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We consider a two-node queue modeled as a two-dimensional random walk. In particular,
we consider the case that one or both queues have finite buffers. We develop an approxi-
mation scheme based on the Markov reward approach to error bounds in order to bound
performance measures of such random walks. The approximation scheme is developed in
terms of a perturbed random walk in which the transitions along the boundaries are differ-
ent from those in the original model and the invariant measure of the perturbed random
walk is of product-form. We then apply this approximation scheme to a tandem queue
and some variants of this model, for the case that both buffers are finite. The modified
approximation scheme and the corresponding applications for a two-node queueing system
in which only one of the buffers has finite capacity have also been discussed.

Keywords: error bounds, finite state space, performance measure, product-form, random walk,
two-node queue

1. INTRODUCTION

Van Dijk and Lamond [41] pioneered in developing error bounds for the throughput in
a tandem queue using the product-form modifications and a Markov reward approach.
The method has since been further developed by van Dijk [39] and van Dijk and Puter-
man [43] and has been applied to, for instance, Erlang loss networks [11], to networks with
breakdowns [38], to queueing networks with non-exponential service [42], and to wireless
communication networks with network coding [18]. An extensive description and overview
of various applications of this method can be found in van Dijk [40]. A disadvantage of
the error bound method mentioned above is that the verification steps that are required
to apply the method can be technically quite complicated. Goseling, Boucherie, and van
Ommeren [19] developed a general verification technique for the two-node queue, i.e., for
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2 Y. Chen et al.

random walks in the quarter-plane. This verification technique is based on formulating the
application of the error bounds method as solving a linear program. In doing so, it avoids
completely the induction proof required in van Dijk and Puterman [43].

It is of interest to extend and generalize the method of Goseling et al. [19] to more gen-
eral queueing networks, for instance, with more than two nodes, with finite buffers at some
of the nodes, and with overflow behavior. For these networks, currently no methods exist
by which we can analyze them. The current work provides the necessary intermediate step
in building up our approach from the first ideas in Goseling et al. [19] toward a completely
general method.

The main contribution of the current work is to provide an approximation scheme
which can be readily applied to approximate performance measures for any two-node queue
in which one or both queues have finite buffer capacity. The essential difference between our
work and Goseling et al. [19] can be summarized as follows. In Goseling et al. [19] a linear
program is constructed in which some of parameters are derived from the structure of the
network. More precisely, these parameters are derived by hand in Goseling et al. [19]. In the
current work, since we consider finite buffers, we have a state space with more boundaries
and, therefore, a more complicated structure. The most important part of our generalization
of Goseling et al. [19] consists of deriving the parameters of the linear program by means
of a second linear program. In addition, we demonstrate how both linear programs can
be obtained in a methodological way using a mathematical programming language. We
emphasize that the methods that are developed in this paper do not rely on the fact that
the underlying state-space is two-dimensional. Therefore, it seems feasible, but part of future
work, that our method can be further generalized to queueing networks with more than two
nodes.

The two-node queue itself, has been extensively studied. In Section 7 we provide a
comparison between our work and existing methods.

The remainder of this paper is organized as follows. In Section 2, we present the model
and formulate the research problem. In Section 3, we provide an approximation scheme to
bound performance measures for any two-node queue with finite buffers at both queues. We
bound performance measures for a tandem queue with finite buffers and some variants of this
model in Section 4. In Section 5, we extend the approximation scheme to any two-node queue
with finite buffers at only one queue. In Section 6, this extended approximation scheme has
been applied to a coupled-queue with finite buffers at only one queue. In Section 7, we
compare our method with the existing methods. Finally, we provide concluding remarks in
Section 8.

2. TWO-NODE QUEUE WITH FINITE BUFFERS AT BOTH QUEUES
2.1. Two-node queue with finite buffers at both queues

The two-node queue with finite buffers at both queues is a queueing system with two servers,
each of them having finite storage capacity. If a job arrives at a server which does not have
any more storage capacity, then the job is lost. In general, the two queues influence each
other, i.e., the service rate at one of the queues depends on the number of jobs at the
other.

Such a queueing system is naturally modeled as a two-dimensional finite random walk,
which we introduce next. The connection between the continuous-time queueing system
and the discrete-time random walk, obtained through uniformization, is made explicit for
various examples in Sections 4 and 6.
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FI1GURE 1. C-partition of S with components C,Cs, ..., Cy.

2.2. Two-dimensional finite random walk on both axis

We consider a two-dimensional random walk R on S where
S = {O,l,?,...,Ll} X {0,1,2,...,L2}.

We use a pair of coordinates to represent a state, i.e., for n € S, n = (4, 7). The state space
is naturally partitioned in the following components (see Figure 1):

Cr=1{1,2,3,...,Li — 1} x {0}, Co={0} x{1,2,3,..., Ly — 1},
Cy={1,2,3,. .. L1 — 1} x {Lo}, Cy—={Li} x {1,2,3,..., Lo — 1},
Cs ={(0,0)}, Cs={(0,L2)}, Cr={(L1,L2)}, Cs={(L1,0)},
Co=1{1,2,3,....,01 — 1} x {1,2,3,..., Ly — 1}.

We refer to this partition as the C-partition. The index of the component from the C-
partition of state n € S is denoted by k(n), i.e., n € Cy(n). Take for instance, C5 = (0,0).
Then the index of (0,0) is 5, hence, £((0,0)) = 5, i.e., (0,0) € Cs.

Transitions for the states from S are restricted to the neighboring points (horizontally,
vertically, and diagonally). The transition from a component of the C-partition to another
component from the C-partition also has this restriction. For instance, let us consider Cj.
The neighbors, N5, is the product set {0,1} x {0, 1}, which denotes the coordinates of the
transitions, either horizontally or vertically. For k = 1,2,...,9, we denote by N} the neigh-
bors of a state in Cj. More precisely, Ny ={-1,0,1} x {0,1}, Ny ={0,1} x {-1,0,1},
N3 ={-1,0,1} x {~1,0}, Ny ={—1,0} x {~1,0,1}, N5 ={0,1} x {0,1}, Ng = {0,1} x
{~1,0}, Ny = {~1,0} x {—~1,0}, Ng = {—1,0} x {1,0}, and Ng = {—1,0,1} x {~1,0,1}.
Also, let N = Npg.

