance of the hybrid solution in flat-fading and a time-
invariant Rayleigh fading channel is considered. However, the
performance of a hybrid system in a time-varying channel has
not been investigated. A time-varying channel implies that
the received signal has a randomly varying phase. This is
translated to a random frequency modulation which distorts
the signal and leads to error even for 𝑆𝑁𝑅 = ∞ [5]. This
irreducible error is called error floor in this work.

In [12], the performance of simple receivers for FSK and
PSK is considered and it is shown that, in contrast with
DPSK, non-coherent FSK does not suffer from an error floor in
time-varying channels. However, in the proposed demodulator
for differential detection of FSK, signal passes through an
autocorrelation stage (the multiplication with the conjugate
of the delayed signal). As a consequence of this stage (as
shown later), a time-varying fading channel causes an error
floor in the proposed method for FSK detection. Nevertheless,
in the sequel it is shown that the proposed offset tolerant FSK
demodulator can still achieve a lower error floor compared to

Double Differential PSK (DDPSK). As a result, the advantage
of a hybrid solution (with our proposed demodulator) over
higher order PSK also holds when the error floor in time-
varying channels is considered. For mathematical derivations,
a first order autoregressive model, AR(1), for fading channels
is used [12], [13]. According to the previous section at the
output of the first stage, the center frequency ranges from −𝑓𝑑
to +𝑓𝑑 (𝑓𝑑 is the frequency deviation of BFSK which is equal
to the data rate in our system). Thus, a sampling rate of 4𝑓𝑑
(four samples per symbol) is considered for calculations to
comply with the Nyquist criterion. The samples of the received
signal in the 𝑛𝑡ℎ symbol period without any Gaussian noise
(𝑆𝑁𝑅 = ∞) are as follows:

𝑦𝑘,𝑛 = ℎ𝑘,𝑛𝑟𝑘,𝑛, 𝑘 = 1, .., 4, (6)

where ℎ𝑘,𝑛 and 𝑥𝑘,𝑛 are the 𝑘𝑡ℎ sample of the complex
channel gain and the transmitted signal during 𝑛𝑡ℎ symbol,
respectively. Assuming an AR(1) model for the channel similar
to [12], ℎ𝑘,𝑛 can be written in terms of its previous sample
(ℎ𝑘−1,𝑛):

ℎ𝑘,𝑛 = 𝑎ℎ𝑘−1,𝑛 +
√

1− 𝑎2𝜂𝑘,𝑛, (7)

where 𝜂𝑘,𝑛 is circularly symmetric white Gaussian noise
𝒞𝒩 (0, 𝜎2

ℎ) and 𝑎 is the normalized autocorrelation function of
the channel, 𝑅(𝜏), for 𝜏 = 𝑇/4 (sample time) in our formula-
tion. Let 𝑯 = [ℎ1, ℎ2, ..., ℎ8] denote the vector including all
8 samples of the channel gain over two consecutive symbols.
Considering the first element equal to ℎ and applying (7)
recursively, element ℎ𝑚 of 𝑯 (for 𝑚 = 2, 3, .., 8) is obtained
in terms of h.

𝑯(𝑚) = ℎ𝑚 = 𝑎𝑚−1ℎ+
𝑚−1∑
𝑖=1

𝑎𝑖−1
√

1− 𝑎2𝜂𝑚−𝑖, (8)

where 𝜂𝑖 (𝑖 = 1, .., 7) are independent 𝒞𝒩 (0, 𝜎2
ℎ) random

variables. The output of the first stage of the demodulator can
be calculated as follows:

𝑌𝑘,𝑛 = 𝑦𝑘,𝑛𝑦
∗
𝑘,𝑛−1 = ℎ𝑘,𝑛𝑟𝑘,𝑛ℎ

∗
𝑘,𝑛−1𝑟

∗
𝑘,𝑛−1 (9)

Substituting ℎ𝑘 from (8) into (9) and ignoring terms including
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𝜂𝑖𝜂𝑗 we achieve the following equations for 𝑌𝑘,𝑛, 𝑘 = 1, .., 4:

