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Abstract 

Elastomeric materials are used in daily applications, such as tires and conveyor belts. Sliding 

friction of elastomeric materials often produces a unique periodic wear pattern. In general, the 

periodic wear pattern has to be prevented because it generates surface instabilities and, as a 

result, vibration. Sliding contact between an elastomer and a rigid ball may cause the 

development of a periodic wear pattern like a wave on the elastomer surface, called a wavy 

wear track. The present study has investigated the occurrence of the wavy wear track on the 

elastomers under several operating conditions. The elastomers used were a Styrene-Butadiene 

Rubber (SBR) and Butadiene Rubber (BR) reinforced with two types of fillers, i.e., highly 

dispersible silica and short-cut aramid fiber. A pin-on-disc tribometer was used to study the 

wavy wear track of the materials under several operating conditions. An analytical model was 

used to predict the wave length of the wear pattern and to study the occurrence of the wavy 

wear track. The results show that the occurrence of the wavy wear track depends on the 

mechanical properties of the elastomer, the operating conditions (such as sliding velocity and 

force), the inertia mass of the counter surface frame and the circumferential length of the wear 

track. The analytical model is in good agreement with the experimental results. 

Keywords: Styrene-Butadiene Rubber (SBR), Butadiene Rubber (BR), elastomer, sliding 

friction, wear, wavy wear track. 
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1. Introduction 

Elastomeric materials are used in a wide range of applications, such as tires [1], wiper blades 

[2], conveyor belts [3] and seals [4]. In these applications, the elastomers contact with and 

slide against other components, which is a major source of frictional losses and wear. As a 

result, numerous investigations have been carried out regarding the sliding friction of 

elastomeric materials, focusing on topics such as the contact area [5], friction [6], wear [7] and 

lubrication [8]. Typically, materials that wear as the result of sliding contact with a harder 

counter material develop a fairly smooth, uniform wear track. However, elastomeric materials 

typically show a wear track that appears to have periodic features, as described in detail by 

[9]. In daily life, this phenomenon has been reported in several applications, such as tires [10] 

and conveyor belts [11]. Such a periodic pattern often generates surface instabilities at the 

elastomer surface. The resulting dynamics and fluctuations significantly reduce the 

performance of the rolling/sliding system, especially with respect to the positional accuracy, 

stability [12], vibration and noise [13]. Due to these disadvantages, the development of 

periodic wear patterns should be prevented in practical applications. 

The surface irregularities that develop in a sliding elastomer contact often correlate with the 

so-called Schallamach waves [14]. Schallamach investigated the development of detachment 

waves in the sliding contact between soft elastomers and glass and found that a periodic pattern 

propagates across the contact zone from the leading edge to the trailing edge. Following the 

work of Schallamach, many studies have investigated the Schallamach waves, see for instance 

[15-20].  

The development of periodic features and wear patterns have been investigated previously 

using needle [21-24] and blade [9, 25-29] indenters. Fukahori et al. [9, 29, 30] studied the 

periodic wear pattern between a blade indenter and an elastomer and observed a periodic crack 

pattern in the elastomer. They state that the initial cracks are formed due to micro-vibrations 

of the elastomer, followed by stick-slip oscillation that causes propagation of the cracks. The 

resulting spacing of the final pattern can be correlated with the stick-slip frequency. 

In the case of a rigid sphere sliding against an elastomer counter surface, a macro wear pattern 

so-called wavy wear track may be created on the elastomer surface. This wavy wear track 

generates severe vibration in the system and furthermore influences both the frictional and 

wear behavior. Several experimental studies have been reported considering the stick-slip 

motion for the sliding contact between a rigid ball and an elastomer flat surface [14, 15, 31-
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33]. Maegawa and Nakano [32] investigated the mechanism of stick-slip associated with 

Schallamach waves and found that stick-slip will occur at certain combinations of low forces 

and high sliding velocities. The Schallamach waves will generate variations in the contact 

area, which determines the stick-slip behavior, but the key parameters that influence the 

occurrence of a wavy wear track are not fully understood and, as a result, there is no method 

available to describe or predict the formation and the properties of the wavy wear track. 

In the present study, the wavy wear track phenomenon of an elastomeric material was 

investigated. A pin-on-disc tribometer was used to study the occurrence of the wavy wear 

track, using a relatively large and smooth ball as the counter surface of the elastomeric flat. 

