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a b s t r a c t

This paper presents a novel analytical solution for geotextile-wrapped soil based on a comprehensive
numerical analysis conducted using the discrete element method (DEM). By examining the soil
egeotextile interface friction, principal stress distribution, and stressestrain relations of the constituent
soil and geotextile in the DEM analysis, a complete picture of the mechanical characterization of
geotextile-wrapped soil under uniaxial compression is first provided. With these new insights, key as-
sumptions are verified and developed for the proposed analytical solution. In the DEM analysis, a near-
failure state line that predicts stress ratios relative to the maximums at failure with respect to deviatoric
strain is uniquely identified; dilation rates are found to be related to stress ratios via a single linear
correlation regardless of the tensile stiffness of the geotextile. From these new findings, the assumptions
on the stress-state evolution and the stressedilatancy relation are developed accordingly, and the
wrapped granular soil can therefore be modeled as a MohreCoulomb elastoplastic solid with evolving
stress ratio and dilation rate. The development of the proposed analytical model also demonstrates an
innovative approach to take advantage of multiscale insights for the analytical modeling of complex
geomaterials. The analytical model is validated with the DEM simulation results of geotextile-wrapped
soil under uniaxial compression, considering a wide range of geotextile tensile stiffnesses. To further
examine the predictive capacity of the analytical model, the stressestrain response under triaxial
compression conditions is solved analytically, taking both different confining pressures and geotextile
tensile stiffnesses into account. Good agreement is obtained between the analytical and DEM solutions,
which suggests that the key assumptions developed in the uniaxial compression conditions also remain
valid for triaxial compression conditions.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Geosynthetics are cost-effective and environmentally friendly
geomaterials that can be designed with great flexibility to reinforce
geostructures. Planar geosynthetic sheets, such as geotextiles and
geogrids, are commonly embedded horizontally within retaining
walls (Rowe and Skinner, 2001; Sukmak et al., 2016) and subgrades
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(Giroud and Han, 2004; Chen et al., 2015). The 2D circumferentially
closed cellular forms of geosynthetic reinforcements, e.g., geo-
synthetic encasements, are installed around cylindrical granular
stone columns in soft foundations to improve the lateral support
and restrain dilation (Pulko et al., 2011; Wu and Hong, 2014; Geng
et al., 2017). Matsuoka and Liu (2003) proposed an earth-
reinforcement method with 3D complete encapsulations of soil,
i.e., wrapping soils in entirely closed geotextile containers. The
advantage of employing geotextile containers over lateral encase-
ments lies in the tensile stresses developed along the additional
hoop directions (transverse to the horizontal axes), which results in
more confinement from both vertical and lateral directions in the
wrapped soil. In practical applications, the geotextile containers are
typically cuboidal shaped and fully filled with sands or gravels such
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that they can be easily stacked side by side into multiple layers as
partial replacement of weak ground (Matsuoka and Liu, 2006) or as
facings installed in front of geosynthetic-reinforced soil (GRS)
retaining walls (Tatsuoka et al., 2007). Geotextile-wrapped soil
(GWS), which incorporates the reinforcing mechanisms in both
planar- and 2D cellular-form GRS, has been proven to be effective
for constructing retaining structures (Wang et al., 2015), slope
protections (Xu et al., 2008) and roads (Matsuoka et al., 2010),
among others. Some authors have reported the application of GWS
assemblies as damping layers to reduce traffic-induced vibrations
(Muramatsu et al., 2009). Analogues to sand-filled geotextile con-
tainers are water/slurry-inflated geomembrane mattresses, which
are typically stacked into offshore barriers. The analytical solutions
proposed by Guo et al. (2014) can predict settlements of the mat-
tresses and tensile force distributions on the mattress materials
under pumping pressure. Nevertheless, the mechanical behavior of
the semi-fluid materials that inflate the mattresses fundamentally
differs from that of the granular soil wrappedwithin the containers.
Moreover, the surcharge loads on sand-filled geotextile containers
are generally considerably higher than those on water/slurry-
inflated mattresses. Compared with conventional planar sheets,
geosynthetics manufactured in circumferentially or entirely closed
cellular forms produce greater improvement in the stiffness and
strength of the soil (Latha and Murthy, 2007; Tafreshi and Dawson,
2010; Oliaei and Kouzegaran, 2017). However, the cellular forms
inevitably complicate the constitutive behavior of the reinforced
soil, making the analytical solution for this composite geomaterial a
difficult task.

Some analytical solutions have been proposed for stone col-
umns reinforced with circumferentially closed geosynthetic en-
casements in soft ground (Balaam and Booker, 1985; Pulko et al.,
2011). The geosynthetic-encased stone columns were considered
to be perfectly elastoplastic cylindrical solids in a triaxial state,
whereas the surrounding soil was assumed to be elastic. The con-
tinuity of stress and strain was solved at the soilestone interface,
where the additional lateral pressure exerted by the encasement
was taken into account. Rather than an elastoplastic approach,
empirical relations, such as one between dilation rate and devia-
toric strain, can be extracted from experimental results to develop a
simplified solution (Wu and Hong, 2014). Matsuoka et al. (2004)
adopted a similar method in deriving their analytical solution for
GWS in cuboidal shapes. They approximated the evolution of stress
ratio in GWS under uniaxial/triaxial compression using an expo-
nential function of vertical strain. Although the empirical relation
was calibrated by the test results of triaxial compression on the
inside soil, the characterization of the stress states was incomplete:
the lateral confining stresses in wrapped soil increase as the
compression proceeds rather than remaining constant as in con-
ventional triaxial tests. The assumption on the stress state was
simplified in Tantono (2007), where stress ratios were set to con-
stants and the values varied at different locations. Another major
simplification in the existing analytical solutions (Matsuoka et al.,
2004; Xu et al., 2008; Tantono, 2007) is that the volume of the
wrapped soil during compression was assumed to be constant,
whereas the dilation of GWS has been characterized as one of the
key factors that contribute to the failure pattern in a recent discrete
element method (DEM) analysis of sand-filled geotextile containers
(Cheng et al., 2016).

The objective of this work is to examine existing assumptions
and develop new ones for the analytical model of GWS (AN-GWS)
with evidence provided by DEM simulations of the validated
discrete element model of GWS (DE-GWS) and subsequently pro-
pose an elastoplastic analytical framework for this particular
cellular-form of GRS. Based on new numerical insights obtained
with the DE-GWS model previously validated by the authors, the
assumptions for the AN-GWS model are made complete by
including novel assumptions on stress path and dilation rate. Aided
by these assumptions, a new elastoplastic formulation for the
stressestrain behavior of GWS that satisfies the MohreCoulomb
criterion is proposed. To the authors' knowledge, the present work
is the first attempt to develop analytical solutions for the GWS
material through an elastoplastic approach. The insights from the
DEM analysis play an important role in this theoretical description,
which fundamentally differs from the previous empirical solutions
(Matsuoka et al., 2004; Xu et al., 2008; Tantono, 2007), where
neither the evolution of the stress state nor the stressestrain
behavior of the wrapped soil was taken into account. The
remainder of this paper is organized as follows. Section 2 in-
vestigates the characteristics of the boundary and interface condi-
tions of GWS under uniaxial and triaxial compression by using a
previously calibrated and validated DE-GWS model (Cheng et al.,
2016). The stressestrain responses of the constituent soil and
geotextile are analyzed to facilitate the understanding of their
respective behaviors and the correlations between them. Section 3
presents the new elastoplastic analytical solution. Section 4 dis-
cusses the validity of the model, and Section 5 examines the pre-
dictive capacity of the proposed analytical model in triaxial
compression conditions.

