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Feedback theory extended for proving generation of contraction
semigroups
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Abstract. Recently, the following novel method for proving the existence of solutions for certain linear
time-invariant PDEs was introduced: The operator associated with a given PDE is represented by a (larger)
operator with an internal loop. If the larger operator (without the internal loop) generates a contraction
semigroup, the internal loop is accretive, and some non-restrictive technical assumptions are fulfilled,
then the original operator generates a contraction semigroup as well. Beginning with the undamped wave
equation, this general idea can be applied to show that the heat equation and wave equations with damping
are well-posed. In the present paper we show how this approach can benefit from feedback techniques and
recent developments in well-posed systems theory, at the same time generalizing the previously known
results. Among others, we show how well-posedness of degenerate parabolic equations can be proved.

1. Introduction

It is now a very standard technique to use semigroup theory for showing existence
and uniqueness of (linear) partial differential equations (PDEs). The general results
available in semigroup theory enable us to conclude existence of solutions for many
PDEs once this has been proved for one PDE. For instance, if the operator A associated
with a given PDE generates a Co-semigroup, then we immediately have that for every
bounded Q, also A 4+ Q generates a Cp-semigroup. Hence, the PDE associated with
A + Q has a unique solution given an initial condition. Even hyperbolic and parabolic
PDE:s are linked in the semigroup setting, since A2 generates an (analytic) semigroup
whenever A generates a Cp-group, see [4, pp. 106—-107]. For contraction semigroups
on Hilbert spaces, this latter result was complemented in [25].

In [25] it is shown that the existence of solutions of the heat equation,

2—:(5, 1) =div (a(§) gradx(§,1)), §€Q,1>0,
x(£,0) = x0(§), &€, (1.1)
x(&,t)=0, £€0R,t>0,
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can be directly linked to the existence of solutions of the undamped wave equation

i[x(é,t)}z[ 0 diV] [x(é’t)] £€Q, >0,

ot | e(&,t) grad 0 e, 1)
XE 0] o) (12)
[E(E,O)}_[EO(E)]’ fes

x(&,1)=0, £€02,t>0.

Here 2 C R" is a bounded Lipschitz domain with boundary 9€2, div is the divergence
operator divw = dw;/9&; + - - - + dw,/0&,, grad is the gradient operator grad x =
(0x/0&1, ..., 0x/0&,) T, and a(&) is the (strictly positive) thermal diffusivity at the
point £ € Q.

The key to this link (more details below) is the next theorem which is taken from
[25, Thm 2.6]. In the theorem, we assume that two (in general unbounded) operators

are given: Aj : [}2] D dom(A;) — Xjand Ap; : X1 D dom (A1) — X3. Then
we define an operator A,y as

o= |0l

(1.3)
dom (Agy) 1= [[Z] € dom (A}) | x € dom (A21)] .

THEOREM 1.1. Assume that Ay, in (1.3) generates a contraction semigroup on
the pair [ig ] of Hilbert spaces and that S is a bounded operator on X» that satisfies

Re (Sx, x) > 8||x||? for some § > 0 and all x € X».
Then the operator As defined using A.x: and S as

X
Agx = A
gri= Ay [SAM] ,

(1.4)
dom (Ag) := [x € dom (A2)) | [SA’;J e dom (Al)]

generates a contraction semigroup on X.

In order to show how this semigroup-theoretic result links the PDEs (1.1) and (1.2),
we have to identify the spaces and operators of Theorem 1.1. As Hilbert spaces X
and X, we choose L%(Q) and L2(Q)", respectively. The operator A,,; is given by

[ A 7_ [0 div ()
Aext = [[Am Oﬂ = [grad 0 } dom (Acxr) = [Hdiv(sz)] (1.5)

where H'(Q) is the standard Sobolev space of functions that together with all their
first-order partial derivatives lie in L3(), HO1 (X2) is the subspace of functions in
H'(Q) that vanish on the boundary 32 of €2, and

H () = {w e L2@" | divw e 12@)].
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It is clear that (1.2) is associated with the operator A,,;. Since A.y; is skew-adjoint
on [))g ] see, e.g., [10], it generates a contraction semigroup. Choosing S to be the
multiplication operator (Sf) (&) = a (&) f (&), f € X2, & € Q, itis straightforward to
see that Ag in (1.4) is the operator associated with (1.1). Hence if the thermal diffusivity
o satisfies the (physically natural) condition 0 < ml < «(§) < MI1,& € Q withm
and M independent of &, then we can use Theorem 1.1 to link the two PDEs.

Theorem 1.1 was proved as [25, Thm 2.6] using a perturbation argument, and the
result and its proof are also included in [26]. In the present article we give a new proof
method which also allows us to generalize this theorem. In order to formulate our
result, we have to introduce some notation and terminology; the precise definitions
are given later in the paper.

As in Theorem 1.1, A,y is assumed to generate a contraction semigroup on [))g ]
However, we do not assume that the lower right corner is zero. This influences the
definition of Ag which now becomes Agx := z where []Zc] = Aexs [Sxf] for some
/' see Definition 2.1. The external Cayley system transform of Aey; is the mapping

from [ ] to [§]. where [ }] := Aexi [+ ] and u = %, y = e:g . A system node

is the natural generalization to infinite-dimensional systems of the matrix [é g] in

the continuous-time finite-dimensional system [chg; ] = [é g [ig; ]; see Definition

2.4. A system node is scattering passive if and only if the following energy inequality

holds:
2 2 . Z A&B X
2Re (z.x)x = lulfy = Iy}, with u = [C&D} M

THEOREM 1.2. Let A.x: generate a contraction semigroup on the pair [i;] of
Hilbert spaces and let — S generate a contraction semigroup on X». Then the following

claims are true:

1. The external Cayley system transform [ égg] of Ayt Is a scattering-passive

system node.
2. Ifthe Cayley transform K = (S—I)(S+1)"" of S is an admissible static output
feedback operator for [ég‘g ] then the relation Ag defined via

Z

f

is the (single-valued) generator of a contraction semigroup on X1.
3. IfS is bounded and Re (Sx, x) > 8||x||> for some § > 0 and all x € X3, then
K is admissible.

Agx ==z, |: ] = Auxr [;f] for some [ € X»,

The converse of assertion two in Theorem 1.2 is false; the operator A g may generate
a contraction semigroup even though K is not admissible; see Example 4.3.

REMARK 1.3. Intuitively, assertion 2 of Theorem 1.2 says that if the closed-loop

system [ A& | with static output feedback K is a meaningful control system, i.c., a
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system node, then the main operator of this system generates a contraction semigroup.
For more details, see Definition 4.1 and Proposition 3.7 below.

Claim 1 of the previous theorem follows from [19, Theorem 5.2]. If S in item 2
or 3 is the identity, then K = 0 and we have no feedback. Moreover, in this case
Ay equals the main operator A in item 1; see Theorem 3.1. It is often convenient to
make the canonical choice S = I [which corresponds to « = I in the heat equation
in (1.1)], but in many cases this is not preferable, or even possible. For instance,
the wave equation can be transformed into the viscous Schrodinger equation [5] by
choosing S = il + €. Although the solutions of the heat and Schrodinger equations
have completely different properties, the existence of solutions can in both cases be
proved by applying Theorem 1.2 to the wave equation (1.2). The examples in Sects. 5
and 6 have S # I. In this paper we focus on the case described in item 3; hence in all
examples the operators S are bounded.

In the case of item 3, the closed-loop system [ ég‘g] with static output feedback K
is even well-posed in the sense of Definition 2.5. This will be pointed out later in the

discussion.
We do not expect that Theorem 1.2 can yield existence of solutions for a PDE for

which no direct solution method exists. Rather, our point is that feedback theory can
quickly solve the problem of existence of solutions, once the problem is solved for
a simpler PDE; see Sect. 5. Furthermore, it follows from our method that not only
homogeneous PDEs are well-posed, but also the well-posedness of some inhomoge-
neous PDEs is obtained; see Example 3.3. In a companion paper [11], we have shown
how to easily characterize the boundary conditions which give rise to a contraction
semigroup for many hyperbolic PDEs, especially those similar to the wave equation.
Controllability and observability of the heat equation have previously been success-
fully studied using the corresponding properties of the associated wave equation in
[71; see [6,13,26] for more recent developments in this area.