Let py, ., denote the transition probability from state n in component Cj, to n + u, where
u € Nj. For Cs, we now have py,,, from state n = (0,0) in component Cj, where k =5, to
(0,0) + u, where u € Ny. This means u could be (0,0), (0,1),(1,0), and (1, 1). For instance,
Ps5,(1,0) 18 the transition probability from state (0,0) in component Cs to (0,0) + (1,0), i.e.,
(1,0), transition to the right. The transition diagram of a two-dimensional finite random
walk can be found in Figure 2. The transitions from a state to itself are omitted. The system
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1
Pe,(1,0) P3,(—1,0) P3,(1,0) P7,(-1,0)
Ly
Pe,(0,—1) P7,(0,-1)
¥
Pe6,(1,—1) P3,(—=1,-1) P3,(0,-1) P3,(1,—-1) P7,(=1,-1)
P2,(1,1) Po,(—1,1) Po,(0,1) Po,(1,1) Pa,(—1,1)
1 P4,(0,1)
P2,(0,1)
P2,(1,0) P4,(—-1,0)
P9,(—1,0) DP9, (1,0)
P2,(0,—1)
A 4
P2,(1,-1) P9, (—1,-1) Po,(0,-1) Po,(1,-1) P4,(—1,-1) P4,(0,-1)
Ps,(1,1) P1,(-1,1) P1,(0,1) P1,(1,1) P8, (—1,1)
AN
P8, (0,1)
P5,(0,1)
I p) I p)
? < ? <
Ps5,(1,0) P1,(—1,0) P1,(1,0) P8,(—1,0) L1 —1

FIGURE 2. Two-dimensional finite random walk on S. The transitions from a state to itself
are omitted.

is homogeneous in the sense that the transition probabilities (incoming and outgoing) are
translation invariant in each of the components, i.e.,

Ph(n—u)u = Pk(n)us  for n—u € S and u € Ny(p,). (1)

Equation (1) not only implies that the transition probabilities for each part of the state space
are translation invariant but also ensures that also the transition probabilities entering the
same component of the state space are translation invariant.

We assume that the random walk R that we consider is aperiodic, irreducible, positive
recurrent, and has invariant probability measure m(n), where m(n) satisfies for all n € S,

m(n) = Y Driutu),—amm(n+u).
UE N (n)

2.3. Problem formulation

Our goal is to approximate the steady-state performance of the random walk R. The
performance measure of interest is

F =3 m(n)F(n),

nes
where F'(n) : S — [0,00) is linear in each of the components from C-partition, i.e.,
F(TL) = fk(n),O + fk(n),ll + fk(n),2j7 for n= (17]) € 5. (2)

The constants fi(n),0, fr(n),1, a0d fi(n) 2 are allowed to be different for different components
from the C-partition of S.
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FIGURE 3. Perturbed random walk R.

When Ly and Ly are not too large, the invariant measure m(n) could be obtained
numerically by solving a system of linear equations. However, when L; or Lo is relatively
large, the complexity of solving a very large system of linear equations cannot be neglected
anymore. Therefore, in general, we will use a perturbed random walk of which the invariant
measure has a closed-form expression to approximate the performance measure F.

We approximate the performance measure F in terms of the perturbed random walk R.
We consider the perturbed random walk R in which only the transition probabilities along
the boundaries (C1,...,Cg) are allowed to be different, i.e., for instance, py (—1,0), P1,(1,0);
P1,(0,0) for the state from C are allowed to be different in R, ps (0,1), P2,(0,~1), P2,(0,0) for
the state from C5 are allowed to be different in R, etc. An example of a perturbed random
walk R can be found in Figure 3.

We use Py, to denote the probability of R jumping from any state n in component Cy
to n + u, where u € Nj. Moreover, let qx ,, = Py — Pk, The probability measure m of R
is of product-form,i.e.,

m(n) = ap'o?,

where n = (i, j) for some (p, o) € (0,1)? and « # 0. The measure 7 is the invariant measure
of R, i.e., it satisfies

m(n) = Z ﬁk(nJru),fum(n + u)7 (3)
uGNMn)

for all n € S.
In the following sections, we are going to find upper and lower bounds of F in terms of
the perturbed random walk R defined above.

3. PROPOSED APPROXIMATION SCHEME

In this section, we establish an approximation scheme to find upper and lower bounds for
performance measures of a two-dimensional finite random walk.

In Goseling et al. [19], an approximation scheme based on a linear programming problem
is developed for a random walk in the quarter-plane. This approximation scheme has also
been used in Chen, Boucherie, and Goseling [12]. We will show in this paper that the
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6 Y. Chen et al.

technique can be extended to cover our model, i.e., a two-dimensional finite random walk.
We will explain how this is achieved in the following sections.

3.1. Markov reward approach to error bounds

The fact that R and R differ only along the boundaries of S makes it possible to obtain
the error bounds for the performance measures via the Markov reward approach. An
introduction to this technique is provided in van Dijk [40]. We interpret F' as a reward
function, where F(n) is the one-step reward if the random walk is in state n. We denote by
F'(n) the expected cumulative reward at time ¢ if the random walk starts from state n at

time 0, i.e.,
0 ift=0
F'(n) = 5 . ’ 4
(n) {F(n) T ueNu) Py, F T (n 4 u), ift >0, (4)

For convenience, let F*(n 4 u) = 0 where u € {(s,t)|s,t € {—1,0,1}} if n+u ¢ S. Terms
of the form F'(n+u)— F'(n) play a crucial role in the Markov reward approach and
are denoted as bias terms. Let D! = F*(n +u) — F*(n). For the unit vectors e; = (1,0),
ez = (0,1), let Di(n) = D! (n) and D(n) = D (n).

The next result in van Dijk [40] provides bounds for the approximation error for F. We
will use two non-negative functions F and G to bound the performance measure F.

THEOREM 1 ([40]): Let F: S — [0,00) and G: S — [0,00) satisfy

UE Nk (n)

for allm € S andt > 0. Then

Y IF(n) = Gm)lim(n) < F < [F(n) + Gn)]lm(n). (6)

nes nes

3.2. A linear programming approach

In this section we present a linear programing approach to bound the errors. Due to our
construction of R, the random walks R and R differ only in the transitions that are along
the unit directions, i.e.,

Qkyu = Pk — P =0 for  u# {e1,e2, —e1, —ez,(0,0)}. (7)
This restriction will significantly simplify the presentation of the result.

