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Abstract: We study nonparametric estimators of conditional Kendall’s tau, a measure of concordance between
two random variables given some covariates. We prove non-asymptotic pointwise and uniform bounds, that
hold with high probabilities. We provide “direct proofs” of the consistency and the asymptotic law of con-
ditional Kendall’s tau. A simulation study evaluates the numerical performance of such nonparametric es-
timators. An application to the dependence between energy consumption and temperature conditionally to
calendar days is finally provided.

Keywords: conditional dependence measures, kernel smoothing, conditional Kendall’s tau

MSC: 62H20, 62G05, 62G08, 62G20

1 Introduction

In the field of dependence modeling, it is common to work with dependence measures. Contrary to usual lin-
ear correlations, most of them have the advantage of being defined without any condition on moments, and of
being invariant to changes in the underlying marginal distributions. Such summaries of information are very
popular and can be explicitly written as functionals of the underlying copulas: Kendall’s tau, Spearman’s rho,
Blomgqvist’s coefficient... See Nelsen [30] for an introduction. In particular, for more than a century (Spear-
man (1904), Kendall (1938)), Kendall’s tau has become a popular dependence measure in [-1, 1]. It quantifies
the positive or negative dependence between two random variables X; and X,. Denoting by C; , the unique
underlying copula of (X1, X>) that is assumed to be continuous, their Kendall’s tau can be directly defined as

T12:=4 / C1,2(u1, up) Cy,2(duy, duy) - 1 6]
[0,1]2
=IP((X1,1 - X2,1)(X1,2 = X2,) > 0) - P((X1,1 - X2,1)(X1,2 - X5,2) < 0),

where (X; 1, X; »)i-1,2 are two independent versions of X := (X1, X,). This measure is then interpreted as the
probability of observing a concordant pair minus the probability of observing a discordant pair. See [22] for
an historical perspective on Kendall’s tau. Its inference is discussed in many textbooks (see [18] or [24], e.g.).
Its links with copulas and other dependence measures can be found in [30] or [20].

Similar dependence measures can be introduced in a conditional setup, when a p-dimensional covariate
Z is available. When hundreds of papers refer to Kendall’s tau, only a few of them have considered condi-
tional Kendall’s tau (as defined below) until now. The goal is now to model the dependence between the two
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components X; and X,, given the vector of covariates Z. Logically, we can invoke the conditional copula®
C1,2)2- of (X1, X5) given Z = z for any point z € R?, and the corresponding conditional Kendall’s tau would
be simply defined as

T1’2‘2=z =4 / Cl,Z\Z=z(u1’ uz) Cl,z‘z=z(du1, duz) -1
[0,1]2
=P((X1,1 - X2,1)(X1,2 - X2.2) > 0|2y = Z = ) - P((X1,1 - X2,1)(X1,2 - X2.2) < O|Zy = Z; = 2),

where (X; 1, X; 2, Z;)i-1,» are two independent versions of (X1, X», Z). As above, this is the probability of ob-
serving a concordant pair minus the probability of observing a discordant pair, conditionally on Z; and Z;
being both equal to z. Note that, as conditional copulas themselves, conditional Kendall’s taus are invariant
w.r.t. increasing transformations of the conditional margins X; and X,, given Z. Of course, if Z is indepen-
dent of (X1, X,) then, for every z € R, the conditional Kendall’s tau T1,2)z-z IS equal to the (unconditional)
Kendall’s tau 71 ;.

Conditional Kendall’s tau, and more generally conditional dependence measures, are of interest per se
because they allow to summarize the evolution of the dependence between X; and X,, when the covariate
Z is changing. Surprisingly, their nonparametric estimates have been introduced in the literature only a few
years ago ([15],[40],[13]) and their properties have not yet been fully studied in depth. Indeed, until now and
to the best of our knowledge, the theoretical properties of nonparametric conditional Kendall’s tau estimates
have been obtained “in passing” in the literature, as a sub-product of the weak-convergence of conditional
copula processes ([40]) or as intermediate quantities that will be “plugged-in” ([12]). Therefore, such prop-
erties have been stated under too demanding assumptions. In particular, some assumptions were related to
the estimation of conditional margins, while this is not required because Kendall’s tau are based on ranks.
In this paper, we directly study nonparametric estimates 7, ,|, without relying on the theory/inference of
copulas. Therefore, we will state their main usual statistical properties: exponential bounds in probability,
consistency, asymptotic normality.

Our 74 |z-, has not to be confused with the so-called “conditional Kendall’s tau” in the case of truncated
data ([39], [28]), in the case of semi-competing risk models ([23], [19]), or for other partial information schemes
([6], [21], among others). Indeed, particularly in biostatistics or reliability, the inference of dependence mod-
els under truncation/censoring can be led by considering some types of conditional Kendall’s tau, given some
algebraic relationships among the underlying random variables. This would induce conditioning by subsets.
At the opposite, we will consider only pointwise conditioning events in this paper, under a nonparametric
point-of-view. Nonetheless, such pointwise events can be found in the literature, but in some parametric or
semi-parametric particular frameworks, as for the identifiability of frailty distributions in bivariate propor-
tional models ([31], [27]). Other related papers are [3] or [25], that are dealing with extreme co-movements
(bivariate extreme-value theory). There, the tail conditioning events of Kendall’s tau have probabilities that
go to zero with the sample size.

In Section 2, different kernel-based estimators of the conditional Kendall’s tau are discussed. Moreover,
we propose a cross-validation criterion to select the associated bandwidth. In Section 3, numerous original
theoretical properties of the latter estimators are proved: at first, finite distance exponential bounds in prob-
ability (pointwise and uniformly w.r.t. z); then, under an asymptotic point-of-view, pointwise and uniform
consistency; and finally the asymptotic normality of conditional Kendall’s tau under unrestrictive assump-
tions (see below) and with an explicit limiting law. A short simulation study is provided in Section 4. Proofs
are postponed into the appendix.

1 The conditional copula of X; and X, given Z = z can be defined almost surely as the unique copula of the conditional c.d.f.
Fx, x,|z-z by Sklar’s theorem. It was introduced by Patton [33, 34].
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2 Definition of several kernel-based estimators of 7 |,

Let (Xi 1, Xi2,Z;),i=1,...,nbeani.id. sample distributed as (X1, X5, Z), and n > 2. Assuming continuous
underlying distributions, there are several equivalent ways of defining the conditional Kendall’s tau:

Ti2jz2 = 4P (X11> X201, X120 > X2 0|21 = Z, = 2) - 1
=1- 4IP(X1’1 > X2y1,X1,2 < Xz’z}zl = Zz = Z)
=P((X1,1 - X2,1)(X1,2 - X2.2) > 0|2y = Z = ) - P((X1,1 - X2,1)X1,2 - X2,2) < O|Zy = Z, = z).

Motivated by each of the latter expressions, we introduce several kernel-based estimators of 7y z-;:

n n
%(11,)2|Z=z = 42 z:wi,n(z)wj,n(z):ll{X,"1 <Xj1,Xip<X;o} -1,
i=1 j=1
n n
‘?(12,)2|Z:z = Z Z Wi,n(z)Wj,n(z)<]l{(Xi,1 - X;1)(Xi2 - X;5) >0} - 1{(X; 1 - X;,1)(Xi 2 - Xj ») < 0}),
i=1 j=1
n n
%(13,)2|Z=z =1- 42 Z Win(@W; n(2)1{X; 1 < Xj 1, Xi2 > X; 5},
i=1 j=1

where 1 denotes the indicator function, w; , is a sequence of weights given by

Ky(Z; - 2)

2?:1 I<h (Zl - Z) ’ (2)

Wi,n(z) =

with Ky (-) :== h™PK(-/ h) for some kernel K on R?, and h = h(n) denotes a usual bandwidth sequence that tends
to zero when n — oo. In this paper, we have chosen usual Nadaraya-Watson weights. Obviously, there are
alternatives (local linear, Priestley-Chao, Gasser-Miiller, etc., weight), that would lead to different theoretical
results.

W 20 ©)
1,2|Z=z’ " 1,2|Z-z 1,2|Z=z

Proposition 1. These differences are due to the fact that all the %(1]f)z|Z:z’ k =1, 2, 3 are affine transformations
of a double-indexed sum, on every pair (i, j), including the diagonal terms where i = j. The treatment of these
diagonal terms is different for each of the three estimators defined above. Indeed, setting s, := Z{Ll wiz’ 2(2),

it can be easily proved that %(11)2‘ 7., takes values in the interval [-1, 1-2sn], %(12)2|Z:z

%(13)2|Z:z in [-1 + 2sn, 1]. Moreover, there exists a direct relationship between these estimators, given by the
following proposition.

The estimators 7 and T look similar, but they are nevertheless different, as shown in

in[-1+sp, 1-sp],and

(1)
1,2|Z=z

~(2)

ses N _ _ 203 _ .\ 2
Proposition 1. Almost surely, T S0 =115, = T 21222~ S0 where sp 1= i1, wi ,(2).

This proposition is proved in A.2. As a consequence, we can easily rescale the previous estimators so that the
new estimator will take values in the whole interval [-1, 1]. This would yield

) @) 20)
7 . 1,.2|Z=z Sn _ 14,2|Z=z _ "1,2|Z-z _ Sn
L2z=z "= 1 g " " 1-sp,  1-sn 1-sp 1-5sn

Note that none of the latter estimators depends on any estimation of conditional marginal distributions.
In other words, we only have to conveniently choose the weights w; , to obtain an estimator of the conditional
Kendall’s tau. This is coherent with the fact that conditional Kendall’s taus are invariant with respect to con-
ditional marginal distributions. Moreover, note that, in the definition of our estimators, the inequalities are
strict (there are no terms corresponding to the cases i = j). This is inline with the definition of (conditional)
Kendall’s tau itself through concordant/discordant pairs of observations.
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The definition of 1"(11)2‘2:1 can be motivated as follows. For j = 1, 2, let F j‘z(-|Z = z) be an estimator of the
conditional cdf of X; given Z = z. Then, a usual estimator of the conditional copula of X; and X, given Z = z

is

n
Ciozu, wZ=2) =Y Wi @{F1z(X;1|Z=2) <us, Fyp(Xi s
i=1

Z=2)<u}.

See [40] or [13], e.g. The latter estimator of the conditional copula can be plugged into (1) to define an estimator
of the conditional Kendall’s tau itself:

T1,2)2-2 = 4/ f:1,2\2(111, u|Z =z) &1,2|z(d111, du|Z=12)-1 (3)

n
=4> Win@C1 oz (F1z(X1|Z = 2), Fy (X 2|2 = 2)|Z = 2) - 1.
j=1
Since the functions F j|z(' |Z = z) are non-decreasing, this reduces to

n n

T2z =4 YD Win@Wjn(@1{Xi1 < X1, Xin < X} - 1
i=1 j=1
n n
= YN Win@win@1{Xi1 < Xj1, Xig <X} - 1+0p(1) =1, +0p(D).
i=1 j=1

Veraverbeke et al. [40], Subsection 3.2, introduced their estimator of 7, ,z-, by (3) for a univariate condition-
ing variable. Note that this estimator is the same as the one studied in [15, p.4], i.e. 71 ;z-;. By the functional
Delta-Method, they deduced its asymptotic normality as a sub-product of the weak convergence of the process
vnh (C‘ 1,22(*» *|2) = C1,5jz(, -|2)) when Z is univariate. In our case, we will obtain more and stronger theoreti-
cal properties of f(ll)z Z-2 under weaker conditions by a more direct analysis based on ranks. In particular, we
will not require any regularity condition on the conditional marginal distributions, contrary to [40]. Indeed,
in the latter paper, it is required that F j\Z(' |Z = z) has to be two times continuously differentiable (assumption
(R3)) and its inverse has to be continuous (assumption (R1)). This is not satisfied for some simple univariate
cdf as Fj(t) = t1(t € [0, 1])/2 + 1(t € (1, 2])/2 + t1(t € (2, 4])/4 + 1(t > 4), for instance. Note that we could

justify %(13)2| 7., in a similar way by considering conditional survival copulas.