The full abstract setting of the paper is described in detail in Sect. 2, together with
a minimal background on continuous-time infinite-dimensional systems theory. In
Sect. 3, we transform the maximal dissipative operator A,y into a scattering-passive
system node ég‘g ], using arecent result on the external Cayley system transformation
by Staffans and Weiss; see [23, Thm 4.6]. Then we proceed to represent Ag in terms
of [égg ] The main contribution of the paper is Sect. 4, where we prove Theorem
1.2 using feedback techniques. We apply the results of Theorem 1.2 in Sect. 5, where
two examples of damped wave equations are provided, one with viscous damping and
one with structural damping. We end the paper with an application of Theorem 1.2 to
degenerate parabolic PDEs, in Sect. 6.

Theorem 1.1 was generalized to the Banach-space setting by Schwenninger in [16].
The work [20,21,24] of Tucsnak and Weiss on “conservative systems from thin air”,
and that of Staffans and Weiss [19,23] on Maxwell’s equations, are also very closely
related to the present paper. However, it is not straightforward to translate the results
from one setting to the other, and neither approach seems to be a special case of the
other one. In the present paper we make extensive use of well-posed systems theory
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[18], and useful connections can also be made to linear port-Hamiltonian systems
[9,12,22]. Finally, it should be mentioned that Desoer and Vidyasagar used similar
methods with finite-dimensional, but nonlinear, systems in [3, Sect. VL.5].

2. The abstract setting

The operator A on a Hilbert space X is dissipative if Re (Ax, x) < 0 for all
x € dom (A), and we say that A is maximal dissipative if A has no proper extension
which is still a dissipative operator on X. The operator S is (maximal) accretive if —S
is (maximal) dissipative. The following definition generalizes (1.4); see Fig. 1 for an
illustration:

DEFINITION 2.1. Let X; and X; be Hilbert spaces, let A,y = [ﬁ;] : [g] D
dom (Aeyr) — [2] be a closed and maximal dissipative linear operator, and let S
be a closed and maximal accretive linear operator on X».

The in general unbounded mapping A from dom (Ag) C X into X defined by
dom (Ag) := (x € X, |3f edom(S),e€ Xy :

m € dom (Agys), f = As m e:Sf], @2.1)

Agx 1=z, |:]ZC:| = Aext |:);i| , e=Sf,

is called the mapping A..; with internal loop through S.

If A,y is of the form [ [ A?]‘ 0] ], then (2.1) reduces to (1.4). Moreover, it is straight-
forward to verify that Ag is linear, but Ag can in general be multi-valued, even when
both Ay, and S are single-valued. For example, take X| = X, = C, Aoy, = [V 1} ],
and S = i. Then dom (As) = {0} and the multi-valued part of Ay is C. Fortunately,
in the combinations of A,,; and S that we consider in the present paper Ag is always

single-valued.

_
Aezt

Figure 1. Representing Ag using A.y; and S
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REMARK 2.2. Figure 1 is strongly reminiscent of feedback, but we want to empha-
size that we are at this point not working with standard feedback. In the ODE (1.2)
associated with A.y;, both variables x and e are state variables of a system that has no
inputs or outputs. On the other hand, if we want to interpret Fig. 1 as feedback, then
e would have the interpretation of input signal, x would be the state variable, z = x
the (time) derivative of the state, and f would be the output signal. Sometimes, but
certainly not always, it is possible to obtain useful results by making such a reinter-
pretation of the variables. For instance, if we in (1.2) replace é by an arbitrary variable
f, and thus drop the assumption that f = ¢, then we no longer have a meaningful
system in the sense that the resulting mapping from [ § ] to [ 7] is not a system node.
See Definition 2.4 and Example 3.3 below for more details.

The operator Ag is always dissipative if A.y; is dissipative and § is accretive.
Indeed, due to (2.1), we can for all x € dom (Ag) find z € X f, e € X» such that
[7]=Acxi[2]ande = Sf. Then z = Agx and it follows that

Re (Asx, x) = Re (z,x) = Re <[ﬂ , m>—Re (f,e)

—Re <Aw [’;],[’;D—Re (f.Sf) < 0. 2.2)

According to the following famous theorem, A g generates a contraction semigroup if
and only if Ag is closed and maximal dissipative:

THEOREM 2.3. (Lumer-Phillips) For a linear operator A on a Hilbert space X,
the following conditions are equivalent:

1. A generates a contraction semigroup on X.

2. Ais closed and maximal dissipative, i.e., dissipative with no dissipative proper
extension.

3. Ais densely defined, closed, and dissipative, and A* is also dissipative.

4.  Aisdissipative and there exists at least one o € C. = {A € C | Re A > 0} such
that ran (ol — A) = X.

5. Aisdissipative and ol — A has a bounded inverse on X for every a € C..

The standard definition of a contraction semigroup and additional background can
be found in most books on semigroup theory. Here we assume that the reader is familiar
with this theory, and we refer to Chapter 3 of [18] for more details. For a proof of
Theorem 2.3, see in particular [18, Thms 3.4.8 and 3.4.9], noting that « / — A is always
injective when o € C. and A is dissipative. The importance of the assumption that A
is closed in item two of the Lumer—Phillips Theorem was investigated in [15, §1.1.1].

Let X be a Hilbert space and A a linear operator defined on some subset of X.
Defining the resolvent set of A to be the set p (A) of all A € C for which A1 — A is
both injective and surjective, we can state assertion 4 of Theorem 2.3 equivalently as
“A is dissipative and C4 N p (A) # @.” Similarly, assertion 5 is equivalent to “A is
dissipative and C C p (A),” due to the closed-graph Theorem.
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Next we introduce the concept of a system node. It is helpful to think about a system
node [ égg] as a generalization to infinite dimensions of the matrix [ é g] in the
standard finite-dimensional linear system with input signal u(-), state trajectory x(-),
and output signal y(-):

x(1) _ A B|]|x(t) B
|:y(t):| N |:C D:| |:u(t):| . =0, x(0) = xo. (2.3)

The associated semigroup is the mapping ¢ +— e?’, t+ > 0, which for zero input

u(t) =0, tr > 0, sends the initial state xq into the state x(¢) at time ¢ > 0.

The following definition of a system node is slightly different from the standard
definition [18, Def. 4.7.2] that uses rigged Hilbert spaces, but the definitions are seen
to be equivalent by combining [18, Lem. 4.7.7] with the fact that every generator of a
Cop-semigroup has a non-empty resolvent set; see [18, Thm 3.2.9].

DEFINITION 2.4. By a system node with input space U, state space X, and output
space Y, all Hilbert spaces, we mean an in general unbounded linear operator

A&B| | X 5 dom A&B N X
C&D| |U C&D Y
with the following properties:

1. The operator [ ég‘g] is closed.

2. The operator A& B is closed, where A& B is the projection of [ ég‘g ] onto [ {)5} ]
along [ OV].
3. the main operator A: dom (A) — X, which is defined by

Ax = A&B m , dom (A) = [x ex| m € dom ([ég;g])] . Q4

is the generator of a Cyp-semigroup on X.
4. The domain of [ A&8 | satisfies the condition

X
\Z IxeX: ALB ).
weUdre M € dom ([ 288 ])

By a classical trajectory of the system node [ A¢5 | we mean a triple (u, x, y)
whereu € CR,; U), x € Cl(R+; X),y e CRy;Y), [ig;] € dom ([ég‘g]) for
allt > 0, and

X(t) A&B | [ x(1)
= t>0 2.5
A i P | o R @
using the derivative from the right at 0.

When we in the sequel use the notation A& B, we mean that the operators A and
B can in general no longer be separated from each other (without extending the co-
domain and the domain).
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Let 7y, 77 denote the linear operator which first restricts a function to the interval
[0, T] and then extends the restricted function by zero on R \ [0, T'], and introduce
the Sobolev space

d
HLR:U) == u e 2R U) | é € L2R,: U), u(0) =01} .