To start, consider the following optimization problem. We only consider how to obtain
the upper bound for F here because the lower bound for F can be found similarly.

PROBLEM 1:

minimize Z [F(n) + G(n)]m(n), (8)
nes
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SUbjeCt to F(n) - F(n) + Z (qk(n) e;D ( ) + qk(n), 76;D§(n - es))

s=1,2
<G(n), for neS,t>0, (9)
F(n)>0,G(n) >0, for nes. (10)

The variables in Problem 1 are the functions F(n), G(n) and the parameters are
F(n),m(n), qi(n),e, and Di(n) forn € S, s = 1,2. Hence, Problem 1 is a linear programming
problem over two non-negative variables F'(n) and G(n) for every n € S.

This linear programming problem has infinitely many constraints because we have
unbounded time horizon. We will first bound the bias term D!(n) uniformly over ¢. Then
we have a linear programming problem with a finite number of variables and constraints.
However, further reduction is still needed because the number of variables and constraints
will increase rapidly if Ly and Ls, which define the size of the state space, increase. Our
contribution is to reduce Problem 1 to a linear programming problem where the number of
variables and constraints does not depend on the size of the finite state space. By doing so,
we will achieve a constant complexity in the parameters Ly and Ls.

We now verify that the objective in Problem 1 is indeed an upper bound on the perfor-
mance measure F. Consider Df, ; (n) =0, DL, (n) = =D (n —e;) for s = 1,2 and (7), it
follows directly that (9) is equivalent to (5). Therefore, it follows from Theorem 1 that the
objective of Problem 1 provides an upper bound on F.

3.3. Bounding the bias terms

The main difficulty in solving Problem 1 is the unknown bias terms D%(n). It is in general
not possible to find closed-form expressions for the bias terms. Therefore, we introduce two
functions As: S — [0,00) and B, : S — [0,00), s = 1,2. We will formulate a finite number
of constraints on functions Ay and Bs where s = 1,2 such that for any ¢t and s = 1,2 we
have

— Ay(n) < Di(n) < Bs(n), (11)

i.e., the functions Ay and B, provide bounds on the bias terms uniformly over all ¢ > 0. In
the next section, we will find a finite number of constraints that imply (11). Our method is
based on the method that was developed in Goseling et al. [19] for the case of an unbounded
state space.

For notational convenience, as will become clear below, we define a finer partition of S,
the Z-partition. This partition is depicted in Figure 4. For example, we have Z; = {(0,0)},
Z2 = {(1,0)}, Z3 = {2, .. .,Ll — 2} X {0}7 Z4 = {(Ll — 1,0)}, and Z5 = {(L1,0)}, the rest
of the elements in the partition are determined similarly. Let k%(n) denote the label of
component from Z-partition of state n € S, i.e., n € Zj=(,). Similar to the definition of Ny,
let N7 denote the neighbors of a state n in Zj, from the Z-partition of S.

The constraints which ensure (11) are obtained based on an induction in ¢. More
precisely, we express D! as a linear combination of D! and DY as

Di+1( ) F(n+€3 Z Z Z(n),v,u Z(n+u)’ (12)

v=1 2u€Nk(n)

where the ¢, p=(n)0,u, § € {1,2},k € {1,2,...,25},v € {1,2},u € N are constants. We now
assume that such constants cg p=(,),, always exist. In the next section, we will explain how
to obtain these constants ¢, ... based on a linear programming problem.
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FIGURE 4. Z-partition of S with components Z1, Zs, ..., Zas.

We are now ready to bound the bias terms based on (12). The result, which is easy to
verify, states that if As;: S — [0,00) and Bs: S — [0, 00) where s = 1,2 satisfy

F(n+es) — F(n)

+ Z Z maX{*Cs,kz(n),v,uAs (n + u)v Cs,kz(n),v,uBs (TL + u)} < B; (n)a

v=1,2 uENIj(n)

F(n)—F(n+es)

+ Z Z max{_cs,kz(n),v,uBs (n + ’U,), Cs,kz(n),'u,uAs (n =+ U)} < As (n)a

v=1,2 uEN’jm)

for all n € S, then
—As(n) < DZ(") < Bs(n),

fors=1,2,ne Sandt>0.
After bounding the bias terms, we are able to rewrite the linear programing Problem 1
into Problem 2 with plugging in the upper and lower bounds for D%(n).

PROBLEM 2:

minimize Z [F(n) + G(n)]m(n),
nes

subject to F(n) - F(Tl) + Z ma’X{Qk(n),esBs(n) + qk(n),—eSAs(n - es)a
s=1,2

- Qk(n),esAS(n) - Qk(n),—esBs(n - 65)} < G(n)v
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F(n) - F(n) + Z maX{Qk(n),esAS(n) + Qk(n)ﬁesBs (n - 68)7

s=1,2

— dk(n),e. Bs(n) — qk(n), 7egAS(n - 65)} < G(n)
F( +6 Z Z max{ Cg kz(n),vu ( )a

v=1 2u€Nk( )
Cs,k*(n),v, uBs(n + u)} < Bs(n),
F(n) — F(n+ ey) Z Z max{—cs k= (n),0,uBs(n + ),

v=1 2u€Nk( )

Cs,kz(n),muAs(n + u)} < AS(’I’L),
F(n) >0,G(n) > 0,As(n) >0, By(n) >0,
for nebS;se{l, 2}

3.4. Constants c; k=(n),»,« based on a linear programming

Unlike the procedure to find the constants ¢ y=(n),»,, manually in Goseling et al. [19], we
find the constants required to bound the bias terms automatically here based on linear
programming. The reason is that due to the large number of C' and Z components finding
these constants manually is cumbersome and error-prone. Moreover, automating the search
procedure for these constants is a necessary intermediate step in building up our approach
from the first idea in Goseling et al. [19] toward a completely general method that can be
used in analyzing two-dimensional random walks with more complex behavior.