Let us define g1, g2, g3 by

81X, Xj) == 41{X; 1 < X1, Xip < Xjo} -1,
82(X;, X;) := 1{(Xj1 - Xj,1) x Xi2 - Xj5) > 0} - 1{(Xi,1 - Xj,1) x (X2 - X; ) < 0},
83(X;, X;) :=1-41{X; 1 < Xj1,Xi» > Xj 5},

(k)

where, fori = 1,...,n, we set X; := (X; 1, X; »). Clearly, 7] 2z

Z,=1z],k=1,2,3.

is a smoothed estimator of E[g, (X1, X5)|Z; =

Note that such dependence measures are of interest for the purpose of estimating (conditional or uncon-
ditional) copula models too. Indeed, several popular parametric families of copulas have a simple one-to-one
mapping between their parameter and the associated Kendall’s tau (or Spearman’s rho): Gaussian, Student
with a fixed degree of freedom, Clayton, Gumbel and Frank copulas, etc. Then, assume for instance that the
conditional copula C; ;|z-, is a Gaussian copula with a parameter p(z). Then, by estimating its conditional
Kendall’s tau 7, z-,, we get an estimate of the corresponding parameter p(z), and finally of the conditional
copula itself. See [36], e.g.

The choice of the bandwidth h could be done in a data-driven way, following the general conditional
U-statistics framework detailed in Dony and Mason [10, Section 2]. Indeed, for any k € {1,2,3}and z € R?,

denote by f(_}é; ’]‘)) 1,222 the estimator %gk)zl 7., that is made with the smoothing parameter h and our dataset,
~(h, k)

when the i-th and j-th observations have been removed. As a consequence, the random function T 1,202
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is independent of ((Xl-, Z),(X;, Zj)). As usual with kernel methods, it would be tempting to propose h as the
minimizer of the cross-validation criterion

2
- ~(h, k)
CVDM(h) . ( 1) Z (gk(Xu X) T -(i,j), 1 2\Z=(Z,‘+Z,‘)/2) Kh(Zi - Z])’
i,j=1

for k = 1, 2,3 or for 7, ,|z-.. The latter criterion would be a “naively localized” version of the usual cross-
validation method. Unfortunately, we observe that the function h — CVpy(h) is most often decreasing in
the range of realistic bandwidth values. If we remove the weight Kj(Z; - Z;), then there is no reason why
8x(X;, X;) should be equal to 7k (1 0, 1,212-242,))2 (on average), and we are not interested in the prediction of
concordance/discordance pairs for which the Z; and Z; are far apart. Therefore, a modification of this criteria
is necessary. We propose to separate the choice of h for the terms g;(X;, X;) - “UEI ’]‘) 1,2/2-247,)/2 and the
selection of the “convenient pairs” of observations (i, j). This leads to the new criterion

e A(l‘l k) 2
CV}'I(h) . 1) Z (gk(Xlx X) (1 ;) 1,2|Z=(Z;+Z; )/2) K}-I(Zl - Z])’ (4)

with a potentially different kernel K and a new fixed tuning parameter h. Even if more complex procedures
are possible, we suggest to simply choose K(z) := 1{|z|- < 1} and to calibrate h so that only a fraction of the
pairs (i, j) has non-zero weights. In practice, set h as the empirical quantile of ({|Zi ~Zj|lw:1<i<j#n}of
order 2Ny q;rs/(n(n - 1)), where Ny, is the number of pairs we want to keep.

3 Theoretical results

3.1 Finite distance bounds

Hereafter, we will consider the behavior of conditional Kendall’s tau estimates given Z = z belongs to some
fixed open and bounded subset Z in R?. For the moment, let us state an instrumental result that is of interest

per se. Let fz(z) :=nt Z}l 1 Kn(Z; - z) be the usual kernel estimator of the density fz of the conditioning
variable Z. Note that the estimators T(lk)2|Z=z’ k=1,...,3 are well-behaved only whenever fz(z) > 0. Denote

the joint density of (X, Z) by fx z. In our study, we need some usual conditions of regularity.

Assumption 3.1. (a) The kernel K is bounded, and set |K||.o =: Cg. (b) It is symmetrical in the sense that
K(u) = K(-u) for every u € R? and satisfies [ K = 1, [ |K| < oo, sz < oo, (c) This kernel is of order a for some
integer a > 1: forallj = 1,...,a - 1 and every indices i, ...,i;in {1,...,p}, [ K@y, ... u; du = 0. (d)
Moreover, E[Ky(Z - z)] > O foreveryz € Z and h > 0. Set K(-) := K*(-)/ [ K? and ||K||e =: Cg.

Assumption 3.2. fz is a-times continuously differentiable on Z ? and there exists a constant Cg 4 > 0 s.t., for
allz € Z,

p
0°fz
/ |K|(w) . SO g, e uy, s%pl] m(z + thu)) du < Cg 4.
Moreover, Cy , denotes a similar constant replacing K by K and a by two.

Assumption 3.3. There exist two positive constants fz, min and fz,max such that, for every z € Z, fz min < fz(2) <
fZ,max-

2 This means that the partial derivatives 0Xf;(z)/ 0z;, -+ 0z;, exist and are continuous for every z € 2 and every k-uplet
(i1,...,1i) of integersin {1,...,p}, k< a.
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Since Z is bounded, Assumption 3.3 is most often satisfied with the commonly met continuous distribution.

Proposition 2. Under Assumptions 3.1-3.3 and if Cx qh®/a! < fz,min, for any z € Z, the estimator Fa(2) is
strictly positive with a probability larger than

1-2exp ( - nh? (fZ,min - CK,txha/a!)z / (ZfZ,max / K* + (2/3)CK(fZ,min - CK,aha/a!))) .

The latter proposition is proved in A.3. It guarantees that our estimators f(lk)z‘z, k=1,...,3,arewell-behaved

with a probability close to one. The next regularity assumption is necessary to explicitly control the bias of

T1,2|Z-2*

Assumption 3.4. Foreveryx € R, z — fx,z(x, z) is differentiable on Z almost everywhere up to the order a.
ForeveryO<k<aandeveryl<iy,...,iqg<p,let

Hi#{u,v,X1,X5,2) := sup & (xl, Z+ thu) M (xz, Z+ thv) ,
' tef0.1] | 9Zi, - - - OZj, 0z;,,, - .. 0z;,
denoting T = (i1, . . ., ia). Assume that H; {(u, v, X1, X,, 2) is integrable and there exists a finite constant Cxz,q >

0 such that, for everyz € Z and every h < 1,

[ K@ik > (Z)
k=0 i

is less than Cxz, 4.

p
Hydw, v, X1, X0, 2y, ... U Vi, -+ - Vi, | dudv dxy dX;
ip=1

Assumptions 3.2 and 3.4 are satisfied when the density of Z is a-times continuously differentiable in a (strictly
larger) neighborhood of Z and K is compactly supported, for n sufficiently large. Indeed, the vectors thu and
thv will then be arbitrary small uniformly w.r.t. ¢t € [0, 1] and u (resp. v) in the support of K 3. If K is not
compactly supported, these assumptions are most often satisfied when the tails of f; and its derivatives do
not exhibit pathological patterns. For instance, if f is a Gaussian density, this is the case because this density
and its derivatives are bounded on R”.

The next three propositions state pointwise and uniform exponential inequalities for the estimators

%(1")2‘2:2, when k = 1, 2, 3. They are proved in Sections A.4, A.5 and A.6. We will denote ¢; := c3 := 4 and
Ccy = 2.

Proposition 3 (Exponential bound with explicit constants). Under Assumptions 3.1-3.4, for every t > 0 such
that Cx oh®/a! + t < fz min/2 and every t' > 0, ifo(’zh2 < f2(z), we have

a 2 2 a
IP(If(k) ~T1opzed] > (CXZ’“h @K +t’)x<1+16fz(z)(c’““h +t)>>

1,222 2\ 2nh? 13 min al
nh? t? (n-Dh%?P¢t?
<2 - 2 -
=cexp ( 2fz,max [ K? + (2/3)C1(t) Toep ( 47 max (| K2)? + (8/3)C%(t/>
nh?(fz(z) - CKth)z )
8fz,max f K2+ 4Cf((fz(z) - Ck,zhz)/B ’
foranyz € Zandeveryk =1, 2, 3.

+2exp<—

Alternatively, we can apply Theorem 1 in Major [26] instead of the Bernstein-type inequality that has been
used in the proof of Proposition 3.

3 Then, all the terms that involve fz and its derivatives are uniformly bounded. And invoke the a-order property of K to check the
validity of such assumptions.
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Proposition 4 (Alternative exponential bound without explicit constants). Under Assumptions 3.1-3.4, for
every t > O such that Cx oh®/al + t < fz min/2 and every t' > 0 s.t. t' < 20P([ K*)*fZ .0,/ C. there exist
some universal constants C, and a; s.t.

a I<2 2 a
IP(%(llf)Zlhz ~T1,2z-2 > Ck (sz’ah + 3al@) | + t’) x (1 + 163fz(z) (M + t)))

f2(2) al 2nhp 3 min a!
<2exp ( - nhot’ ) +2exp ( - nh? (f2(2) - Ci ,h*)* )
) 2fz,max [ K +(2/3)Ckt 8fz.max | K2 + 4Cy(f(2) - Cy ,h?)/3
+ 2 exp ( nhPe ) + C, exp (— 7a2nh1’t’ )

32 sz(f |K|)2fz3,max +8Ck f |K|fZ,maxt/3 2 8fZ,max(f KZ) ’

foranyz € Z and every k = 1, 2,3, if Cg ,h* < fz(2) and 6h” (| |K|)2fz,max < [K%

Remark 5. In Propositions 2, 3 and 4, when the support of K is included in [-c, c]? for some ¢ > O, fz mqx can be
replaced by a local bound sup ) fz(z), denoting by V(z, €) a closed ball of center z and any radius € > 0,
when hc < e.

7eV(z,e

Propositions 3 and 4 look similar. Nonetheless, only the upper bound in the former case can be explicitly
calculated because this bound involves constants that can be numerically evaluated. But, on the other side,
Proposition 4 provides better rates of convergence. Indeed, by choosing t’ of the order h?, the latter result can

be summarized as ]P(|f(1’f)2|Z=z —T1,5z-| > €MP) < exp (- Cnh?’¢), for some constants € > 0and C > 0. At the
opposite, the bound obtained in Proposition 3 is of the type IP(|f(1k)2|Z=z - T1,2z-2] > €) < exp (- C'nh*e),
C' > 0, what is clearly weaker.