Two types of materials based on a Styrene-Butadiene Rubber (SBR) and Butadiene Rubber 

(BR) were used. A range of operating conditions was used to investigate the effects of the 

radius of sliding track, the sliding velocity and the normal force on the occurrence of a wavy 

wear track. A comparative study has been made between the analytical model and the 

experimental results. 

 

2. Materials and Methods 
2.1 Materials 

Two types of elastomers were used in the present study: (1) a mixture of Styrene-Butadiene 

Rubber (SBR) and Butadiene Rubber (BR, high-cis-polybutadiene) with a formulation based 

on a silica-reinforced passenger car tire tread called “Green Tire” [34]. The rubber is reinforced 

with 80 phr (parts per hundred rubber) of highly dispersible silica using bis-(tri-ethoxy-silyl 

propyl) tetrasulphide (TESPT) as the coupling agent to provide a bond between the silica 

particles and the polymer; (2) a Styrene-Butadiene Rubber (SBR) reinforced with 15 phr 

Aramid fibres supplied by Teijin Aramid B.V, Arnhem, The Netherlands. The initial length of 

the Aramid fibers is approximately 3 mm, with a diameter of between 10 and 12 µm. A silane 

coupling agent NXT S-3-(triethoxysilylpropyl)-octanethioate was used to provide chemical 

bonding between the fibers and the matrix. The fibers were dispersed in random directions in 

the matrix, meaning that the mechanical properties of the material can be assumed to be the 

same in all directions and the material can be regarded as being isotropic. Details of the 

formulation in parts per hundred rubber (phr) are given in Table 1. 
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Table 1. Material formulation of the elastomers. 

Ingredients SBR-BR 

[in phr] 

SBR 

[in phr] 

Supplier 

SBR, Buna VSL 

VP PBR 4045 HM 

- 100 Arlanxeo, Leverkusen, Germany 

SBR, Buna VSL 

5025-2 HM 

97.3* - Arlanxeo, Leverkusen, Germany 

BR, KBR 01 30.0 - Kumho, Seoul, S-Korea 

Silica Ultrasil VN3 80.0 - Evonik Industries AG, Essen, Germany 

Zinc oxide (ZnO) 2.5 2.5 Sigma Aldrich, St. Louis, United States 

Stearic acid (SA) 2.5 1.5 Sigma Aldrich, St. Louis, United States 

TDAE oil 6.7 - Hansen & Rosenthal, Hamburg, 

Germany 

Twaron aramid 

fiber  

- 15 Teijin Aramid B.V, Arnhem,  

The Netherlands 

TESPT 7.0 - Evonik Industries AG, Essen, Germany 

NXT - 6.0 Momentive, New York, United States 

6PPD 2.0 - Flexsys, Brussels, Belgium 

TMQ 2.0 - Flexsys, Brussels, Belgium 

Sulfur 1.4 2.8 Sigma Aldrich, St. Louis, United States 

N-Cyclohexyl 

Benzothiazole 

Sulfenamide 

(CBS) 

1.7 3.4 Flexsys, Brussels, Belgium 

Di-Phenyl 

Guanidine (DPG) 

2.0 4 Flexsys, Brussels, Belgium 

* Containing 37.5 wt% oil 
 

The materials were mixed in an internal mixer. Vulcanized specimens with a thickness of 2 

mm were prepared for tensile tests, while vulcanized specimens with a thickness of 5 mm and 

a diameter of 50 mm were prepared for tribometer tests. 

Tensile measurements were performed using an Instron tensile tester. The stress-strain relation 

for the two materials is depicted in Figure 1. The elastomer behaves nonlinearly at relatively 
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high strains. The mechanical properties of the elastomer at high strains are a complex problem 

and are still the subject of several studies. Therefore, in the present study, the elastic moduli of 

the materials were defined at a strain of 2%, assuming the material behaves linearly at that 

strain [35]. From the experimental results, the elastic moduli of the SBR-BR mix and the SBR 

material were 4.69 ± 0.2 MPa and 4.90 ± 0.4 MPa, respectively. 

 

Figure 1. Stress-strain relationship of the materials listed in Table 1. 