𝑌𝑘,𝑛 = 𝑎2(𝑘+1)∣ℎ∣2𝑋𝑘,𝑛 + 𝑎𝑘+3
𝑘−1∑
𝑖=1

𝑎𝑖−1
√

1− 𝑎2ℎ𝜂∗𝑚−𝑖𝑋𝑘,𝑛

+𝑎𝑘−1
𝑘+3∑
𝑖=1

𝑎𝑖−1
√

1− 𝑎2ℎ∗𝜂𝑚−𝑖𝑋𝑘,𝑛, (10)

where 𝑋𝑘,𝑛 = 𝑟𝑘,𝑛𝑟
∗
𝑘,𝑛−1. The frequency component of 𝑋𝑛,

𝜔𝑋𝑛
, will have the value of zero if two consecutive BFSK

symbols are the same. If symbols are different it will be ±𝜔𝑑

with a probability of 1/4 for each. According to (10), due to
random variables 𝜂𝑖, 𝑌𝑘,𝑛 includes random terms in addition
to signal component. Hereafter, for error floor calculations,
these random terms are called noise and the ratio of signal
power to the power of these random terms is referred to as
𝑆𝑁𝑅. As shown in Fig. 2, 𝑌𝑛 passes through three branches of
filtering to achieve 𝐹−1, 𝐹0 and 𝐹+1 which are DFT values
corresponding to −𝜔𝑑, 0 and +𝜔𝑑, respectively. Due to the
𝑋𝑛 component in all noise terms and the correlation between
random terms in samples of 𝑌𝑛 (resulting from the recursive
nature of the channel model), the main part of the noise power
is concentrated in the filter matched to the signal frequency
(𝒳𝑛(𝑗 ˆΔ𝜔𝑛)) and the amount of noise in the adjacent filter is
much smaller while the noise power in the non-adjacent filter
(𝐹+1 and 𝐹−1 are nonadjacent) is negligible. Therefore, the
probability of error is as follows:

𝑃𝑒,𝐵𝐹𝑆𝐾 = 0.5[𝑃 (∣𝐹+1∣ > ∣𝐹0∣
∣∣ 0) + 𝑃 (∣𝐹−1∣ > ∣𝐹0∣

∣∣ 0)]
+𝑃 (∣𝐹0∣ > ∣𝐹−1∣

∣∣ −𝜔𝑑)/4

+𝑃 (∣𝐹0∣ > ∣𝐹+1∣
∣∣ +𝜔𝑑)/4 (11)

All conditional probabilities in (11) are conditioned on the
value of the frequency component at 𝑋𝑛 i.e. −𝜔𝑑, 0 and +𝜔𝑑.
These are cases leading to an error in non-coherent BFSK
detection. So, each error probability in (11) is similar to the
error probability for non-coherent BFSK [14]. However, there
is a significant difference that must be taken into account.
The conventional error probability function of non-coherent
BFSK (based on matched filters [14]) is derived based on
the assumption of equal noise power density in all filters
which is not the case in our calculation according to the
above mentioned facts (notice the explanation of (10)). This
problem can be solved by calculating the noise power in
the matched filter and the adjacent filter and recalculate the
error probabilities using the modified noise power for each
filter. Probabilities in (11) are the same and the mathematical
derivation is continued for 𝑃 (∣𝐹+1∣ > ∣𝐹0∣

∣∣ 0) for which we
have [14]:

𝑃 (∣𝐹+1∣ > ∣𝐹0∣
∣∣ 0) =

∫ ∞

∣𝐹0∣
𝑓𝐹1

(𝑥)𝑑𝑥 = exp(
−∣𝐹0∣2
𝑃𝑛,+1

) (12)

where 𝑓𝐹1
(𝑥) is the probability density function (pdf) of ∣𝐹+1∣.

