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H., & H; almost state synchronization with full-state coupling for homogeneous
multi-agent systems

Anton A. Stoorvogel!, Ali Saberi?, Meirong Zhang” and Francesco Acciani

Abstract— This paper studies the H,, and H, almost state
synchronization problem for homogeneous multi-agent systems
with general linear agents affected by external disturbances
and a directed communication topology. Agents are connected
via diffusive full-state coupling, i.e. agents are coupled through
states. A necessary and sufficient condition is developed for
the solvability of the H,, and H, almost state synchronization
problem. Moreover, a family of static protocols are developed
such that the impact of disturbances on the network disagree-
ment dynamics, expressed in terms of the H,, and H, norm
of the corresponding closed-loop transfer function, is reduced
to any arbitrarily small value. The protocol design is based on
two methods: algebraic Riccati equation (ARE) or asymptotic
time-scale eigenstructure assignment (ATEA).

1. INTRODUCTION

Over the past decade, the synchronization problem of a
multi-agent system (MAS) has received substantial attention
because of its potential applications in cooperative control of
autonomous vehicles, distributed sensor network, swarming
and flocking and others. The objective of synchronization
is to secure an asymptotic agreement on a common state or
output trajectory through decentralized control protocols (see
[1], [4], [11], [22] and references therein).

State synchronization inherently requires homogeneous
MAS (i.e. agents have identical dynamics). Therefore, in this
paper we focus on homogeneous MAS. So far most work has
focused on state synchronization based on diffusive full-state
coupling, where the agent dynamics progress from single-
and double-integrator dynamics (e.g. [5], [6], [8], [9], [10])
to more general dynamics (e.g. [15], [19], [21], [23]). State
synchronization based on diffusive partial-state coupling has
also been considered (e.g. [2], [15], [16], [17], [20]).

Most research works have focused on the idealized case
where the agents are not affected by external disturbances.
In the literature where external disturbances are considered,
y-suboptimal H,, design is developed for MAS to achieve
H, norm from an external disturbance to the synchronization
error among agents less to a priori given y. In particular, [2],
[25] considered the H,, norm from an external disturbance to
the output error among agents. [14] considered the Ho, norm
from an external disturbance to the state error among agents,
whereas [3] tries to obtain an H,, norm from a disturbance
to the average of the states in a network of single or double
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integrators. By contrast, [7] introduced the notion of H
almost synchronization for homogeneous MAS, where the
goal is to reduce the H,, norm from an external disturbance
to the synchronization error, to any arbitrary desired level.
This work is extended later in [24]. However, in these works,
Ho, almost output synchronization is achieved.

In this paper, we will study H. almost state synchro-
nization for a MAS with full-state coupling. We will also
study H, almost state synchronization, since it is closely
related to the problems of H,, almost state synchronization.
In H,, we look at the worst case disturbance with the only
constraints being the power, while in H, we only consider
white noise disturbances which is a more restrictive class.
Our contribution in this paper in three-folded.

« We obtain necessary and sufficient conditions for He
and H, almost state synchronization for a MAS in the
presence of external disturbances.

o We develop a protocol design for H,, and H, almost
state synchronization based on an algebraic Riccati
equation (ARE) method

« We develop a protocol design for Hy, and H, almost
state synchronization based on an asymptotic time-scale
eigenstructure assignment (ATEA) method

A. Notations and definitions

A weighted directed graph G is defined by a triple
(V,8,A) where V = {1,...,N} is a node set, & is a set
of pairs of nodes indicating connections among nodes, and
A = lajj] € RN*N ig the weighting matrix, and a;; > 0 iff
(i, j) € & which denotes an edge from node j to node i. A
path from node i) to iy is a sequence of nodes {iy,...,ir}
such that (ij;1,ij) € & for j = 1,...,k — 1. A directed tree
with root r is a subset of nodes of the graph G such that
a path exists between r and every other node in this subset.
A directed spanning tree is a directed tree containing all
the nodes of the graph. For a weighted graph G, a matrix

L= [fij] with
gij = {

is called the Laplacian matrix associated with the graph G.
In the case where G has non-negative weights, L has all
its eigenvalues in the closed right half plane and at least
one eigenvalue at zero associated with right eigenvector 1.
A specific class of graphs is presented below:

N .
Zkzl Aik, 1 =],

—a,-j, l * j,

Definition 1 For any given a > 8 > 0, let GN denote the
set of directed graphs with N nodes that contam a directed
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spanning tree and for which the corresponding Laplacian
matrix L satisfies ||L|| < a while its nonzero eigenvalues
have a real part larger than or equal to (.