A Dynamic Mechanical Analyzer (DMA) was used to determine the dynamic properties of the 

materials. Creep compliances of the materials were determined using a Metravib Viscoanalyzer 

DMA+150 in shear mode, constant stress and at ambient temperature. Figure 2 shows that the 

creep compliance of the SBR-BR materials is higher than that of the SBR materials. The creep 

compliance results were fitted using a series of discrete exponential terms given by [36]: 
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where rφ  indicates the creep at a fully relaxed state, t indicates time and λi indicates the 

retardation times. As can be seen in Figure 2, the creep compliances of the materials are well 

described by the equation. The parameter values of the fit equation can be found in Table 2 for 

both materials. 
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Figure 2. Experimental data and curve fitting of the creep compliances for both materials. 

Table 2. Parameter values of the fit equation. 

 SBR-BR SBR 

rφ  [Pa-1] 1.07×10-06 9.26×10-07 

1φ  [Pa-1] 1.42×10-07 4.22×10-08 

2φ  [Pa-1] 2.11×10-07 6.64×10-08 

3φ  [Pa-1] 2.87×10-08 5.19×10-08 
λ1 [s] 0.86 0.21 
λ2 [s] 6.79 0.94 
λ3 [s] 19.97 11.79 

 

2.2 Methods 

A schematic illustration of the pin-on-disc tester used in the present study is depicted in Figure 

3. It consists of a rotating elastomer disc and a spherically shaped pin. The total force of the 

pin on the elastomer surface consists of a static and a dynamic component, the static force is 

caused by the dead weight applied on the elastomer surface, while the dynamic force is caused 

by the inertia force of the counter surface frame, i.e., dead weight, beam, and counterweight 

during sliding. 
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Figure 3. Pin-on-disc tribometer, schematically. 

 

During sliding, oscillations can occur both in the normal and in the tangential (sliding) 

direction. When contact occurs between the elastomer surface and the counter surface, they 

oscillate together. These oscillations will be influenced by the dead weight mass (mw), the 

inertia of the frame (mf), the mechanical properties of the elastomer and the operating 

conditions of the test. In the appendix to this paper, a summary of the dynamical behavior of 

the system is given, based on the work of Setiyana, et al. [37]. 

For low sliding velocities, the oscillation will take place dominantly in the tangential direction. 

In this case, the effect of static and kinetic friction will be important. A study of stick-slip 

behavior when oscillation only occurs in the tangential direction has been done in a previous 

study [38]. For high sliding velocities, the normal direction oscillation of the elastomer surface 

is dominating the total dynamic response, meaning that the vibrations in tangential direction 

can be neglected. This study focuses on the macro scale irregularity of the wear track due to 

the normal oscillation of the system. The normal oscillation frequency of the system is defined 

as [37]:  

  
( )

fw

fn
n mm

k
f

+

−
=

21
2
1 ξ
π

 (2) 

Where fn is the frequency of the counter surface system in the normal direction, kn is the normal 

stiffness of the elastomer, 𝜉𝜉𝑓𝑓 is the damping factor of the frame, mw is the dead weight mass 

and mf is the inertia of the frame. Since the materials used in the present study behave isotropic-

viscoelastic, the indentation depth δ can be estimated as [39]: 
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Where 𝛿𝛿 is the indentation depth, Fn is the normal force, E* is the reduced elastic modulus, R 

is the radius of the spherical counter surface, and 𝜙𝜙�(𝑡𝑡) is the normalized creep compliance. 

The stiffness in normal direction of the material is defined as the ratio of the normal force and 

the indentation depth: 

 
δ
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The wave length (Δxn) of the wavy wear pattern is the ratio of the given sliding velocity and 

the normal frequency of the system, which is defined as: 
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Where v is the sliding velocity. A detailed explanation about this analytical dynamic model for 

the set-up can be found in the Appendix. 

The pin-on-disc tribometer was equipped with a ball with a radius of 12.5 mm, sliding against 

an elastomer flat disc. The tests were performed under dry condition and at room temperature. 

Table 3 lists the operating conditions that were used in the present study. For the SBR-BR 

material, a different radius of the wear track was used, see test #1 to test #3 in Table 3. The 

normal force and sliding velocity were varied for the SBR material. Due to the lack of a damper 

in the pin-on-disc tribometer set-up, the damping factor of the counter surface frame is 

neglected (𝜉𝜉𝑛𝑛𝑛𝑛 = 0). The inertia mass of the frame in the present study is approximately 0.26 

Kg. Since the type and the dimension of the rigid ball are the same for all tests, the inertia mass 

of the counter surface frame (mf) is the same for all tests. 