(k) 2p
1,2|2-2 foreveryz € Z, whennh“? — oo

(choose the constants t and t’ ~ hP sufficiently small, in Proposition 4, e.g.).

As a corollary, the two latter results yield the weak consistency of T

It is possible to obtain uniform bounds, by slightly strengthening our assumptions. Note that this next
result will be true if n is sufficiently large, when Proposition 4 was true for every n.

Assumption 3.5. The kernel K is Lipschitz on (Z, || - ||s), with a constant Ag and Z is a subset of an hypercube
in R? whose volume is denoted by V. Moreover, K and K* are regular in the sense of [16] or [11].

Proposition 6 (Uniform exponential bound). Under the assumptions 3.1-3.5, there exist some constants Ly
and Cy (resp. Ly and Cy) that depend only on the VC characteristics of K (resp. K), s.t., for every u € (0, 1) such
that pfz min < CXZ,aha/a! +bg f Ksz,max/CK’ if fz,max < CXZ,th/2 + bi( szfZ,max/Cf(r

Ck (CXZ,aha + 3fz,mafoz " t))

(k)
IP(Sup ‘Tl,z‘zzz - Tl,Z\Z=z| >
z

ez frmin1-w2\  a 2nh?
< Lgexp (— Cyxnh? (.ufz,min - sza’{';ha)z>
arnth? » . 512
+ C,Dexp < - szm((sz)) + L exp (— C; gnh (fz.max — Cxz,2h?) /4)
+

) ex B Aznhl’tzC}(" +2ex B A,nhPt
P\ 7 16247 K27 ([ [KD2 P\ " 1ec2a, )’

for n sufficiently large, k = 1, 2, 3, and for every t > 0 s.t. t < 2hP([ K*)*f3 ./ Ck
—16A1(3%<A§/K2fz3,max(/\K|)2 1n(hP/K2fz3,maX(/ IK])?) < n'/2hP2t, and

logD
> logn

2
nhPt> ( / K?)fz,maxMa(p + B)*/* log (hpf#ifm)’ B = max (0 ), D= W(%AK)”L

for some universal constants C5, az, M2, A1, A, and a constant Az that depends on K and fz,max.
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We have denoted Cf x := 10g(1 + b /(4Lk))/(Lxbgfz,max [ K?), for any arbitrarily chosen constant bk > C.
Similarly, C; y := log(1 + by /(4L))/(Lg by fz,max [K?), b = Cy.

3.2 Asymptotic behavior

The previous exponential inequalities are not optimal to prove usual asymptotic results. Indeed, they directly
or indirectly rely on upper bounds of estimates, as in Hoeffding or Bernstein-type inequalities. In the case of
kernel estimates, this implies the necessary condition nh*? — oo, at least. By a direct approach, it is possible
to state the consistency of ‘i'(lk)z‘ 7z? k=1,2,3,and then of 7, 2(Z-2> under the weaker condition nh? — oo.
Proposition 7 (Consistency). Under Assumption 3.1, if nhf, — oo, imK(t)[t}’ = O when |t| — oo, f7 and
Z > Ty 57—, are continuous on Z, then %(1k)z|2=z tends to 71 |z, in probability, when n — oo forany k = 1, 2, 3.
This property is proved in A.7. Moreover, Proposition 6 does not allow to state the strong uniform consistency
of %(1k)2|Z:z because the threshold t has to be of order h” at most. Here again, a direct approach is possible,
nonetheless.

Proposition 8 (Uniform consistency). Under Assumption 3.1, assume that nh2? [ logn — oo, lim K@®)I|tP =0
when [t| — oo, K is Lipschitz, fz and z + T4 |z-, are continuous on a bounded set Z, and there exists a lower
bound fz min S-t. fz.min < fz(z) for any z € Z. Then sup, o, |f(1]f)2|z:z - 1'1,2|Z=z] — 0 almost surely, when n — oo
foranyk=1,2,3.

This property is proved in A.8. To derive the asymptotic law of this estimator, we will assume:

Assumption 3.6. (i) nh? — oo and nh2*** — 0; (ii) K(+ ) is compactly supported.
Proposition 9 (Joint asymptotic normality at different points). Letz, ..., z,, be fixed pointsinaset Z C RP.
Assume 3.1, 3.4, 3.6, that the z; are distinct and that fz and z — fx z(X, Z) are continuous on Z, for every x. Then,

asn — oo,
Py\1/2 [~
(nhy) (T1,z\2=z; - T1,z\Z=z;)

2 (k)
Tl,Z\Z:z’

, LN, 7MY, k=1, 2,3,

i=1,...,n

where T, 5|z-, denotes any of the estimators
matrix defined by

k=1,2,30r%, 3z, and His the n' x n" diagonal real

10y, = L) e 8 Xgu e X)Z = 24 - 2, - 2] - 72
[H™];,; = @) {Elg (X1, X)gi (X2, X)|Z = Z; = Z_Zi]_T1,2|Z:zl{}’
1

forevery1<i,j<n',and (X, Z), (X1, Z1), (X5, Z,) are independent versions.
This proposition is proved in A.9.

Remark 10. The latter results will provide some simple tests of the constancy of the function z — T ;|,, and
then of the constancy of the associated conditional copula itself. This would test the famous “simplifying assump-
tion” (“Ho : Cq ,z-, does not depend on the choice of z”), a key assumption for vine modeling in particular:
see [1] or [17] for a discussion, [8] for a review and a presentation of formal tests for this hypothesis.

4 Simulation study

In this simulation study, we draw i.i.d. random samples (X; 1, X; 5, Z;), i = 1, ..., n, with univariate explana-
tory variables (p = 1). We consider two settings, that correspond to bounded and/or unbounded explanatory
variables respectively:
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300 —— Alexis Derumigny and Jean-David Fermanian DE GRUYTER

1. Z =)0, 1[ and the law of Z is uniform on ]O, 1[. Conditionally on Z = z, X;|Z = z and X,|Z = z both follow
a Gaussian distribution N(z, 1). Their associated conditional copula is Gaussian and their conditional
Kendall’s tau is given by 7 57-, = 2z - 1.

2. Z =]-2,2[ and the law of Z is N(0, 1). Conditionally on Z = z, X1|Z = z and X;|Z = z both follow a
Gaussian distribution N(®(z), 1), where @(:) is the cdf of the Z. Their associated conditional copula is
Gaussian and their conditional Kendall’s tau is given by 74 ,z-, = 2®(2) - 1.

These simple frameworks allow us to compare the numerical properties of our different estimators in
different parts of the space, in particular when Z is close to zero or one, i.e. when the conditional Kendall’s tau
is close to —1 or to 1. Note that these distributions are continuous, with infinitely differentiable densities. We
will use the Epanechnikov kernel. Therefore, they will satisfy Assumptions 3.1-3.6. We compute the different
estimators f-(llf)2|z=z for k = 1, 2, 3, and the symmetrically rescaled version ‘?1,2| »- The bandwidth h is chosen
as proportional to the usual “rule-of-thumb” for kernel density estimation, i.e. h = ay, &(Z)n~1° with ap €
{0.5,0.75,1,1.5,2} and n € {100, 500, 1000, 2000}. For each setting, we consider three local measures

of goodness-of-fit: for a given z and for any Kendall’s tau estimate (say 7, 2|2=2), let

* the (local) bias: Bias(z) := E[T1 5z-2] = T1,2(z-2
1/2
e the (local) standard deviation: Sd(z) := E [(%LM:Z - IE[%1,2|Z:Z])2] ,

e the (local) mean square-error: MSE(z) := E [(%1,2\Z=z - T1,2\Z=Z)ZJ .

We also consider their integrated version w.r.t the usual Lebesgue measure on the whole support of z, re-
spectively denoted by IBias, ISd and IMSE. Some results concerning these integrated measures are given in
Table 1 (resp. Table 2) for Setting 1 (resp. Setting 2), and for different choices of aj and n. For the sake of effec-
tive calculations of these measures, all the theoretical previous expectations are replaced by their empirical
counterparts based on 500 simulations.

For every n, the best results seem to be obtained with a;, = 1.5 and the fourth (rescaled) estimator,
particularly in terms of bias. This is not so surprising, because the estimators f("), k=1, 2,3, donot have the
right support at a finite distance. Note that this comparative advantage of 7 in terms of bias decreases with
n, as expected. In terms of integrated variance, all the considered estimators behave more or less similarly,
particularly when n = 500.

To illustrate our results for Setting 1 (resp. Setting 2), the functions z — Bias(z), Sd(z) and MSE(z) have
been plotted on Figures 1-2 (resp. Figures 3-4), both with our empirically optimal choice a; = 1.5. We can note
that, considering the bias, the estimator T behaves similarly as 2 when the true 7 is close to — 1, and similarly
as 7 when the true Kendall’s tau is close to 1. But globally, the best pointwise estimator is clearly obtained
with the rescaled version 7, ,z_., after a quick inspection of MSE levels, and even if the differences between
our four estimators weaken for large sample sizes. The comparative advantage of 7, ,, more clearly appears
with Setting 2 than with Setting 1. Indeed, in the former case, the support of Z’s distribution is the whole
line. Then fz does not suffer any more from the boundary bias phenomenon, contrary to what happened with
Setting 1. As a consequence, the biases induced by the definitions of %(1",)2‘2, k = 1, 3, appear more strikingly

~(3)

in Figure 3, for instance: when z is close to (-1) (resp. 1), the biases of %(11)2|z (resp. 7 2‘Z) and 7, ,, are close,

when the bias %(13)2|Z (resp. %(ll)zlz) is a lot larger. Since the squared biases are here significantly larger than the

variances in the tails, 7, ,|, provides the best estimator globally considering “both sides” together. But even
in the center of Z’s distribution, the latter estimator behaves very well.

In Setting 2 where there is no boundary problem, we also try to estimate the conditional Kendall’s tau
using our cross-validation criterion (4), with Ng;rs = 1000. More precisely, denoting by h*" the minimizer of
the cross-validation criterion, we try different choices h = a,xhV with aj, € {0.5,0.75, 1, 1.5, 2}. The results
in terms of integrated bias, standard deviation and MSE are given in Table 3. We do not find any substantial
improvements compared to the previous Table 2, where the bandwidth was chosen “roughly”. In Table 4,
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we compare the average h®” with the previous choice of h. The expectation of h®" is always higher than
the “rule-of-thumb” k¢, but the difference between both decreases when the sample size n increases. The
standard deviation of h®" is quite high for low values of n, but decreases as a function of n. This may be seen
as quite surprising given the fact that the number of pairs N,,;,s used in the computation of the criterion
stays constant. Nevertheless, when the sample size increases, the selected pairs are better in the sense that
the differences |Z; - Z;| can become smaller as more replications of Z; are available.