2. DEM analysis of geotextile-wrapped soil

Numerical methods are generally adopted either to investigate
the fundamental behaviors of geomaterials (Magnanimo and La
Ragione, 2013; Kumar et al., 2014; Gu et al., 2017) or to predict
the performance of complex geostructures (Thoeni et al., 2014;
Hussein and Meguid, 2016; Effeindzourou et al., 2017). Although
the finite element method provides reasonable predictions for
geostructures with geosynthetic reinforcements in planar forms,
numerous GRS-related works are conducted using the DEM. The
majority of these works attempt to explore the reinforcement
mechanisms of the GRS designed in various forms and shapes from
a micromechanics perspective (Lai et al., 2014; Ngo et al., 2015;
Bhandari et al., 2015; Wang et al., 2016). The knowledge accumu-
lated from these works needs to be further exploited to facilitate
the development of the analytical and constitutive modeling of
GRS. To this end, the current work revisits some key findings
(Section 2.2.2) obtained with the DE-GWS model of Cheng et al.
(2016) and conducts a comprehensive analysis regarding the
stress states and constitutive behaviors (Sections 2.2.1 and 2.3),
through which the assumptions for the AN-GWS model are made
complete with the newly established ones. In the following, the
DEM fundamentals, i.e., contact laws and model representation,
that govern the behavior of the DE-GWSmodel are introduced first.
The evolution of interface friction as discussed in Cheng et al. (2016)
is briefly addressed. Then, the distributions of principal stress
during uniaxial and triaxial compression numerical tests are
investigated in detail to verify the assumptions for the boundary
conditions for the AN-GWS model. To acquire a complete picture of
the GWS behaviors, the responses of the constituent soil and geo-
textile are presented considering a wide range of geotextile tensile
stiffnesses: the constitutive behavior of the wrapped soil is pre-
sented in the eep0eq space, where e, p0 and q correspond to void
ratio, mean effective stress and deviatoric stress, respectively, and
the average tensile stresses are correlated to the surcharge load.

2.1. A DEM model of geotextile-wrapped soil

The DE-GWS model was validated by comparing the numerical
predictions with the experimental measurements of the stresse-
strain responses of a sand-filled woven geotextile container (length



Fig. 2. Tensile stressestrain behavior of geotextile fabrics subjected to uniaxial tension.
Piecewise linear approximation corresponds to input for the remote spring model.
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and width of 400 mm, height of 80 mm after initial compaction)
subjected to uniaxial compression and simple shear (Cheng et al.,
2016). As illustrated in Fig. 1 (a)e(b), the sand is represented by a
particle packing assembled with 100 identical DEM representative
volumes of Toyoura sand (coefficient of uniformity Cu ¼ 1:3,
average radius ~r ¼ 0:1mm). Each representative volume consists of
1000 particles whose radii are sampled from an upscaled particle
size distribution of Toyoura sand (~r ¼ 2:95 mm). The representative
volume was generated in periodic boundary conditions (Fig. 1(d))
and then calibrated with the triaxial response of a Toyoura sand
specimen with an initial void ratio e0 ¼ 0:68. Readers are referred
to Cheng et al. (2016) for details regarding the calibration. Because
periodic boundary conditions were employed, the compatibility of
the contact geometry and mechanics at the interfaces between
neighboring representative volumes were guaranteed. The struc-
tural mechanics of the woven geotextile fabrics were approximated
by a system of identical remote springs (Thoeni et al., 2013) linked
with discrete spherical nodes positioned on an orthogonal mesh
(Fig. 1(c)). The geotextiles are hence assumed to be isotropic for
simplicity, despite the fact that they are typically anisotropic in
reality. As shown in Fig. 1(b), the DE-GWS model was adapted in
Cheng and Yamamoto (2016) to evaluate the performance of GWS
and geosynthetic-layered soil under triaxial loading conditions. For
clarity, only a half of the particle assembly that wraps the DE-GWS
model within the periodic cell is illustrated in Fig. 1(b). Section 2.2
investigates polypropylene (PP) geotextile with a tensile strength of
31.2 kN/m because of its numerous applications in engineering
practices in Japan (Cheng et al., 2013). The weak woven poly-
ethylene (PE) geotextile with a tensile strength as low as 9 kN/m is
also considered, although the material is not commonly applied in
practice (Koerner, 2012), because it is the material that was used to
validate the DEMmodel in Cheng et al. (2016). With both PE and PP
geotextiles, a more comprehensive analysis can be conducted to
seek key assumptions regarding the boundary and interface be-
haviors under uniaxial and triaxial compression (Fig. 1(a) and (b)).
Section 2.3 encompasses four additional GWS cases, with the
geotextile tensile stiffness set to half, two, three and four times that
of the PP geotextile (denoted as 0.5PP, 2PP, 3PP and 4PP,
respectively).
Fig. 1. DE-GWS model for (a) uniaxial compression and its adaptation for (b) triaxial compr
sand. For clarity, only a quarter of the geotextile container is shown, and half of the particl
The simplified HertzeMindlin model (Thornton et al., 2011) is
adopted for the relationship between contact forces and relative
displacements of two adjoining particles. A MohreCoulomb-type
plastic condition is enforced on the tangential force with contact
friction angles to take sliding between particles and at parti-
cleegeosynthetic interfaces into account. The contact friction alone
is insufficient to reproduce the exact macroscopic experimental
response of dense sands (O'Sullivan, 2011). Therefore, moment
transfer is enabled on the contact surfaces, where themoments and
rotations are related via rolling and bending springs. To account for
the nonlinear tensile behavior of both woven geotextiles, the inter-
node remote springs (Fig. 1(c)) are defined using piecewise linear
stressestrain relations, as shown in Fig. 2. Friction between wrap
and weft was excluded for simplicity. Table 1 lists the micro-
mechanical parameters that reproduce the triaxial response of
Toyoura sand, as shown in Fig. 3. Note that these micromechanical
parameters govern inter-particle or particleegeosynthetic contact
behaviors and should thus not be interpreted as bulk properties,
e.g., the ‘contact’ Young's moduli therein that appear to be
extremely high in a macroscopic sense are used for computing
contact stiffnesses in the normal and tangential directions ac-
cording to the simplified HertzeMindlin model (Thornton et al.,
ession, (c) discretization of geotextile fabrics and (d) representative volume of Toyoura
e packing is transparent.



Table 1
Micromechanical parameters for HertzeMindlin contact model in DEM analysis.

Young's modulus (GPa) Poisson's ratio Rolling and twisting stiffness (Nm/rad) Scaled density (103 kg/m3) Contact friction angle (�)

Soil particle 4 0.33 0.13 2650 29
Geotextile 8 0.33 0.13 444 21
Loading plate 200 0.33 0.13 7850 0

Fig. 3. Triaxial response of representative soil volume under 0.2 MPa confining
pressure.

Fig. 4. Spatial distribution of principal stresses in GWS at (a) e ¼ emin and (b)
maximum sam states.
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2011). Finally, the contact stiffness between two particles (i.e.,
soilesoil or soilegeotextile interaction) is calculated as the har-
monic mean of the respective two values of each micromechanical
parameters (e.g., Young's modulus).

After filtering the assembled particle packing with the assumed
geometry of the geotextile container (Fig. 1(a)), the radii of the
constituent particles were enlarged until the volume conformed to
the boundary and the same void ratio as in the representative
volume was obtained (Cheng et al., 2016). During generation of the
model, virtual spherical nodes of the geotextile were fixed on the
mesh, whereas in the uniaxial and triaxial loading stages, only the
rotational degrees of freedom are blocked. To apply triaxial
compression on GWS, the assembled particle packing was enclosed
in a periodic cell (Fig. 1(b)) with particles of the same properties
filling the remaining empty spaces. The void ratio of the GWS was
measured from the total volume occupied by the assembled par-
ticle packing that represents the wrapped soil using a 3D Delaunay
triangulation.