II. PROBLEM FORMULATION

Consider a MAS composed of N identical linear time-
invariant agents of the form,

X;i = Ax; + Bu; + Ew;, ..,N) (1)

where x; € R" and u; € R™ are respectively the state
and input vectors of agent i, and w; € R are the external
disturbances.

The communication network provides each agent with a
linear combination of its own states relative to that of other
neighboring agents. In particular, each agent i € {1,..., N}
has access to the quantity,

N N

Gty = ) ay(xi(0) = x;(0) = Y G0, ()
j=1 j=1
where the weighting matrix A = [a;;] or the Laplacian

matrix L = [{;;] describe the communication among agents.
These matrices can be connected to an associated graph G.
If the graph describing the communication topology of the
network contains a directed spanning tree, then it follows
from [10, Lemma 3.3] that the Laplacian matrix L has
a simple eigenvalue at the origin, with the corresponding
right eigenvector 1 and all the other eigenvalues are in
the open right-half complex plane. Let Aj,...,Ady denote
the eigenvalues of L such that 4; = 0 and Re(4;) > 0,
i=2,...,N.
Let N be any agent and define X; = xy — x; and

X1 wi

X = and w=

XN-1 WN

Obviously, synchronization is achieved if x(r) — 0 or,
equivalently,

lim (x() - () =0, Vi {I....N-1}.  (3)

We define the following transfer function with the appropriate
dimension:
X =Tpz(s)w. 4)

We formulate below two problems for a network with full-
state coupling with either H, or Ho, almost synchronization.

Problem 1 Consider a MAS described by (1) and (2). Let
G be a given set of graphs such that G € GN. The H,,
almost state synchronization problem via full-state coupling
(in short Hw-ASSFS) with a set of network graphs G is to
find, if possible, a linear static protocol parameterized in
terms of a parameter & of the form,

u; = F(E)(i, (5)

such that, for any given real number r > 0, there exists an
&* such that for any € € (0,&*] and for any graph G € G,

(3) is satisfied for all initial conditions in the absence of
disturbances and the closed loop transfer matrix T, x satisfies

”TwiHoo <r. (6)

Problem 2 Consider a MAS described by (1) and (2). Let
G be a given set of graphs such that G € GN. The Hj
almost state synchronization problem via full-state coupling
(in short Hy-ASSFS) with a set of network graphs G is to
find, if possible, a linear static protocol parameterized in
terms of a parameter € of the form (5) such that, for any
given real number r > 0, there exists an € such that for
any € € (0,&"] and for any graph G € G, (3) is satisfied for
all initial conditions in the absence of disturbances and the
closed loop transfer matrix T,z satisfies

ITwzlla <. (7)

Note that the problems of H., almost state synchronization
and H, almost state synchronization are closely related.

III. MAIN RESULTS

In this section, we establish a connection between the
almost state synchronization among agents in the network
and a robust H,, or H, almost disturbance decoupling
problem via state feedback with internal stability (in short
H,, or H,-ADDPSS). Then, we use this connection to derive
the necessary and sufficient condition and design appropriate
protocols.

A. Necessary and sufficient condition for He-ASSFS

The MAS system described by (1) and (2) after imple-
menting the linear static protocol (5) is described by

X; = Axi + BF(E)(, + Ew;,
fori=1,...,N. Let

XN WN
Then, the overall dynamics of the N agents can be written

as
¥=(In®A+L®BF(e)x+(Iy ®E)w. 8)

We define the robust H,,-ADDPSS with bounded input as
follows. Given A C C, there should exist M > 0 such that for
any given real number » > 0, we can find a parameterized
controller

u=F(e)x )

for the following subsystem,

X = Ax + ABu + Bw, (10)

such that for any A4 € A the following hold:

1) The interconnection of the systems (10) and (9) is
internally stable;

2) The resulting closed-loop transfer function 7,, from
w to x has an H,, norm less than r.
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3) The resulting closed-loop transfer function 7, from
w to u has an H, norm less than M.