Let [ A48 ] be a system node. Then there for every u € Hj(Ry;U) exist x €
C'(Ry; X) and y € C(Ry; Y), such that (u, x, y) is a classical trajectory of [ ég‘g

with x(0) = 0; see [18, Lemma 4.7.8]. Thus, for every uy € mjo,7] HO1 (R4; U) there
exists a classical trajectory (u, x, y) of [ég‘g] with x(0) = 0 and 7jo,7ju = uo. It
is well known that n[o,T]HOl (R4; U) is dense in Lz([O, T1]; U), and therefore for all

T >0,
Z/IOT = {n[o,T]u | (u, x, y) classical trajectory of [ég‘g] A x(0) = 0} (2.6)

is a dense subspace of L2([O, T, U).

DEFINITION 2.5. A system node [ A$5 ] is (L2-)well-posed if there for every
T > 0 exists a corresponding constant M7 > 0 such that all classical trajectories

(u, x, y) of [ A&B ] satisfy

T T
||x(T>||%(+/0 ly()lly dr < My (||x(0>||%(+/0 ||u(r)||%,dr). 2.7)

The system node is (scattering) passive if (2.7) holds with M7 = 1 forall T > 0.

A system node is well-posed (passive) if and only if there exist one 7 > 0, such
that the inequality in (2.7) holds with some M7 > 0 (with M7 = 1). Often M7 grows
with growing 7 in the non-passive well-posed case. By [18, Thm 11.1.5], a system

node [ A&8 | is passive if and only if it for all [ | € dom ([ A% ]) holds that
2 2 . < A&B X
2Re (z,x)x =< llullyy — lylly, with |:yi| = [C&Di| |:u:| (2.8)

Let (u, x, y) be a classical trajectory with x(0) = 0 of a well-posed system node
[4%8 ] and fix T > O arbitrarily. The mapping D from 7o, 7ju into 7o 77y is a
linear operator defined on dom (@g ) = Z/{OT with values in Lz([O, T1; Y). The domain
Z/IOT of i)g is dense in L2([0, T1; U), and as an operator from L2([O, T1; U) into

L2([0, T1; Y), the operator @g is bounded by M7 in (2.7).

DEFINITION 2.6. Let [ 285 | be a well-posed system node and 7 > 0 be arbitrary.
We call the unique extension of Dg into a bounded operator @g : Lz([O, T, U) —
L2([O, T1; Y) the T-input/output map of [égg ], and we also denote this extension
by @g .

For a passive system node, DOT is a contraction, again by (2.7).
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REMARK 2.7. Combining Definition 2.2.7 and Theorem 4.6.11 in [18] with our
derivation of Z)g , we see that our operator ’Dg coincides with the operator represented
by the same notation in [18]. Indeed, Z)g maps an input signal u € L2([O, T1; U) into
the corresponding output signal y € L*([0, T]; Y) of a mild trajectory (u, x, y) of
[ A&5 ] with x(0) = 0; see also [18, Sect. 2.1].

Compared to our derivation of © !, Staffans [18] proceeds in the opposite direction.
More precisely, he considers an extension ® of the operator @g to the space of
Toc (R; U), with support bounded from the left, to be part of the definition
of a well-posed system. Using the operator 2, he defines Dg by Z)g = 710,719 7[0,T]
in Definition 2.2.6, and only later he defines the system node and classical trajectories.

We end the section with a result that is useful when working on examples. The
simple proof, which uses causality and the identity D := w9, -)D7[0,¢}, T > 0, is
omitted.

functions in L?

PROPOSITION 2.8. Forawell-posed system [ ég‘g ] with input space U and output
space Y, the norm of’DT, T > 0, as an operator from L?([0, T1; U)to L*([0, T1; Y),
is a non-decreasing function of T.

3. Representing A g using a passive system node

We provide sufficient conditions for Ag to generate a contraction semigroup by
using the following theorem, which is a reformulation of Theorem 5.2 in [19]. We
give a new elementary and self-contained proof, where we show directly that the
conditions of Definition 2.4 and the inequality (2.8) are satisfied.

THEOREM 3.1. If A¢exr = [ﬁ; ] is a closed and maximal dissipative operator on

the pair [2 ] of Hilbert spaces, then the external Cayley system transform

[2%} : [(e - ;)/ﬁ} "~ [(e + ;)/ﬁ} ’ m = Aext [i] ’

wmt= [y comiser s <]}

of Aexr is a passive (in particular well-posed) system node, with state space X1, and
input and output space X».
The main operator A equals As of Definition 2.1 for S = 1.

3.1)

Proof. The following useful equivalence is straightforward to verify:

e—f et f y - y+u
—_— and e = ——

u= 7 and y = 7 7 = 7

In order to prove (2.8), we let [fj ] € dom ([ égg ]) be arbitrary, and we set [f] =

[ A& ][ e = +u/v2 and f := (y —u)//2. Then [} ] € dom (A,y;) and
[7]= Aexi [T ] by (3.1) and (3.2), and the dissipativity of A, yields

f= (32)
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ozane ([ [ =metcoan
> 2Re (z,x) + [|y[I* — llul*. 3.3)

S

We have proved (2.8), and setting u = 0, we obtain for all x € dom (A) that z = Ax
and 2Re (Ax,x) < —|ly[|* < 0, where A is the main operator of [ A48 ]; see (2.4).
Hence, A is dissipative.

As A,y 1s maximal dissipative, 1 € p (Aext) by the Lumer—Phillips Theorem 2.3,
which implies that the operator I — A.y; has range [f(; ] Therefore, for arbitrary
X € Xy and it € X; there exists an [ | € dom (Acy,) such that

I e (e [ S P R A R

Comparing this to (3.1), we see that condition 4 of Definition 2.4 is met. Moreover,
setting # = 0, we see that [ — A is surjective, and since we already know that A is
dissipative, we can conclude that A is maximal dissipative, hence the generator of a
contraction semigroup. Thus condition 3 of Definition 2.4 is also met.

Next we prove that [égg inherits closedness from A,,;. Indeed, let [if’}, ] €
dom ([A84]). [] = (A1 (5] v — xandzy — zin X1, and y > u
and y, — yin X5. Then

e __yn+un_>y+u _un_)y_u
V2 V2 V2 V2

in X5, and moreover [ 3" | € dom (Acy) with [5‘2] = Aext [¢"] due to (3.1) and
(3.2). By the closedness of Aey;, [+ ] € dom (Aex;) and [ ] = Aex, [+ ], and since
u=(e— f)/v2and y = (e + f)/+/2 by (3.2), we obtain from (3.1) that [} ] €
dom ([ &8 ]) and [ ] = [ 248 ][+ ]- We have proved that [ &5 ] is closed, and so
condition 1 of Definition 2.4 is met.

Finally we need to show that condition 2 of Definition 2.4 is satisfied. Therefore,
we assume that [),j’j,] € dom ([égg]), [;Z] = [égg] [’,j; ] X, — xand z, — z
in X1, and 4, — wu in X». Then x,, z,, and u, are all Cauchy sequences such
that [ 25 ] = [A&B][Z:" ], and combining (3.3) with the Cauchy-Schwartz

Yn—=Ym Up—Um
inequality, we obtain that

=:e and f, = In = f

2 2
lve — ymll™ < llup — umll” — 2Re (2 — zm, Xn — Xm)
2
< MNun — ™ + 2llzn — Zm H1Xn — Xl

This implies that y, is also a Cauchy sequence in X;. Hence y, also converges to
some y € X7 and by the closedness of [é‘gg ], we have that [fj] € dom (A& B) and
A&B [ﬁ] = z. We conclude that A& B is closed.

By equation (2.4), x is mapped to z = Ax whenever u = 0. However, u = 0
corresponds to e = f, see (3.2). Hence e = I f, and so (2.1) gives z = Ajx. O
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In [17] it was shown that there exist maximal scattering dissipative operators which
are not closed, and so the closedness assumption in Theorem 3.1 is essential.

The following alternative representation of the operator [ CAgg ] in (3.1) is useful in
computations; see also [23]:

PROPOSITION 3.2. Let Agyy = [ﬁ; ] be a dissipative operator on the pair [i((; ]
of Hilbert spaces and define [ égg] by (3.1). Then the operator [ ng (I)] - [ X ] maps

2
dom (Acy;) one to one onto dom ([ égg ]) and

Fer P [ (A R P I
om (25D = ([¥5" 9] [ 1] dom e

In particular, if there exist linear operators A1y and A3y, such that Ay [ﬁ ] =Ape
and Ay [)e“] = Aj1x for all [;f] € dom (Agy),! then

A&B]  [As=1 & (V2 A1)
C&D| ™ | (V2Au) &I |’
21 0
com (28D =[ V2! 9 aom cacn.