The following DEM analyses of the DE-GWS model under uni-
axial and triaxial compression are conducted in a quasi-static
manner using the open-source framework YADE (�Smilauer et al.,
2015). Readers are referred to Cheng et al. (2016) and Cheng and
Yamamoto (2016) for calibration and validation of the DE-GWS
model under uniaxial and triaxial compression, whereas more
details of the remote springs for modeling general tensile behavior
can be found in Thoeni et al. (2013).
2.2. Characterization of stress state and interface behavior

2.2.1. Spatial distribution of principal stress
The average stress tensors are homogenized over the repre-

sentative volumes using the LoveeWeber formula. Fig. 4 illustrates
the distribution of principal stress directions based on the ho-
mogenization performed over the representative volumes at
different locations. Red, blue and green colors are used to render
the scales of major, medium and minor principal stresses (s1, s2
and s3), respectively. The DE-GWS model involved in Fig. 4 con-
siders PP geotextile and uniaxial compression conditions. As
shown, the major principal stress directions remain parallel to the
short axis z during the entire loading course, with s1 decreasing
from themiddle to the edges. Before the minimumvoid ratio emin is
reached, the majority of the medium and minor principal stress
directions remain aligned with the long axes x and y, except for
those around the corners, as shown in Fig. 4(a). As the compression
proceeds, the medium principal stress directions become increas-
ingly inclined to the x ¼ ±y planes that lie perpendicular to the
corner surface. The misalignment of the medium and minor prin-
cipal stress directions propagates to the middle part when the GWS
reaches its full strength, as shown in Fig. 4(b). The spatial distri-
bution of principal stress directions presented here closely re-
sembles that of a soil specimen in a cuboidal triaxial cell because
stress concentration cannot be avoided at the cell corners. Never-
theless, the local misalignment of the medium and minor principal
stress directions can be balanced by homogenizing the stresses
over the entire GWS volume.
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2.2.2. Interface friction
Considering the geotextile containers after compaction in en-

gineering practices, the particle packing of the DE-GWS model is
assumed to have a cuboidal shape with curved lateral surfaces and
flat corners. A soilegeotextile interface friction coefficient can then
be computed as the ratio of tangential to normal stresses homog-
enized over the bulk volume of a local particle assembly that is
covered with the geotextile. To avoid the canceling out of asym-
metric shear components, the homogenization is performed on a
quarter of the GWS volume. As also shown by Cheng et al. (2016),
friction is more significant on the lateral soilegeotextile interfaces
(yz- and zx-planes) than on the horizontal interface (xy-plane)
during triaxial compression. The friction angles on the lateral in-
terfaces increase as the geotextile yarns progressively break, which
is also true in the cases of drained triaxial compression (DTC,
dashed lines), as shown in Fig. 5. Compared with the uniaxial
compression (UC) cases (solid lines), the evolutions of interface
frictions during drained triaxial compression are not stagnant in
the pre-failure stage. This is because the geotextile fabrics at the
initial stage of triaxial compression are not as strained as those
under uniaxial compression.

In both the uniaxial and triaxial compression conditions, the
maximum interface friction angles are considerably smaller than
the interfacial shear strength measured in shear box tests, regard-
less of the tensile stiffness of the geotextile. This result can be
attributed to compatible deformations at the soilegeotextile in-
terfaces, where no shear stresses are produced. As long as the
symmetry of the composite material remains intact, which means
that no rupture of the fabrics occurs, interfacial shear should always
be negligible compared with shear banding in the reinforced soil.
Therefore, it is safe to assume smooth soilegeotextile interfaces for
GWS under compression in the analytical framework presented in
Section 3.
2.3. Behaviors of constituent materials

It is of vital importance to understand the behaviors of the
constituent soil and geotextile of GWS in deriving the stressestrain
solutions for GWS. The prediction of volumetric changes in the
wrapped soil underpins the straining of geotextile fabrics, which in
turn provides the soil with greater confinement and interlocking.
Consequently, stress paths with distinctive features are experi-
enced by the GWS. In addition to the soil behavior, this section
attempts to relate the geotextile tensile response to the GWS
bearing strength. A variety of tensile stiffnesses are thus considered
to investigate their effects on the constitutive behavior of the
wrapped soil and the bearing capacity of the GWS under uniaxial
compression.
Fig. 5. Evolution of interface friction angles between soi
2.3.1. Constitutive relation of soil
Fig. 6(a)e(b) summarize the respective eep0 relations and stress

paths of the reinforced soils wrapped with PE, 0.5PP, PP, 2PP, 3PP
and 4PP geotextiles. Notably, the evolutions of void ratios in all
cases initially follow the same compression line before dilation
manifests, as shown in Fig. 6(a). One can observe that this
compression line for GWS under uniaxial compression is of a
similar shape as the normal compression line for sand (O'Sullivan,
2011). Fig. 6(b) verifies that the GWS stress paths consistently
approach the nonlinear failure state line (FSL) of the Toyoura sand
(e0 ¼ 0:68) independent of the tensile stiffness of the geotextile,
which explains why all the eep0 curves initially follow the
compression line (Fig. 6(a)). The failure principal stress ratio Mf on
the FSL can be obtained from triaxial compression tests on the in-
side material (Sun et al., 2007). Fig. 6(c) presents the ratio between
deviatoric stress q and mean effective stress p0 evolving toward the
failure state in a semi-log scale. After the failure state is reached,
each p0eq=p0 curve tends to align with the tangential direction
along the FSL until the geotextile reinforcement begins to fail. The
evolutions of the distances from the FSL to the p0eq=p0 curves,
termed the near-failure states in the following, are a family of
parallel lines in the p0eðMf � q=p0Þ plane. By replacing p0 with the
total deviatoric strain εd as the state variable, the near-failure state
points in all cases collapse to a unique hyperbola, as shown in Fig. 7.
Therefore, for uniaxial or triaxial compression, the predictions of
q=p0 can be obtained from the near-failure state line (NFSL) and the
FSL without reference to the tensile stiffness of the geotextile.
2.3.2. Tensile response of geotextile fabrics
The effects of the physical properties (such as tensile stiffness

and interface friction) and the forms of geosynthetic re-
inforcements on soil behavior have been demonstrated experi-
mentally (Palmeira, 2009; Latha and Murthy, 2007; Tafreshi and
Dawson, 2010), but their relationships are rarely discussed
because of the versatility of geosynthetic reinforcements. Because
this work focuses on the closed cellular form of geosynthetic re-
inforcements, the relationships between surcharge loads and geo-
textile tensile stresses during compression are investigated
considering the aforementioned range of geotextile tensile stiff-
nesses. Fig. 8 shows the relationships between surcharge loads Q
versus the tensile stresses averaged along two sets of geotextile
hoops, i.e., thr (dashed lines) and tha (solid lines). hr and ha repre-
sent the hoops in the vertical and horizontal planes perpendicular
to the lateral and vertical axes, respectively, as shown in Fig. 9. To
better illustrate the tensioneload relations, both the loads and the
average tensile stresses are scaled with respect to the respective
maximums of Q, thr and tha obtained in the PP case.

Fig. 8 reveals linear relationships between the tensile stresses
and the surcharge loads before the geotextile fabrics are strained to
l and geotextile in (a) xy-, (b) yz- and (c) zx-planes.



Fig. 6. Constitutive behaviors of wrapped soil in (a) p0ee and (b) p0eq planes, and (c) evolution of stress ratio q=p0 versus mean stress p0 .

Fig. 7. Unique near-failure state line in εdeðMf � q=p0Þ plane for GWS simulations with
different geotextiles.

Fig. 8. Tensile stresseaxial load relationships scaled to the PP case.

Fig. 9. Schematic illustration of stresses and strains in the analytical model of
geotextile-wrapped soil.
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failure. The evolutions of the scaled Q with respect to the scaled thr
and tha lie very close to each other despite the difference in the
geotextile tensile stiffness and the hoop directions. The above
findings together with the principal stress ratio in the wrapped soil
as a function of εd and p0 suggest that the tensile stiffness of the
wrapping geotextile has no impact on the relative values for the
stresses within the soil and the geotextile under compression.
Because the confinement from the geotextile encapsulation is the
only external load on the soil, the ratio between the additional
vertical and lateral confining pressures is also deemed to be inde-
pendent of the tensile stiffness. Nevertheless, the stress magni-
tudes and ultimate bearing capacity during compression are
apparently affected by the geotextile tensile stiffness, as demon-
strated in Fig. 6(b). It appears that the influence of this factor can be
accounted for by a reasonable value for the Young's modulus of
GWS.
3. An analytical model for geotextile-wrapped soil

As observed in experiments (Cheng et al., 2013) and DEM sim-
ulations of uniaxial/triaxial compression (Cheng et al., 2016; Cheng
and Yamamoto, 2016), the sand-filled cuboidal geotextile container
(length B ¼ 400 mm and height H ¼ 80 mm after initial compac-
tion) does not possess severely bulged lateral surfaces until the
geotextile fabrics begin to fail. Therefore, there is no need for a
rigorous description of the container shape, as performed by Guo
et al. (2014). A cuboid should work properly as the assumed ge-
ometry for the analytical model of the wrapped soil and the geo-
textile encapsulation. Fig. 9 illustrates the external stresses sas and
srs applied from the vertical and lateral directions on the geotextile
encapsulation and those produced within the wrapped soil sa and
sr . The equilibrium condition is satisfied by the tensile stresses and
the external and internal confining stresses, as shown in Fig. 9.
With the new insights obtained from the DEM analysis in Section
2.3, the following fundamental assumptions are taken into account
to facilitate the development of the analytical solution for GWS
under compression:

(1) Stress state and boundary conditions:

a. The principal directions of the internal stresses within the

wrapped soil are aligned with the vertical and lateral axes,
neglecting the corner effect and interface friction.

b. The internal stresses produced in the wrapped soil are
uniformly distributed on all faces of the cuboidal analyt-
ical model.
(2) Soil behavior:

a. The initial contraction of the wrapped soil follows the

compression line in the semi-log p0ee plane regardless of
the tensile stiffness of the geotextile.

b. The principal stress ratio is predicted by a unique near-
failure state line that describes the principal stress ratio
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converging to the failure state with respect to deviatoric
strain.

c. The plastic behavior of the wrapped soil is governed by
the MohreCoulomb yield criterion with an evolving
dilation rate related to the principal stress ratio.
(3) Geotextile behavior:

a. The evolutions of the average tensile stresses and strains

are the same along the hoops in the horizontal and ver-
tical planes.

b. The geotextile behaves as a perfectly elastic material with
the same tensile stiffness for every constituent hoop of the
geotextile container.
3.1. A general framework for stressestrain relation under
compression

In the case of geosynthetic-encased stone columns, additional
lateral confinements are provided by the circumferential hoops in
the horizontal plane. The equilibrium conditions for the sur-
rounding soil, stone columns and encasement are satisfied at the
soilecolumn interfaces, where the radial stress difference is taken
by the geosynthetic encasement accordingly. In addition to the
confinements from circumferential hoops, the GWS-type cellular
reinforcement introduces two additional sets of hoops in the lateral
planes. Consequently, both the vertical and lateral confinements
are largely enhanced by the additional planar reinforcements
(Cheng and Yamamoto, 2016). Note that the analytical solutions for
the stone columns (Pulko et al., 2011; Balaam and Booker, 1985)
require the same fundamental assumptions as the present analyt-
ical model, e.g., triaxial stress state and negligible interfacial shear.
Analogous to the encased stone columns, the equilibrium equations
of the wrapped soil can be expressed considering all the stresses
and strains depicted schematically in Fig. 9. It follows:

sasB2ð1� εrÞ2 þ 4Bthrð1� εhaÞ ¼ saB2ð1� εrÞ2 (1)

srsBHð1� εrÞð1� εaÞ þ thað2Bþ 2HÞð1� εhrÞ
¼ srBHð1� εrÞð1� εaÞ (2)

where the average tensile strains εha and εhr are linearly related to
their respective stresses via the geotextile tensile stiffness J, which
is assumed as a material constant. The initial length B and height H
of the cuboidal model are assumed to be 400 mm and 80 mm,
respectively, due to the negligible bulged lateral surfaces. In light of
assumption 3(a) pertaining to the tensile stress distribution along
the hoops, the subscripts ha and hr are reduced to h, which denotes
the tensile stress/strain along any hoop direction. Additionally, note
that relative movements at the soilegeotextile interfaces are
allowed because of the approximation of the shape of the container
using a cuboid. Hence, the elongations of the hoops εha and εhr are
assumed to be independent of the vertical and lateral strains εa and
εr .

The expression for the surcharge sas as a function of the internal
stresses and strains within the wrapped soil under uniaxial/triaxial
compression reads as

sas ¼ Ksr � 2ðsr � srsÞðH=BÞð1� εaÞ
ðH=Bþ 1Þð1� εrÞ (3)

where K ¼ sa=sr is the principal stress ratio within the wrapped
soil domain, which can be derived from q=p0. As stated in Section
2.3.1, q=p0 can be calculated as the failure stress ratio Mf subtracted
from the corresponding near-failure state variable Mf � q=p0 at the
same p0 and εd. The unique correlation between this new state
variableMf � q=p0 and εd, as shown in Fig. 7, can be formulated in a
hyperbolic equation such as

Mf � q=p0 ¼ k

εd þ l
� x (4)

with the corresponding parameters k, l and x listed in Table 2. The
FSL that the stress paths in Fig. 6(b) are approaching is identical to
the FSL of Toyoura sand (e0 ¼ 0:68). Hence, the following equations
obtained from triaxial compression tests on Toyoura sand speci-
mens (Yao et al., 2008; Wu et al., 2013, 2014) can also be employed
in the current analytical model of GWS:

Mf ¼ qf
.
p0 ¼ Mðp0=pcÞ�n (5)

where the parameters M, n and pc used by Yao et al. (2008) are
listed in Table 2.

Eq. (2) presents the general framework of the analytical solution
for GWS under compression. It is not surprising that the terms
involved with tensile stresses/strains are canceled out in Eq. (3).
This is considered reasonable because the tensile stiffness of the
geotextile J has a marginal effect on the ratios among sa, sr , and sas,
as shown in Figs. 6(b) and Fig. 8. To solve εa, εr and εh for a given
surcharge history with Eq. (3), a suitable analytical model is
required to express the strains in terms of the internal stresses
produced by the wrapped soil. Hence, the total strain tensor ε is
decomposed into an elastic and a plastic part, i.e., ε ¼ ε

e þ ε
p. Each

part is calculated with the respective stressestrain relation that
characterizes the contractive or dilative behavior of GWS,
respectively.
3.2. Initial elastic response

The evolution of void ratio initially following the compression
line in Fig. 6(a) provides a basis for predicting the volumetric strain
εv of GWS. Fig. 10 is produced by re-plotting the data in Fig. 6(a) on
the εveðp0=paÞ0:3 plane, as performed by Yao et al. (2008) for sand in
normal compression. The dilation parts are omitted to better
illustrate the correlation. A unique straight line is thus identified, to
which the state points of all six simulations collapse. This linear
relationship facilitates the prediction of the initial εv without spe-
cial consideration given to the tensile stiffness of the geotextile. The
contractive εv produced in GWS under the compression is assumed
to be elastic/elastoplastic, as in most constitutive models of sand.
The remaining plastic part is considered within the incremental
stressestrain relationship for a MohreCoulomb elastoplastic ma-
terial. Although deviatoric strain is generally assumed to occur only
in the plastic deformation regime, the current AN-GWS model al-
lows for an elastic deviatoric strain ε

e
d to be produced during

compression. Hence, using the same expression as for the normal
compression line for sand (Yao et al., 2008; Wu et al., 2013, 2014),
the elastic volumetric and deviatoric strains ε

e
v and ε

e
d can be

directly predicted from p0 by

ε
e
v ¼ Ct

h
ðp0=paÞm � ðp00=paÞm

i
(6)

where m is a material constant, which equals 0.3 for sand; pa is the
atmospheric pressure (pa ¼ 0:1 MPa); and the values of the
compression index Ct and the initial mean stress p00 are obtained
from the slope and intercept of the straight line in Fig. 10.



Table 2
Parameters of the proposed analytical solution for geotextile-wrapped soil.