In the above, A denotes all possible locations for the nonzero
eigenvalues of the Laplacian matrix L when the graph varies
over the set G. It is also important to note that M is
independent of the choice for r.

Theorem 1 Let G be a set of graphs such that the associated
Laplacian matrices are uniformly bounded and let A consist
of all possible nonzero eigenvalues of Laplacian matrices
associated with graphs in G.

(Necessity) The Ho-ASSFS for the MAS described by (1)
and (2) given G is solvable by a parameterized protocol

u; = F(e)¢; only if

imE C im B.

(1)

(Sufficiency) The Ho-ASSF'S for the MAS described by (1)
and (2) given G is solved by a parameterized protocol u; =
F(e)¢; if the robust Ho-ADDPSS with bounded input for
the system (10) with A € A is solved by the parameterized
controller u = F(&)x.

Proof: Note that L has eigenvalue 0 with associated right
eigenvector 1. Let

L=TS.T", (12)

with T unitary and S the upper-triangular Schur form
associated to the Laplacian matrix L such that Sz (1,1) = 0.
Let

m wi
ni=T"'eL)x=|: |, o=T"ehw=
nN WON
where 17; € C" and @w; € C4. In the new coordinates, the
dynamics of 1 can be written as

() =(UIn®A+SL®@BF(e)n+ T '®E)w,  (13)
which is rewritten as
N
n = An + ZSUBF(E)TU + Ewy,
j=2
(14)

N
N = (A+ LBF(e)ni+ ) syBF(em; + Ed,
j=i+l
N = (A+AnBF ()N + Edn,
for i € {2,...,N — 1} where S; = [s;;]. The first column
of T is an eigenvector of L associated to eigenvalue 0 with
length 1, i.e. it is equal to +1/VN. Using this we obtain:

7= 9 - o5 |Te Ly
s 0
0 - 0 -1 1

=(0 V)eL)n

for some suitably chosen matrix V. Therefore, we have

m

r=(Vel,) 15)

TN

Note that since 7 is unitary, also the matrix 7~! is unitary and
the matrix V is uniformly bounded. Therefore the H,, norm
of the transfer matrix from w to X can be made arbitrarily
small if and only if the H., norm of the transfer matrix from
@ to n can be made arbitrarily small.

In order for the H, norm from & to 5 to be arbitrarily
small we need the H,, norm from @y to iy to be arbitrarily
small. From classical results (see [13], [18]) on Hs almost
disturbance decoupling we find that this is only possible if
(11) is satisfied. Now suppose u = F(g)x solves the simul-
taneous H,,-ADDPSS of (10) and assume (11) is satisfied.
We show next that u; = F(e){; solves the Ho,-ASSFS for the
MAS described by (1) and (2). Let X be such that £ = BX.

The fact that u = F(e)x solves the simultaneous Hc-
ADDPSS of (10) implies that for small & we have that
A + ABF(e) is asymptotically stable for all 1 € A. In
particular, A + A;BF(g) is asymptotically stable for i =
2,...,N which guarantees that 7; — 0 fori = 2,...,N
for zero disturbances and all initial conditions. Therefore we
have state synchronization.

Next, we are going to show that for any 7 > 0, we can
choose ¢ sufficiently small such that the transfer matrix from
@ to n; is less than 7 for i = 2,..., N. This guarantees that
we can achieve (6) for any r > 0. We have for a given M
and arbitrary small 7 that for & small enough that:

T (s) = (sI - A— ABF(¢))"'B,
T, (s) = F(e)(sI = A— ABF(¢))"'B.

satisfies

A ~ A
||TWX||°° <r ”TWMHOO < M

for all 2 € A. Denote v; = F(¢e)n;.
When i = N, it is easy to find that,

Tony =T (0 0 X)
and hence
ITonllo <70 N Taw, llo < M; (16)
for j = N provided
[|1X||F < 7, XM < My. a7

Recall that we can make 7 arbitrarily small preserving the
bound M. Assume (16) holds for j =i+ 1,..., N. We have:

N
Ton(s) = TH(s) [es @ X + > 55Ty, (5)

j=i+l

where ¢; is a row vector with elements equal to zero except
for the ith component which is equal to 1. Since

N N
& ®X+ Y sl <IXI+ Y lsylh;
J=i+l J=i+l

[N
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we find (16) for j =i provided:

