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Admissibility for Pritchard-Salamon Systems*
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Abstract

The object of this paper is to further develop the theory of
Pritchard-Salamon systems, which are abstract infinite-dimensional
systems allowing for a certain unboundedness of the control and ob-
servation operators. New results are derived on the transfer function
and the impulse response of a Pritchard-Salamon system, on the
well-posedness of feedback systems, on the invariance properties of
the Pritchard-Salamon class under feedback and output injection, on
the relation between bounded and admissible stabilizability and on
the relationship between exponential and external stability.
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Nomenclature
Cy :={s € C|Re(s) > A}, XeR.

Let X and Y be Banach spaces and A a linear operator defined on some
subspace of X with values in X. Then:

D(A) := domainof A

R(A) := rangeof A

p(A) = resolvent set of A

o(A) := spectrum of A

op(A) = point spectrum of A (= set of all eigenvalues of A)
r(A) := spectral radius of A (if A is bounded on X)
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Moreover:
L(X,Y) := bounded linear operators from X to Y
L(X) = L(X,X)
LIP(0,00;X) := locally p-integrable functions (in the sense of
Bochner) defined on [0, c0) with values in X
H>(Cy, X) := the usual Hardy spaces of bounded holomorphic

functions defined on C, with values in X

If S(t) is a Cy-semigroup on X, then
w(S(+)) := exponential growth constant of S(¢)

Finally, I and the superscript ~ are used to denote the Laplace transform.

1 Introduction

Whilst the Pritchard-Salamon class of linear infinite-dimensional systems
does include many examples of partial differential systems with bound-
ary control and observation and of delay systems with delayed control and
sensing action, 1t is by no means the largest class of infinite-dimensional
systems which has been treated in the literature. For example, it does
not include all the examples treated in Lasiecka and Triggiani [15] or in
Pedersen [21]. In fact, the Pritchard-Salamon class is a strict subset of the
class considered in Salamon [30], [31] and in Weiss [35]. Consequently, this
detailed analysis of a special subclass needs some motivation.

First, we recall that the class was first introduced in Pritchard and
Salamon [22], [23], to provide a general abstract framework for the linear
quadratic control problem. While many other solutions to this problem for
even more general classes exist, other proofs tend to be tailored for a specific
class, for example, one proof for hyperbolic partial differential equations
and another for retarded delay equations. The Pritchard-Salamon class
includes both retarded delay systems and many partial differential systems
as well, and the one abstract proof applies for all these examples. Later,
it was recognized by others that this same class had just the right proper-
ties for control synthesis in both time and in frequency domain, and many
papers on a wide range of control problems for Pritchard-Salamon systems
have appeared: Curtain [3] on the equivalence of exponential and exter-
nal stability, Curtain and Salamon [9] on stabilization by finite-dimensional
output feedback, Logemann [17] on circle criteria and small gain conditions,
Pritchard and Townley [24], [25] on the stability radius problem (which is a
H>-type problem), Logemann and Martensson [18] on adaptive stabiliza-
tion, Curtain [4] on robust stabilization with respect to normalized coprime
factorizations, Curtain and Ran [8] on the relaxed optimal Hankel norm
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problem and in Curtain [6] various robust control problems for Pritchard-
Salamon systems have been surveyed. So there already exists an extensive
literature on properties of and control problems for the Pritchard-Salamon
class of systems. Moreover, examples of Pritchard-Salamon systems have
been well-documented in the literature, for example in Pritchard and Sala-
mon [22], [23], Bontsema [1] and Curtain [6]. In spite of this impressive list
of publications, there remain several unresolved or only partially resolved
fundamental issues concerning Pritchard-Salamon systems, for example,

e The existence and well-posedness of transfer functions and impulse
responses (in particular, for systems with infinite-rank inputs and
output).

e Perturbation results which cover perturbations induced by output

feedback.

e The identification of sufficiently rich classes of feedback and out-
put injection operators such that the closed-loop system is again a
Pritchard-Salamon system.

e Stabilizability and detectability concepts which have the property
that stabilizability and detectability are retained under feedback and
output injection.

e The relation between exponential and external stability for systems
with inputs and outputs of infinite rank.