Compression line Failure state line (FSL) Near-failure state line (NFSL) Stressedilatancy relation Young's modulus estimation

Ct ¼ 1:372 M ¼ 1:35 k ¼ 1:386 p1 ¼ 1:68 a ¼ 26:1
m ¼ 0:3 n ¼ 0:0723 l ¼ 1:27 p2 ¼ 0:344 b ¼ 0:74
pa ¼ 0:1 MPa pc ¼ 3:255 MPa x ¼ 0:035
p0 ¼ 2:6 kPa

Fig. 10. Evolution of volumetric strain versus ðp0=paÞ0:3 before dilation occurs and the
fitted compression line.
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ε
e
d ¼ 2qð1þ yÞ

9p0ð1� 2yÞε
e
v (7)

where y is the Poisson's ratio of the wrapped soil and q=p0 is pre-
dicted from p0 on the FSL and NFSL, which is the newly recognized
state line for GWS-type reinforced sands. Note that the fitted value
for p

0
0, 2.6 kPa in the case of GWS, is very close to the mean effective

stress in the unreinforced sand at the passive failure condition
(Kp ¼ 5:25) under a sas;0 ¼ 5:635 kPa surcharge. The same level of
surcharge was applied as the initial compaction on the sand-filled
geotextile container in the DEM and experimental uniaxial
compression tests (Cheng et al., 2016). Therefore, it is postulated
that the additional confining pressure from the geotextile encap-
sulation is negligible at the initial loading stage. Note that the value
of Ct given in Table 2 for the GWS is larger than 0.84 for Toyoura
sand obtained from isotropic compression tests (Yao et al., 2008).
This difference could possibly be caused by the initial anisotropic
stress and fabric states in the wrapped soil.
3.3. Incremental plastic response

With the elastic strains predicted by Eqs. (6) and (7), the plastic
stressestrain behavior of GWS remains to be solved by an analytical
model that can consider the dilatancy of soil. According to Balaam
and Booker (1985) and Pulko et al. (2011), a simplified solution can
be obtained by assuming that the stone columns are kept at triaxial
stress states during compression. It can be understood from the
previous DEM analysis (Section 2.3.1) that the behavior of GWS
satisfies the same assumptions applied in the analytical solution for
the stone columns with geosynthetic encasement. Under uniaxial
and triaxial compression, these two geomaterials are expected to
undergo significant plastic dilation, which in turn facilitates the
confinement effect. The wrapped/encased geomaterials can be
considered to be perfectly elastoplastic solids that satisfy the
MohreCoulomb yield criterion. The plastic stressestrain relation-
ship is written incrementally as
�
dspa
dspr

�
¼ D

�
KjK

0 2K 0
Kj 2

��
dεpa
dεpr

�
(8)

where dspa and dspr are the vertical and lateral stress increments
that produce the corresponding strain increments denoted as dεpa
and dεpr , respectively. The incremental stresses and strains are
correlated via the material parameter D, the stress increment ratio
K 0 and the strain increment ratio Kj, which are respectively defined
by

D ¼ E

2þ KjK 0 � 2y
�
1þ Kj þ K 0

� (9)

K 0 ¼ dspa
dspr

¼ 1þ sin4
1� sin4

¼ 2dq=dp0 þ 3
�dq=dp0 þ 3

(10)

Kj ¼ dεpr
dεpa

¼ 1þ sinj
1� sinj

¼
2dεpv

.
dεpd � 3

2dεpv
.
dεpd þ 6

(11)

where 4 is the peak friction angle, j is the dilation angle, and E is
the Young's modulus of the reinforced geomaterial. In the original
work of Balaam and Booker (1985), 4 and j are assumed to be
constant, which is not necessarily true for reinforced geomaterials
due to their nonlinear nature, e.g., a nonlinear failure state line.
3.3.1. Prediction of principal stress and strain ratios
In the case of the geotextile-wrapped Toyoura sand, K 0 is

calculated as the tangent of the nonlinear stress path such as those
in Fig. 6(b). It was demonstrated in Section 2.3.1 that the principal
stress ratio of GWS under uniaxial compression can be obtained
from the near-failure and failure states associated with the total
deviatoric strain and the mean stress. Therefore, K 0 can readily be
derived from the ratio of principal stress increments dq= dp0 via Eq.
(10), regardless of the tensile stiffness of the geotextile.

The validated discrete element model (Cheng et al., 2016) offers
thorough measures of key variables that are otherwise difficult to
acquire in conventional laboratory tests, such as q=p0 and dεpv = dε

p
d

in wrapped soil. Fig. 11 plots the relationships between q=p0 and
dilation rate � dεpv = dε

p
d obtained from the six DEM simulations

with various geotextile tensile stiffnesses. The post-failure parts are
excluded in Fig. 11 for clarity. It can be observed that the origins of
all the � dεpv = dε

p
deq=p

0 curves are apparently aligned along a
unique straight line (solid black line). As � dεpv = dεpd increases, the
rates of increase in q=p0 reduce in all six simulations, approaching
their respective plateaus. Note that the scattered data for the DEM
simulations with different J are aligned parallel to each other. This
tendency is more pronounced in Fig. 6(b) and the q=p0eεd curves
that are omitted due to the indirect contribution to the new as-
sumptions. This key finding indicates that the relationship between
stress ratio and dilation rate should be related only to one variable
that differs among all the simulation cases, i.e., the geotextile ten-
sile stiffness J. Therefore, rather than employing a hardening law



Fig. 11. Stressedilatancy relations for granular soil wrapped with different geotextiles
predicted from the DEM simulations (markers) and the analytical model (dashed
lines). Numbers in parentheses correspond to the RMSEs between analytical and DEM
results for the respective geotextile cases.
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applicable for all the GWS cases with different J, the present work
assumes the stress paths to be strictly governed by εd (Eq. (4)) and
p0 (Eq. (5)). More importantly, without a cap yield surface, an
empirical stressedilatancy rule needs to be enforced on the
MohreCoulomb model for the prediction of Kj or � dεpv = dεpd.

Considering the straight line described by q=p0 ¼ M � dεpv = dεpd
as in the original Cam-clay model, the reference states can be
defined for the stressedilatancy relations of GWS with the stress
ratio at failure Mf ¼ qf =p

0 and the corresponding dilation rate
Dp
f ¼ ð� dεpv = dε

p
dÞf ¼ Mf �M. Similar to how the near-failure stress

states are defined in Fig. 7, both the stress ratios and dilation rates
in each simulation case are regulated with respect to the reference
statesMf andDp

f produced at the same εd and p0, as shown in Fig.12.
It appears that all the regulated state points are located near a
straight line in the ðDp

f þ dεpv = dεpdÞeðMf � q=p0Þ plane. Therefore,
the dilation rate � dεpv = dε

p
d can be predicted using Mf � q=p0 (Eq.

(4)) through a linear correlation:

�dεpv
.
dεpd ¼ Dp

f �
h
p1

�
Mf � q=p0

�
� p2

i
(12)

with the parameters p1 and p2 given in Table 2. As shown in Fig. 11,
good agreement is obtained between the predicted
stressedilatancy relations and the measurements obtained from
the DEM simulations of GWS considering different geotextile ten-
sile stiffnesses. With these new assumptions for the evolutions of
Fig. 12. Unique relationship between the relative states of principal stress ratio and
dilation rate with respect to their failure values. The RMSE is measured between the
analytical and DEM results taking all geotextile cases into account.
stress ratio (Eq. (5)) and dilation rate (Eq. (12)), material nonline-
arity is introduced in the analytical model.

3.3.2. Relationship between tensile stiffness of geotextile and
Young's modulus of wrapped soil

As discussed above, the parallel-aligned fitted curves in Fig. 11
suggest that the tensile stiffness of the geotextile plays a key role
in the stressestrain behavior of the wrapped soil. In addition, it was
found in Section 2.3.2 that the tensile stiffness of the geotextile
appears to affect only the stress level, not the ratios among stress
components. Hence, it is reasonable to take the influence of the
tensile stiffness of the geotextile within the Young's modulus of the
wrapped soil into account. Writing the stress increments in terms
of dp0 and K 0 and substituting Eq. (9) for D in Eq. (8) results in the
following plastic stressestrain relation:

dεpa ¼ dεpr
Kj

¼ 1
E
dp� (13)

with

dp� ¼
2þ KjK 0 � 2y

�
1þ Kj þ K 0

�
KjðK 0 þ 2Þ dp0 (14)

where the material parameters K 0 and Kj are calculated from
dq= dp0 and dεpv = dεpd via Eqs. (10) and (11). Plotting dεpa against the
generalized mean stress increment dp� defined by Eq. (14) pre-
sents a group of linear relationships, as shown in Fig. 13. These
measurements obtained from the DEM simulations in Fig. 13
further confirm the validity of applying Eq. (13) for the dilative
behavior of GWS-type reinforced geomaterials. Fig. 14 plots the
slope of the straight line in each simulation case against the cor-
responding geotextile tensile stiffness. A clear power-law relation
E ¼ aJb is identified between the tensile stiffness of the geotextile
(103 kN/m) and the Young's modulus of wrapped soil (MPa). The
material constants a and b are listed in Table 2.