34

3.5)

where A5=1 = A12A21, Cf. (1.4).

The notation in the second part of the proposition is analogous to that in Theorem
1.1.

Proof. Fix [} ] € dom (Ay,) arbitrarily and set [ 7| := A/ [T ] u := (e — /N2,
and y := (e + f)/+/2. It then follows that e — A>[}] = +/2u and by (3.2) also
y =24, [ %]+ u. Hence

(o T-LEDET =l = (=[]l

We next prove that the operator [‘/g I (I)] — [ /?2 ] is injective and therefore assume

that ([\%’ (])] — [22]) [£]=0.Thenx =0and f = A>[?] = e, which implies

that u = e;-zf = 0, and it follows from (3.3) that y = 0, which in turn implies that

e = yjiu = 0. This shows that [\fé[ (1)] - [fz] is injective. The domain of this
ALBY),

operator is clearly dom (Acy;), and by (3.1) its range is dom ([ ceD

1By writing that Ap [)e‘] = Arpx for all [’é] € dom (A¢yxr), we mean that the given operator A, has
the property that Ay [eX] ] = Ay [exz] whenever [ex] ] s [exz] € dom (Aexr). Then we set dom (App) =
{x | [’é] € dom (Agx,)} and Apjx 1= Ay [if], where [)ef] € dom (A¢ys). The same is meant for Aj.
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Moreover, (3.6) yields that

- E- LA 912D [
(26 965 0D

(3 1)

L0 L)

forall [ ] € dom ([ 248 ]), and the first assertion is proved. From here (3.5) follows
easily. O

~

If one assumes more structure of A.,; in the preceding proposition, essentially that
Aeyxs 18 a system node, then one can alternatively obtain the result by flow inversion,
using [18, Thm 6.3.9].

We now continue the example in the introduction, where A.y; in (1.5) is a skew-
adjoint operator that is not a system node.

T 0 div] o [ H®T.

EXAMPLE 3.3. The operator Agx; = [ g 0 | With dom (Acy) := oy | 18
not a system node with input space L?(2)", because

{u e LX(Q)" |Ix e LA(Q): [Z] € dom (Am)] = HW(Q),

which is a proper subspace of L?(2)", and so condition 4 of Definition 2.4 is violated.
Moreover, the “main operator” of Ay is zero:

— [0 div] m —0, [’0“] € dom (Aey) . ie., x € HI(Q),

and the “control operator” div is unbounded from L2(2)" into L? (2),and so A,y also
fails the standard test that the main operator should be the most unbounded operator
of the system node.

Although A,,; is not a system node, it is maximal dissipative and closed (even self-
adjoint; see [11, Cor. 3.4]), and hence the extended Cayley system transform [ égg
of Ay 1s a system node; see Theorem 3.1. The state space of [égg] is X = L*(Q),
the input and output spaces are U = ¥ = L?(2)", and according to Proposition 3.2,
the system node itself is given by:

[A&B} _ [A&ﬁdiv} ’ 3.7)

dom([ 255 ])

C&D V2grad& I
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where

V2x L) ] | [« H(Q)
m ([ A&B 1) = 0
do ([ C&D]) - H:e _ gradx] € I:LZ(Q)ni| I:ei| € |:Hd1V(Q):H . (3.8)
Here the main operator A equals the Laplacian Ax := div (grad x) defined on

dom (A) = [x | m e dom ([ A&E )} =[x e H}@ | gradx € B ()}

We can confirm that A of [ég‘g] is the most unbounded operator of [ ég‘g ]

The PDE associated with the operator [ A&5 ] in (3.7)~(3.8) is

g—:(g, 1= Ax(E, 1) +2divu(E, 1)

yE. 1) =2gradx(E, 1) +uE. 1), aefeQ, >0, 3.9)
x(&,0) =x0(§), ae.&eQ,
X(E.0) =0, ae.£edQ, r>0.

Thus, the external Cayley system transformation of the wave equation is the heat
equation with constant thermal conductivity «(-) = [ and control and observation
along all of the spatial domain.

In the definition (2.1) of Ag, we expressed Ag in terms of A,,;, and we now proceed
to express Ag in terms of the transform [ A¢5 ]. Combining (2.1) and (3.1), we see
that x € dom (Ag) and z = Agx if and only if

3f e dom (S),e € X7 : H € dom (Aexr) , [Z] = Aprs H e=Sf
e f e

< 3dfedom(S),e€ Xy: [(e_;)/ﬁ}edom([égg]),

z A&B X
and [(e+ f)/ﬁ] B [C&D] |:(e - f)/ﬁ]’ e=Sf (3.10)

o aurexs youedons), [*] edom (45,

and |:z:| _ [A&B:| [xi| ytu _ y—u
y C&D||u]|’ 2 V2
Since [égg] is a well-posed system node, contrary to A.,;, it now makes sense
to write the equation y + u = S(y — u) in the form ¥ = Ky and interpret K as
an output feedback operator for [ A&5 ]. We next show that y — u € dom (S) and
y+u=S(y —u)ifand only if u = Ky, where

K:=S-DES+D" (3.11)
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We call this K the operator Cayley transform of the maximal accretive operator S.

It is important to pay attention to the condition § > 0 versus the condition § > 0
in (3.13) below. If 6 = O then S is only accretive, whereas 6 > 0 implies that S is
uniformly accretive. Neither of these conditions alone implies any kind of maximality;
see the second assertion in the following lemma.

LEMMA 3.4. The following claims are true:

1. Let S be a closed and maximal accretive operator on X,. Then S + I has a
bounded inverse and the operator K in (3.11) is an everywhere-defined contrac-
tionon X», ie., | K| < 1.

The contraction K has the additional property that I — K is injective with
range dense in X, and S can be recovered from K using the formula

S=U+K)U - K)_1 with dom (S) =ran(/ — K). (3.12)

2. IfSisaclosed and accretive and everywhere-defined operator on X,, then S is
bounded and maximal accretive.
3. If S is closed, defined on all of X,, and uniformly accretive, i.e., there exists a
8 > 0 such that
Re (Sf. f) =8I fI>. f € Xa. (3.13)

then K in (3.11) is a strict contraction:

46

IKIl <e<1 where &¢:=_ [l = ——0.
IS+ I

Proof. Assertion 2 holds because S is accretive and bounded (by the closed graph
theorem), and clearly S has no proper extension to an operator on X».

Now assume that S is an arbitrary closed and maximal accretive operator on X».
Then —S is closed and maximal dissipative, and hence —1 € p (§) by the Lumer—
Phillips Theorem 2.3, and so S+ is boundedly invertible. Moreover, K is a contraction
because the accretivity of S implies that for all y € ran (S 4+ 1) = X»:

IKyl* — Iyl?

(s=Des+ D7y 5= DS+ D7)
—<(S+1)(S+1)*‘y, (S+1)(S+1)*‘y> (3.14)
— _4Re <S(S D7y, (S + 1)_1y> <.

It follows directly from K = (S — I)(S + I)"' that I + K = 25(S + I)~! and
I — K =2(S+1)"!, sothat I — K is injective with ran (/ — K) = dom (S) and
(I + K)(I — K)~! = S. According to Theorem 2.3, ran (I — K) = dom (S) is dense
in X», and this finishes the proof of assertion one.

Now assume that S is bounded with dom (S) = X» and Re (Sf, ) > §|| f|* for
some § > 0 and all f € X;. Then it holds for all f € X, that

8 8
Re (Sf, £) = 8ILF12 = ——— IS+ TIP1 £ = ——— (S + D) FII,
(Sf, ) = 8lrfll ||S+I||2” =10 ||S+I||2”( ) S
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and choosing f := (S 4 1)~y for an arbitrary y € X;, we obtain that

—6 — —
s3Il <Re (s+n7y s+07"y) Vyex..