Next, we formulate the sufficient conditions on ¢, g=(n)v,u such that (12) holds.
Using (4), we have

D (n) = F(n+es) — F(n)

+ Z Pk(n+es), dF (TL +es+ d Z Pk(n), oF n + u) (13)
dek(n+es) UENk(n)

Thus, (12) holds if and only if

> PrtnrenaFlmtestd) = D pryuF(n+u)
dek(n+es) UENk(n)
= Z Z .skz(n)'uu (n+u)
v=1 QuENk( )
= Z Z Co ez () |[FH(n+u+e,) — F(n+u). (14)
v=1,2ueN?

k(n)

Then, the sufficient condition for (14) to hold is that for each w € Ny(,,) U s + Ny(nte,), the
coefficient of F*(n + w) at the LHS is equal to its coefficient at the RHS. We can interpret
Cs.k*(n),v,u @8 a flow from n 4w to n +u + e,. For each w € Ny, Ues + Nynpe,), n+w
has a demand of 1(w — es € Ny(nte,))Ph(nte.)w—e, — LW € Nin))Pr(n),w from the LHS
of (14). Therefore, (14) holds if the demand at each node is equal to the difference between
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the inflow and outflow of the node, i.e.,

Z 1(’LU — €y € Nk(n))cs,k:z(n),v,wfev - Z 1(’[1) € Nk(n))cs,kz(n),v,w (15)
v=1,2 v=1,2
= 1(’LU —€s € Nk(nJres))pk(n«kes),wfes - 1(’LU € Nk(n))pk(n),un (16)

for k*(n) € {1,2,...,25}, s € {1,2}, and w € Ny(n) U es + Ni(ne,). We formulate a linear
programming problem with (15) as the constraints. Then, any feasible solution of the linear
programming problem guarantees that (12) holds.

3.5. Fixed number of variables and constraints

The final step is to reduce Problem 2 to a linear programming problem with fixed number
of variables and constraints regardless of the size of the state space.

We first introduce the notion of a piecewise-linear function on the Z-partition. A func-
tion F': S — [0,00) is called Z-linear if the function is linear in each of the components
from Z-partition, i.e.,

F(n) = fr=m),0 + ezt + frzn),2d, for n=(i,j) €S

where fiz(n),00 frz(n),1, and fi=(n) 2 are the constants that define the function. In similar
fashion we define C-linear functions on the C-partition of S.

Now, in Problem 2 we put the additional constraint that the variables F, G, A, and B,
are C-linear functions. Hence, these functions are defined in terms of variables, the number
of which is independent on L; and Lo. Hence, the number of variables in the resulting linear
programming problem is independent of L; and L.

It remains to show that the number of constraints is independent of L1 and Ls. Following
the reasoning on the properties of Z-partition below (12) it is easy to see that all constraints
in Problem 2 can be formulated as a non-negativity constraint on a Z-linear function. Such
a constraint on a Z-linear function induces at most 4 constraints per component in the
Z-partition, one constraint for each corner of the component. This indicates that the number
of constraints does not depend on the size of the state space, since the number of constraints
are fixed as well.

3.6. The optimal solutions

We are now able to find the upper and lower bounds of F based on the linear programming
problem here.

Let P denote the set of (F, G) for which we are able to find functions A, and B, where
s = 1,2 such that all constraints in Problem 2 are satisfied. Then, we find the upper and
lower bounds for F as follows,

Fup = min{Z[F(n) + G(n)]m(n)|(F,G) € P} ,

nes

and

Flow = max {Z[F(n) — G(n)m(n)|(F,G) € 77} )
nes

We have now presented the complete approximation scheme to obtain the upper and lower

bounds for F using the perturbed random walk R of which the probability measure is of

product-form.
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FIGURE 5. Tandem queue with finite buffers.

3.7. The perturbed random walk with product-form invariant measure

Our construction of R is based on queueing networks with blocking. Sufficient conditions
for these networks to have a product-form invariant are given in, for instance, Balsamo and
De Nitto-Persone; Berezner, Krzesinski, and Taylor; Economou and Fakinos [3-5,14]. More
details of the conditions from Balsamo and De Nitto-Persone; Berezner et al.; Economou and
Fakinos [3-5,14], which are used to preserve product-form invariant measures for blocking
systems, are given when constructing specific perturbed random walks in the applications
of the approximation schemes.

In the next section, we will consider some examples: a tandem queue with finite buffers
and some variants of this model (Figure 5).

4. APPLICATION TO THE TANDEM QUEUE WITH FINITE BUFFERS

In this section, we investigate the applications of the approximation scheme proposed in
Section 3.

4.1. Model description

Consider a two-node tandem queue with Poisson arrivals at rate A. Both nodes have a single
server. At most a finite number of jobs, say L, and Ly jobs, can be present at nodes 1 and
2. This includes the jobs in service. An arriving job is rejected if node 1 is saturated, i.e.,
there are L; jobs at node 1. The service time for the jobs at both nodes is exponentially
distributed with parameters p; and ps, respectively.

When node 2 is saturated, i.e., there are Lo jobs at node 2, node 1 stops serving. When
it is not blocked, it instantly routes to node 2. All service times are independent. We also
assume that the service discipline is first-in first-out.

The tandem queue with finite buffers can be represented by a continuous-time Markov
process whose state space consists of the pairs (i,7) where ¢ and j are the number of
jobs at node 1 and node 2, respectively. We now uniformize this continuous-time Markov
process to obtain a discrete-time random walk. We assume without loss of generality that
A+ 1 + p2 < 1 and uniformize the continuous-time Markov process with uniformization
parameter 1. We denote this random walk by Rp. All transition probabilities of Ry, except
those for the transitions from a state to itself, are illustrated in Figure 6.

4.2. Perturbed random walk of Rt

We now present a perturbed random walk Ryp. The invariant measure of the perturbed
random walk Ry is of product-form and only the transitions along the boundaries in Ry
are different from those in Rp.
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FIGURE 7. Transition diagram of Ryp.