These issues are fundamental to analysis and control synthesis for
Pritchard-Salamon systems. Some of these points have received attention
in the literature, some properties have been shown to be true under extra
assumptions (for example, finite-rank inputs and outputs) and others have
been conjectured to be true in general. In this paper we examine these
issues in some detail and so lay the necessary basis for continuing research
on control design for Pritchard-Salamon systems. For example, the results
of this paper form an essential first step in extending the recent results
on H*-control for infinite-dimensional systems in van Keulen et al. [14],
van Keulen [13] and Curtain [5] to the Pritchard-Salamon class. Whilst
we accept that it seems artificial to allow for the possibility of infinite-
dimensional input and output spaces, we emphasize that this situation
arises naturally in perturbation problems for linear systems. In particular,
it 1s useful to interpret infinite-rank weightings attached to a perturbation
class as input and output operators for an associated control system. In-
deed in Pritchard and Townley [24, 25], the stability radius of a strongly
continuous semigroup under structured perturbations is characterized via
a transfer function of a control system with infinite-dimensional rank input
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and output operators.

In more detail, the content of the present work is as follows. In Sec-
tion 2 we define the concepts of admissible input and admissible output
operators, which are due to Salamon [29], Pritchard and Salamon [22, 23]
and Weiss [33, 34], introduce the Pritchard-Salamon class and show that
any system in this class has a well-defined transfer function. Moreover, we
prove some technical results which will be useful in the following sections.
In particular, if S(¢) is a Cp-semigroup on Hilbert spaces W and V, where
W C V with continuous dense injection, we give a number of sufficient
conditions for the exponential growth constants of S(¢) on W and V to
coincide.

The main result of Section 3 shows that for any Pritchard-Salamon
system

C(sI — AV 1B = C(sI — AY)™'B, (1.1)

where B is the input operator, C' is the output operator and A" and AY
denote the infinitesimal generators of S(¢) on W and V, respectively. In
particular, it becomes clear that the additional assumption

DAYy —w T (1.2)

originally imposed in [23] is not necessary for (1.1) to hold.

It follows from the results in Section 2 that the impulse response of
a Pritchard-Salamon system is in general a (operator-valued) distribution.
The main result of Section 3 is then used to prove that the impulse re-
sponse 1s a locally square integrable function, provided the input space is
finite-dimensional.

In Section 4 we show that state feedback (output injection) applied
to a Pritchard-Salamon system produces a well-posed closed-loop system
which is again a Pritchard-Salamon system if the feedback operator (out-
put injection operator) is an admissible output operator (admissible input
operator). The advantage of taking the feedback and output injection op-
erators to be admissible was suggested by Weiss [37] in a more general
context. Morever, we prove that nesting of feedback loops is equivalent to
closing the loop for the sum of the feedback operators. Under the extra
assumption (1.2) we calculate the infinitesimal generators of the perturbed
semigroup on W and V. Furthermore, we give another sufficient condition
for the exponential growth constants of S(¢) on W and V to coincide.

In Section 5 we introduce the concepts of bounded stabilizability and
admissible stabilizability and prove that they are equivalent. Finally, we
show that the boundedness of the transfer function of a Pritchard-Salamon

T Here D(AVY) is endowed with the graph norm of AV and — means that D(AY) C
W, D(AY) is dense in W (with respect to the norm topology of W) and the canonical
injection D(AV) — W, & — =z is continuous.

4
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system 1n the open right-half plane implies exponential stability of the
semigroup on W and V', provided the system is admissibly stabilizable
and detectable. A result in a similar vein can be found in Rebarber [28].
However, the admissible stabilizability concepts are different and apply to
different classes of systems

Although we work in a Hilbert space context we make clear in a remark
placed at the end of Section 5 which results extend to Banach spaces.