Thus we can sharpen (3.14) into

1KY _ IyIP = 4Re (S + D7y S+ D7Yy) 48
lIyl? lIyl? B IS+ 1%

and therefore || K| < /1 —48/||S + I||> < 1, as claimed in assertion 3. O

The following lemma gives a converse to the preceding result:

LEMMA 3.5. Assume that K is an everywhere-defined contraction with I — K
injective. Then S defined by (3.12) is a maximal accretive, in general unbounded but
densely defined and closed, operator on X».

The operator S + I has a bounded inverse defined on all of X», and K can be
recovered from S using (3.11). Moreover, (3.13) holds with

1— K|

S ik N (3.15)
11— K|?

In particular, if |K|| < 1, then I — K has a bounded inverse and § > 0 in (3.15). In
this case S is also bounded: ||S|| < (1 4+ [|[K|)/(1 — |K|]).

Proof. Assume that K is an arbitrary contraction such that / — K is injective. It
follows from (3.12) that S + 7 = 2(I — K)~!,and S — I = 2K(I — K)~'. Hence
ran (S + 1) = dom (I — K) = X and (3.11) holds. From (3.11) it follows that (3.14)
holds, and from (3.14) it in turn follows that for all f € dom (S):

IS+ DfIZ—IKS+DFI?

Re (Sf. f) =

4
_ISHDLP - IKIPIS + DI
- 4

1— K> 1—[IK|?
= s ne s D o - o
>u”,_,(” SRy Ee e LUt
T =K ~ K2

Thus (3.13) holds with § in (3.15), and we have showed that S is accretive with
the property ran (S 4+ /) = X;. By the Lumer—Phillips Theorem 2.3, S is maximal
accretive, densely defined, and closed.

Finally assume that || K || < 1, then I — K is boundedly invertible, or more precisely,
(I —K)~Y < 1/(1 —|K])), as can easily be seen using Neumann series. Thus

1+ IKl

Sl=I1U+K){UI-K)™! I+ K[| —-K)! .
(IS1 = II( )( )=l [l ¢ ) ||§1_||K||
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The following simple observation turns out to be useful:

COROLLARY 3.6. Let the operators S and K be related by (3.11)—(3.12). Then
u=Kyifandonlyify —u € dom (S) and y +u = S(y — u).

Proof. Assumethaty —u € dom (S)and y+u = S(y—u). Then (S+1)(y —u) =2y
and (S — I)(y — u) = 2u, which implies that 2u = (S — I)(S + I)"'2y = 2Ky.
Conversely, if u = Ky, then it follows from (3.12) that y —u = (I — K)y € dom (S§)
andy +u =Sy —u). O

The main findings of this section are now collected in the following proposition:

PROPOSITION 3.7. Let Aoyt be a closed and maximal dissipative operator on the

pair [ ;(; ] of Hilbert spaces, and let S be a closed and maximal accretive operator on

X». Define [ég‘g] by (3.1) and K by (3.11). Then the following claims are true:

1. The operator [ég‘g] is a passive system node with state space Xy and

input/output space X, and K is a contraction on X;,. The operator K is a
strict contraction if and only if S is bounded and uniformly accretive.
2. The operator Ag defined in (2.1) has the alternative representation

dom (45) = [ € X1 [ 3u e X2+ [*] e dom (48]

y = K[C&D] m andu = Ky], (3.16)
z A&B || x
Asx =z, where |:y:| = |:C&D:| |:u] andu = Ky.

Proof. Item 1 follows from Theorem 3.1 together with assertions 1 and 3 of Lemma
3.4 and Lemma 3.5. The second item holds because the last line of (3.10) and (3.16)
are equivalent by Corollary 3.6. g

In the next section we give some sufficient conditions for Ag to be maximal dissi-
pative by considering K as a static output feedback operator for [ &5 |; see (3.16).

4. Proof of Theorem 1.2 using feedback theory

We first recall some background on feedback in infinite-dimensional systems. We

start with a system node [ég‘g] and a bounded static output feedback operator K.

We then create a feedback loop from the output y of [égg] to the input of K, and

the output of K is fed back into the input u of [égg ] To the input u of [ égg] we

c/&p’
[i] = [ ég‘g] [’,j ] is again a system node, then we say that K is an admissible static

feedback operator for [ é‘gg ] The superscript f stands for “feedback”; see Fig. 2 for

Al &BS
cl/&Df
which is referred to as system node admissibility in [18, Def. 7.4.2].

also add another external input v, and if the resulting mapping [ AT&B! ] from [ 5] to

an illustration of [ ] Definition 4.1 gives the precise definition of the concept
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|
|
| clep’| !
T : z
| [aen] |
+ C&D |
T
v ’+ u : Y
: K !
| Ky LJ y :

—_—— e - o

Figure 2. A standard feedback connection illustrating the closed-
loop system node in Definition 4.1

DEFINITION 4.1. Let [ A48 ] be a system node with input space U and output

space Y. The bounded linear operator K from Y into U is an admissible static output

feedback operator for | 248 | if there exists another system node [ AT&B! ] with the

cl&Df
same input, state, and output spaces as [ A&5 |, such that the following conditions all

hold:
1. The operator

LS e

0 I K[C&D]
maps dom ([ 248 ]) continuously into dom ([ éfgg; ])

2. M is invertible and the inverse satisfies

M= [(I) (1)} * [K[C[‘(}gc]Df]} '

3. The two system nodes are related by

AT&B/ A&BY .,
[cf &D’ } - [C&D} M (42)

We refer to [é;g‘g‘;] in the above result as the closed-loop system node corre-

sponding to the coupling of [ A48 ] and K. Note that the operator M ~! in Definition

4.1 corresponds to the mapping from [ § ] to [ | in Fig. 2. The T-input/output map of
Definition 2.6 plays a key role in determining if a given operator K is an admissible
static input/output feedback operator:

LEMMA 4.2. Fix T > 0 arbitrarily and let [éi‘g] be a passive system node with
input space U, output space Y, and T -input/output map @g . Let K be a bounded
operator from Y into U. Then the following claims are true:

1. The operator K is an admissible static output feedback operator for [égg if
I — K@g has a bounded inverse in L2([O, T1; U), where K is applied point

wise to a function in L%([0, T1; Y).
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2. If||K’Dg|| < 1 as an operator on L2([O, T1; U), then K is admissible.

Proof. Since K is applied point wise, we have that
70,71 K Dm0, 71 = Kmjo, @m0, = K@g

By Remark 2.7 combined with [18, Thm 7.1.8(ii)], K is admissible even in the well-
posed sense described in [18, Def. 7.1.1] if I — K Dg has a bounded inverse in
L2([O, T1; U). By [18, Thm 7.4.1], K is then admissible also in the sense of Def-
inition 4.1, and this proves item one. Item two is [18, Cor. 7.1.9(1)]. O

The preceding proof together with Lemma 3.4.3 proves the last claim in Remark
1.3.

We now focus on the sufficient condition 2 in Lemma 4.2. First recall that ||©g I <1
for a passive system node by the construction of ’Dg and that | K || < 1if S is maximal
accretive and closed. Hence, if A, is maximal dissipative and S is maximal accretive,
both being closed, then ||K’Dg || < min {||K||, ||’Dg ||}, which is strictly less than one
if |[K| < 1or ||’Dg I < 1. We can now prove the main result of the paper, Theorem
1.2.

Proof of Theorem 1.2. We assume that A,y; is maximal dissipative and closed on
[?] that S is maximal accretive and closed on X5, and that K is an admissible
static feedback operator for [ A& | defined in (3.1). By Theorem 3.1, [ 488 ] is a
scattering-passive system node, and the operator [ é;gg; ] in Definition 4.1 is also a

system node due to the assumption on K. We next compute the main operator A/ of
the latter, showing that A/ = Ag.
By (2.4) and Definition 4.1, x € dom (Af) and A x = zif and only if

sl eem(Ean)) =5 3]-Lacnl) oty
R ([ PRV |

which holds if and only if there exist [ | € dom ([ A&5 ]), such that

dom
m=([3 (I)}_[K[C&D]D } and Z_A&BH “3)

The equations (4.3) clearly hold if and only if

. d z| A&B x
= A T keany || u

and summarizing, we find that x € dom (Af ) and A/ x = z if and only if

Jue Xy m e dom ([44B]), u = K[C&D] m 2= A&B m (4.4)
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By (3.16), (4.4) is equivalent to x € dom (Ag) and z = Agx. Hence Al = Ag.