Table 1: Results of the simulation in Setting 1. All values have been multiplied by 1000. Bold values indicate optimal choices
for the chosen measure of performance. These results are integrated measures of performance over the whole space Z; the
corresponding local measures of performance are displayed in Figures 1 and 2.

n =100 n =500 n = 1000 n = 2000

IBias ISd IMSE | IBias ISd IMSE | IBias 1Sd IMSE | IBias ISd  IMSE

. # .. 133 197 66.5 | -34.5 849 9.86 | -18.2 61.6 485 | -10.9 46  2.65
S #2129 187 437 | -4.08 844 858 | -0.9 615 449 | -1.07 46  2.53
s 0, 107 190 56.6 | 26.4 845 9.26 | 16.4 615 476 | 88 46 2.6

fiaz- -0.91 213 482 | -1.18 86.9 8.55 | 0.733 62.4 4.46 | -0.149 46.4 2.5
L t,. 88 150 358 |-263 68 632 -139 507 3.33 | -7.98 37.6 1.8
S 0. 104 145 263 |-5.97 67.9 56 |-2.33 506 3.2 | -139 375 174
't% 0, 672 146 306 | 143 67.9 575| 9.2 506 3.19 | 52 375 176

Fioz- -2.06 157 267 | -3.99 69.2 5.49 | -1.21 51.2 3.05 | -0.76 37.8 1.69

#),. -67.8 123 245 |-192 587 48 | -11 431 252 | -634 33 144
Tt 999 121 19 | -3.95 586 439 | -235 431 239 | -139 33 14
s @), 478 122 209 | 113 587 447 | 634 431 241 | 3.57 33 141

fiz- -3.48 128 18.1 | -2.34 59.5 4.18 | -1.46 43.4 2.29 | -0.897 33.2 1.35
. tl,. 446 101 175 |-15.9 50.4 412 | 97 359 213 | -5.52 27.6 1.28
= 2. 581 100 149 |-5.68 503 3.84 | -3.84 359 202 | -2.18 27.6 1.24
s #1033 101 155 | 458 503 377 | 201 359 1.99 | 115 27.6 1.23

1z- -1.09 104 13.4 | -455 50.8 3.57 | -3.19 36.1 1.9 | -1.83 27.7 1.8

), -37.8 914 173 |-11.8 438 414 | 7.2 312 235 | -597 237 1.43
O 10z 803 9L4 154 | -3.93 438 3.94 | -275 312 228 | -3.44 237 139
s @0, 217 917 154|391 438 387 | 17 312 224 |-0912 237 137

Tiz-- 45 942 13.5|-3.01 441 3.62 | -2.24 313 212 | -3.16 23.8 1.32

5 Application to real data

In this section, we present an application of this methodology to the dependence between electricity con-
sumption and temperature. The first paper on this topic dates back to 1958 ([7]). Using UK data, they show
that a decrease in temperature increases the electricity demand. Moreover, they show that the marginal effect
of temperature levels on electricity consumption differs depending on the time of the day. Numerous other
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Figure 1: Local bias, standard deviation and MSE for the estimators (1) (red) , 7@ (blue), #3) (green), 7 (orange), with n = 100
and a = 1.5 in Setting 1. The dotted line on the first figure is the reference at 0.
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Figure 2: Local bias, standard deviation and MSE for the estimators 21 (red) , 7@ (blue), 23 (green),  (orange), with n = 500
and a, = 1.5 in Setting 1. The dotted line on the first figure is the reference at 0.
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Bias, alpha_h=1.5,n =100 Sd, alpha_h=1.5,n=100 MSE, alpha_h =1.5,n =100
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Figure 3: Local bias, standard deviation and MSE for the estimators () (red) , 7@ (blue), #3) (green), 7 (orange), with n = 100
and a = 1.5 in Setting 2. The dotted line on the first figure is the reference at 0.
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Figure 4: Local bias, standard deviation and MSE for the estimators (1) (red) , @ (blue), 7 (green), 7 (orange), with n = 500
and a = 1.5 in Setting 2. The dotted line on the first figure is the reference at 0.
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Table 2: Results of the simulation in Setting 2. All values have been multiplied by 1000. Bold values indicate optimal choices
for the chosen measure of performance. These results are integrated measures of performance over the whole space Z; the
corresponding local measures of performance are displayed in Figures 3 and 4.

n =100 n =500 n =1000 n =2000

IBias ISd IMSE | IBias ISd IMSE IBias ISd IMSE | IBias ISd  IMSE

. t),. -207 227 180 | -54.1 83.9 169 | -29.6 553 5.81 | -16.9 389 2.49
S t?,. 115 207 97 | 0.845 80.5 10.8 | 0.557 544 435 | 0.145 386 2.04
s 0. 210 228 181 | 557 832 164 | 307 554 59 | 172 389 25

fiaz- 1.4 225 51.9 | 0.987 814 6.86 | 0.456 55 3.22 | 0.175 389 1.66
o B, 144 175 986 | -333 60.6 7.5 | -19.8 419 3.12 | -10.6 305 1.42
S 1%, 233 163 562 | 173 594 5.56 | -0.0619 417 251 | 0.665 30.4 1.24
e”f 1. 140 176 99.2 | 368 607 7.73 | 197 421 3.12 | 119 305 1.45

fioz- 315 170 303 | 1.69 60.2 3.85 | -0.093 42.1 1.95 | 0.645 30.5 1.05

tl . 998 143 577 | -249 509 5.06 | -13.5 36.6 228 | -6.92 26,6 1.09
Ttz 117 132 346 0903 504 402 | 116 365 1.97 | 146 26.6 0.994
§ @), 102 139 544 | 267 51 513 | 158 366 233 | 9.83 266 1.11

T1,z-- 2.51 138 20.1 | 0.897 50.9 2.89 1.16 36.7 1.56 | 1.48 26.7 0.847

%(11)2|Z=» -59.1 104 28.1 | -14.7 423 3.87 -7.56 29.7 1.86 | -4.17 21.8 0.932
" )
\—? %(12)2|Z=~ 434 99.7 21.4 | 2.05 421 3.48 2.07 29.6 1.75 | 1.35 21.8 0.899
I ’
s %(13)2|Z=~ 67.8 103 29.6 | 18.8 423 3.96 11.7 29.6 1.92 | 6.87 21.8 0.957

Ti,2z-- 3.34 103 13.4 | 2.08 425 2.6 2.08 29.7 139 | 1.35 21.8 0.755

tl. 372 882 239 | -9.57 382 46 | 375 262 234 -1.09 198 132
T i 817 89 212 | 269 38 445 | 332 261 23 | 299 198 1.32
s @0, 535 874 253 | 149 381 474 | 104 262 241 | 7.08 198 136

iz 8.47 885 15 | 2.69 384 3.59 | 333 263 193] 3 199 1.15

articles have studied the dependence between these two variables, see for instance [4, 29, 32]. Generally,
in winter, electricity consumption increases when temperature decreases, because of the demand for heat-
ing. On the contrary, high temperatures in summer would cause an increased electricity demand for cooling
homes, offices and so on.

Formally, we study the dependence between the following two variables:

¢ Power;, the French electricity consumption* in MW at time t;
e Tempy, the temperature in Celsius degree at the Orly Airport weather station (France)°.

These two variables are observed every 30 minutes from 01/01/1996 to 31/03/2019. The final dataset has got
n =329, 756 rows. The unconditional Kendall’s tau between these two variables is —-0.397, computed using
the fast Kendall’s tau algorithm [14]. In other words, on average, lower temperatures are associated to higher
electricity consumption.

4 downloaded from http://clients.rte-france.com/lang/an/visiteurs/vie/vie_stats_conso_inst.jsp
5 downloaded from https://gis.ncdc.noaa.gov/maps/ncei/cdo/hourly
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Table 3: Results of the simulation in Setting 2 using h = &, x h®” where hCV has been chosen by cross-validation. All values
have been multiplied by 1000. Bold values indicate optimal choices for the chosen measure of performance.

n =100 n =500 n =1000 n = 2000

IBias ISd IMSE | IBias ISd IMSE | IBias ISd IMSE | IBias ISd  IMSE

th, 111 154 66.2 | -36.9 66.8 9.01 | -22.4 48.2 4.06 |-12.9 36.1 2.04
P
S 17, 0.0488 137 363 |0.236 642 6.45 | 0.546 46.8 3.14 | 1.29 357 1.78
Il ?
s 0, 111 151 60.6 | 37.4 663 888 | 23.5 47.2 407 | 155 362 2.18

Tz 138 132 183 | 0.27 645 4.49 | 0.61 468 236 | 1.29 356 1.49

o . 674 117 357 | 233 521 527 | -13.9 37.8 24 | 7.6 29 13
S . 432 108 235 |0.809 507 421 | 1.03 37.2 207 | 1.78 288 1.21
g- tP,. 761 119 354 | 249 516 512 | 16 37.6 249 | 112 291 139

iz 498 106 13.3 | 0.86 51.6 3.13 | 1.03 37.5 1.63 | 1.81 289 1.02

tl . 43 101 28 |-158 457 444 | -9.51 33.1 2,04 |-468 251 1.07
Tt 787 931 224 | 201 448 3.91| 1.57 327 187 | 229 249 1.03
s @0, 588 976 27.2| 19.8 453 441 | 127 329 21 | 927 251 114

iz 851 98 157 | 2.05 46 3.01 | 1.57 33.1 1.5 | 2.33 251 0.871

tlh, 161 956 417 | -636 43 635 | -4.04 30.6 287 |-1.11 221 134
. L
< @2, 149 926 404 | 5.08 426 6.2 | 3.17 304 283 | 347 22 134
I ?

s 10, 46 928 422 | 165 42,6 6.45 | 10.4 304 294 | 8.06 221 14

71,202 15.6 100 35.2 | 5.11 44 5.31 | 3.17 31 2.45 3.5 224 117

Table 4: Expectation and standard deviation of the bandwidth selected by cross-validation as a function of the sample size n,
and comparison with bandwidth h™¢f chosen by the rule-of-thumb.

n | 100 500 1000 2000
E[hCY] 0.77 0.43  0.34 0.27
Sd[h"] 0.17 0.091 0.060 0.057

nef =n 15 | 0.40 0.29 0.25 0.22

To have a more precise investigation about the dependence between these two variables, we decided to
use a usual “detrending method”: we fit a linear trend on both variables and consider only the dependence
between the two series of residuals. Formally, our model assumption is

Power; = ao, power + A1, power X L + €1 ¢, (5)

Temp¢ = ao, temp + A1, temp X t + E2t, 6)

where t is the the number of half-hours since 01/01/1996, for some unknown coefficients ao, power, a1, power»
ao, temp> A1, temp- And the couple of series (e1,¢, £2,¢) is assumed to be stationary. We estimate these two lin-
ear regressions separately using ordinary least squares (OLS). The results are reported in Table 5. All the
coefficients are significant. Indeed, because of economic and technological growth, the electricity consump-
tion increases on average by 0.0044 MW each hour. At the same time, temperature increases on average by
1.6 x 107° Celsius degree per hour, which corresponds to a Global Warming of 0.014 degree per year. Even
if this is a very simple model, with a linear growth, it correspond to the right order of magnitude commonly
found.
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Table 5: Statistics for the OLS estimators of (5) and (6).