2 Pritchard-Salamon Systems

Let W and V be Hilbert spaces over K = R or C satisfying
W=V,

i.e. W C V and the canonical injection W — V|, & — 2 is continuous
and dense. We consider a Cy-semigroup S(¢) on V which restricts to a
Co-semigroup on W. Occasionally we will write SW () or SV (¢) in order
to indicate that we consider S(#) as a semigroup on W or on V. The
infinitesimal generators of S(¢) on W and V will be denoted by A" and
AV respectively.

The following example shows that the exponential growth constants
ww = w(SY (1) and wy = w(SY (")) of S(t) on W and V may be different
and that both of the inequalities wy < wy and ww > wy are possible.

Example 2.1 Define W := L%*(0,00;R) and V = {f € LL*(0,00;R) |
exp(—)U € W}, where ||f|lv := |lexp(=1)f(-)|[w. Clearly W C V with
continuous dense injection.

(i) The translation semigroup given by (S(#)f)(z) = f(x +1) is a Cyp-
semigroup on W and V. It is straightforward to show that ||.S(t)||cw) = 1
and [|S(®)||cv) = e?' and hence wy = 0 and wy = 2, and so wy < wy.

(ii) The semigroup defined by

0, <<t

son@={ %,y 05

is strongly continuous on W and V. Now ||S(#)||zw) = 1 and [|S(?)||c(v) =
e~ %" and therefore wyy = 0 and wy = —2 showing that for this example
Ww > Wy .

The following proposition describes the relationship between wy and
wy 1n the selfadjoint case.

Proposition 2.2 Suppose that SY (to) is self-adjoint for some to > 0.
Then ww > wy and under the extra assumption that

(5™ (11)) C op(SW (1)) U {0}

cd for some t1 > 0 we have wy = wy .

5
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Proof: It follows from Lax [16] that o(SY (t5)) C o(S" (t5)) and hence
r(SV (t0)) < 7(SY (t9)). Now it is easy to see that for X = W,V

r(S* (1)) = X' for all t > 0 (2.1)

(see e.g. Nagel [19], p. 60), which implies wy > wy. Moreover, it is trivial
to see that o,(S" (t)) C 0,(SV (1)) for all ¢ > 0. By the closedness of the
spectrum 1t follows that

ap(SW (1)) C a(SY (1)) for all t > 0.
Under the extra assumption
a(SW (1)) C ap(SW (t1)) U {0}

we obtain r(SW (1)) < r(SY (t1)), and hence by (2.1) we see that wy < wy .
O

Remark 2.3 Proposition 2.2 says, in particular, that wy > wy if AV is
self-adjoint. Under the extra assumption that SY (1) is compact for some
t1 > 0 equality holds.

For the following it is useful to introduce the space Z := D(AY).
Endowed with the inner product

(x,2)7 = (x,z)y + (A x, AV z)y

7 becomes a Hilbert space. Tt is clear that the resulting norm ||z||z =
({x, $>Z)% is equivalent to the graph norm of AV .

Remark 2.4 (i) As is well-known, SV (¢) restricts to a Cy-semigroup SZ (t)
on Z and wy = wy, where wyz := w(S%(-)), see e.g. Salamon [29].

(ii) If Z C W then it follows that Z < W. Indeed, since D(AY) is
dense in W (with respect to || - ||w) the same holds for Z = D(AY) D
D(AW)). Moreover an application of the closed graph theorem shows that
the canonical injection Z — W, & — z is bounded.

On the basis of Remark 2.4 one might conjecture that if Z C W, then
ww = wy. However, the following example shows that this is not true in
general.

Example 2.5 Set V := L?(0,00;[R) and consider again the translation
semigroup on V given by (S(¢)f)(x) = f(t + x). Tt is well-known that

)
Z=DAY)={feV|fisac. andf/EV}]L

and

AV f=fforall f e Z.