Table 3. Operating conditions of pin-on-disc tests. 

Test ID #1 #2 #3 #4 #5 #6 

Disc material SBR-BR SBR-BR  SBR-BR  SBR SBR SBR 

Normal force [N] 2 2 2 3 5 5 

Velocity [m/s] 0.2 0.2 0.2 0.2 0.2 0.3 

Radius of track [m] 0.006 0.0125 0.019 0.012 0.012 0.012 

 

3. Results and Discussion 
3.1 Analytical results 
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The analytical calculation was conducted with Eq. (1) – Eq. (5), in which the wave length 

depends on the mechanical properties of the material and the operating conditions used in the 

experiment, such as normal force and sliding velocity. 

Figure 4 shows examples of analytical calculations for two types of materials with different 

elastic modulus, i.e., 5 MPa and 10 MPa. The inertia mass of frame of 0.26 Kg.m2 and the 

radius of the spherical counter surface of 12.5 mm were used in the calculations. The sliding 

velocity was kept constant, v = 0.2 m/s, and the value of the normal force was varied. The creep 

compliance of the SBR material was used in these calculations. The results show that the wave 

length increases with increasing normal force. It is caused by the system oscillating with 

difficulty at a higher normal force so that the normal oscillation frequency reduces. As a result, 

the wave length increases when a constant sliding velocity is applied. At very high normal 

forces, the wave length increases marginally. On the other hand, a stiffer material shows a 

shorter wave length compared to the soft material. The stick-slip or wave motion often occurs 

in soft materials and diminishes in stiff materials [20, 40]. 

 

 
Figure 4. The wave length as a function of the normal force at a sliding velocity of 0.2 m/s. 

 

The effect of sliding velocity on the wave length is depicted in Figure 5. The materials, inertia 

mass of frame and radius of the spherical counter surface used in these calculations are the 

same as the calculations in Figure 4. A constant normal force of 1 N was used, and the sliding 

velocity was varied. The results show that the wave length increases linearly with increasing 

sliding velocity. This can be explained by the fact that a longer traveling distance in one 
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periodic oscillation can be achieved at a higher sliding velocity when a constant normal 

oscillation frequency is applied. As a result, a longer wave length is found, which is consistent 

with previous studies [9, 41]. Moreover, a shorter wave length is found for the stiffer material 

because it reduces the normal oscillation frequency. The different wave lengths between both 

materials become more pronounced at a high sliding velocity. 

 

 
Figure 5. The wave length as a function of sliding velocity at a normal force of 1 N. 

 

3.2 Experimental results 

Pin-on-disc tribometer experiments were carried out using several materials and under various 

operating conditions to validate the analytical model. The tests were stopped when the 

coefficient of friction reached a steady state phase. Figure 6 shows the wear track results of 

SBR-BR material under several operating conditions, i.e., test #1 to test #3. It is clearly seen 

that a wavy wear track is observed in test #1, while the wear tracks in test #2 and test #3 are 

relatively smooth without a wave pattern. The number of wavy wear patterns on the SBR-BR 

surface in test #1 is 5, with a wave length of approximately 7.54 mm, see Figure 6. 
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   Figure 6. The wear tracks on the surface of SBR-BR material in test #1 to test #3.  

 

The wave length of each test was calculated based on Eq. (1) – Eq. (5) using the operational 

conditions given in Table 3, together with the inertia mass of the counter surface frame and the 

mechanical properties of the materials. The creep compliances of the materials can be obtained 

by putting the parameter values of Table 2 into Eq. (1). The time used in the calculation is 

based on the contact time between the counter surface and the elastomer. Since the normal 

force and sliding velocity of test #1 to test #3 are the same, their normal oscillation frequencies 

are the same. As a result of the calculations, the wave length is 7.56 mm for those tests. This 

result is in agreement with the wave length which is observed in test #1, see Figure 6. Although 

test #2 and test #3 have the same wave length, the wavy wear track is not observed on the SBR-

BR surface after those tests. This is because of the different locations of the waves between the 

different cycles, see Figure 7a. The aforementioned term ‘cycle’ means one revolution of the 

disc. When the locations of waves are at the same position in every cycle, the wavy wear track 

will be visible at the surface after the test. However, when the locations of the waves are 

different in each cycle, the wear track becomes relatively smooth after a large number of cycles, 

and the wavy wear track will not be visible, see Figure 7b. 
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Figure 7. (a) The waves at three different locations, (b) the final wear track for a large 

number of cycles when the locations of waves are different in each cycle, schematically. 