3.4. Complete elastoplastic solution for geotextile-wrapped soil

The complete stressestrain response of the GWS under
compression loading conditions is obtained using its contractive
and dilative parts computed in Eqs. (6), (7) and (13). The contractive
volumetric strain of GWS ε

e
v is assumed to be elastic; thus, it can be

predicted from the compression line upon a given mean stress (Eq.
(6)). The elastic deviatoric strain ε

e
d is introduced (Eq. (7)) in
Fig. 13. Relationships between plastic vertical strain increment and generalized mean
stress increment measured in the DEM simulations (markers) and predicted by the
analytical model (dashed lines). Numbers in parentheses correspond to the RMSEs
between the analytical and DEM results for the respective geotextile cases.



Fig. 14. Empirical relationship between the tensile stiffness of geotextile and Young's
modulus of wrapped soil.
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addition to ε
e
v , which differs from the assumption for deviatoric

strain in some constitutive models. Nevertheless, the measure-
ments of plastic strain increments, with ε

e
d excluded, show a linear

correlation with the generalized mean stress (Fig. 13), as suggested
in Eq. (13). The good agreement verifies the validity of assuming
deviatoric strain in the elastic deformation regime. Therefore, the
feasibility of adapting the plastic solution for the encased stones to
the wrapped soil is confirmed.

For the sake of completeness, Eq. (15) is rewritten below from
Eq. (3) with the strains split into the elastic and plastic parts. Note
that by substituting the respective equations for elastic vertical
strain ε

e
a, elastic lateral strain ε

e
r , plastic vertical strain increment

dεpa and plastic lateral strain increment dεpr into Eq. (15), the
analytical solution for GWS under a given vertical surcharge history
is simplified into a problem of solving the nonlinear equation
f ðp0; dp0; εdÞ � sas ¼ 0.

sas ¼ Ksr �
2ðsr � srsÞðH=BÞ

�
1� ε

e
a �

Z
dεpa

	

ðH=Bþ 1Þ
�
1� ε

e
r �

Z
dεpr

	 (15)

εh ¼
ðsr � srsÞðH=BÞ

�
1� ε

e
a �

Z
dεpr

	�
1� ε

e
r �

Z
dεpr

	

2JðH=Bþ 1Þ (16)

εd is involved in the calculation of Mf � q=p0, which is given by Eq.
(4) and used later for predicting Kj. The integrations of the plastic
strain increments dεpa and dεpr have to be performed numerically,
assuming that p0 and εd remain unchanged at each infinitesimally
small loading increment. Hence, all the incremental stress and
strain variables and the aforementioned material parameters can
be expressed in terms of dp0 at the infinitesimal increase of sas. In
this way, the nonlinear equation with dp0 as the only variable can
be solved numerically using an appropriate root finding algorithm.
The predicted dp0 and p0 are then returned into Eqs. (6), (7) and (13)
to update the elastic and plastic strains. Prior to solving dp0 at each
increment of sas, the material parameters K, K 0 and Kj need to be
revised from the preceding stress and strain levels. To obtain the
evolution of the tensile strain εh along the geotextile hoops, Eq. (1)
is rewritten as Eq. (16) considering th ¼ Jεh. As the surcharge level
increases incrementally, the tensile stress th can be computed from
the stresses and strains in the wrapped soil until εh reaches the
maximum value, as illustrated in Fig. 2. The integration will then
stop, having the ultimate bearing capacity and the final settlement
predicted for the Toyoura sand-filled geotextile container.
4. Model validity

In engineering applications of GWS, initial compaction is typi-
cally conducted on assemblies of sand-filled containers to obtain an
initial compressive strength (Matsuoka and Liu, 2006). Gaps be-
tween neighboring containers are either left empty or filled with
loose sand to facilitate the compaction process. Rather than being
empirically evaluated from the compactness, the initial strength
can be predicted using the proposed analytical solution for GWS
considering the designated initial settlement and lateral spreading
of the sand-filled containers. To test the validity of the proposed
analytical solution for GWS, the macroscopic responses of the DE-
GWS model and the AN-GWS model under uniaxial compression
loading conditions are compared considering the aforementioned
geotextiles (denoted as PE, 0.5PP, PP, 2PP, 3PP and 4PP). The DEM
simulations are performed quasi-statically, whereas the analytical
predictions are delivered as the compression loading proceeds
incrementally.

The geotextile tensile behavior is assumed to be purely elastic in
the analytical model with the secant stiffness taken as J ¼ 53, 116,
232, 464, 696 and 928 kN/m, whereas the nonlinearity in the ten-
sile behavior is rigorously considered in the DEM simulations. Note
that the wide-width tensile strength of PP woven geotextiles
generally does not exceed 124.8 kN/m (4PP geotextile). Encapsu-
lating granular soils by high-strength geotextile (e.g., J > 124.8 kN/
m) can induce large additional confining pressure onto the soil,
when subjected to either compression or shear. The additional
confining pressure can be so large that it can cause particle
crushing. Because the DE-GWS model cannot reproduce the
crushing behavior, only the above-mentioned six geotextiles are
chosen for performing the DEM analysis in a physically valid
manner. Furthermore, the above range of tensile stiffnesses should
be sufficient for demonstrating the applicability of the proposed
analytical model in the engineering design of GWS-reinforced
foundations. In the DEM simulations, the average tensile stress in
the geotextile fabrics at the global failure of the GWS reached
approximately half of the effective tensile strength. According to
the discussions on the failure evolution of the geotextile fabrics in
Cheng et al. (2016), this underestimation resulted from the limi-
tation of discretizing the thin geotextile (0.39 mm thickness) using
relatively large spherical particles with a diameter of 5 mm
(Fig. 1(c)). Although refining the discretization will certainly
improve the agreement with the test results, the DEM predictions
from which the current analytical solution is developed are
employed in the following for direct comparisons between the
results of the analytical and DEM models. Therefore, the tensile
strengths of all the geotextiles considered in the AN-GWS model
are scaled by a factor of 0.5 to account for the underestimated
average tensile strengths that occurred in those DEM simulations.

Fig. 15 shows the relationships between vertical surcharge
pressure on the sand-filled container sas and total vertical strain εa

obtained from the analytical and DEM models of GWS, considering
different values for the geotextile tensile stiffness. An additional
experimental response of the surcharge load (partially cyclic)
applied on a sand-filled PE geotextile container is provided in
Fig. 15(a) to demonstrate the validity of the analytical model.
Because it is difficult to measure the area of the top surface as it
expands during the experiments, the stresses are calculated as the
loadQ divided by the reference area A0 ¼ 0:16 to plot the analytical,
DEM and experimental stressestrain curves in Fig. 15(a). In the
experiments, the sand-filled container underwent an initial
compaction stage, which is omitted in the DEM simulations to
reduce the computational cost and is thus not present in the
analytical model. The dynamic compaction hardens the initial
stressestrain behavior of the wrapped soil, causing little difference



Fig. 15. Comparison of vertical surchargeestrain relationships predicted by the analytical and DEM models of granular soil wrapped by (a) PE, (b) 0.5PP, (c) PP, (d) 2PP, (e) 3PP and
(f) 4PP geotextiles.
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between the experimental data and the analytical and DEM pre-
dictions. Nevertheless, upon truncating the initial soft region of the
predicted stressestrain curves, one can observe good agreement
among the DEM, analytical and experimental results, i.e., the slopes
of all the curves are almost identical (excluding the unloa-
dingereloading path) after εa exceeds 4%.