T The abbreviation "a.c.” stands for “absolutely continuous”.

6
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Morover, if we define

W:={feV|fisa.c. and /Oo |f/($)|26_2xdl‘ < o0}
0]

Faw = [ " f@ya)de + / " )y (e)e 2 de

then it is clear that W is a Hilbert space, S(t) restricts to a Cy-semigroup
on W and
J—=W=1V.

Since [|S(t)||cvy = 1 for all ¢ > 0 we see that wy = 0. Next we shall
calculate ||S(t)||c(w)- It is easy to see that

IS cow) < e forallt > 0. (2.2)

We shall show that equality holds. To this end define functions f;, € W
(t >0,n € N) by

0 , w€[0,1]
n(z —1t) , we i+ 4]
fin(z)=4 1 , weft+it41-1]
nt+1—2) , zelt+1—-21t+1]
0 , x Et+1,00]
Then
t+1
Wialli < 14 [ 15 e da
13
7l2 2 2
= 7e_Zt(l —e " + e~ 2t 6_2) +1
and
1S@) finlliy > e”/ | i) [P e da
13
n? -2 2R 2
= 7(1—6"—1-6 w—e?).
Defining
: : ¥(n)

P(n) = %(1 —eTE 4T - e ?) and ¢(n) =
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we obtaln

S) frnll?
W > gp(n)em . (2.3)

Finally, since ¢(n) — oo and hence ¢(n) — 1 as n — oo, it follows from
(2.3) that
IS cow) > e forallt > 0. (2.4)

Combining (2.2) and (2.4) shows that wy = 1, and so ww > wy.

In the following we present some sufficient conditions for wy = wy to
hold under the extra assumption that 7 C W.

Lemma 2.6 Suppose Z — W. Then we have:
(1) o, (SY (1)) = 0p(SY (1)) for all t > 0.
(ii) 0,(AY) = 0,(AY) and o(AY) = o(AV).

Proof: (i) The inclusion ¢,(SY (¢)) C 0,(SY(¢)) is trivial. In order to
verify the converse inclusion let s € o,(SY (t)) and let z € V be a corre-
sponding eigenvector. For A € p(A"") we obtain

(A= AVYLSY (e = s(AT — AY) e
Now (A — Av)_1 and SV (t) commute and (A — Av)_lx € W. Hence
SW YA — AV e = s(AT— AV) e

which proves that s € o, (S (1)).
(ii) Recall from Pazy [20], p. 123 that A" and AV are related as follows

D(AY) = {zeDAY)|AVzeW} 95
AWz = AV for x € D(AW) (2.5)

(2.5) implies in particular that
D(AY) c D(AY) (2.6)

and
A =AY = (AT = AY) L | forall A€ p(A")np(AY). (2.7

The inclusion o,(A%") C 0,(AY) now follows trivially from (2.6). In order
to prove the converse inclusion let s € o,(AY) and let « € D(AY) be a
corresponding eigenvector. For A € p(AY ) N p(AY) we obtain

(A =AY A e = s(AT — AV ) e, (2.8)
Since z € D(AV) C W we obtain from (2.5) - (2.8)
AV = AVl = s(AT — AV )l

8
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which shows that s € o,(AY).

Since AW and AV are closed operators, it remains to show that R(sI —
AW) = W if and only if R(sI — AY) = V. Suppose first that (sI — A")
is onto V. So for w € W there exists + € D(AY) C W such that w =
(sI — AV)z. Tt follows that AV 2 € W and therefore that = € D(A") and
w = (sI — AW)z by (2.5). This holds for all w € W and so R(sI — AWY) =
W. Conversely, suppose now that (sI — A") is onto W and consider an
arbitrary v € V and A € p(AY). Now (Al — AY)"lv € D(AY) C W and
hence there exists € D(A") such that