Since 𝜔𝑋𝑛
= 0, the output of 𝐹+1 includes only Gaussian

noise with variance equal to the noise power in 𝐹+1. The

envelope of 𝐹+1 has a Rayleigh distribution. According to
expansion of (10) when 𝜔𝑋𝑛

= 0, 𝐹0 and 𝐹+1 are:

𝐹0 =

4∑
𝑘=1

𝑎2(𝑘+1)∣ℎ∣2 +
4∑

𝑚=1

𝑎2−𝑚
4∑

𝑘=1

𝑎2𝑘
√

1− 𝑎2ℎ∗𝜂𝑚

+

7∑
𝑚=5

𝑎𝑚−6
8−𝑚∑
𝑘=1

𝑎2𝑘
√

1− 𝑎2ℎ∗𝜂𝑚

+

3∑
𝑚=1

𝑎2−𝑚
4∑

𝑘=𝑚+1

𝑎2𝑘
√

1− 𝑎2ℎ𝜂∗𝑚 (13)

𝐹+1 =
4∑

𝑚=1

𝑎2−𝑚
4∑

𝑘=1

(−𝑗)𝑘𝑎2𝑘
√

1− 𝑎2ℎ∗𝜂𝑚

+
7∑

𝑚=5

𝑎𝑚−6
8−𝑚∑
𝑘=1

(−𝑗)𝑘+1𝑎2𝑘
√

1− 𝑎2ℎ∗𝜂𝑚

+
3∑

𝑚=1

𝑎2−𝑚
4∑

𝑘=𝑚+1

(−𝑗)𝑘𝑎2𝑘
√

1− 𝑎2ℎ𝜂∗𝑚 (14)

where 𝜂𝑚 are independent 𝒞𝒩 (0, 𝜎2
ℎ) random variables and

the signal component of 𝐹+1 is ignored. As a result of
the 𝑋𝑘,𝑛 component in (10), there is an 𝐸𝑠 factor in both
the signal and noise terms. As it does not affect SNR, it
is normalized in (13)-(14) and the undergoing formulations.
Thus, the signal power in 𝐹0 and noise power in 𝐹0 and 𝐹+1

(all normalized to 𝐸𝑠) are as follows.

𝑃𝑆 = 𝑆∣ℎ∣4 (15)

𝑃𝑁,0 = Γ0(1− 𝑎2)∣ℎ∣2𝜎2
ℎ (16)

𝑃𝑁,+1 = Γ+1(1− 𝑎2)∣ℎ∣2𝜎2
ℎ (17)

where:

Γ0 =
4∑

𝑚=1

∣𝑎2−𝑚
4∑

𝑘=1

𝑎2𝑘∣2 +
7∑

𝑚=5

∣𝑎𝑚−6
8−𝑚∑
𝑘=1

𝑎2𝑘∣2

+

3∑
𝑚=1

∣𝑎2−𝑚
4∑

𝑘=𝑚+1

𝑎2𝑘∣2 (18)

Γ+1 =

4∑
𝑚=1

∣𝑎2−𝑚
4∑

𝑘=1

(−𝑗)𝑘𝑎2𝑘∣2

+

7∑
𝑚=5

∣𝑎𝑚−6
8−𝑚∑
𝑘=1

(−𝑗)𝑘+1𝑎2𝑘∣2

+

3∑
𝑚=1

∣(𝑎2−𝑚
4∑

𝑘=𝑚+1

(−𝑗)𝑘𝑎2𝑘∣2 (19)

To calculate noise power, the terms ℎ∗𝜂𝑚 are considered
to be independent 𝒞𝒩 (0, ∣ℎ∣2𝜎2

ℎ) random variables. Using
values in (15)-(17) and following the same procedure as
in [14] for conventional non-coherent BFSK, the follow-
ing equation for error probability in terms of instantaneous
𝑆𝑁𝑅 = 𝑃𝑆/(𝑃𝑁,+1 + 𝑃𝑁,0) can be obtained.