In the perturbed random walk Ry, the transition probabilities in the components
C3,Cy,C7,Cg are different from those in Rp. More precisely, we have p3 (_1,0) = p1,
Da,0,1) = A, P7,(—1,0) = M1, Ds,(0,1) = A, see Figure 7. Here we have used "the overtake full
stations” protocol in Economou and Fakinos [14, Example 1] to construct the perturbed
random walk Rp. In particular, this protocol means that in a tandem queue, if a job over-
takes a full station and moves forward with the same probabilities, then using the results
from Economou and Fakinos [14] we conclude that the product-form invariant measure is
retained. In our example, we see that in the perturbed random walk Ry for which the tran-
sition probabilities are demonstrated in Figure 7, when the first queue is full, i.e., i = Ly,
the arrivals will skip the first queue and join the second queue. Moreover, when the second
queue is full, i.e., j = Lo, the customers which finish their services in the first queue will skip
the second queue and leave the two-station tandem queue system. Therefore, the invariant
measure of the perturbed random walk Ry is of product-form.
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Ficure 8. The blocking probability Fj.

With the normalizing constant o which depends on L; and Ly, we obtain

== 2 (2)-

It can be readily verified that m(i,j) is the probability measure of the perturbed ran-
dom walk Rp by substitution into the global balance equations (3) together with the
normalization requirement.

4.3. Bounding the blocking probability

In this section, we provide error bounds for the blocking probability for the tandem queue
with finite buffers using our approximation scheme provided in Section 3. Moreover, we
show that our results are better than those obtained by van Dijk and Lamond [41].

For a given performance measure F, we use F"P, F°% to denote the upper and lower
bounds for F obtained based on our approximation scheme and Fu?, F'°¥ to denote the
upper and lower bounds based on the method suggested by van Dijk and Lamond [41].

We use F to denote the blocking probability, i.e., the probability that an arriving job
is rejected. We now consider an example that has also been considered in van Dijk and
Lamond [41].

ExAMPLE 1: Consider a tandem queue with finite buffers, we have X =0.1, pu; = 0.2,
Ho = 0.2.

We would like to compute the blocking probability of the queueing system. Hence, for
the performance measure function F'(n), defined in (2), we set the coefficients fi 4 where
with £k =1,2,...,9, d=0,1,2 to be fso=1, fa0=1, fro0 =1 and others 0. The error
bounds can be found in Figure 8. Clearly, our results outperform the error bounds obtained
in van Dijk and Lamond [41]. Moreover, the difference between the upper and lower bounds
of Fy are captured in Figure 9. This indicates that our error bounds are tighter than those
in van Dijk and Lamond [41].

In addition to the improved bounds, there is another advantage to our method. There is
a limitation to the model modification approach that is used in van Dijk and Lamond [41].
This method requires a different model modification for each specific performance measure.
For instance, the specific model modifications which are used to find error bounds for the
blocking probability of a tandem queue with finite buffers in van Dijk and Lamond [41]
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Fi1GURE 9. The difference between bounds of Fj.

cannot be used to obtain error bounds for the average number of jobs in the first node. In
addition, extra effort is needed to verify that the model modifications are indeed valid for a
specific performance measure. In the next section, we will show that our method can easily
provide error bounds for other performance measures without extra effort.

4.4. Bounds for other performance measures

In this section, we will demonstrate the error bounds for other performance measures for
Example 1, i.e., a tandem queue with finite buffers.

Let F1 be the average number of jobs at node 1 and F5 be the average number of jobs
at node 2.

In general, the models (i.e., the perturbed systems), used to bound the blocking prob-
ability in van Dijk and Lamond [41] cannot be used to bound F; and F>. The method in
van Dijk and Lamond [41] requires different upper and lower bound models for different
performance measures. Moreover, this method also requires an effort to verify that they
are indeed the upper and lower bound models for this specific performance measure. Our
approximation scheme does not have this disadvantage. For different performance measures,
we only need to change the coefficients f; 4 where k=1,2,...,9 and d =0,1,2 in F(n),
which is defined in (2).

It can be readily verified that the performance measure F is F; if and only if we assign
the following values to the coefficients: fi1 =1, fs1 =1, fo1=1,fa1=1,f31=1,fr1 =1
and others 0. Figure 10 presents the error bounds of F;. Similarly, the performance measure
F is Fo if and only if we assign the following values to the coefficients: foo =1, foo =
1,fa2=1,f62=1,f32=1, fr2 =1 and others 0. Figure 11 presents the error bounds of
Fo.

The results show that tight bounds have been achieved with our approximation scheme.
Moreover, the only thing we need to change for different performance measures is the input
function, which does not require further model modifications. In the next section, we will
show that our approximation scheme could also give error bounds for the performance
measures of the tandem queue with finite buffers which has a slower or faster server when
another node is idle or saturated, respectively, without model modifications as well.

4.5. Tandem queue with finite buffers and server slow-down/speed-up

In this section, we consider two variants of the tandem queue with finite buffers. More
specifically, we provide error bounds for the blocking probabilities when one server in the
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tandem queue with finite buffers is slower or faster if another node is idle or saturated,
respectively.

4.5.1. Tandem queue with finite buffers and server slow-down Tandem queue with server
slow-down has been previously studied in, for instance, Miretskiy, Scheinhardt, and Mandjes;
van Foreest et al. [31,45]. A specific type of tandem queue with finite buffers and server
slow-down has been considered in Miretskiy et al.; van Foreest et al. [31,45]. More precisely,
the service speed of node 1 is reduced as soon as the number of jobs in node 2 reaches some
pre-specified threshold because of some sort of protection against frequent overflows.

We consider a different scenario with server slow-down. In our case, the service rate at
node 2 reduces when node 1 is idle. This comes from a practical situation that when node
1 is idle, the working pressure for node 2 decreases and can shift some working capacity
to other tasks. Therefore, we consider a two-node tandem queue with Poisson arrivals at
rate A\. Both nodes have a single server. At most a finite number of jobs, say L; and Lo
jobs, can be present at nodes 1 and 2, respectively. An arriving job is rejected if node 1 is
saturated. The service time for the jobs at both nodes are exponentially distributed with
parameters pq and s, respectively. While node 2 is saturated, node 1 stops serving. When
it is not blocked, it instantly routes to node 2. While node 1 is idle, the service rate of node
2 becomes fiz where fi; < pg. All service times are independent. We also assume that the
service discipline is first-in first-out.
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The tandem queue with finite buffers and server slow-down can be represented by a
continuous-time Markov process whose state space consists of the pairs (4,j) where i and
j are the number of jobs at node 1 and node 2, respectively. We assume without loss of
generality that A + p; 4+ po < 1 and uniformize this continuous-time Markov process with
uniformization parameter 1. Then we obtain a discrete-time random walk. We denote this
random walk by R%d, all transition probabilities of R%d, except those for the transitions
from a state to itself, are illustrated in Figure 12.