(sI — Az =T — AV 1.
It follows that AWz = AV2 € D(AY) and we obtain
v=(sI—AVYA — A )z .
Since v was arbitrary we have proved that (sI — AY") maps onto V. a

Proposition 2.7 Suppose Z CW. If any of the conditions
(i) S(t) satisfies the spectrum determined growth assumption on both
spaces W and V
(i) o (SX (to) C 0,(SX (o)) U {0} for X = W,V and for some to > 0
(111) SW (to) and SV (t1) are self-adjoint for some to > 0 and t; > 0
(iv) S(to)(W) C Z and S(to)(Z) C D(AW) for some to > 0
holds, then wyw = wy .

Remark 2.8 Condition (i) is satisfied if S(¢) is a holomorphic semigroup
on W and V. Condition (ii) will hold if S(¢y) is compact on W and V. If
AW and AV are both selfadjoint then (iii) is true. Finally, condition (iv) is
satisfied if SY (¢)z is right sided differentiable in t at to for all z € W and
if SW(t)z is right sided differentiable in ¢ at tq for all € Z.

Proof of Proposition 2.7: (i) This follows from Lemma 2.6 (ii).

(i) It follows from Lemma 2.6 (i) that »(S" (t5)) = r(SY (to)), which
yields wy = wy by (2.1).

(iii) From Proposition 2.2 we have ww > wy and wz > ww. Since
wy = wz by Remark 2.4 it follows that wy = wy .

(iv) Let € > 0 and set S(t)x = S(t)e_(w‘/‘l'e)tx for z € V. Clearly Sc(t)
i1s a Cy-semigroup on W and V. For any x € W and any ¢ > ¢; we obtain
using Remark 2.4

[1Se@®llw = [l5e(t = t0)Se(to)[lw
< al|Se(t = to)llecz)l1Se(to)z| 2 ,

where o > 0 is a constant satisfying ||z|lw < «of|z]|z. Applying again
Remark 2.4 the above inequality shows that

/ [|Se(t)z||wdt < oo for all &z € W .
0

9
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A result by Pazy (see [20], p. 116) implies that S.(¢) is exponentially stable
on W. Since this is true for all ¢ > 0 we get that ww < wy. Replacing
W by Z and V by W in the above argument shows that wz < wy . Since
wz = wy by Remark 2.4 it follows that wy = wy . O

Next we shall introduce admissible input and output operators for
the semigroup S(¢) defined on W and V. These concepts are due to Sala-
mon [29], Pritchard and Salamon [22, 23], and Weiss [33, 34].

Definition 2.9 (i) Let U be a Hilbert space. An operator B € L(U,V) is
called an admissible input operator for S(t) if there exist numbers t1 > 0
and o > 0 such that

/tl S(ty — 7)Bu(r)dt e W (2.9)

and

t1
||/ Sty — 1) Bu(r)dr||lw < oz||u||Lz(07t1) (2.10)
0

Jor all w € L*(0,t;U).

(ii) Let Y be a Hilbert space. An operator C € LI(W,Y) is called an
admissible output operator for S(t) if there exist numbers t2 > 0 and 8 > 0
such that

ICS( )2l z20,0.) < Bllz|lv for all x € W. (2.11)

Remark 2.10 (i) If (2.10) holds for one particular ¢1, then it can be shown
that it holds for all ¢; > 0, where & will depend on ;. In case that S(?)
is exponentially stable on W then we can choose a constant « which does
not depend on t; and moreover, we have that ||f0Oo S(r)Bu(r)dr|lw <
a[ul|£2(0,00)-

(ii) The previous statement remains valid if we replace (2.10) by (2.11),
t1 by t2, @ by 8 and exponential stability on W by exponential stability on
V.