 

The requirement of the occurrence of a wavy wear track is that the location of the waves has 

to be the same in each cycle. It means that the ratio between the circumferential distance of the 

wear track and the wave length has to be an integer. The number of wavy wear patterns in the 

circumferential of wear track can be expressed as:  

 
nx
rn

∆
=

π2  (6) 

Where, n is the number of the wavy wear patterns, ∆xn is the wave length, and r is the radius 

of the wear track.  

By putting the calculated result of the wave length (7.56 mm) and the radius of the wear track 

given in Table 3 into Eq. (6), the number of wavy wear patterns in the circumferential direction 

in the wear track is 4.99 ≈ 5, 10.39 and 15.80 in test #1, test #2 and test #3, respectively.  The 

number of wavy wear patterns in test #1 was found to be an integer and in agreement with the 

experimental result, see Figure 6. At the same time, the non-integer numbers of wavy wear 

patterns in the circumferential track were found in test #2 and test #3. This is the reason why 

they had smooth wear tracks at the end of the tribometer tests. 

The effects of normal force and sliding velocity on the occurrence of a wavy wear track were 

investigated using SBR material, see Figure 8.  It can be seen that the wavy wear track is not 

observed in test #4, whereas it is visible in tests #5 and #6. The number of wavy wear patterns 

in test #5 and test #6 is 9 and 6, respectively. By using the same calculation procedure, the 

number of wave patterns in the circumferential direction of the wear track can be estimated for 

those tests. As can be seen from the results, the number of wave patterns in test #4, test #5 and 

in test #6 is 9.65, 9.01 ≈ 9 and 6.01≈ 6, respectively. These results are in good agreement with 

the experimental results, see Figure 8. 
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Figure 8. The wear tracks on the surface of SBR material in: (a) test #4, (b) test #5 and (c) 

test #6. 

 

The comparison between the analytical model and the experimental results for all materials is 

summarized in Table 4. It can be seen that the number of wavy wear patterns in the 

circumferential direction in test #2, test #3 and test #4 is not an integer and, as a result, no wavy 

wear track is observed. 

 

Table 4. The comparison between the analytical model and experimental results. 

Tests 

ID 

Force 

[N] 

Velocity 

[m/s] 

Radius of the 

track [mm] 

∆𝑥𝑥𝑛𝑛 [mm] 

(model) 

∆𝑥𝑥𝑛𝑛 [mm] 

(experiment) 
2𝜋𝜋𝜋𝜋

∆𝑥𝑥𝑛𝑛 (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)
 

#1 2 0.2 6 7.56 7.54 4.99 ≈ 5 

#2 2 0.2 12.5 7.56 - 10.39 

#3 2 0.2 19 7.56 - 15.80 

#4 3 0.2 12 7.81 - 9.65 

#5 5 0.2 12 8.37 8.38 9.01 ≈ 9 

#6 5 0.3 12 12.55 12.56 6.01 ≈ 6 

(c) 

(a) (b) 

10 mm 
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It is shown that the analytical model that predicts the occurrence of a wavy wear track is in 

good agreement with the experimental results. The wave length can be estimated based on the 

mechanical properties of the material, the inertia mass of the counter surface frame and the 

operating conditions used in the experiments, such as normal force and sliding velocity. In a 

previous study, the stick-slip motion is likely to occur for small normal force and large sliding 

velocity [32]. However, the occurrence of a wavy wear track not only depends on the stick-slip 

motion of the system but also on the circumferential length of the wear track, as seen in test #1 

to test #3.  

 

 

Figure 9. Crack patterns on the SBR-BR surface in test #2. 

 

Figure 9 shows an image of wear surface on the SBR-BR material in test #2. Although a wavy 

wear track is not visible in this test, crack patterns are found in the wear track. This 

phenomenon was also reported by many other studies, see for instance [9-10, 22, 30, 42-43]. 

These crack patterns can be associated with the wave of the system during sliding contact. 