It can be readily verified that the random walk Rr as defined in Section 4.2 is a
perturbed random walk of R3¢ as well, i.e., the transition probabilities in Ry only differ
from those in R‘}d along the boundaries. We next consider a numerical example.

EXAMPLE 2 (slow-down): Consider a tandem queue with finite buffers and server slow-
down, we have A = 0.1, pup = 0.2, ps = 0.2, and iz = 0.5u2.

The error bounds for the blocking probability of Example 2 are illustrated in Figure 13.
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FIGURE 14. Tandem queue with finite buffers and server speed-up.

Notice that our approximation scheme is sufficiently general in the sense that the error
bounds for the performance measures of all tandem queue with server slow-down and block-
ing mentioned in the previous paragraphs can be obtained with our approximation scheme.
There are no restrictions on the input random walk.

4.5.2. Tandem queue with finite buffers and server speed-up 1t is also of great interest
to consider a tandem queue with finite buffers and server speed-up.

We consider the following scenario with server speed-up: The service rate at node 2
increases when node 1 is saturated. This comes from a practical situation, for instance,
when node 1 is saturated, the working pressure for node 2 increases to eliminate the jobs in
the queueing system. Therefore, we consider a two-node tandem queue with Poisson arrivals
at rate A. Both nodes have a single server. At most a finite number of jobs, say Ly and Lo
jobs, can be present at nodes 1 and 2, respectively. An arriving job is rejected if node 1 is
saturated. The service time for the jobs at both nodes are exponentially distributed with
parameters p1 and o, respectively. When node 2 is saturated, node 1 stops serving. When
it is not blocked, it instantly routes to node 2. When node 1 is saturated, the service rate of
node 2 becomes fig where fig > po. All service times are independent. We also assume that
the service discipline is first-in first-out.

Tandem queue with finite buffers and server speed-up can be represented by a
continuous-time Markov process whose state space consists of the pairs (4,j) where ¢ and
j are the number of jobs at node 1 and node 2, respectively. We assume without loss of
generality that A + p; + i < 1 and uniformize this continuous-time Markov process with
uniformization parameter 1. Then we obtain a discrete-time random walk. We denote this
random walk by R7‘, all transition probabilities of R, except those for the transitions
from a state to itself, are illustrated in Figure 14.

Again, it can be readily verified that the random walk Ry as defined in Section 4.2 is
a perturbed random walk of R$* because only the transitions along the boundaries in Ry
are different from those in R5". We next consider the following numerical example.

EXAMPLE 3 (speed-up): Consider a tandem queue with finite buffers and server speed-up,
we have A = 0.1, p1 = 0.2, po = 0.2, and fio = 1.2us.
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FIGURE 15. Blocking probability with server speed-up.

The error bounds for the blocking probability of Example 3 can be found in Figure 15.
In the next section, we will extend our approximation scheme to the two-dimensional
random walk in which one dimension is finite and another dimension is infinite.

5. TWO-NODE QUEUE WITH FINITE BUFFERS AT ONE QUEUE

The two-node queue with finite buffers at one queue is a queueing system with two servers,
one of them having finite storage capacity. Without loss of generality, we assume node 1 has
finite capacity. If a job arrives at node 1 when it does not have any more storage capacity,
then the job is lost. There is no restriction to the capacity of node 2. In general, the two
queues influence each other. In particular, the service rate at node 2 depends on the number
of jobs at node 1. Again we model this queueing system as a two-dimensional random walk
for which the state space is finite in one dimension.

5.1. Model

We consider a two-dimensional random walk R on S where
S=1{0,1,2,...,L1} x{0,1,2,3,...}.

The transition diagram of the two-dimensional random walk R on S can be found in
Figure 17. The transitions from a state to itself are omitted. The C-partition of the state
space S can be found in Figure 16.

5.2. The modified approximation scheme

Next, we introduce the modified approximation scheme which will be used to find the upper
and lower bounds.

We define the notations which would be needed in the approximation scheme later sim-
ilarly as those in Section 2. For the perturbed random walk, we now consider the perturbed
random walk R as depicted in Figure 18. Similarly to the perturbed random walk used in
Section 2, only the transitions along the boundaries (the dashed transition probabilities)
are allowed to be different from those in the original model.

For the approximation scheme, we again use the Markov reward approach to obtain
the error bounds. Moreover, the construction of the linear programming remain the same.
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FIGURE 18. Perturbed random walk R on state space S.
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However, the procedure of bounding the bias terms becomes different for the model consid-
ered here due to the different state space S. More specifically, we now use the Z-partltlon
of S, which is depicted in Figure 19, for bounding the bias terms.

The constants ¢, j=(n),v,. Which are required to find the biased terms can be obtained
from a linear programming problem automatically. This procedure is again similar to that
in Section 3. More precisely, we solve the linear program with the constraints (15) to obtain
Cs,k* (n),v,u fOr which (12) holds.

After bounding the biased terms, we are able to find the optimal solutions based on
the linear programming problem with fixed number of variables and constraints, similarly
to Section 3.

Although the number of states now becomes countably infinite, the number of con-
straints in the induced linear programming problem remains finite. The reason of this is the
same as that in Goseling et al. [19] which deals with two-dimensional unbounded random
walks. For instance, if we require a linear function a + bi + ¢j where (i,j) € S to be non-
negative in Cg from Figure 16, we would have finite linear constraints a +b x L1 +¢x 1 >0
and ¢ > 0. More details of building these linear constrains can be found in Gosling et al. [19,
Lemma 4].

In the following section, we will consider some applications of the model discussed here.

6. APPLICATION TO THE COUPLED-QUEUE WITH FINITE BUFFERS AT ONE
QUEUE

In this section, we apply the approximation scheme to a coupled-queue with finite buffers at
one queue. The two coupled processors problem has been extensively studied. In particular,
Fayolle and Tasnogorodski [16] reduce the problem of finding the generating function of the
invariant measure to a Riemann—Hilbert problem. However, when we have finite buffers, the
methods developed in Fayolle and Tasnogorodski [16] for a coupled-queue with infinite buffers
are no longer valid. Knessl and Morrison considered a coupled-queue with each having a
finite capacity of customers in Knessl and Morrison [25]. In particular, the capacity of the
first queue is scaled to be large, while that of the second queue is held constant. Asymptotic
limit of heavy traffic situation appears to be quite accurate numerically in Knessl and
Morrison [25]. For the queueing system of two queues which can be modeled as quasi-birth-
and-death process, the decay rates are also investigated, for instance, in Kroese, Scheinhardt,
and Taylor; Latouche, Nguyen, and Taylor; Miyazawa [26,28,32].
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FicURE 20. Coupled-queue with finite buffers at one queue.