(iii) Let B € £L(U,V) be an admissible input operator for S(¢). Then
for all w € L*(0,T;U) the map ¢ — fot S(t — 7)Bu(r)dr is continuous on
[0, 7] with values in W. Moreover, the controllability operator

T
C:L*0,T;U) =V, u»—>/ S(t — 7)Bu(r)dr
0

satisfies

Range(C) C W (2.12)

and

C € L(L*0,T;U),W). (2.13)
10
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It can be shown as in Weiss [34] that (2.13) is implied by (2.12) provided
ZCW.

(iv) Suppose that ¢ € L(W,Y) is an admissible output operator
for S(t). Then the bounded linear operator Ow : W — L*(0,7T;Y),
z — CS(-)x can be extended uniquely to a bounded linear operator Oy :
V — L%(0,T;Y). The operators Oy and Oy are called the observability
operators on W and V| respectively. For € V we define CS(-)x := Oy x.

(v) The concepts of an admissble input operator and an admissible
output operator are dual to each other, cf. Pritchard and Salamon [23].

Definition 2.11 A control system of the form

#(t) = S(t)zo + [7 S(t — 7)Bu(r)dr
o) = Caft), } (19

where xog € V and t > 0, 1s called a Pritchard-Salamon system if B €
L(U,V) is an admissible input operator for S(t) and C € L(W,Y) in an
admissible output operator for S(t).

Notice that for every zq € W and every u € LL?(0,00;U) the output
y of a Pritchard-Salamon system is a continuous function on [0, 00) with
values in Y (see Remark 2.10 (iii)). If g € V we can make sense of y as a
function in LL?*(0,00;Y) by applying Remark 2.10 (iv).

The following simple result on admissible input and output operators
will be useful for the frequency-domain analysis of Pritchard-Salamon sys-
tems.

Lemma 2.12 (i) Let U be a Hilbert space and let B € L(U,V) be an
admissible input operator for S(t). Then for any A > max(ww,wy) there
exists a constant Ly > 0 such that

(sI — AV)"'B e L(U,W) forall s €Ty

and I
sI — AV 'B <——2  forall s€Cy.
lI( )" Blleww) < Re(o) A
(ii) Let Y be a Hilbert space and let C € L(W,Y) be an admissible
output operator for S(t). Then for any A > max(ww ,wv) there exists a
constant My > 0 such that

M
eI — %) ey < —lizllv

<——————— forallz €W and s € C, .
Re(s) — A

11
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Proof: (i) See Weiss [36] and Curtain [3].

(i) For A > max(ww,wy) it is clear that Sy(¢) := e~ S(¢) is an
exponentially stable Cy-semigroup on W and V. Now (' is an admissible
output operator for Sy(¢) and hence it follows from Remark 2.10 (ii) that
for some 3y > 0

ICSA()||L2(0,00) < Oal|2||v for all 2 € .

Hence the following estimate holds for z € Cy and x € W
1C((z 4+ M = AV) "y = ||/ CSy(t)we™* dt||y
0

<([ lesioalpant([ e
0 0

_ B el
~ V2 /Re(z)
A change of variables s = z + A, s € C,, completes the proof. a

Remark 2.13 Lemma 2.12 (ii) shows that if C' is an admissible output
operator for S(¢), then for all s with Re(s) > max(ww,wy) the operator
C(sI — AW)=1 € L(W,Y) can be uniquely extended to an operator O(s) €
L(V,Y). We define C(sI — AW)=1B := O(s)B and C(s] — AW)~1y =
O(s)v for all v € V.

We would like to close this section by showing that any system of the
form (2.14) has a well-defined transfer function provided B € L(U,V) is
an admissible input operator for S(¢) and C' € L(W,Y). First we make
precise what we mean by a transfer function of (2.14). To this end it is
useful to define the space

Q:={uc LL*(0,00;U) | 37 = y(u) €ER s.t. u(-)e™? € L*(0,00;U)}.
Furthermore, for u € Q@ we set
Mu) :=inf{A € R |u(-)e™* € L*(0,00;U)}.