Since the locations of the waves are different for each cycle, the small crack patterns are formed 

after a large number of cycles, see Figure 7b. For the SBR material, no specific wear pattern is 

formed on the wear surface. This is caused by the presence of fibers on the wear surface 

preventing the specific crack pattern, which is consistent with a previous study [44]. For a fiber 

reinforced elastomer without any filler (such as silica and carbon black), the rigid counter 

surface is mainly in contact with the fibers in the steady state phase [45]. 
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Based on the present study, a wavy wear track can be prevented by adjusting several parameters 

like the radius of the wear track, the sliding velocity and the normal force. The wavy wear track 

may generate inaccuracy of friction and wear results of pin-on-disc tribometer experiments. By 

preventing a wavy wear track, this inaccuracy can be avoided. In the real engineering 

application, not only a macro-wave has to be prevented, but also a micro-wave (crack pattern) 

as well. Therefore, the best way to prevent both is by adjusting the dynamics of the system in 

which the elastomer is operating through the application of a damper system, for instance. 

  

4. Conclusion 

The wavy wear track of elastomers as a function of several operating conditions was studied. 

A rigid indenter ball and two types of elastomers made of Styrene-Butadiene Rubber (SBR) 

and Butadiene Rubber (BR) were used. The conclusions of this study can be summarized as 

follows: 

1. The oscillations may occur in the system during sliding friction that can cause a macro 

(wavy wear track) and micro (crack pattern) wear pattern on the elastomer surface.  

2. The wavy wear track can be prevented by adjusting the mechanical properties of the 

elastomer, the operational conditions (such as sliding velocity and force), the inertia mass 

of the system, and the circumferential length of the wear track. While the crack pattern 

may be prevented by adding a damper to the system.  

3. An analytical model was developed to predict the occurrence of a wavy wear track, and it 

shows good agreement with the experimental results. 
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Appendix [37] 

Figure A.1 shows the physical model that represents an elastomer surface in contact with a 

counter surface. It consists of an oscillating elastomer mass (me) with stiffness and damping in 

tangential (kt, ct) as well as in normal direction (kn, cn). The acting forces in the contacting 

surfaces are the driving force (Fd) of the elastomer, the tangential contact force (Ft) and the 
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normal contact force (Fn). During sliding friction, there are two possibilities of contact 

interaction between the elastomer surface and the counter surface, i.e., separation and 

unification. The separation means no contact between the elastomer surface and the counter 

surface, see Figure A.1 (a). In this case, the oscillating mass of the elastomer (me) oscillates 

without the mass of the counter surface system (ms). The unification interaction means that the 

elastomer surface and the counter surface are unified, and they oscillate together. The unified 

mass (M) is an aggregate of the oscillating elastomer mass and the inertia mass of the counter 

surface system (M = me + ms), see Figure A.1 (b). The oscillating elastomer mass is assumed 

to be very small compared to the inertia mass of the counter surface frame, so that it can be 

neglected. Thus, the oscillating unified mass can be written as M ≈ ms = mw + mf, where mw is 

the dead weight mass and mf is the inertia mass of the counter surface frame. An equivalent 

damping is denoted by cnd, which is a combination of the elastomer and the apparatus dashpot. 

Based on Figure A.1 (b), the equation of motion in tangential direction is given in Eq. (A.1) by 

involving the tangential force (Ft). Where, v is the sliding velocity and t is time. While the 

equation of motion in normal direction is given in Eq. (A.2). 

 ttttteu Fvcvtkxkxcxm −+=++   (A.1) 

 0=++ ykycyM nnd   (A.2) 

      

  (a)       (b) 

Figure A.1. The interaction during sliding contact between an elastomer surface and a 

counter surface, (a) separation, (b) unification [37]. 

ms 

me 

ms 

me 
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For a high driving velocity, the elastomer surface dominantly oscillates in the normal direction, 

meaning that the oscillation in tangential direction can be neglected. The natural frequency in 

the normal oscillation for the undamped system (ωn) can be defined as follows: 

 
M
kn

n =ω  (A.3) 

When the system uses a dashpot, a damped natural frequency (ωd) is given by: 

 21 fnd ξωω −=  (A.4) 

The normal oscillation period of the system (Tn) can be found by using the following equation: 

 dnT πω2=  (A.5) 

By putting Eq. (A.3) and Eq. (A.4) into Eq. (A.5), the normal oscillation period can be 

expressed as follows: 

 ( )21
2

fn
n k

MT
ξ

π
−

=  (A.6) 

The periodic displacement (∆𝑥𝑥𝑛𝑛) in tangential direction due to normal oscillation is: 

 ( )21
2

fn
nn k

MvvTx
ξ

π
−

==∆  (A.7) 
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