Our work aims at obtaining relatively tight numerical bounds efficiently. Also, the aim
is to further develop these methods such that they can be applied more widely.

6.1. Model description

Consider a two-node queue with Poisson arrivals at rate A\; for node 1 and Ay for node 2.
Both nodes have a single server and at most L; jobs can be present at nodes 1 and there is
no restriction for the capacity of node 2. When neither of the nodes is empty they involve
independently, but when one of the queues becomes empty the service rate at another
queue changes. An arriving job for node 1 is rejected when node 1 is saturated. The service
time at both nodes is exponentially distributed with parameters p; and puo, respectively,
when neither of the queue is empty. When node 1 is empty, the service rate at node 2
becomes fio where fio > po. When node 2 is empty, the service rate at node 1 becomes jiy
where ji; > p1. All service requirements are independent. We also assume that the service
discipline is first-in first-out.

This coupled-queue with finite buffers at one queue can be represented by a continuous-
time Markov process whose state space consists of the pairs (i,7) where ¢ and j are the
number of jobs at node 1 and node 2, respectively. We assume without loss of general-
ity that A\ + Ao + i1 + 1o < 1 and uniformize this continuous-time Markov process with
uniformization parameter 1. Then we obtain a discrete-time random walk. We denote this
random walk by R¢. All transition probabilities of R¢, except those for the transitions from
a state to itself, are illustrated in Figure 20.

6.2. Perturbed random walk Ro

We now display a perturbed random walk Rc of R¢ such that the probability measure of
R¢ is of product-form and only the transitions along the boundaries in R are different
from those in R.

For the coupled-queue, the requirement of independence would be enough to guarantee
a product-form invariant measure. Therefore, if we force both queues involve independently,
then the invariant measure of the perturbed random walk R in Figure 21 is of product-form.
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FIGURE 21. Transition diagram of the perturbed random walk Rc.

With the normalizing constant o which depends on L, we obtain

mn) = a (Al) (A?y where 1 = (i, ). (17)

125} H2

Tt can be readily verified that m(n) is the probability measure of the perturbed random walk
R¢ by substituting it into the global balance equations (3) together with the normalization
requirement.

We next illustrate a numerical example of a coupled-queue with finite buffers at one
queue.

6.3. Numerical results

EXAMPLE 4: Consider a coupled-queue with finite buffers at one queue, we have A\ = Ay =
0.15,/.1,1 = M2 = 02, ﬂl = ﬂg =0.25.

We approximate the average number of jobs in node 1. We use Fj to denote the average
number of jobs in node 1. The upper and lower bounds of Fy, which are denoted by F|”
and F{°”, can be found in Figure 22.

We see from the results in Figure 22 that our approximation scheme can also be extended
to finite random walks at one axis. Moreover, note that when L1, i.e., the size of the first
dimension, is increasing, the values of the upper and lower bounds reach a limit.

In the next numerical example, we will fix the service rate. We present the error bounds
for the corresponding performance measure when the occupation rate, i.e., p = 2 increases,

14
even close to 1.

ExXAMPLE 5: Consider a coupled-queue with finite buffers at one queue, we have j11 = po =
0.2, 11 = fig = 0.25, L1 = 20. Let p changes from 0.5 to 0.95.

We see from Figure 23 that the error bounds are quite tight as well.

Next, we present several examples for blocking probability, which is again denoted by
Fp, based on Example 5 in which the size of the buffers in the first dimension increases from
20 to 10000.
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FIGURE 23. Average number of jobs in node 1 when p increases.

EXAMPLE 6: Consider a coupled-queue with finite buffers at one queue, we have p; = s =
0.2, fiy = fio = 0.25, Ly = 20 and the occupation rate increases from 0.5 to 0.95.

The bounds for blocking probabilities are very close in this case, hence, we convert
these probabilities by applying logarithm to the y axis in Figure 24 and also in following
examples (Figures 25 and 26).

EXAMPLE 7: Consider a coupled-queue with finite buffers at one queue, we have p; = s =
0.2, i1 = i = 0.25, L1 = 500 and the occupation rate increases from 0.98 to 0.99.

Next, we also extend these numerical results to the case when L; = 10000.

EXAMPLE 8: Consider a coupled-queue with finite buffers at one queue, we have p; = s =
0.2, i1 = i = 0.25, L1 = 10000 and the occupation rate increases from 0.98 to 0.99.

We see from the above examples that relatively tight bounds are obtained efficiently
based on our approach.
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FIGURE 24. The converted blocking probability (y =logY’), L = 20.

1072
- 77
’ _._]:[[)uur
Example 7 = o b
p =0.980,...,0.995 K 104
H1 = 0.2 %
pz = 0.2 T
p = 1.25111 k
fo = 1.25p9 10
L, =500 ﬁ
10 080 0.085 0.990 0.995

Occupation rate

FIGURE 25. The converted blocking probability (y = logY’), L1 = 500.

1073

-~ F
- F
R 10 )l
Example 8 2
p =0.9990,...,0.9998 é 107
pup =0.2 ;D ;
MQ — 02 % 10-6
/11 - 125”1 m o
o = 1.259
L, = 10000 105 s - — . ]

Occupation rate

FIGURE 26. The converted blocking probability (y = logY’), L1 = 10000.
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7. RELATED LITERATURE

For the two-node queue with finite buffers at both queues or at one queue, there exist other
methods to obtain the equilibrium distribution. The most prominent methods are direct
solution of the global balance equations and the matrix analytical method.

7.1. Two-node queue with finite buffers at both queues

When both buffers are finite, we may directly solve the global balance equations or use
modified matrix analytical methods.

When the buffer size is relatively small, we may directly solve the global balance equa-
tions to obtain the equilibrium distribution and corresponding performance measures. The
complexity of this approach is at least O(L?), where L; is the size of the smaller buffer.
Our approach has complexity that is O(1), i.e., is constant in the buffer size.