Definition 2.14 Suppose that in (2.14) xo =0, B € L(U,V) is an admis-
stble input operator and C € L(W,Y). A holomorphic function G : C; —
L(U,Y) is called a transfer function of (2.14) if for any u € Q there holds

y(s) = G(s)u(s)  for s € Crax(e,aq)).

It is clear that if G; : C¢;, — L(U,Y) and G2 : G, — L(U,Y) are two
transfer functions of (2.14), then G1(s) = Ga(s) for all s € Crax(e, ¢.)-

12
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Proposition 2.15 Consider the system (2.14) and suppose that
B e L(U,V) is an admissible input operator and C' € LIW,Y). Let u € Q
and let i be any number which satisfies n > max(ww ,wy, A(w)). Then the
following statements hold true:

(1) y(-)e=" € LY(0,00; V)N L2(0, 00;Y)

(ii) 9(s) = C(sI — AV)"LBu(s) for all s € C,

(iii) C(-1 — AV)™I1B € H®(Ce, L(U,Y)) for all € > max(ww,wy).
It follows in particular that C(sI— AV )~' B is a transfer function of (2.14).

Proof: (i) Pick p € (max(ww,wy, A(w)),n) and set € := n— g > 0. Then
¢
y(t)e " = e_EtC'/ St — T)e_“(t_T)Bu(T)e_‘”dT.
0

Now, since S(t)e™#! is an exponentially stable Cy-semigroup on W and
V and u(-)e™# € L?(0,00;U), it follows from the admissibility of B via
Remark 2.10 (i) that there exists & > 0 such that

ly()e™ [ly < allClle™Jul-)e™" [|2(0,0050) -

(i1) For s € G, set
—e % /Ot S(t — 7)Bu(r)dr

A similar argument as in () shows that z € LY0,00;W). Hence z €
L1(0,<.>o; V) and Wfooo z VfO t)dt, where Wf and Vf denote in-
tegration in W and V, respectlvely It follovvs that

/OOOCz(t)dt
= C /Ooztdt
_ /

= C(sI— Av) Bu(s) forall s € C, .

y(s)

(iii) Let ug € U and set u(t) = e“ug fort > 0, where w := max(ww ,wy ).
By (ii) we have for s € C, that

g(s) = " _WC(SI—AV)_lBUQ.

Since (s — w)y(s) is (strongly) holomorphic in C, the same is true for
C(sI — AV) 1 Buy. Now ug € U was arbitrary and so C(s] — AV)71B is

13
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holomorphic in C,, with respect to the norm topology of L(U,Y) (see Hille
and Phillips [12], p. 93). The boundedness of C(sI — AY)™1B on C¢ for
& > w follows from Lemma 2.12 (i). a

Remark 2.16 Under the assumptions of Proposition 2.15 it follows from
the theory of vector-valued distributions (see e.g. Fattorini [11], pp. 461)
that there exists a unique tempered L£(U,Y)-valued distribution H with
support in [0,00) such that (LH)(s) = C(sI — AY)"'B for Re(s) >
max(ww ,wy). The distribution H is called the impulse response of the
system (2.14).

The reader should notice that for a Pritchard-Salamon system the
expressions C(s] — AY)™'B and C(sI — A")~1B both make sense (see
Lemma 2.12 and Remark 2.13). In the next section we will show that they
are equal for all s € C with Re(s) > max(ww,wy ). This result will be used
to express the impulse response H of a Pritchard-Salamon system in terms
of S(t), B and C for the special case that dimU < co.

3 An Important Property of Pritchard-Salamon Sys-
tems

Suppose that (2.14) is a Pritchard-Salamon system. In [23] Pritchard and
Salamon introduced the assumption

Z=DA") =W (3.1)
in order to ensure that
C'fot S(T)Budr = fot CS(r)Budr foralluelU, t>0. (3.2)

Equation (3.2) seems to be a trivial fact. It should be noticed however
that the R.H.S. of (3.2) has to be interpreted via the admissibility of C' (cf.
Remark 2.10 (iv)), while the L.H.S. makes sense since B is an admissible
input operator for S(¢) (cf. Remark 2.10 (i)). Tt is the main goal of this
section to show that (3.1) is not required for (3.2) to hold, i.e. (3.2) holds
for every Pritchard-Salamon system as defined in Section 2.