DE GRUYTER

Estimate Std. Error t-value p-value
ao, power 4.976€+04 3.933e+01  1265.1 <2e-16
ai, power 2.205e-02  2.066e-04 106.8 <2e-16
ao, temp 1.187e+01  2.526e-02 469.902  <2e-16
ai,temp 8.014e-07  1.327e-07 6.041 1.54e-09
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Figure 5: Conditional Kendall’s tau between the detrended
electricity consumption &; ; and the detrended temperature
&1,t, given the day of the year and estimated using h¢y = 5
days.
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Figure 6: Conditional Kendall’s tau between the detrended
electricity consumption &; ; and the detrended temperature
&5,¢, given the day of the year and estimated using hx = 12
days.

Our goal is to estimate whether the dependence between electricity consumption and temperature is
varying as a function of the day of the year (month, season...). The lack of stationarity on the original series
had an influence on the conditional Kendall’s tau. Indeed, a part of positive dependence between the original
variables is due to the fact that they both increase on average over time. We consider this as a spurious effect
caused by the non-stationarity. For this reason, we have studied the (conditional) dependence between the
estimated residuals &; ¢ and &; ;.

Concerning the bandwidth h choice, we followed the insights of our simulation in Section 4. Globally,
there exist two possibilities: choosing the bandwidth according to the usual rule-of-thumb h« = 1.5 x §(Z) x
n~1/5, or using our cross-validation criterion, which yields hcy. Note that the computation time of this cross-
validation function is of order O(n?), by Equation (4). With our sample size n = 329 756, this criterion be-
comes computationally unfeasible in a reasonable time. To cope with this difficulty, we use a Monte-Carlo
approximation

1 N R 2 ~
CVy i) = 5 > (gk(xil’ X)) =T, 1,2|Z=(zil+z,-l)/z) 1(d(Z, Z;) < h) ™)
-1

where, for every [ = 1,..., N, we sample independently i; uniformly in [1, n] and j;|i; uniformly on the set
{iel1,n]:dZ,Zz) < h}. In practice, we choose d(a, b) as the number of days between the two dates a
and b. For instance, the distance between January 1st and December 30th is 2 days. Similarly, (Z;, + Z;,)/2
corresponds to the mean day of the year between the days Z;, and Z;,, and is computed using the package
circular [2].

The estimated conditional Kendall’s tau with the bandwidth h¢y or h« are displayed in Figures 5and 6. We
observe that conditional Kendall’s tau is negative in winter, meaning that lower temperatures are associated
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with higher electricity demands. This can be explained by the energy consumption for heating purpose. On
the contrary, in summer, higher temperatures are associated with higher energy demand, because of the en-
ergy consumption induced by cooling devices. It is interesting to note that the average conditional Kendall’s
tau in winter (-0.23) is slightly smaller in absolute value than in summer (0.30).

N
y |
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1]
S
I || Il ||||| ||||||| 01
; = N
~ 0.0
0 I | | ||
B | '
o I | i [ A - 0.1
= | | Il
(o]
g e I b [
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I |r | H -0.3
(L I | [l Il
| IWI
| 0.5
o

Jan Feb  Mar Apr  May June  Jul Aug Sep Oct Nov  Dec Jan

Day of the year
Figure 7: Conditional Kendall’s tau between electricity consumption and temperature given the day of the year (k=1 = 12 days)

and the time of the day (in hours, h+; = 1 hour).

To complete this analysis, we decided to include a second variable, which is the hour of the day. The
choice of a bivariate bandwidth is not straightforward. To simplify, we decide to use a diagonal bandwidth
given by hvy = 1.5 x 6(Zy) x n/> = 12 days and h«, = 1.5 x 6(Z,) x n""/> = 1 hour. The results are
displayed on Figure 7. On the x-axis, we globally find the same trend: negative dependence in winter and
positive dependence in summer, which is coherent. Moreover, in winter, the conditional Kendall’s tau is more
important (around -0.5) during nights (20:00-6:00) than in the daytime. This may be explained by the fact
that heating in households has a more important contribution to the total consumption than during daytime,
when many people live outside their homes.

Note that, during summers, the levels of Kendall’s tau given date and daytime are most often smaller
than Kendall’s tau given date only. This may appear as counterintuitive. But, as noticed in [9], the average of
the former quantity (over daytimes) is not equal to the latter quantity in general. In our particular case, we
can argue that, during summers, the levels of dependence between temperature and energy consumption is
rather weak once we control for daytime. This is the same phenomenon with usual factor models, where two
variables may be independent given a third one, but they may be strongly dependent (unconditionnally).
Acknowledgments
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A Proofs

For convenience, we recall Berk’s (1970) inequality (see Theorem A in Serfling [37, p.201]). Note that, if m = 1,
this reduces to Bernstein’s inequality.

Lemma1l. Let m,n > 0, Xy, ..., X, i.i.d. random vectors with values in a measurable space X and g : X™ —
la, b] be a symmetric real bounded function. Set 8 := E[g(X1, ..., Xm)] and 0? := Var[g(X4, ..., Xm)]. Then,
foranyt>0andn=m,

-1
n e [n/m]t?
v (<m> 28, X, )02 t) =P (‘ 207 +(z/3)(b—e)t)’

where ) . denotes summation over all subgroups of m distinct integers (i1,...,im)of {1,...n}.

A.1 Notations

Let us define a few notations that will be used throughout the proofs. Forevery 1 < i,j < nand z € R?, let us
define

$i,(@) = 1 Kn(Zi - DKn(Z; - 2) (1{X; < Xj} - P (X1 < Xo|Z1 =22 = 7)), ®)
g2((Xi, Z), (X;,2))) := Kn(Zi - DKn(Z; - 2) (1{Xi < X;} - P(X; < X;|Z; = Z; = 7))

-E |:Kh(zi - )Ky(Z; - z)(]l{Xi <X;} -P(X; <Xj|Z; = Z; = z))} , ©)
g = (8:((Xi.2), (%:,2)) +8:((X;, ), (X, 2))) /2, (10)
g = Elg;|X;, Z{], v
§2(Xi, 2, X, Zy) = & = 8ij — 8 — &) (12)
le: (X1,21,%2,22) Zi,;fz((xl, 21), (x,,2,)) foragiven h > 0, (13)

Note that ¢; ; is a degenerate (symmetrical) U-statistics because E[¢; ;|X;, Z;] = E[¢; j|X;, Z;] = 0, when i # .

In the proofs, we will study the difference 7, ;z-, — T1,5z-, using two quantities that can be bounded
separately: f7(z) and 3°,; ;. Si.;(2).

T1202-2 ~ T1,21z-2 = 4 Z Win(@Wj (2)1{X; <X;} - 4P(Xy < X,|Z1 = Z; = 2)

1s<i,js<n

4
= — Kn(Z;i -2)Kp(Z; -z) (1{X; < X: ) -P(X; < X5|Z1 =Z, =2
T z ; - 2)(1{X; <X;} - P(Xy < X ))

A s, (14)

fZZ Z) 1<i,j<n

This sum can be decomposed in the following way

> Sii@= Y (Sij(@) - ElSi(@)]) + n(n - DEIS1,2(2)] - An(2). (15)

1<i,j<n 1<i#j<n

where the “diagonal term” An(z) := - Y"1, S; i(z) = P(X1 < Xz|Zy = Z; = 2) 31, K7(Z;-2)/n’ . The stochastic
component above can itself be rewritten as

> (5@ -ESy@) - 5 Y gD, K;2) - 5 > &, (16)

1<i#jsn 1s<i#jsn 1<i#jsn
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Y gy 2 D Z* (17)

1<1;é]<n

A.2 Proof of Proposition 1

Since there are no ties a.s.,

n n
1+17 A(11)2‘Z:z =4y ZWi,n(Z)Wj,n(Z)(ﬂ{Xi,1 <Xj1}-1{Xi1 <Xj1, Xi2 > Xj,z})

-1 =1
n n
=4 Z Z Win(ZWjn(2)1{X;1 < X; 1} + %(13,)2|Z=z -1.
i=1 j=1
But
n n n n
1= win@wia@=> > Wi,n(z)wj,n(z)(]l{xi,l < X1} +1{Xi1 > Xj1 })
-1 j=1 i=1 j=1
= ZZZW’ n(z)W] n(z)]l{Xl 1 <Xj, 1} ZWI n(2),
i=1 j=1
implying 1 + 7(11)2|z ,=2(1—sn)+ 1(13)2‘2 -1, and then T(11)z\z=z = %(13,)2\2:1 - 2sn. Moreover,

n n
%(12,)2|Z=Z = Z Zwi,n(Z)ijn(Z)(]l{Xi,l > Xj,]_, Xi,Z > Xj,Z} + ]]'{Xi,l < X]',l!Xi,Z < Xj,Z}
i=1 j=1

- ]l{Xl',]_ > X]"]_, Xi,Z < ijz} - ]]'{Xi,l < X]',l’Xi,Z > X},Z})

_ZZZWIH(Z)W]H(Z)<]1{X11> i1 Xi2 > X 2} Jl{X11> 15 Xi2 < j,Z})

i=1 j=1
~(1) -3)
_ 1. 1.3 _ Nz Tz _ L _0)
) (Tl 2z=z T 1) + 5 (T1,2|Z:z - 1) - ) =Ty 2jz=2 T Sn = 11 3)2-2 ~ Sn- O

A.3 Proof of Proposition 2

Lemma 12. Under Assumptions 3.1, 3.2 and 3.3, we have for any t > 0O,

CK ah . nh?
<|fz(z) fa(2)| = t) < 2exp (_ 2fz.max | K%+ (2/3)CKt>'

This Lemma is proved below. If, for some € > 0, we have Cg 4h*/a! + t < fz in — €, then f(z) = € > Owitha
probability larger than 1 - 2 exp ( - nh? t2/(2fz.max S K? +(2/3)C kt)). So, we should choose the largest t as
possible, which yields Proposition 2.

It remains to prove Lemma 12. Use the usual decomposition between a stochastic component and a bias:
f2(2) - f2(2) = (f2(2) - Elfz(2)]) + (Elf2(2)] - fz(2)). We first bound the bias from above.

Elfy@) - 1@ - [ KW)(fa(z+ ) - ) du.
RP
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310 — Alexis Derumigny and Jean-David Fermanian DE GRUYTER

Set ¢zu(t) := fz(z + thu) for t € [0, 1]. This function has at least the same regularity as fz, so it is a-
differentiable (by Assumption 3.2). By a Taylor-Lagrange expansion, we get

| Kz + k) - o) du - | K(u)(z L0+ Lkt ) du,
R?

RP

for some real number tzy € (0, 1). By Assumption 3.1(c) and for every i < a, pr K(u)¢;i?u(0) du = 0. There-
fore,

Elf@) - 22| - | [ K gy 9iezwianl

R?
7’ W . . 71‘- (Z +t hu) dul < :K’lx h*
! » i1217 e laazil-,_aia z,u < i
R hew a= Z .

where the last inequality results from Assumption 3.2.