For the two-node queue with finite buffers at both queues, the modified matrix ana-
lytical method may be used to obtain the equilibrium distribution of an irreducible finite
quasi-birth-and-death process (QBD), see de Nitto Persone and Grassi; Elhafsi and Molle;
Grassmann and Tavakoli; Gun and Makowski; Hajek; Le Boudec; Li [13,15,20-22,29,30] and
the references therein. A comprehensive comparison for variations of the matrix analytical
method for solving finite QBDs can be found in Elhafsi and Molle [15, Section 4]. The
common element of these methods is reduction of the global balance equations to a smaller
(finite) system of equations and to express the equilibrium distribution as a function of the
solution of this reduced system. The methods differ in both the way the reduced system is
obtained and the way the equilibrium distribution is computed from this solution. Strong
assumptions are required for the approach in de Nitto Persone and Grassi; Elhafsi and Molle;
Grassmann and Tavakoli; Gun and Makowski; Hajek; Le Boudec; Li [13,15,20-22,29,30]. The
common element is the assumption that some intermediate matrices must be non-singular.
Before each application of the matrix analytical method we must verify non-singularity of
these matrices and the approach fails when the assumptions are violated. Our approach
serves as an efficient alternative to obtain performance bounds. The complexity of the
methods in de Nitto Persone and Grassi; Elhafsi and Molle; Grassmann and Tavakoli; Gun
and Makowski; Hajek; Le Boudec; Li [13,15,20-22,29,30] is cubic and in some special cases
quadratic, see Elhafsi and Molle [15, Section 4]. The complexity of our approach is O(1).

7.2. Two-node queue with finite buffers at one queue

For the standard QBD, the matrix analytic method is a mature method to obtain the equi-
librium probabilities. Implementations of the matrix analytical method are available in Bini
and coworkers [8-10]. The computational complexity for QBDs is in general O(N?), where N
is the number of phases in the QBD, see Latouche and Ramaswami [27]. There are methods
to reduce the complexity of the matrix manipulations required in using matrix analytical
methods to analyze QBDs, see Bini et al.; He et al.; Perez and Van Houdt; Poloni [6,7,23,
33,35]. For our approach, the complexity is a O(1). The matrix analytical method achieves
high accuracy. For engineering purpose, our approach can be used to obtain upper and lower
bounds for performance measures within a few seconds regardless the size of the system.

7.3. Tandem queue

A special case of the two-node queue with finite buffers at both queues which has been
extensively studied so far, is the tandem queue with finite buffers. An extensive survey of
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results on this topic is provided in Balsamo; Perros [2,34]. Most of these papers focus on
the development of approximations or algorithmic procedures to find steady-state system
performance such as throughput and the average number of customers in the system. A
popular approach used in such approximations is decomposition, see Asadathorn and Chao;
Gershwin [1,17]. The main variations of a two-node queue with finite buffers at both queues
are: three or more stations in the tandem queue [36], multiple servers at each station [44,46],
optimal design for allocating finite buffers to the stations [24], general service times [37,42],
etc. Numerical results of such approximations often suggest that the proposed approxima-
tions are indeed bounds on the specific performance measure, however rigorous proofs are
not always available. Moreover, these approximation methods cannot be easily extended to
a general method, which determines the steady-state performance measure of any two-node
queue with finite buffers at both queues.

We have applied our approximation scheme to a tandem queue with finite buffers at
both queues. We have shown that the error bounds for the blocking probability are improved
compared to the error bounds for the blocking probability provided in van Dijk and Lam-
ond [41]. The method in van Dijk and Lamond [41] is based on specific model modifications.
Apart from this, our approximation scheme is more general in the sense that other inter-
esting performance measures could also be obtained easily. This is an advantage over the
methods used in van Dijk; van Dijk and Lamond; van Dijk and Puterman [39,41,43] where
different model modifications are necessary for different performance measures. Moreover,
we have shown that the error bounds can also be obtained for variations of the tandem
queue with finite buffers. In particular, we considered the case that one server slows-down
or speeds-up when another server is idle or saturated.

8. CONCLUSION AND OUTLOOK

In this paper, we presented a general approximation scheme for a two-node queue with
finite buffers at either one or both queues, which establishes error bounds for a large class
of performance measures. Our work is an extension of the linear programming approach
developed in Goseling et al. [19] to approximate performance measures of random walks in
the quarter-plane. However, we emphasize once again, that the main goal of our work is not
alming at providing a superior method for the two-node queue. Instead, we aim to develop
a method for the two-dimensional model which is extendible to more general models, for
instance, higher dimensional models.

We first developed an approximation scheme for a two-node queue with finite buffers
at both queues. We then apply this approximation scheme to obtain bounds for the perfor-
mance measures of a tandem queue in which both buffers are finite and some variants of
this model. We also extend the approximation scheme to deal with a two-node queue with
finite buffers at only one queue. We applied our approximation scheme to a coupled-queue
with finite buffers at one queue. The approximation scheme gives tight bounds for various
performance measures, like the blocking probability and the average number of jobs at node
1. We also obtain error bounds for the blocking probabilities when the size of the buffers in
one dimension is really large.

The numerical results we have obtained indicate that the performance bounds for our
examples are relatively tight. This matches our expectation because a linear programming
problem is deployed to find the best performance bound, which would be tighter than van
Dijk’s performance bound which provides an arbitrary feasible solution from our linear
programming problem.

A limitation of our approach is that there is no guarantee for the existence of a feasible
solution for the linear programming problems. Indeed, in some cases no bounds can be
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established. As part of future work we will establish sufficient conditions under which bounds
are guaranteed to exist. Also, we will provide insight into the quality of these bounds.

Generalization of the approximation scheme used in this paper is possible. For instance,
it seems feasible to extend our approximation scheme to the random walks with non-nearest
neighbours or in higher dimensions. However, the construction of the perturbed random
walks with product-form invariant measures of these cases would require theoretical investi-
gations. An extension to random walks with state-dependent transitions also seems feasible.
In particular, for a specific two-dimensional model with state-dependent transitions, the
performance bounds obtained via an approximation scheme based on the Markov reward
approach are given in van Dijk and van der Wal [44].
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