N N
X0+ D" Isiflbty |7 < 7 [NXI+ > Lsi 107 | M1 < ;.
j=i+l j=itl
(18)
Note that s;; depends on the graph in G but since the
Laplacian matrices associated to graphs in G are uniformly
bounded we find that also the s;; are uniformly bounded.
In this way we can recursively obtain the bounds in (16)
for j = 2,...,N provided we choose & sufficiently small
such that the corresponding 7 satisfies (17) and (18) for
i=2,...,N—1. Hence, we can choose ¢ sufficiently small
such that the transfer matrix from @ to n; is less than 7 for
i =2,...,N. As noted before this guarantees that we can
achieve (6) for any r > 0. [ ]
For the case when the set of graph G equals GV o f
with given @, > 0, we develop necessary and sufficient
conditions for the solvability of the H,,-ASSFS for MAS as
follows:

Theorem 2 Consider a MAS described by (1) and (2) with
an associated graph in G = GNﬁ The H.,-ASSFS is solvable
if and only if (11) is satisfied and (A, B) is stabilizable.

Proof: We have already noted before that (11) is actually
a necessary condition for H.,-ASSFS. Sufficiency is a direct
result of Theorems 5 or Theorem 7 for H,,-ASSFS. ]

B. Necessary and sufficient condition for Hy-ASSFS

We define the robust H,-ADDPSS with bounded input as
follows. Given A c C, there should exist M > 0 such that for
any given real number » > 0, we can find a parameterized
controller (9) for the following subsystem, (10) such that the
following holds for any A € A:

1) The interconnection of the systems (10) and (9) is
internally stable;

2) The resulting closed-loop transfer function 7,, from
w to x has an H, norm less than r.

3) The resulting closed-loop transfer function 7, from
w to u has an H,, norm less than M.

In the above, A denotes all possible locations for the nonzero
eigenvalues of the Laplacian matrix L when the graph varies
over the set G. It is also important to note that M is
independent of the choice for . Note that we need to address
two aspects in our controller: H, disturbance rejection and
robust stabilization (because of the uncertain Laplacian). The
latter translates in the H,, norm constraint from w to u.

Theorem 3 Let G be a set of graphs such that the associated
Laplacian matrices are uniformly bounded and let A consist
of all possible nonzero eigenvalues of Laplacian matrices
associated with graphs in G.

(Necessity) The Hy-ASSFS for the MAS described by (1)
and (2) given G is solvable by a parameterized protocol
u; = F(e)& only if (11) is satisfied.

(Sufficiency) The Hy-ASSFS for the MAS described by (1)
and (2) given G is solvable by a parameterized protocol

u; = F(&)¢; if the robust Hy-ADDPSS with bounded input
for the system (10) with A € A is solved by the parameterized
controller u = F(&)x.

Proof: The proof is similar to the proof of Theorem 1 except
that we require the H> norm from @ to 7; arbitrarily small
while we keep the H,, norm from @ to v; bounded. [ |

If G equals GV ) for certain @, 8 > 0 then we have
necessary and sufficient conditions:

Theorem 4 Consider a MAS described by (1) and (2) with
an associated graph in G = GV o p The H>-ASSFS is solvable
if and only if (11) is satisfied and (A, B) is stabilizable .

Proof: We have already noted before that (11) is actually
a necessary condition for H,-ASSFS. Clearly, also (A, B)
is stabilizable is a necessary condition. Sufficiency for H,-
ASSFS, is a direct result of either Theorem 6 or Theorem 8.

|

C. Protocol design for He-ASSFS and H-ASSFS

We present below two protocol design methods for both
H.,-ASSFS and H,-ASSFS problems. One relies on an
algebraic Riccati equation (ARE), and the other is based on
an asymptotic time-scale eigenstructure assignment (ATEA)
method.

1) ARE-based method: Using an algebraic Riccati equa-
tion, we can design a suitable protocol provided (A, B) is
stabilizable. Consider a set of graphs (G’r(lz 6 We design a
protocol,

uj = pFg;, 19)

where p = é and F = —B’P with P being the unique solution
of the continuous-time algebraic Riccati equation

A'P+PA-2BPBB'P+1=0, (20)

The main result regarding H.,-ASSFS is stated as follows.

Theorem 5 Consider a MAS described by (1) and (2) such
that (11) is satisfied.