Now we prove that Ag generates a contraction semigroup on Xi. According to
Definitions 2.4 and 4.1, the operator A/ = Ag generates a Co-semigroup. By the
Hille—Yosida Theorem [2, Thm 2.1.12], there exists some w € C; N p (Af ) and
since Ag is dissipative by (2.2), we have that Ag generates a contraction semigroup
by the Lumer—Phillips theorem 2.3.

It now only remains to point out that K is admissible if S is bounded and uniformly
accretive, and this follows from Proposition 3.7.1, Lemma 4.2, and || K @g I <K <
1. 0

The following simple example shows that admissibility of K is not necessary for
Ag to generate a contraction semigroup:

EXAMPLE 4.3. Take X| = X = C, Aexy = [§9].and § = i. Then [ 485 | =
[9 9 ]and K =i, sothat M = [} ] whichis notinjective. Hence, K is not admissible,
but by (1.4) we have Ag = 0 which nevertheless generates the constant semigroup on

C.

In the introduction we proved that the heat equation (1.1) is associated with a con-
traction semigroup using the knowledge that the wave equation (1.2) is associated with
a contraction semigroup. In the case where the thermal diffusivity «(-) is constantly
I, we obtain S = [ which gives K = 0. In the notation of Definition 4.1, we thus have

that M~ = [ /9] and hence [é‘;gg’;] = [ 245 ]. Comparing (1.1) to (3.9), we can

confirm that in this example indeed Ag = A/ = A = A.
In the next section we study two more examples that fall under Theorem 1.2. Now
we present a list of sufficient conditions on [ A48 | for |D[|| < 1 to hold.

PROPOSITION 4.4. Assume that A.x; is maximal dissipative and closed. Define
[ égjg ] by (3.1). If at least one of the following conditions is satisfied for some T > 0,
then | DT || < 1:
1. There exist T > 0 and Nt < 1, such that it for all classical trajectories with
initial state x(0) = O, input signal u(-), and output signal y(-) holds that

T T
/o Iy dr < Nr/o ()7, dz. 4.5

2. Forsome T > 0, some ¢ > 0, and all classical trajectories with input signal
u(-) and state trajectory x(-) satisfying x(0) = 0, it holds that

T
Ix(T)II% Zs/ lu @)l dt. (4.6)
0
3. The system node [ égg] has a delay T > 0 from input to output, i.e., all classical
trajectories (u, x, y) with initial state x (0) = 0 satisfy w0 )y = 0.
In fact, assumptions 2 and 3 both imply that assumption 1 is satisfied, with Nt = 1 —¢,
and T := 1, Ny = 0, respectively.
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Proof. Combining (4.5) with the denseness of Z/lOT in LZ([O, T]; U), see (2.6), we
obtain that ||©§|| < N7 < 1.1If (4.6) holds, then (4.5) holds with N7 := 1 — ¢,
according to (2.7). Finally, if assumption 3 holds, then for |lu(t)]| dt = Oforall classical
trajectories with x(0) = 0, so (4.5) holds with 7' := 7 and N7 := 0. O

By Proposition 2.8, it is enough to check the conditions in Proposition 4.4 for small
T. The condition (4.6) implies that the input-to-state map u +— x(7), x(0) = 0, is
injective. This condition seems quite rare; it does not hold for any finite-dimensional
system, since the input-to-state map maps the dense subspace L{OT of L%([0, T]; U)
into the finite-dimensional state space. The condition (4.6) does, however, hold with
e = 1 if A generates the outgoing shift on the right half-line with input u at the
boundary £ = 0.

PROPOSITION 4.5. Let A.y; and [égg] be as in Proposition 4.4, and assume
that condition 1 in that proposition holds. Then A.yx; is in fact a well-posed system
node which is in addition impedance passive, i.e.,

Re (z, x)X| < Re (f, e)Xz > I:;C:| € dom (Aexf) , |:chi| = Acxt I:)ec:| . 4.7

Proof. The operator [ A&8 | is a well-posed system node by Theorem 3.1. By Proposi-

tion 4.4 it holds that ||©g || < 1and by Lemma4.2, —1 is then a well-posed admissible
static feedback operator [18, Def. 7.1.1] of

AR PREN RS

see Proposition 3.2 (here A,y = [ﬁ; ]). Using Definition 4.1, we calculate the corre-
sponding well-posed closed-loop system node by inserting (4.8) into (4.1):

=2 [0

Using this and (4.8) in (4.2), one then obtains
Al BS Al I 0
f = 1 o L1l “4.9)

Itis now established that [ é; g; ] satisfies the conditions in Definition (2.4) and that
for any fixed 7' > 0 there exists an M7 > 0, such that (2.7) holds for all trajectories of

[ 2; g’; ] We leave it for the reader to verify that this implies that [ g; ] also satisfies

the conditions in Definition (2.4) and that for the same 7 and all trajectories of [f‘; ],
the inequality (2.7) holds with 4 M7 instead of M7.
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The inequality (4.7) is obtained by substitutingu = (e— f)/v/2and y = (e+f)/~/2
into (2.8), and this completes the proof. 0

The preceding result was kindly pointed out to us by the anonymous referee. It says
that Proposition 4.4 is only applicable to well-posed systems. Here is furthermore an
example showing that Proposition 4.4 fails to cover the (well-posed) wave equation:

EXAMPLE 4.6. Unfortunately, the external Cayley system transform (3.7)—(3.8)
of the wave equation (1.2) does not satisfy (4.5) for any N7 < 1, because ||Z)g | =1.

Indeed, since €2 is a bounded Lipschitz domain, we can choose a nonzero constant
input signal u (&, ¢) := uo € R" for all t > 0 and almost every & € Q. With this input
signal and xo = 0 in (3.9), we obtain that dx (&, r)/dt = 0 for every ¢+ > 0 and almost
every £ € Q, and so the state stays at zero: x(-, ) = 0 in L2(2) for all ¢+ > 0. Hence
the corresponding output is y(&,1) = u(§,t) = ug for all r > 0 and almost every
& € Q. This implies that

T T
/0 Y1172 gy dt = /0 (@) 172y i = T vol Q lluolIfzn > 0

forall T > 0, and so N7 = 1 is the smallest possible choice in (4.5) forall T > 0.

5. Wave equations with damping along the spatial domain

In this section we use the approach outlined in the introduction to show that the
wave equation with viscous damping and the wave equation with structural damping,
both with the damping along the spatial domain, are also associated with contraction
semigroups. We shall make use of the following operators A.,;.

PROPOSITION 5.1. For a bounded Lipschitz domain Q@ C R", the following
operators are skew-adjoint (and closed) on LZ(Q)Z’H'1 and LZ(Q)”"'Z, respectively:

0 div[l 1]

Aexl,s = 1 rad 0 0 with
7]® 0 0

(5.1)
X1 Hi(Q)
dom (Aexrs) =1 |x2 | € | L2(Q)" | | x2+ee H™M()}, and
{ e L*(Q)"
0 div I Hy ()
Aexiv:=|grad 0 0| with dom (Aexr,y):= | H™N@) |. (5.2)
-1 0 0 L2()
Proof. By Theorem 6.2 in [10], grad|‘1‘11 @ = —div| v (). Combining this with
0

Lemma A.1 below, we obtain that
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*

0 div[l 1]

Ax = |T1 0 0
ext,s _I:I} grad|Hd (Q) [0 0}

_ i 0 ([;i| gI’ad|H01(Q))*
(div[1 1)) [g 8}
0 —div[l 1]

[Ii| (—grad|H&(Q)) [0 0j| ext,s

where we used that the diagonal blocks are zero operators and that the domain of

Ayt s decomposes into the product of dom ([ 5 ] grad|H01 (Q)) and dom (div [I I])

We also have that (Q + R)* = Q* + R* if R is bounded and everywhere defined.
From this it immediately follows that

0 div. 0 0 0 I
Aextv = grad|1—101(gz) 0 O0|+]0 0 O
0 0 0 -1 0 0
is skew-adjoint. 0

We remark that [10, Thm 6.2] allows a wide range of boundary conditions in addition
to those used above for A,y and A,y .