Note that although the compression in Fig. 15 involves large
deformation up to approximately 15%, the loading rate is excluded
from the stressestrain formulation of the wrapped soil. This
simplification is valid because the data for developing the key as-
sumptions in Section 3.1 are extracted fromDEM simulations under
quasi-static compression. Notwithstanding the simplicity, all the
analytical solutions are in very good agreement with the DEM
simulation results, regardless of the tensile stiffness. Notably, the
initial stiffness increase of the wrapped soil is well reproduced by
the proposed analytical model, as shown from all the stressestrain
curves in Fig. 15. Because the nonlinearity of the geotextile tensile
behavior is ignored in the AN-GWS model, the ultimate bearing
capacities obtained from the two approaches are not exactly the
same. To reduce this discrepancy, it is feasible to replace the ma-
terial constant J with a detailed description of the tensile behavior,
as shown in Fig. 2, and thus update E in Eq. (9) according to Fig.14 to
introduce greater material nonlinearity. However, this paper avoids
this complexity by keeping J constant because the focus is placed on
the mechanical behavior of the wrapped soil, e.g., the effects of J on
the internal stressestrain behavior as described in the following
section. Despite the aforementioned deficiency, the analytical and
DEM models are able to produce similar final settlements, which
are found to increase as the wrapping geotextile becomes stronger.
4.1. Stressestrain relation of wrapped soil

The internal stressestrain behavior of the wrapped soil and its
relation to the tensile strain in the geotextile are of particular in-
terest to the soilegeotextile interaction problems. The previous
DEM simulations measured the additional confining pressure
applied on the wrapped soil and found that the confinement is
evolving toward a more isotropic state during uniaxial compres-
sion. Based on the new insights obtained from the DEM analysis in
Section 2, the proposed analytical model is capable of accurately
predicting the evolutions of the internal stresses, as shown in
Fig. 16. Similar to sas in Fig. 15, the responses of sa and sr both
exhibit an obvious stiffness increase before behaving linearly with
respect to εa. Comparing the stress levels in Figs. 15 and 16(a), one
can confirm the presence of the additional vertical confinement
contributed by the geotextile hoops in the lateral planes. Similarly,
the additional lateral confinement produced by the hoops in both
the lateral and horizontal planes can be understood from Fig. 16(b).
Although good agreement is reached between the analytical and
DEM solutions for the internal stresses, it is found that the DEM
solutions tend to slightly surpass the corresponding analytical so-
lutions in the cases where strong geotextiles are considered.
4.2. Relationship between tensile behavior of geotextile and
surcharge pressure on wrapped soil

Analogous to Fig. 8, which displays a unique correlation be-
tween tensile stresses and surcharge load regardless of the tensile
stiffness of the geotextile, Fig. 16(c) presents a family of straight
lines for the analytically obtained relations between tensile strain
εh and the scaled surcharge pressure sas=J. J takes the respective
geotextile tensile stiffness corresponding to each εhesas curve.
Because a universal tensile stressestrain law is considered for
tensile stress along any hoop direction in the analytical model, the
DEM solutions for the two tensile strains εha and εhr are averaged
for comparison with the analytical solution for εh. The analytical
model assumes elastic tensile behavior of the geotextile, resulting
in linear relationships between εh and sas=J. The DEM model,
however, thoroughly considers the nonlinearity of the tensile
behavior and thus yields a family of nonlinear εheðsas=JÞ curves
that lie slightly above the analytical solutions. It is found that the
slope of the curve in Fig.16(c) produced by either the DEMmodel or
the analytical model decreases with increasing geotextile tensile
stiffness. It appears that the slopes of the sas=Jeεh curves will



Fig. 16. Comparison of evolutions of internal (a) vertical and (b) lateral stresses versus vertical strain, (c) vertical surcharge pressure scaled with the geotextile tensile stiffnesses
versus tensile strain, and (d) volumetric strain versus deviatoric strain.
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ultimately converge to a constant after the geotextile tensile stiff-
ness exceeds a sufficiently large value. This trend suggests that
wrapping soils with weak geotextiles results in higher efficiency of
the reinforcement effect sas=J than with the strong ones, as long as
the geotextile fabrics remain intact. From the perspective of sus-
tainable design of GWS-reinforced foundations, it is of vital
importance to balance the reinforcing efficiency, the allowable
settlement and the cost for high-strength geotextiles. This
comprehensive work could be accomplished with the help of the
proposed analytical solution for GWS-like reinforced geomaterials.

4.3. Volumetric deformation

The best agreement between the analytical and DEM solutions
for the volumetric response is obtained for the PE case, as shown in
Fig. 16(d). As the tensile stiffness of the geotextile increases, the
volumetric behavior of the AN-GWS model is predicted to be more
increasingly dilative than that in the DEM simulations (see the 3PP
and 4PP cases in particular). This is because the assumption of
correlating the generalized mean stress dp� with the plastic strain
increment dεpa or dεpr via the Young's modulus E (Eq. (13)) does not
hold for the strong geotextile cases, as shown in Fig. 13. For the
granular soil wrapped within the 2PP, 3PP and 4PP geotextile
containers, intercepts could be introduced to fit the DEM simula-
tion data with some linear equations. However, it appears more
reasonable to avoid these intercepts by introducing an additional
plastic deviatoric strain ε

p
d in the contractive deformation regime

and excluding the increments of this ε
p
d from the plastic strain in-

crements used in Fig. 13.

5. Analytical solution for geotextile-wrapped soil in triaxial
loading conditions

The assemblies of sand-filled containers are subjected to lateral
earth pressures when applied in the construction of retaining walls
(Tatsuoka et al., 2007), roads (Matsuoka et al., 2010) and channel
slopes (Liu et al., 2015). To examine the predictive capacity of the
proposed analytical solution in such loading scenarios, triaxial
compression conditions are employed on the AN-GWS model.
Although the analytical solution is derived based on awide range of
geotextile tensile stiffnesses, it is still necessary to validate the
analytical solution for additional GWS cases in which the geotextile
tensile stiffnesses exceed the aforementioned range. Therefore,
three types of geotextiles are taken into account: the most
commonly used PE and PP geotextiles and a strong geotextilewith a
tensile stiffness five times greater than that of PP (J ¼ 1160 kN/m,
denoted as 5PP). The DEM simulations of triaxial loading on GWS
are performed by enclosing the DE-GWS model within a periodic
cell, as explained in Section 2 and schematically illustrated in
Fig. 1(b). Three lateral confining pressures applied from the exterior
of the DE-GWS model (srs ¼ 10, 50 and 100 kPa) are considered for
the triaxial compression tests. In the DEM simulations, it is
straightforward to apply an initial isotropic confining pressure prior
to triaxial shearing. In the analytical model, however, p00 is assumed
to develop from the same initial value as in the uniaxial compres-
sion tests (p00 ¼ 2.6 kPa) rather than starting with the isotropic
stress srs. This limitation is because the assumptions for the pro-
posed analytical solution are derived based on the stressestrain
responses under uniaxial compression. The assumptions stated in
Section 3 may not remain valid for triaxial compression conditions.
Notably, the assumption of principal stress ratio governed by the
NFSL and FSL, although being largely valid during triaxial shearing,
cannot consider initial isotropic stress states (Cheng and
Yamamoto, 2016). Despite the fundamental difference in the evo-
lution of stress states, the proposed analytical model is employed
herein without any assumption pertaining to the triaxial stresse-
strain behavior of GWS.
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5.1. Surcharge pressure

Despite the aforementioned difference in the initial stress states,
the analytical solutions for surcharge pressure on GWS under
triaxial compression generally agree with the DEM simulation re-
sults, as shown in Fig. 17. The agreement is found to improve as the
geotextile tensile stiffness increases because the relations between
εa and sas in the cases of stronger geotextiles exhibit more linearity
and are less sensitive to confining pressure srs, as shown in
Fig. 17(b) and (c). Note that this srs-sensitive characteristic of GWS
can be reproduced by the analytical model, although not as sig-
nificant as in the DEM simulations (Fig. 18(a)). As the confining
pressure increases, both the analytical and DEM solutions provide
greater ultimate bearing capacities and final settlements for each
GWS. By reducing the tensile strength of each geotextile by two, i.e.,
using half the strength as explained in Section 4, good agreement is
obtained between the analytical and DEM solutions for the final
settlements. The ultimate bearing capacity, however, appears to be
increasingly overestimated by the analytical model as the geo-
textile tensile stiffness increases. This trend arises because sas in
the DEM simulations is averaged in the periodic cells that contain
both the enclosed GWS and the surrounding soil particles, whereas
the analytical model does not take the surrounding soil into
account.
5.2. Internal stresses