𝑃𝑒 =
𝑃𝑁,+1

𝑃𝑁,+1 + 𝑃𝑁,0
exp(− 𝑃𝑆

𝑃𝑁,+1 + 𝑃𝑁,0
) (20)
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Considering a Rayleigh fading channel and calculating average
SNR (over ℎ) and average error probability according to [15],
we achieve 𝑃𝑒 as:

𝑃𝑒 =
(1− 𝑎2)Γ0

(1− 𝑎2)(Γ0 + Γ+1) + 𝑆
(21)

Thus, the error floor (𝐸𝐹𝐷𝐵𝐹𝑆𝐾) is obtained by substituting
(21) into (11).

𝐸𝐹𝐷𝐵𝐹𝑆𝐾 =
3

2

(1− 𝑎2)Γ0

(1− 𝑎2)(Γ0 + Γ+1) + 𝑆
, (22)

where 𝑎 is 𝐽0(2𝜋𝜐𝑚𝑎𝑥𝑇/4) for a Rayleigh fading channel
with a maximum Doppler shift of 𝜐𝑚𝑎𝑥.

Now, we need to calculate the error floor for DDBPSK. In
DDBPSK demodulator signal after the first stage is equal to
𝐹0. Notice that in DDBPSK 𝑋𝑘,𝑛 is constant over the whole
symbol period. Based on (10), (13) and (18), the signal at the
input of the second stage of differential detection (𝑌𝑛) is as
follows.

𝑌𝑛 =
√
𝑆∣ℎ∣2𝑋𝑛 +

√
Γ0(1− 𝑎2)∣ℎ∣2𝑋𝑛Λ𝑛, (23)

where Λ𝑛 is a 𝒞𝒩 (0, 𝜎2
ℎ) random variable. Using (15) and

(16) it is easy to show that for 𝑌𝑛, 𝑆𝑁𝑅 = 𝑃𝑠/𝑃𝑁,0. This
is used as the input of the next differential detector. Applying
the same method as [12] and [15] for DPSK and averaging
SNR over ℎ for a Rayleigh channel, the probability of error
for DDBPSK is obtained as follows.

𝐸𝐹𝐷𝐷𝐵𝑃𝑆𝐾 =
Γ0(1− 𝑎2)

2Γ0(1− 𝑎2) + 2𝑆
, (24)

where 𝑎 is 𝐽0(2𝜋𝜐𝑚𝑎𝑥𝑇/4) for a Rayleigh fading channel with
a maximum Doppler shift of 𝜐𝑚𝑎𝑥. Fig. 3 demonstrates the
error floor for different values of maximum Doppler shift in
a Rayleigh fading channel with Jakes Doppler spectrum. The
solid lines show values obtained from (22) and (24) while
dashed lines are simulation results. It can be seen that the
theoretical and simulation results are in agreement while there
is a slight difference for the higher values of 𝜐𝑚𝑎𝑥. In our
approximations the multiplication of noise terms is ignored.
This assumption does not hold for large values of Doppler
shift which increases the variance of random component in
(7). Thus, as 𝜐𝑚𝑎𝑥 increases, the theory slightly deviates from
simulations. Fig. 3 demonstrates that the error floor achieved
by DBFSK using the proposed demodulator is lower than the
one can be obtained by the conventional DDBPSK. Increasing
the modulation order of DDPSK is equivalent to using a higher
order DPSK with an input equal to (23) which leads to even
higher error. As a result, if modulation order is increased by
hybrid modulation, the error floor will be lower compared to
increasing the order of DDPSK.

IV. SIMULATION RESULTS AND DISCUSSION

As mentioned before, to evaluate the performance a simple
repetition coding is used for simulations. Using 8PSK or a
combination of BFSK and QPSK, instead of BPSK, increases
modulation order to eight. Thus, using a rate-1/3 repetition
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Fig. 3. Simulated and theoretical error floor versus normalized maximum
Doppler shift in a Rayleigh fading channel with Jakes Doppler spectrum

coding is possible while packet time is kept constant for the
same symbol rate. Considering the requirements mentioned
in section II, the energy per symbol remains the same as in
the BPSK case. Thus, for QPSK and 8PSK 𝐸𝑏 = 1/2𝐸𝑠