If (A,B) is stabilizable then the H.-ASSFS stated in
Problem 1 with G = GN is solvable. In particular, for any
given real number r > O there exists a €*, such that for any
& € (0,&"), the protocol (19) achieves state synchronization
and an He norm from w to x; — x; less than r for any
i,jel,...,N and for any graph G € G’Zﬁ

Proof: Using Theorem 1, we know that we only need to
verify that u = pFx solves the robust Ho,-ADDPSS with
bounded input for the system (10) with 1 € A. Given G €
(G’rN , we know that 4 € A implies Red > g. Consider the
1nterconnect10n of (10) and u = pFx. We define V(x) = x’Px
and we obtain:

V = x'(A— pABB'P)Px +w'B’Px
+ x'P(A — pABB’P)x + x’PBw
= x'"PBB’Px — x'x —2pBx'PBB’Px + 2x'PBw
<(1-5)x'PBB'Px—x'x+%
< —ggu’u —x'x+ %w'w

w'w
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which implies that the system is asymptotically stable and
the Ho, norm of the transfer function from w to x is less
that £/8 while the Hs, norm of the transfer function from
w to u is less that 2/B%. Therefore, u = pFx solves the
robust H.,-ADDPSS with bounded input for the system (10)
as required. |

The main result regarding H>-ASSFS is stated as follows.

Theorem 6 Consider a MAS described by (1) and (2) such
that (11) is satisfied.

If (A, B) is stabilizable then the H,-ASSFS stated in
Problem 2 with G = GNB is solvable. In particular, for any
given real number r > 0, there exists a €, such that for any
& € (0,&"), the protocol (19) achieves state synchronization
and an He norm from w to x; — x; less than r for any
i,jel,...,N and for any graph G € G(Izﬁ

Proof: Using Theorem 3, we know that we only need to
verify that u = pFx solves the robust H,-ADDPSS with
bounded input for the system (10) with 4 € A. We use the
same feedback as in the proof of Theorem 5. In the proof of
Theorem 5 it is already shown that the closed loop system
is asymptotically stable and the H., norm of the transfer
function from w to u is bounded. The only remaining part
of the proof is to show that the H, norm from w to x can
be made arbitrarily small. It is easy to see that we have:

(A= pABB'P)'P + P(A— pABB'P) + pBPBB’'P < 0
for large p. But then we have:
Q:(A— pABB'P)’ + (A— pABB'P)Q. + BB’ < 0

for Q. = B~ 'P~'. It can be shown that this yields that
we can make the H, norm from w to x arbitrarily small by
choosing a sufficiently small €. [ ]

2) ATEA-based method: The ATEA-based design is basi-
cally a method of time-scale structure assignment in linear
multivariable systems by high-gain feedback. For here, it is
sufficient to note that there exists non-singular transformation
matrix Ty € R™" (See [12, Theorem 1]) such that

o [R1) _
X = ()22) =Tyx, 21
and the dynamics of % is represented as
X =Anf + A, 22)

)éz = A_zl)el + .4_22)32 + ABu + Ew,

with B invertible. (A, B) is stabilizable implies that (A1, Aj2)
is stabilizable. Choose Fi such that Aj; + AjpF; is asymp-
totically stable. In that case a suitable protocol for (1) is

ui = Fe&i, (23)

where F; is designed as

Fo= 15" (Fi —I)T (24)
&

The main result regarding H.-ASSFS is stated as follows.
The result is basically the same as Theorem 5 except for a
different design protocol.

Theorem 7 Consider a MAS described by (1) and (2) such
that (11) is satisfied.

If (A,B) is stabilizable then the H.-ASSFS stated in
Problem 1 with G = GNB is solvable. In particular, for any
given real number r > 0, there exists a €, such that for any
& € (0,&"), the protocol (23) achieves state synchronization
and an He norm from w to x; — x; less than r for any
i,jel,...,N and for any graph G € GQIZ[;'

Proof: Similarly to the proof of Theorem 5, we only need
to establish that u = F.x solves the robust H.-ADDPSS
with bounded input for the system (10) with 1 € A. Given
G e Gr ap We know that 4 € A implies Re 1 > S3.