Second, the stochastic component may be written as

n

f2@ - Elfy@) =7 Y Kn(Zi - D) -E[nt Y Kn(Zi-2)| =nt Y (s(2) - Elg(2))),

i1 i-1 i-1

where g(Z;) := K,(Z; — z). Apply Lemma 11 with m = 1 and the latter g(Z;). Here, we have b = —a = h™PCg (by
Assumption 3.1(a)), 6 = E[g(Z;)] = 0 (by Assumption 3.1(d)), and ‘Var[g(Zl)] ’ < WP fz max [ K? (combining
Assumptions 3.1(b) and 3.3), so that we get

P <‘I:’ll _ZlKh(Zl - Z) —E[Kh(Zl —Z)] >t

<2exp| - nt? O
2hPf7 max sz +(2/3)hPCyt

A.4 Proof of Proposition 3

We show the result for k = 1. The two other cases can be proven in the same way. Using the decomposition (14),
for any positive numbers x and A(z), we have

X B 1 1+A(2) 4(1 +)l(z
IP(’TL2|Z=Z - T1 9072 > x) < IP(sz(z) > 76 ) + IP( ’ lqz]:(ns,,(z)’ > x)
< ]P(

L1 A p (40 A@) |y g
7o a0 30) (e |2 s> J]
Forany ¢ s.t. C,oh®/a! + t < fz,min/2, Set A(z) = 16f2(2) (Ck,ah®/al + t)/f3 1uin- This yields
< 1 Ci.oh®
>X) ) sz(Z) fZ(Z)’ men( al ”))

fz(Z)X
+IP(‘ Z S”(Z)‘ 401 + /\(z)))

1<i,j<n

IP()TI,2|Z=Z —T1,2|1Z-z

By setting

(Gt SO ) (1, 1660 (Cual ),

T 2(2) a! 2nhp al

and applying the next two lemmas 13 and 14, we get the result. [

fZ,min
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Lemma 13. Under Assumptions 3.1-3.3 and if Cg oh®/a! + t < fz min/2 for some t > 0,

1 CK,aha < nh? t?
]P(‘f 2(2) (z)‘ me,,.( ol ”)>‘zeXI’('2fz,maxf1<2+(z/3)c,(t)’

and fz(z) is strictly positive on these events.

Proof : Applying the mean value inequality to the function x ~— 1/x?, we get the inequality |1/ f2()-1/f; (z)| <
2]fz(z) - fz(2)|/ f,>, where f; lies between fz(z) and f;(z). Denote by & the event & := {|fz(z) - f2(2)] <
Ck,«h®/a! + t}. By Lemma 12, we obtain
nhPt?
PE)=21-2 - . 18
(€)= eXp( 2fz.max | K2 +(2/3)CKt> (18)

< fz.min/2. Moreover, we have fz ,in < fz(2) using Assumption 3.3
and then fz min/2 < fz*. Combining the previous inequalities, we finally get

()

11
f2z f7@|

|fz(Z) f2(2)| <

fZ min fZ min

on &. But since

IP(‘A%tz) fztz)' o (et ”))“P(EC)’

Z min

we deduce the result. [

Lemma 14. Under Assumptions 3.1-3.4, if C k’zhz < fz(z), we have forany t > 0

Cxz,h®  3fu(2) [ K? . (n-1)h?Pt?
P(| 3 su@]> ST ) ‘ze"p<'4f§,m(f o7 )

1<i,j<n

nhP (fa(z) - Cfmhz)2 )

+ 2exp ( - =
8fZ,max sz + 4Cf((fz(Z) - Cf(’zhz)/3

Proof : We will use the decomposition of lei’jgn S; j(z) given in Equation (15) and bound separately each of
its three components with high probability.

We first bound the negligible diagonal term A,. Note that K@) = K3(")/ f K? is a two-order kernel, so that
f2(z) := S-I, Ky(Z; - 2)/n can be used as an estimator of fz(z), where Kj(-) := h™P K(-/h). Therefore, applying
Lemma 12 to f, we have for £ > 0 such that Cf(,zhz/z +e=fu(2)/2,

J 3fz<z>f1<2) ) (‘ LS iK WECILS

2nhp n2hp nhp

2 Cf(zhz
(L) (4" )

. - _h?
< IP(}fz(z) @) 2 +e)

nhPe?
< 2¢exp (‘ - > 19)
sz,max fKZ + (2/3)C1~<€

Second, let us deal with the bias term. Simple calculations provide, if i # j,
]E[Si’j(Z)] = n_ZIE {Kh(Z, - z)Kh(Z, - Z) (]]_{Xi < X]} - ]P(Xl < X]|Zl = Z) = Z)):|
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312 — Alexis Derumigny and Jean-David Fermanian DE GRUYTER

=n72 / Ky (z, - 2)Ky,(z, - z)(]l{xl <x}-IP(X; < X,-|Z,- =Z= z))
R2p+2
x fx z(X1, 21) fx z(X2, 22) dx; dz, dx; dz,
=n72 / K(u)K(v)(]l{xl <x} -IP(X; < Xj]Zi =Z= z))
R2p+2
x (fx,z (xl, z+ hu) fx.z (Xz, z+ hV) - fxz(X1,2) fx z(%2, Z)) dx; dudx; dv,
because, for every z,
0= / (1{X1 <X} -P(X1 <X3|Z1 =Z; = Z)) fx,z(X1, 2)fx,2(X2, 2) dX; dX;.
RA
Apply the Taylor-Lagrange formula to the function ¢x, x,,uv(t) := fx,z(X1, Z+ thu) fx 7 (X,, z + thv) which is
differentiable by Assumption 3.4. This yields

E[S;(2)] = n~2 /K(u)K(v)(]l{x1 <X} -P(X; <X}|Zi = Z; - 2))

a-1
1 1
(X a0+ 0 sl 0 ) s du i
k=1 )

K(u)K
= / % (Jl{xl <X} -P(X; < Xj|Z; = Z; = z)) q')gfi),xbu,v(txl,XZ,u,v)dxl dudx; dv.

Since ¢, u.v(0) is equal to
a p k a-k
a M 0 fx,z 0" fx,z
Z <k> ' Z h i ooougvi, v, oz, ...07, (xl,z+ thu) 5z, ... oz (xz,z+thv),
51
using Assumption 3.4, we get
|E[S1,2(2)]| < Cxz,ch®/(n*al). (20)
Third, the stochastic component will be bounded from above. Indeed,
1
Z (Si,j(z) - E[S; ;(2)]) = w2 Z 8z((Xi, Z), (X;,Z)),
1<i#jsn 1<i#js<n

with the function gz defined in (9). We can now apply Lemma 11 to the sum of the §; ;, which are symmetrized
versions of gz. With this notation, 6 = E[g; ;] = 0. Moreover,

‘Var{gz (X, Z), (X;, Zﬂ)}

2
< /Kﬁ(z1 - DKz - D) (1{x1 <X} - P(X; < X}|Zi = Z; - 2) )

x fx 2(X1, 21)fx,z(X2, Z,) dX; dXx;, dz; dz,

/ K%(t))K(ty)

h2p

1 f ([ 1),

where in the last line we used Assumptions 3.1(b) and 3.3. The same upper bound applies for §; ; (invoke
Cauchy-Schwarz inequality). Here, we choose b = —a = 2Cxh ?P. Applying Lemma 11, for every t > 0, we

obtain
2 ”
2t> SIP(m E gi,j>t>

1<i<jsn

. ~ [n/2]¢
< 2exp ( 2R, (K2 + (4/3)%’1_%). (21)

<

fx,z(X1,Z - hty)fx z(X2, 2 — hty) dx; dx, dt; dt,

P(‘}j(&ﬁ@—EBu@m

1<i#j<n

The latter inequality, (19) and (20) yield the result. O
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DE GRUYTER On kernel-based estimation of conditional Kendall’s tau =— 313

A.5 Proof of Proposition 4

We will prove the following lemma, that straightforwardly implies the result.

Lemma 15. Under the assumptions and conditions of Proposition 4, we have

IP() > Si,j(z)’ > sza,[,!,h“ + 3fa(z) [ K* +t)

- 2nhp
1<i,j<n
» nh? (f(z) - C» ,h?%)?
< Czexp(_%tz)+2exp(- ~2(fZ() L 2 >
8fZ,max(fK ) 8fZ,mafo + 4C1"<(fZ(z) - Ci(,zh )/3
+ 2exp ( nht’ )
32 [ K2([ |KD2fF max + 8Cx [ |K|fz.maxt/3 )"

Proof : As in the proof of Lemma 14, we will use the decomposition of lei,jgn S; j(z) given in Equation (15)
and bound separately each of its three components with high probability. We keep the same bounds for the
diagonal term A, from Equation (19) and for the bias term in Equation (20). The difference from Lemma 14
will come from the treatment of the stochastic term that is detailed below.

Now, we consider the function ¢, defined in Equation (13). Note that ||/z|| < 1. By usual changes of variables,
we get
/f%(xl, 21, X2, Z)) fx,z(X1, 21)fx,z(X2, 22) dx, dx; dz, dz;

( Bfamad)? | 3p [ Kfamax([ Kifzmax)® _

< 3n% < 0%, with
- 4C2)? “C2)? 7w

O := hpCa, Cg = /I<2fz,max/(zc%<)a (22)

because 6h” [ K?fz,max([ |K|fz.max)* < (f K*fz.max)* and because of Assumptions 3.1(b) and 3.3. With the
notations of [26], this implies D = 1, m = 1 and L is arbitrarily small. Therefore, Theorem 2 in [26] yields

1 arXx
P(M)%:zz(xi,zi,xj,zj)‘ >x> sCzexp(—T>, (23)
i#

for some universal constants C, and a, when x < no>. By setting t/2 = 4C%x/(nh*?) and applying Lemma 11,
this provides
1 1o
> t) < IP(F‘ Z {i]-‘ > t/Z) +]P(‘E.Z§i > t/4>
1<i#jsn i=1

< (Cyexp (— 7a2nthp ) + 2 exp ( nh?t’ )
- 8fz.max([ K?) 32 [ K2([ [KD*f3 pyax + 8/3Ck [ [K\fzmaxt )’

1p<| > (5@ -ElSi @)

l<i#j<n

when t < 2hP([ K*)*f3 . 4./ C%. Combining this inequality, (19) and (20) with the decomposition (15) conclude
the proof. O

A.6 Proof of Proposition 6

For k = 1, we follow the path of the proof of Proposition 4 (of Section A.5). Since %;,7-, -
Tiojz-2 = 4 lei’jgn S @)/ fzz(z) (by Equation 14), we prove the result if we bound from above 1 /fzz(z) and
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| D 1sijen S;,j(z)| uniformly w.r.t. z € Z. To be specific, for any positive constant u < 1, if [f2(2)-fz(2)| < Ufz.mins
then 1/f7(2) < f;2,n(1 - 1) 2. We deduce
IP<SUP |T1,212-2 — T1,2)2-2| > X) S IP(Hfz —fzlles > Ilfz,min) + P(% sup‘ > Si,j(z)’ > X)-
ze fZ,min(1 -W

zeZ 1<i,jsn

First invoke the uniform exponential inequality, as stated in [35], Proposition 9: for every & <
bK szfZ,max/CKy

N Cx7 +h® . .
(1~ fal > e+ 2 ) < B (1 - Blfle > €) < Licexp (- Crant?’e?) @)
for n sufficiently large. Then, apply Lemma 16, by setting (x, €) so that
~ 4 Cxz.ah®  3fzmax [ K Cxz,ah®
Rz eE: ( TR Y t) and € + —a - MUfzmin. O

Lemma 16. Under the assumptions and conditions of Proposition 6, we have

CXZ ah®  3fz,max sz ( a;nth? >
P| su S; i(z) + == +t]| <CDexp| - ———xr
(zeg ‘ 1<IZJ<H v ‘ 2nh? 2 P 8fZ,max(f KZ)

C; gnh? (fz,max - CXZ 2h2)2 Azrlhpl'2 CH A,nhPt
+ L~exp(_ f.K , >+2exp<— K >+2exp<— 2 )
K 4 162A%fK2fz3’maX(f |K|)? 16C%<A1

Proof : We will use the same arguments as in the proofs of Lemmas 14 and 15. We still invoke the decomposi-
tion (15). First let us find a uniform bound for the “diagonal term” An(z) = "L, S;i(z) = [K 2f,(z)/(nhP). As
in (24), for every € < bg [ K*fz,max/ Cg»

, Cxz.2h?
1P<||fz-fz\|oo>€+ Xziz >5Lkexp(—cf’knhpez),

for n sufficiently large. This implies

(Suv\f ZK -2 2L

2pp nhp?