and 𝐸𝑏 = 1/3𝐸𝑠, respectively. In other words, going from
BPSK to QPSK and 8PSK (higher orders of modulation) adds
more replicas of each information binary symbol but decreases
energy per each replica proportionally. As a consequence the
BER performance in AWGN channel is not different from the
uncoded case. In contrast, in the BFQPSK method modulator
order is increased by adding another orthogonal dimension
instead of higher order PSK modulation. The new replica
of information binary symbol is transmitted by changing the
frequency of the same signal which is carrying QPSK. As a
result the energy per each new replica is 𝐸𝑠. To clarify, going
from BPSK to BFQPSK, three replicas of information binary
symbols are transmitted among which two have 𝐸𝑏 = 1/2𝐸𝑠

and one has 𝐸𝑏 = 𝐸𝑠. This means that 𝐸𝑏 is effectively
higher in case of BFQPSK compared to both QPSK and 8PSK
and that is why the performance of BFQPSK is better in
AWGN channel. This performance improvement is achieved
at the expense of increased bandwidth. Considering the low
data rate and ultra-narrowband signal, the loss of bandwidth is
affordable and outweighed by the performance improvement.

In the following simulations, the symbol rate is considered
to be 100 Sym/s (similar to [3]) and the sampling frequency
is 8 times of data rate (𝑁𝑠 = 8). Fig. 4 demonstrates the
BER curve of the DD8PSK and BFQPSK in an AWGN
channel. The improvement of BFQPSK compared to 8PSK
at 𝐵𝐸𝑅 = 10−3 (which is more than 5𝑑𝐵) shown in [6]
is preserved also in the proposed offset tolerant demodulator.
As can be seen, BFQPSK is better than DDQPSK except for
very low 𝐸𝑠/𝑁0 region. The main reason of higher error rates
in low 𝐸𝑠/𝑁0 region is the dependence of QPSK detection
on DFSK detection in the proposed demodulator. However,
in higher SNR, BER decreases faster than DDQPSK due to
higher effective 𝐸𝑏. The robustness to CFO is illustrated in Fig.
5 where the BER values at 𝐸𝑠/𝑁0 = 12, 14 𝑑𝐵 are shown
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for different values of CFO.

Simulation results for Rayliegh fading channel, which is the
worst case scenario, are presented here. The BER performance
in Rician channel varies between the BER in a Rayleigh
channel and an AWGN channel depending on the K factor.
However, for sake of brevity BER curves are not included.

Fig. 6 depicts the BER of the proposed demodulator and
the conventional DD8PSK demodulator in a Rayleigh fading
channel with a Jakes Doppler spectrum and 𝜐𝑚𝑎𝑥𝑇 = 0.02.
For better comparison the DDBPSK in AWGN and the same
fading channel are shown as well. It can be seen that the
proposed demodulator improves the BER performance consid-
erably compared to DD8PSK. At 𝐵𝐸𝑅 = 0.001 the proposed
method achieves 4 𝑑𝐵 improvement.

V. CONCLUSION

The problem of the time-varying channel and CFO were
considered simultaneously for ultra-narrowband communica-
tions. To overcome the effect of a time-varying channel,
diversity techniques together with channel coding can be
exploited. However, the transmission of redundant data leads
to an increase in packet duration. To keep packet duration
unchanged for a constant symbol rate, the order of modulation
needs to increase. To avoid performance loss resulting from
higher order PSK, a hybrid frequency/phase scheme was
selected. To tackle the CFO problem in ultra-narrowband
systems an offset tolerant demodulator for such a hybrid
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Fig. 6. BER curves in Rayleigh channel with 𝜐𝑚𝑎𝑥𝑇 = 0.02

scheme was proposed. The designed demodulator which is a
combination of DBFSK and DDQPSK outperforms DD8PSK
by 4 𝑑𝐵 at 𝐵𝐸𝑅 = 0.001 in a Rayleigh fading channel with
normalized maximum Doppler shift equal to 0.02.
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