5.1. Wave equations with viscous damping
We first consider the wave equation with viscous damping on a bounded Lipschitz
domain :
3%x . ox
p(E)W(E,t) =div (T(§) grad x (&, 1)) — kv(E)E(és n, §€Q,1=0,

0x(&,0)
ot

=0, £€0R,1r>0,

x(§,0) = x0(8),

ox(&,1)
ot

=z20(), §¢€Q,

(5.3)
where x (&, ) is the deflection at point £ and time ¢, p(-) is the mass density, 7 (-) is
Young’s modulus, and k() is the scalar viscous damping coefficient. For physical
reasons p(-), ky(-) € L°°(R) take real values and T'(-) € L°(2)"*" with T (§)* =
T (&) for almost all £ € Q2. We make the additional assumption that p(-), T'(-), and
ky(-) are bounded away from zero, i.e., that there exists a § > 0, such that p(§) > 4,
ky(§) = 6, and T (&) > &1 for almost all £ € . This implies that the operators
of multiplication by p(-), T(-), and k,(-) are self-adjoint, bounded, and uniformly
accretive on L2(Q2), L2(Q2)"*", and L%(2), respectively.
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The following multiplication operator is also bounded, everywhere defined, self-

adjoint, and uniformly accretive on X := [ LLZZ((S;)))" ]:
I/p§) 0 ]
Hx =& — x(8), € Q, x € X;. 5.4
; [ 0 re|T® & | (5:4)

This operator defines an alternative, but equivalent, inner product on X through

(z1, z22) = (Hz1, z2), where (-, -) is the standard inner product on [LL;((QQ)),, ] We
denote X; equipped with the inner product (-, -);; by X4, and by X; we mean X
equipped with the standard L?(2)"*!-inner product.

We can write (5.3) in the first-order abstract ODE form

dlpOH2T_[ 0 div], [p(O)SET]  [1
dr |:gradx(lt) " lgrad 0 T gradx(lt) + 0 e,

T p(-) 0
e() = k()| IO]H[gTadx(tt) , >0,

(5.5)

: p(-)M] - — [ L2<sz>] ~ r
whose state is [ arad xd(tt) . The natural state spaceis X := L2Q)" [with the H-inner
product induced by H in (5.4)].

Following Sect. 2 in [26], we define X, := LZ(Q), and we choose S, to be the
bounded and uniformly accretive multiplication operator

Spx =& ky(§)x(§) on X».

This allows us to rewrite (5.5) as

d [p() &L p ()&
— = A dr .
dt |:gradx(t) swH grad x(¢) |’ 120, (5.6)

where, using (2.1),

—5, div] . Hj ()
Ag,y = |:gra(; 0 i| with dom (As,u) = |:H‘?1V(Q)i| .

By the following result (see [9, Lem. 7.2.3]), (5.6) is associated with a contraction
semigroup on X7 if and only if Ay, is maximal dissipative on X (with the standard
L%(Q)"*-inner product):

LEMMA 5.2. Let 'H be a bounded, self-adjoint, and uniformly accretive operator
on a Hilbert space X1. Then a linear operator A generates a contraction semigroup
(a unitary group) on X if and only if the operator AH with domain dom (AH) =
{x € X1 | Hx € dom (A)} generates a contraction semigroup (unitary group) on X .

Since S, is bounded and uniformly accretive and ij,’v = —Aexs,v by Proposition

5.1, As , is maximal dissipative on X1; see Theorem 1.2. Therefore (5.3) is governed
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by a contraction semigroup on X ¢ in the following sense: The PDE (5.3) has a unique
solution x for every initial condition, and for this solution the family of mappings
dx
PO [PORCOT g
grad xo(-) grad x (-, 1) -
is a contraction semigroup on X7, cf. (5.6).

It follows from Proposition 3.2 that the external Cayley system transform of Ay,
is

—I div & V21
[2&5], = | Lerad O 0 with
[-v210] &1
5.7
V2xi H} ()
dom ([2¢5],) = V2x e |HW™@Q) | |ee L’ ()
e — grad x; L*(RQ)
It is a consequence of the following result that ||©g | = 1 for the system node

(5.7), and hence Proposition 4.4 is not applicable to the wave equation with viscous
damping:

PROPOSITION 5.3. Forawell-posed system [ ég‘g ] with input space U and output
space Y, the following claims are true:

1. Let D : U — Y be bounded and let AIT) denote the bounded opera-
tor from L*([0, T1; U) to L*>([0, T1; Y) of point-wise multiplication by D. If
limy_ o+ ||A£ — @g” = 0, where || - || denotes the norm of bounded linear
operatorsfrom L*([0, T1; U) to L*([0, T1; Y), then | D} || > || D|| forall T > 0.

2. Denote the state space of [ égg] by X and assume that there exist bounded
operators B : U — X, C : X — Y, and D : U — Y, such that [ég‘g] =
[é g] Idom([ A&B D Then there for every Ty > 0 exists a constant ko > 1, such

C&D

that ||Dg —A£|| < koT forall0 < T < Ty. In particular, Assertion (1) applies,
so that | D] || = ID].

One uses the triangle inequality to establish the first assertion and the second asser-
tion is proved by using a standard convolution estimate on the variation of constants
formula.

5.2. Structural damping

Using exactly the same argument as in Sect. 5.1, we can prove that the wave equation
with structural damping,

32 9
p(E)5 3 (1) = div (T(®) grad x(6, 1) +div (ke (©) grad =&, 1),
0x(&,0
W0 =0®), oD —@), seo, (5:8)
ax(, 1)

=0, £€9Q, >0,
ar
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is also associated with a contraction semigroup on X 7,. We make the same assumptions
onp(-)and 7T'(-) asin (5.3), so that H in (5.4) again defines the inner product of a Hilbert
space X 7. Moreover, we assume that ks (-) € L°°(2)"*" satisfies kg (&) + ks (§)* > 81
for some § > 0 and almost every & € €2, so that the multiplication operator

Sx i= & > kg(§) x(£) on Xz := L*(Q)"

is bounded, everywhere defined, and uniformly accretive. As extended operator we
use Ay s in (5.1), and we can use Theorem 1.2 and Lemma 5.2 to conclude that (5.8)
is governed by a contraction semigroup on X4 . The corresponding operator Ag is

_|div [Ssgrad I]
AS’S_|: [grad 0] ’

1 .
dom (Ag,s) = [Bj c [fzo(gi] | Sy gradx; +x; € Hdlv(Q)} '

By Proposition 3.2, the external Cayley system transform of A,y s is

A div] o V2 div
[8&8] = | [grad O 0 with
[v2grad 0] &I
V2x Hy ()
dom ([ 285 ],) := V2 x e | L3A(Q) ‘
e — grad x; LX(Q)

e e LX), xo +e e HY(Q)

Hence the main operator A is given by (see (2.4))

A |:x1i| _ [div(gradxl +x2)] ’

X2 grad x

1 .
dom (A) = [[ij € [lzg((g))} | gradx; +x, € HY(Q) | .

Here the control and observation operators are unbounded, so Proposition 5.3 is not
applicable. However, the technique in Example 4.6 can easily be adapted to show that
||®g || = 1 also in this case, so application of Proposition 4.4 is excluded.

One can also treat wave equations with both viscous and structural damping. Indeed,
from the proof of Proposition 5.1 it follows that the operator
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[0 div[r1] I
Agxtvs 1= [;]grad [88} 81| )
| =T [00] O 5.9)
X1 Hj ()]
dom (Aexr,vs) = Z € giggg | xa+ee HY@ L,
e L*(Q) |

is skew-adjoint (in particular closed) on L2(Q)2t2

with a wave equation with both viscous and structural damping by defining S, to be
the operator of multiplication by [ ké‘é') kvO(A) ] on [ LLZZ((QQ);
not immediately deduce that the PDEs (5.3) and (5.8) are associated with contraction
semigroups by setting k,(-) := 0 or ks(-) := 0, because S, is no longer uniformly
accretive in that case.