K? Cxz,2h?
) ({lhp ) (S+ X222>> <Lpexp (- ij(nhpsz).

Choose ¢ s.t. sz,zhz/z + & = fz,max/2 so that we have the bound

IP(sup |An(2)| = 3fz,max /Kz/(Znhp)> <Lgexp (- C; knhpez). (25)
zeZ ’
Second, it is easy to see that the bias term is uniformly bounded by
sug |E[S1,2()]| < Cxz,ch"/(nal). (26)
VAS

Third, we bound the two components of the stochastic term given by (17). Now apply Theorem 1 in [26],
by recalling (13) and considering the family F := {Ez, zZ c Z}, for a fixed bandwidth h. The constant o

has the same value as in (22). It is easy to check that the latter class of functions is L? dense (see [26]). Set
€ € (0, 1). Since K is Ag-Lipschitz by Assumption 3.5, every function ¢; € F can be approximated in L? by
a function ¢z, € J, forsome j € {1,..., m} s.t. f |0z — Ezi|2dv < g2, for any probability measure v. Indeed,
[ 1z - tz]*dv < 64A%||z - 2j|| & Cxh™? that is less than &, if we cover 2 by a grid of m points (z;) in Z s.t.
|z - Zj||eo < €h/(8CkAg) := €6. This can be done with m < e P[T[P_| ((by - ax)/6)] = € P[V67P] points. Then,
with the notations of [26], L = p and D = V(8 CxAg/h)P. As above, this yields

1 . X X . _ aznhpt 2
Ip(ilelgnz’ Z €Z(X15Z1’X]’Z]))‘ > t) S CZDeXp( SfZ,maX /K >’ (27)

1<i#j<n
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DE GRUYTER On kernel-based estimation of conditional Kendall’'s tau =— 315

when t < 20 ([ K*)*fZ nax/ Ci-

It remains to bound IP(sup, 2 |n~1 >-%, 8| > t/4). Consider the family of functions

p
Fi={(x1,21) eRxZ > %E[gz(xh z1,X,Z)], z€ 2}.
K

This family of functions is bounded by one and its variance is less than 0% = hP f K? f{max( f |K |) 2 There-
fore, using Assumption 3.5, we can apply Propositions 9 and 10 in [12] that are coming from [11]: for some
universal constants A, and A,, some constant Ag that depends on K and fz,max (see Proposition 1in [11]) and
for every x > 0,

P h?
sup —»
zeZ 4(‘%

that can be rewritten as
1 n

P(sup~| > &
(= 2]3

i-1
For any positive ¢ s.t. 441 Cx(n-1)Az0 In(1/0) < n3/2hPt/8, note that we can find areal x > th? /(16C%A1).
Then, we have

IP<sup (n _21)
2eZ N

n

> E[g2(X;, Zi, X, Z)|X;, Zi]

i=1

A2X2
2

>Aq(x+ Agnl/zoln(l/o))) <2exp ( - ) + 2e_A2X,

Az0 _ A,nh?Px?
> 4A,C% <x - nl/izhp 1n(0))> < 2exp ( - %) + 2 exp(—-A,nhPx).

n
> &

i=1

t AnhP 2 A;nhPt
>— | <2ex - +2ex - . 28
4) p( 16242 [ K2f3 max(J K| P\ " 1ec2a, ©28)

The proof is completed by combining all the inequalities (25), (26), (27) and (28) with the decomposi-
tions (15) and (17). O

A.7 Proof of Proposition 7

Note that 74 5z, = E[gr(X1, X2)|Z1 = z,Z, = z] for every k = 1,2, 3, and that our estimators with the

weights (2) can be written as %(1’5)2\Z=z = Un(gy) / {Un(1) + €n}, where
Un(g) = 1 Z (X, X.)Kh(z_zi)Kh(z_Zj) 1 Z B
" - 2 SV TR, -DP T an-1) 2o S0
1<i#j<n 1<i#jsn
for any measurable bounded function g, with the residual diagonal term e, := >, Ki(z - Z)/{n(n -

1)E[K}(z — Z)]*}. By Bochner’s lemma (see Bosq and Lecoutre [5]), €n is Op((nh?)™1), and it will be negli-

gible compared to Un(1). Since the reasoning will be exactly the same for every estimator T(lk)2|z, i.e. for every

function gy, k = 1, 2, 3, we omit the sub-index k. Then, the functions g; will be simply denoted by g.
The expectation of our U-statistics is
E[Un(g)] := E[g(X1, X2)Kn(z ~ Z1)Kn(z ~ Z2)] [E[Kn(z - Z)1*

= /g(xl, X)K(t)K(t)fx z(X1, Z + hty)fx z(X;, Z + hty)dx, dx; dt, dt, [E[K,(z - Al
% /g(Xth)fx,z(Xh 2)fx,z(X2, Z)dx,dx,; = E[g(X1,X)|Zy = 2, Z, = 2],

applying Bochner’s lemma to z — [ g(X1, X2)fx|z-2(X1)fx|z-2(X2) dX1 dX; = 71 ;7-5, that is a continuous
function by assumption.
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316 —— Alexis Derumigny and Jean-David Fermanian DE GRUYTER

Set On := E[Un(g)l, 8" (x1,%2) := (g(x1,%X;) + g(X2,%1))/2 and g;; = (g;; + g;,1)/2 for every (i, )),
i # j. Note that Un(g) = Un(g"). Since g* is symmetrical, the HAajek projection Un(g") of Un(g") satisfies
Un(g") := 230, Elgo,;1Xj» Zjl/n — 6n. Note that E[Un(g")] = 6n = Ty,2)z-z + 0p(1). Since Var(Ua(g") =
4Var(IE[g6’j|X]-, Z))/n = O((nhP)™), then Un(g") = On + 0p(1) = Ty 272 + 0p(1).

Moreover, using the notation g; ; := g;’j - E[g;’j|Xj, Z] - E[g;’j|X,~, Z;]+6pforl <i#j < n, wehave
Un(g") - Un(g") = lei#sn g, /n(n - 1). By usual U-statistics calculations, it can be easily checked that

* ~ * 1 _ 1
Var(Un(g )— Un(g )) = m Z Z E[gil,jlgiz,jz] = O(m)

1<i;#j1<n 1<ix#ja<n

Indeed, when all indices (i, i»,j1,j,) are different, or when there is a single identity among them,
E[gilyjlgibiz] is zero. The first nonzero terms arise when there are two identities among the indices, i.e. i; = i,
and j; = jo (ori; = j, and j; = i,). In the latter case, we get an upper bound as O((nh”)~2) when f7 is contin-
uous at z, by usual changes of variable techniques and Bochner’s Lemma. Then, Uy,(g") = Un(g") + 0p(1) =
T1,2)z-z + 0p(1). Note that Un(1) + €n tends to one in probability (Bochner’s lemma). As a consequence,
71202~z = Un(g") / (Un(1) + €n) tends to T1,2|z-2/ 1 by the continuous mapping theorem. [J

A.8 Proof of Proposition 8

Let us note that

$i(2)
fi(@)’

T122-2 = E[gx(X1, X)) |Z1 = 2,Z, = 2] = /gk(XI,XZ)fX|Z=z(X1)fX\Z=z(X2)dX1dxz =

where ¢(2) := [ g (X1, X)fx z(X1, 2)fx z(X2, Z)dX1 dX,. Also write fgk}m:Z = ¢(2)/f3(2), where ¢y (z) :=
n 2 Y1 Kn(Zi - DK (Z; - 2)gi(X;, X;) and f(z) := n™' 31| Ky(Z; - 2). Therefore, we have

%(1]f)2|Z:z - Ty (22 = ¢k(zf)zz_(z(§)k(z) _ T1,2|ZZfZ(Z;ZZ_(Z];Z(Z) N (fz(z) +fz(Z))-

By usual uniform consistency results (see for example Bosq and Lecoutre [5]), sup, 2 }fz(z) - fz(z)\ -0
almost surely, as n — oo. We deduce that

min f7(z) > f7 min/2, andmax |fz(z) + fz(z)| < 2max fz(z) as.
zeZ zeZ zeZ

This means it is sufficient to prove the uniform strong consistency of (2) « 0n Z, to obtain that sup, 2 ]%(1")2 Z2"

(k)

T1,2|Z=z

| tends to zero a.s.

Note that, by Bochner’s Lemma, sup, o |E[<2>k(z)] - ¢i(z)] — 0. Then, it remains to show that

sup,., ]ci)k(z) - E[&)k(z)]| — 0 almost surely. Let pn > 0 be such that we cover Z by the union of I, open
balls B(t;, pn), where ty, ..., t; € R? and I, € N". Then

sup |¢x(2) - El¢i(@)]| < sup |Pu(t) - Elpr(t)]] + An,
2eZ I=1,...1,

where Ap :=Sup;_y ;. SUPzcB(t,,p,) (fbk(z) - J)k(tl) - (E[(fbk(z)] - ]E[(fbk(tl)])\. Foranyindex! € {1,...,1n} and
any z € B(t;, pn), a first-order expansion yields

|bi(@) - di(ty) - (Eli ()] - Eli(t))])|

—_ X, Xi)Ky(z - Z;))Kp(z - Z;
n(n—l) 1Siz:ﬁ'sngk( 19 ]) h(z 1) h(z ])
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DE GRUYTER On kernel-based estimation of conditional Kendall’s tau =— 317

1

" naln-1) Z gx(Xi, X)Kp(t - Z)Ky(t, - Z))

1<i#j<n

- (E [81(X1, X2)K(z - Z1)Ky(z - Z5)] - E[g4(X;, XKyt — Z)Ky(t; - Z))] ) ‘

Crip,x 1
= hz;il \Z—tl\(]Eng(Xth)l] M Z \gk(xi,xi)o

l<i#j<n
P
- 0<hTf+1> = o(V),

for some constant Cp;, x and by choosing pn = o(hf,p 1, Actually, we can cover Z in such a way that I, =
o(h,? @p +1)). This is always possible because Z is a bounded set in R. The previous upper bound is uniform
w.r.t. land z € B(t;, pn), proving A, = o(1) everywhere.