The responses of the internal stresses sa and sr appear to be
influenced by confining pressure and geotextile tensile stiffness in a
similar manner as the responses of sas. The initial values for the
analytical predictions of sr are underestimated because p00 is
assumed to start from 2.6 kPa, which is most distinct in the PE case
with a confining pressure of 100 kPa. As the geotextile tensile
stiffness increases, better agreement is observed between the
analytical and DEM solutions for the sr responses (Fig. 19(b)e(c)).
Because sa is several times larger than sr , the initial difference
between the sa responses predicted by the two solution methods is
less significant compared with the sr responses, as shown in
Figs. 18(a) and Fig.19(a). Nevertheless, the initial nonlinearity of the
sa responses in the DEM simulations is not reproduced by the
analytical model, as shown in Fig. 18(a). It is known that the stress
in wrapped soil under triaxial compression starts from a drained
triaxial loading path (q=p0 ¼ 3), and as the stress level increases, the
principal stress ratio gradually evolves toward the values at failure
states (Cheng and Yamamoto, 2016). The aforementioned initial
nonlinearity of the sa responses is a direct result of the evolution of
stress ratio with the increase in mean stress. Because the initial
Fig. 17. Comparison of evolutions of vertical surcharge predicted by the analytical and
stress path is not considered in the proposed analytical model, good
agreement with the DEM simulation results cannot be obtained for
the soils wrapped by weak geotextiles under triaxial compression.
Comparing all the stressestrain responses in Figs. 17e19, one can
observe the best agreement between the analytical and DEM so-
lutions for the 5PP case. The assumption of principal stress ratios in
Section 3 is sufficiently satisfied for the granular soil wrapped by
strong geotextiles. In fact, the additional confining stresses sa � sas
and sr � srs in the PE case are only marginal, and the stress state
requires more vertical strain to reach the FSL compared with those
in the other cases. Despite the initial difference, the responses of sa
and sr obtained from both solution methods are found to eventu-
ally obtain similar maximums. Compared with the predictions of
ultimate bearing capacities, the differences are less pronounced
between the analytical and DEM solutions for the internal stress
maximums in Figs. 18 and 19. As the geotextile tensile stiffness
increases, it is observed that the analytically predicted maximums
of sa and sr increasingly surpass those in the DEM simulations. This
result is primarily attributed to less dilation produced in the
analytical model than in the DEM model under triaxial compres-
sion, as shown in Fig. 20.
5.3. Volumetric behavior

The volumetric behaviors of the GWS considering PE, PP and 5PP
geotextiles under three confining pressures are presented in Fig. 20.
The analytical solutions for the volumetric response in the PE case
match well with the DEM simulation results. As the geotextile
tensile stiffness increases, the proposed analytical solution predicts
more contraction than the DEM modeling approach. Regardless of
the solution methods, the volumetric behavior tends to become
more contractive as both confining pressure and geotextile tensile
stiffness increase. The dilation rates of the volumetric responses
appear to be unchanged with respect to confining pressure and
geotextile tensile stiffness in the DEM simulations under triaxial
compression. The analytical predictions of the volumetric behavior,
however, show a tendency of decreasing dilation rate with
increasing geotextile tensile stiffness. The reason for this tendency
is that the proposed analytical solution assumes that the dilation
rate is related with the principal stress ratio, which is expected to
decrease with increasing mean stress level. To obtain good pre-
diction accuracy in the volumetric behavior, future works are
needed to unify the assumptions on the stress states and the
stressedilatancy relations of GWS for both uniaxial and triaxial
compression loading conditions.
DEM models of granular soil wrapped with (a) PE, (b) PP and (c) 5PP geotextiles.



Fig. 18. Evolutions of internal vertical stress predicted by the analytical and DEM models of granular soil wrapped with (a) PE, (b) PP and (c) 5PP geotextiles.

Fig. 19. Comparison of evolutions of internal lateral stress predicted by the analytical and DEM models of granular soil wrapped with (a) PE, (b) PP and (c) 5PP geotextiles.

Fig. 20. Comparison of the relationships between deviatoric strain and volumetric strain predicted by the analytical and DEM models of granular soil wrapped with (a) PE, (b) PP
and (c) 5PP geotextiles.
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6. Conclusions

This paper presents a novel analytical solution for geotextile-
wrapped soil in compression loading conditions, with the as-
sumptions facilitated by the new findings obtained from the DEM
modeling of a sand-filled container. The analytical model considers
the geotextile tensile behavior to be purely elastic and the wrapped
soil to be a MohreCoulomb elastoplastic solid with evolving prin-
cipal stress ratio and dilation rate. To examine the boundary and
interface assumptions for the proposed analytical model, the
principal stress distribution and interface friction are investigated
in a DEM analysis of geotextile-wrapped soil under uniaxial and
triaxial compression. To obtain a better understanding of the
stressestrain behavior of the reinforced soil and its relation to
tension in the geotextile fabrics, four additional cases are consid-
ered for the uniaxial compression simulations with tensile stiff-
nesses of half, two, three and four times that of a PP geotextile. The
assumptions for the analytical model are made based on the
following findings from the DEM analysis:

� Boundary conditions: The major principal stress directions
remain parallel to the axis of the uniaxial loading. The medium
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and minor principal stress directions are slightly inclined to-
ward the corners.

� Contractive behavior of soil: The initial contraction of wrapped
soil follows the compression line in the semi-log mean
stressevoid ratio plane without reference to geotextile tensile
stiffness.

� Dilative behavior of soil: The plastic deformation of the wrapped
soil is governed by the MohreCoulomb yield criterion with
evolving dilation rate and principal stress ratio.

� Stress ratio: A unique relationship is identified between devia-
toric strain and the relative principal stress ratio with respect to
the maximum value at failure state. The failure state lines for
soils with or without a cellular form of reinforcement are
identical.

� Dilation rate: The principal stress ratio and its maximum on the
failure line are related to the dilation rate through a linear cor-
relation irrespective of the geotextile tensile stiffness.

� Tensile behavior of geotextile: The geotextile behaves as a
perfectly elastic material with the same amount of tension
developed in every constituent hoop of the geotextile
reinforcement.

Because the material parameters need to be updated during
compression loading, the analytical solution for geotextile-
wrapped soil is solved numerically. By imposing an empirical
power-law relation between the geotextile tensile stiffness and the
Young's modulus of the wrapped soil, good agreement is obtained
between the analytical and DEM solutions for geotextile-wrapped
soil in uniaxial loading conditions. The predictive capacity of the
proposed analytical solution is further examined in triaxial
compression conditions, varying the confining pressure and geo-
textile tensile stiffness at three different levels. Based on the
analytical solutions and comparative DEM simulations, the
following conclusions are drawn:

� The analytical solutions for the internal stresses within the
reinforced soil and the vertical surcharge applied on the geo-
textile are in excellent agreement with the DEM solutions
regardless of the geotextile tensile stiffness.

� The initial stiffness increase of the geotextile-wrapped soil in
the responses of the internal stress and the external surcharge
pressure is well reproduced by the analytical model.

� The slope of the straight line that displays the linear relationship
between the surcharge pressure and the tensile stress tends to
decrease to a constant value as the geotextile tensile stiffness
increases. This trend suggests higher reinforcing efficiency in
the cases of weak geotextiles. It is recommended that the rein-
forcing efficiency, the allowable settlements and the costs for
high-strength geotextiles should be balanced in the sustainable
design of geotextile-wrapped soil with the help of the proposed
analytical solution.

� The analytical solutions for the surcharge pressure on
geotextile-wrapped soil under triaxial compression generally
agree with the DEM solutions. The agreement is found to
improve with increasing geotextile tensile stiffness.

� As the confining pressure increases, both the analytical and DEM
solutions provide greater ultimate bearing capacities and larger
final settlements.

� Although the analytically predicted internal lateral stresses are
initially lower than the DEM simulation results, similar maxi-
mums of the internal stresses are produced by the analytical and
DEM models.

� Because the agreement between the two solutions improves as
the geotextile tensile stiffness increases, it is concluded that the
assumptions of principal stress ratios still hold for triaxial
loading conditions as long as strong geotextiles are considered.

� As the geotextile tensile stiffness increases, the analytical solu-
tions for the volumetric response become less dilative, and
larger contraction is predicted compared with the DEM simu-
lation results. Further improvements could be achieved with
unified assumptions on the principal stress ratio and dilation
rate for geotextile-wrapped soil under both uniaxial and triaxial
loading conditions.
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