. This operator can be associated

]. From here we can, however,

6. Degenerate parabolic equations

In [25] it is shown how well-posedness of the heat equation (1.1) can be obtained
from the well-posedness of the associated wave equation (1.2) by means of Theorem
1.1. In this section we show that Theorem 1.2 allows this same approach to be extended
to degenerate parabolic PDEs, see e.g. [1,4,14]. In a degenerate parabolic equation,
the physical parameter, such as « in equation (1.1), may become zero at the boundary
of the spatial domain.

Let H(‘)ﬁv(Q) denote the closure in H4Y(Q) of the set of all functions in C%°(§2)"
with support contained in the open set . This equals the set of all functions in H4Y ()
for which the normal trace map is zero; see [10, Thm 5.4.2] or [8, Thm 1.2.6]. Let K
be a linear operator which maps HgiV(Q) boundedly into U, where U is any Hilbert

space. In addition assume that the operator [E‘IV(] with domain H(‘)ﬁv(Q) is closed as
an unbounded operator L?(2)" — [LZI(]Q) ]

Now set H := L*(Q), E := L*(Q)", Eo := H{V(Q), L := —div|EO, G :=0.
Denoting the dual of Eq with pivot space L*(£2)" by E{,, we obtain that L* = grad :
L3(Q) — E{ is bounded. It follows from [19, Thm 1.1] and Definition 2.4 that the
following operator generates a contraction semigroup on [ LL;((QQ)),L ]:

0 div . .
Aext = |:grad —K*K] with domain
6.1

2
dom (Aexs) = [[ij € [;div(fg)} | gradx; — K*K x; € L2(Q)n] .
0

Next we apply Theorem 1.2 with S bounded on E = L*($2)" (satisfying the condi-
tions of item 3) to A.y;. We find that Ag generates a contraction semigroup on LZ(Q),
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where Ag is the mapping from xp to z; in

z1 = divxy z1 = divxp
mn=gradx; — K'Kx; (S + K*K)xy = grad x; . 6.2)
Xy = SZz = S—lx2

Since E(, is the dual of Eq with pivot space E, we can regard S ~! as abounded mapping
from Ey into E6 in (6.2). Furthermore, for x, € E we have by item 3 of Theorem 1.2
that, with ¥, = S~ 1xs,

Re (S7x2, 1) =Re (&2, SE2p 2 8 %all} = 8 el

Thus in particular, the operator S -4 K*K is injective. Hence, (6.2) is solvable, i.e.,
x1 € dom (Ag) and 71 = Agx1, if and only if

x; € L3(Q), gradx; € (S + K*K) HIM(Q), and
z1 = div ((S—l + K*K)_l gradxl) ;
indeed then also x; and
Xp = (S’l 4 K*K)_l grad x| € HIY(Q)
satisfy [2] € dom (A,,,), since
gradx — K*Kxp = 20 = S7 o € STVHEY(Q) € LA(Q).
We conclude by Theorem 1.2 that
As = div (s—l n K*K)_l grad (6.3)
with domain
dom (Ag) = {x € L2(Q) | gradx € (S~' + K*K) HgiV(Q)} (6.4)

generates a contraction semigroup on L>(£2). Here the multiplication by « in (1.1)
has been replaced by the operator (S~! + K*K)~!. This makes it possible to treat the
degenerate case, as we make explicit in the next example.

The boundary condition on the operator Ag in equation (6.3) and (6.4) is that the
normal trace of (S -1+ K"K ) ! grad x should be zero along all of the boundary, and
this case is technically rather simple to deal with. To illustrate how more challeng-
ing boundary conditions (where different parts of the boundary are coupled) can be
handled, we take a one-dimensional spatial domain.
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Weset B(§) :==&7%, & € (0, 1), with @ € (0, 1). Then the corresponding multipli-
cation operator K = Mg maps Ej := {x e H'(0,1) | x(0) = 0} with the H'(0, 1)
norm into L2(O, 1), because

&
IBE)x(E)] = (&) ‘ /0 L-x'(0)dr| < BEWE Xl 1200.1) < BEWE IIxIlE,

by Cauchy—Schwartz, and fol (,B(S)\/?)zdé = ﬁ Hence the norm of Mg is
bounded by ﬁ, and ME is multiplication by 8 = g, mapping L>(0, 1) con-
tinuously into the dual E, of Ey with pivot space L%(0, 1).
Take « > O arbitrarily and observe that x| + fe € L%(0, 1) and ﬂ| L bounded
27
implies that x| = (z — ,3e)|(l b € L2(3, 1). Hence x1|(l h € H'(3, 1) and x(1)
2> 2
is well-defined. We leave it to the reader to verify that the (unbounded) adjoint of the
operator

9
9§

0
Aext,O = M3 (6.5)
0

o Fe ©

0
— Mg

with domain

X1
dom (Aexr0) = 1 | x2 | € L20, 1)* | x2 € H'(0, 1), x| + Be € L*(0, 1),
e
x2(0) = 0. xi (1) = —xx2(1)
d
0 % 0
is ot 0 = — % 0 Mg with domain
0 —Mg 0
X1
dom (A}, 0) = 1| x2| € L*(0.1)* | x2 € H'(0, 1), x| + Be € L*(0, 1),
e

x2(0) =0, x1(1) = kx2(1)

A main step in this verification is showing that z; |[a 1 € H'(a, 1) foralla € (0, 1)

whenever (z1, z2, h) € dom (ijt,o), which again follows from the boundedness of

on every interval [a, 1], a € (0, 1). Since both A.,; o and A* are closed and
Yy s ext,0

dissipative, A, o is the generator of a contraction semigroup on L?(2)°.
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Applying Theorem 1.1 to the operator in (6.5) with S = I, we obtain

1 0 3
Aso = [g 1\3] 0 I |= [Oi _E*M ] (6.6)
9% pllo —my 9% BB

o &l

with domain

L2(0, 1 ,
dom (Ag,0) = [Bj € [Hl((O, 1))} | X} — B2x2 € L0, 1),

x2(0) =0, x1(1) = —sz(l)].

Note that the operator (6.6) is of a similar form as the operator in (6.1), but now
the boundary conditions on x; and x; are coupled at § = 1. By Theorem 1.1, Ag o
generates a contraction semigroup on L2(£2)2.

We next apply Theorem 1.2 to the operator A.x; = Ago with S = M, ie,
multiplication by the function s. The calculations here are the same as in the n-D case
above, and the result is

AS’l)C = ()3—% (W g—g) with domain
dom (Ag,1) = {x € L0, 1) | ﬁx/ e H' (0, 1),

(=) © =0, x() = = (=x) 0} 67)

Using the expression §(&) = £ 7%, this becomes

9 r 20
Agix = 5 (% x’(g)) with domain
_ ) s |
dom (As,1) = [x e 120, 1) | vk &) e H(0, 1),
200 ./ _ _ S(]) /
(@& X' ®) 0 =0, x(1) = —g X' ()

Here the thermal diffusivity s(£)£%% (1 + s(£)£%%)~! becomes zero at £ = 0.

This way any thermal diffusivity that can be written as § 82 with § positive, bounded
and bounded away from zero can be captured. We leave it for future work to extend
the situation with mixed boundary conditions to the n-D case.
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Appendix A. A lemma on unbounded adjoints

The following result must be well-known in the literature, but we could not find a
suitably formulated reference:

LEMMA A.l1. Let H, K, and L be Hilbert spaces, and let Q : K — L and
R : H — K be possibly unbounded operators. If Q is bounded, or if R is bounded
and surjective, then (QR)* = R*Q*.

Proof. The proof for the case where Q is bounded is trivial. Moreover, the inclusion
R*Q* C (QR)* always holds for linear operators Q and R, as one easily shows.
We finish the proof by showing that if R is bounded and surjective, then the converse
inclusion also holds.

Assume that there exists a w such that (QRx, z) = (x, w) for all x € dom (QR).
Then in particular 0 = (x, w) for all x € ker (R), so that w € ker (R)* = ran (R*),
since R* has closed range by the Closed Range Theorem. Writing w = R*v, we thus
obtain that (QRx, z) = (x, R*v) = (Rx, v) for all Rx € dom (Q), again using the
boundedness and surjectivity of R. Therefore z € dom (Q*) and Q*z = v.

Hence z € dom ((QR)*) and w = (QR)*z imply z € dom (R*Q*) and w =
R*Q*z,i.e., that (QR)* C R*Q*. O
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