Now, for every [ < I, apply Equation (21) for every z = t;. For any t > 0, this yields

1 0) ) . Conh2P 2
1P<n(n-1)‘§jg (%1, 29, (X;, 2)) - E[s" (X1, Z0), (X, 2,)) || > t) sexp (-2 ):

for some positive constants Cg, C1, C;, by setting
gV (X4, Z), (X}, Z)) := g(Xi, X)Kn(ty - Z)Kp(t; - Z;).
Therefore, we deduce

2p 2
4 g -p(2p+1) _ Conhyt
P (1_511’1'% |pr(t) - Eli(ty)]] 2 f) < C4hy, exp ( Cot Cot )

for some constant Cy. Finally, applying Borel-Cantelli lemma, sup, o ‘(i)k(z) - ]E[(;Z)k(z)]| tends to zero a.s.,
proving the result. (]

A.9 Proof of Proposition 9

By Markov’s inequality, Z?:l w?’n(z) = 0p((nhP)™1) for any z, that tends to zero. Then, by Slutsky’s theorem,

2 (k)

we get an asymptotic equivalence between the limiting laws of any 7 k = 1, 2, 3, and of their linearly

1,2|z°
transformed versions 7, |,. Thus, we will prove the asymptotic normality of %(1")2‘2
simply denoted by 7 ;.

forsomeindexk =1, 2, 3,

Let g" (X1, X2) := (g (X1, X2) + gx(X2, X1))/2 for some index k = 1, 2, 3 (that will be implicit in the proof).
We now study the joint behavior of (7 5 72 ~ T4, 2|Z=z;)i:1 ..... - We will extend Stute [38]’s approach, in the
case of multivariate conditioning variable z and studying the joint distribution of U-statistics at several con-
ditioning points. As in the proof of Proposition 7, the estimator with the weights given by (2) can be rewritten
as Ty z-z = Un,i(g") / (Uy,i(1) + €n,5), where

n

1
! Juj2=1,j1#j2

for any bounded measurable function g : R* — R.
Now, we prove the joint asymptotic normality of (Un,,-(g)) i1 - The HAajek projection f]n,i(g) of Uy i(g)
satisfies Uy, ;(g) := 2 Z;’;l gn,i(Xj, Zj)/n — 6n, where 0y := E[U, ;(g)] (see [37, Section 5.3.1]) and

gni(x, 2) = K(z{ - DE[g(X, X)Ky(z] - Z)] | E[Kn(z; - 2))*.
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318 —— Alexis Derumigny and Jean-David Fermanian DE GRUYTER

Lemma 17. Under the assumptions of Proposition 9, for any measurable bounded function g,

(k)2 (00,i(8) ~E[Uni®)]) | - NO, Mw(g)), asn — oo,

i=1,..., n

where, for1<i,j<n,

4 [ K1z

[chg)]l,] = fz(z/)

8 (X1, X)8 (X2, X)fxz-2 (X)fx |22/ (X1)fx |22 (X2) dX dX1 dX;.

This lemma is proved in A.10. Similarly as in the proof of Lemma 2.2 in Stute [38], foreveryi=1,...,n  and
every bounded symmetrical measurable function g, we have (nh?)!/2 Var[fln,i(g) - U,,,i(g)] = 0(1), which
implies

(k)2 (U (@)~ E[Uni@)]) 25 N(O, Ml8)), asn — o.

i=1,...,n

Considering two measurable bounded functions g; and g,, we have U, ;(c181 + c282) = c1Up,i(g1) +
c,Uy,i(g,) for every numbers ¢y, c;. By the CramAlr-Wold device, we check that

i=1,..., n \ - 7 /i=1,.., n

D Mw(g1)  Mw(81,82)
- (O’ [Mm(gl,gz) Mo (g2) D ’

(o) ((Unster) - E (U 81

as n — oo, where

4 [ K*Ligpy

[Mos(g1,82))ij = @)

81(X1, X)82 (X2, X)fx|z-2) (®)fx |72 (X1 )fx |22 (X2)dX dX1 dX5.

.....

%1,2|Z:zlg) = Op((nhﬁ)l/ 2ep,i) is 0p(1) by Assumption 3.6(i), it is sufficient to establish the asymptotic law
of (nhk)'/? (1,212 ~ T1,2jz=z;)- BY @ limited expansion of fx z w.r.t. its second argument, and under As-
sumption 3.4, we easily check that E [Un,,-(g*)] =T1,212-2 *+ Tn,is where |r,, ;| < Coh&t/f7(z}), for some constant
Co that is independent of i. Since E[U,, ;(1)] = 1 + o((nh?)"'/?) and E[U, ;(g")] = T1ojz2 + o((nh?)112) ny
Assumption 3.6(i), we get

(nhp)1/2<(Un,i(g*)_T1,2\Z=zlf)i:1 ,,,,, n,’(Un,i(l)‘l),-:1 n,)

.....

L2.n(o Me(8")  Mw(s', 1) asn — oo
T Me(g, 1) Mo(1) | )] '

Now apply the Delta-method with the function p(x, y) := x/y where x and y are real-valued vectors of size n’
and the division has to be understood component-wise. The Jacobian of p is given by the n’ x 2n’ matrix

]p(X,Y) = [Diag(YIly"'yz’l) s Diag(_xl)/Iz""_Xn/y;l’z)} ’

where, for any vector v of size n’, Diag(v) is the diagonal matrix whose diagonal elements are the v;, with

i=1,...,n. Wededuce (nh?)!/2 (TLZ‘Z:Z{ - TLZ‘Z:Z{) Dy N(0, H), asn — oo, setting
i i) = ’

1,..., n

Mm(g*) Mm(g*’ 1)

H :=Jo(7, e) {Mm(g*, D M)

:| ]p(fy e)T,
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DE GRUYTER On kernel-based estimation of conditional Kendall’s tau =— 319

where T = (T 1 2|Z:zf) and e is the vector of size n’ whose all components are equal to 1. Thus, we have
A ) e

Jo(T,€) = [Id,,/ , —Diag(?)} , denoting by Id, the identity matrix of size n’ and by Diag(7) the diagonal matrix
of size n’ whose diagonal elements are the T1,2|z)» fori=1,...,n’. To be specific, we get

H = Mwo(g") - Diag(t)Me(g", 1) - Mw(g", 1)Diag(?) + Diag(f)Mw(1)Diag(%).

Fori,jin {1,..., n’'} and using the symmetry of the function g*, we obtain

[Mea(g)];j = 4 / K115 Elg" (X1, X)g" (X2, X)|Z = Z1 = Z, = 2i)/fo(2)),

[Diag(DMee(g”, Dlij = 471 222 /Kz]l{z;:z;}]E[g*(Xh X)|Z = Z, = z])/f2(2))
= 4 / K115y 71 5j2- /f2(2) = [Mo(8”, 1)Diag(?)];; = [Diag(T)Mee(1)Diag()]; ;.

As a consequence, we obtain

4 [K*1 (=2}

Hlij =~ @

(Elg' X1, X)g" (X2, X)|Z = 21 =2 = 2] - 72 ). O

A.10 Proof of Lemma 17

Let us first evaluate the variance-covariance matrix M, , := [Cov(f]n,,-,Un’i)]ls,-,jsnl. Note that
E [gn,i(X}, Z;)| = E[Up,i| = E[Un,i(g)], and that

2 n
((nhp)l/z(f]n,i - E[Un,i(g)]))l_:l ” Znh;; (gn 1(X)’ Z; ) E[U, 1(g)])

..... i1

that is a sum of independent vectors. Thus, Cov(U, ;, Un,)-) = lm‘lCov(gn,i(X, Z),gn;(X, Z)), for every i, j
in{1,...,n'},and

E [gn,i(x, 2)g, (X, Z)]

/Kh @ - DK@ - z)E [8(X, X)Ky(z] - Z)|E [g(X, X)K),(z} - Z)]

E[Kn(z; - Z)]*E[Ky (2] - 2))2

fx,z(X, z)dx dz

(%1, X)g (X2, X)Kp(2z; - 2)Kp (2} - 2)Kpy(2i — W1)Kp (2} — W)

hPfZZ(Z’)fZZ( z;) /

fx,z(%, Z)fx z2(X1, W1)fx z(X2, Wy)dx dz dx, dw; dx; sz

X

/

(%1, %)g (%2, K (U)K (u) KwK( ' B Wk 2(x, 7, hu)

hPfZZ(Z’)fZZ(Z’) /

x  fxz(X1,zi - huy)fy z(x2, zj - huy)dx du dx; du, dx; du,.

When i # j and for n sufficiently large, the latter term is zero because K is compactly supported (As-
sumption 3.6(ii)). In this case, we have Cov(U, ;, U, ;) = —4n *E[U,|E[U, ;] ~ -4n 11, 202-2/T1,2(2-2) =
, 111,2|Z=z]

o((nhP)™!). Otherwise, i = j and, as E[g,,,,-(xl, Zl)} = 0(1), we have
2 1 2 /
Var((gn,i(X, 7)) ) ~ WR@) / g(x1, X)g (X2, X)K (g )K(u)K* (w)fx z(X, Z; - hu)
x fx.z(X1, Z} - huy)fx z(X2, Z; — huy) dx du dx; du; dx, du,
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320 —— Alexis Derumigny and Jean-David Fermanian DE GRUYTER

LS
~ hofyE) /§(le X)8 (X2, X)fx|z-2 (X)fx 22 (X1)fx 22 (X2) dX dX1 dX,

by Bochner’s lemma and 3.1. We have proved that, for every i,j € {1,...,n},

4 KL g
f2(z)

as n — oo. Therefore, nh? M, ,» tends to M.

nh? [My,wlij — 8(x1, X)g (X2, X)fx|z-2 ®)fx |22/ (X1)fx |22 (%2) dX dX1 dX,

We now verify Lyapunov’s condition with third-order moments, so that the usual multivariate central
limit theorem would apply. It is then sufficient to show that

hp/2
(n1/2

) S E[ g%, 2) - ElU (@] = o). 29)
i1
Foranyj=1,...,n, we have
E[lgn (X, Z) - ElUpi()][]
~ / ‘]% /g(X1, X)Kp(z; - 21)Kp(2zi - 2)fx z2(X1, 21)dx, dz1 - E[Uy (g)] ‘fo,z(x, 7)dx dz.
J 17z

By the change of variable z; = z} - ht; and z = z; - ht, we get

1
f37(z))

3
- WE[Uyi()]| frz(x, 7~ hjdxdt = O(h™),

2605, 2) = BN ~ 1 [ | 505 [ s, 0K 0K Of 21,7 - i) dt

because of Bochner’s lemma and Assumptions 3.1 and 3.4. Therefore, we have obtained

/2
(5

mf > E[[gni(X;.Z) - ElU()]| = 0P nnh ) = 0((nh?) ) = o(1),
j=1

applying Assumption 3.6(i). Therefore, we have checked Lyapunov’s condition and the result follows. [J
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