After a basis transformation, the interconnection of the
interconnection of (10) and u = F¢x is equal to the intercon-
nection of (22) and (23). We obtain:

X1 = Anf + At

8)%2 = (SAZl + AF)X; + (81422 — A% + eBw. (25)

Define X; = %1, X, = X» — F1X;. Then we can write this
system (25) in the form:
= Apg + Apg,

Xy = €Ay ¥y + (8A22 - AD)X, + eBw, (26)

where
A =An+ApF, Ap=An,
Ay = Ay — FiAy + Ay — FlAn, Ay =Ay-FApb.

In the absence of the external disturbances, the above system
(26) is asymptotically stable for small enough &.

Since A} = A} + Aj»F) is Hurwitz stable, there exists
P > 0 such that the Lyapunov equation PA;; + A’ P=-1
holds. For the dynamics X, we define a Lyapunov functlon
VI = f{P)?l. Then the derivative of V; can be bounded

Vl < —||)21||2 + féAiZP)?l + )ZiPA]z)fz
—[I%1I* + 2 Re(X| PA125,)

- 12 N~
=% = + ol % (22

IA

IA

where 2||PA15|| < ri. Now define a Lyapunov function V5 =
&x/ 2 X2 for the dynamics X, where d» > 0 is to be selected.
The derivative of V5 can then also be bounded.

Vs < —2Re(A)[|%|* + 2& Re(%, A1 %1)
+ 28)?5.522)?2 +2¢e Re(iééw)
< =Bl%? + enlZi ||l + ersllwll|| ]

for a small enough &, where we choose that 2||Ay || < 7,
2||Axall < 73, and 2||B|| < 1y .
Let V=V, +yV, for some y > 0. Then, we have
. - 12 - - ~ 112
V< =507 + rll® % = Bl
+ eyn|lE %] + eyrallwll|| %2 1]
We have that
~ ~ 2= 12 =12
rillf %] < rill8ll” + zl1%501%
1)) (12
7l1%l%
1= (12
gll%ll”.

~ ~ 2.2 21n1= 112
synllXillll%ll < ey 5|7+

~ 2,22 2
synallwlll|®2l < 7y rgllwll” +
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Now we choose y such that y8 =1+ rl2 and r5 = yrs. Then,
we obtain

14

IA

Lie 12— Lsa 112 4 e202000 112
—sl1&l" = zlI%l” + ersllwll

IA

L1212 o 2202102
=3 [IZII7 + &7rgliwll*,

for a small enough &. This yields that ||T\, x|l < 2&rs, which
immediately leads to ||Tyx |l < 7 for any real number r > 0
as long as we choose £ small enough. On the other hand:

Twu(s) = _é (O B_l) TW)'C(S)

and hence:
[ Twulleo < 1B~ [Irs.

Therefore, u = Fgx solves the robust H,-ADDPSS with
bounded input for the system (10) as required. [ |

The main result regarding H.-ASSFS is stated as follows.

Theorem 8 Consider a MAS described by (1) and (2) such
that (11) is satisfied.

If (A, B) is stabilizable then the H-ASSFS stated in
Problem 1 with G = Gﬁ;’ 5 is solvable. In particular, for any
given real number r > 0, there exists a €*, such that for any
€ € (0, "), the protocol (23) achieves state synchronization
and an Hy norm from w to x; — x; less than r for any
i,j€l,...,N and for any graph G € (G’rfzﬁ.

Proof: Using Theorem 3, we know that we only need to
verify that the feedback solves the robust H,-ADDPSS with
bounded input for the system (10) with 4 € A. We use the
same feedback as in the proof of Theorem 7 where it is
already shown that the closed loop system is asymptotically
stable and the H,, norm from w to u is bounded. The only
remaining part of the proof is to show that the H> norm
from w to x can be made arbitrarily small. This clearly is
equivalent to showing that the system (26) has an arbitrary
small H> norm from w to X; and %, for sufficiently small €.
Choose Q such that

QAil + AUQ =-1

In that case we have:

w50 2 (50 L) (S )

- Ve Ve(A, + QAS)
= Ve(Al, + A210) —%1

for sufficiently small & where:

Ay = z‘Su _ A
¢ Ay Ay -4
and we used that 1+’ > 23. We then obtain for sufficiently
small ¢ that:

w50 0 (0 0 o

This implies that we can make the H, norm from w to x
arbitrarily small by choosing sufficiently small &. [ ]
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