Lemma 3.1 Suppose that in (2.14) the operator B belongs to L(U, V) and
C € L(W,Y) is an admissible output operator for S(t). Then

C(sI — AW~ Bu = (IL(C'S(-)Bu))(s) (3.3)
for all s € C with Re(s) > max(ww,wy) and for allu € U.

The proof of Lemma 3.1 can be found in Logemann [17]. Notice that
R.H.S. of (3.3) has to be interpreted in the sense of Remark 2.10 (iv) while
the L.H.S. is meaningful in the sense of Remark 2.13.

14
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Lemma 3.2 Suppose (2.14) is a Pritchard-Salamon system. Then (3.2)
1s satisfied if and only if
C(sI =AY 'B=C(sI - AY)™'B (3.4)
for all s € C with Re(s) > max(ww,wy).

Proof: The necessity of (3.4) for (3.2) to hold has been proved in Logemann
[17]. In order to prove sufficiency assume that (3.4) is satisfied. For v € U
and s € C with Re(s) > max(ww,wy,0) it follows from the admissibility
of B that the function

t
z(t) = e_”/ S(r)Budr
0
is in L1(0, 00; W). Hence

[L(C /0 S(r)Budr)|(s) = /0 T st

CW/OOO 2(t)dt

C/ z(t)dt
VJo
1

= C—(sI— Av)_lBu
s

= lC’(s[ — AW)_lBu
s

S /0 CS(r) Budr))(s),

where we have made use of Lemma 3.1. Tt follows that (3.2) holds a.e. on
[0,00). Now the L.H.S. of (3.2) is continuous in ¢ by Remark (2.10(iii)) and
so is the R.H.S. since it is the integral of a LL2-function. So we see that

(3.2) holds for all ¢ € [0, o0). O
Theorem 3.3 If (2.14) is a Pritchard-Salamon system, then
C'fot S(r)Budr = fot CS(r)Budr forallue Ut > 0,
i.e. (3.2) holds for any Pritchard-Salamon system.
Proof: Set w := max(ww ,wy). We shall prove that
C(sT =AY IB=C(sI — AY)™'B  forall sc},.

The theorem then follows from Lemma 3.2. The following fact will be
useful in the sequel

(sI — Av)_1 lw= (sI — AW)_l forall se C,. (3.5)

15



R.F. CURTAIN, H. LOGEMANN, S. TOWNLEY, AND H. ZWART

We define
T(s) = C(sI—AYY'B-C(sI-AY)™'B
= O(s)(sI —AV)(sI = AY)'B—C(sI — AY)™'B,

where we have made use of Lemma 2.12 (ii) and Remark 2.13. Let both
u € U and s € C, be fixed but arbitrary. We have to show that 7'(s)u = 0.
To this end set

2(A) := A = AV) 7 (sT — AV) " Bu forall A € C, . (3.6)
Using (3.5) and Lemma 2.12 (i) we obtain

2(A) = MM — A" YT — AV) ' Buforall A € C,, . (3.7)
Since AW is the generator of a Cy-semigroup on W, we have that

li A) = (sl —AY)"'Bu i :
)\_}(gn}\emz() (s )" Bu in W, (3.8)

(see e.g. Curtain and Pritchard [7], p. 19). On the other hand, since A"
generates a Cg-semigroup on V' it follows from (3.6) that

. 4V _ . _ AVN-1 _ .
)\_}grynkek(sf AV )z(A) A—»gI,nke]R/\(/\I AY)YT"Bu=Bu (inV). (3.9)

Setting
h(A) = O(s)(M — AV 'Bu — C(A — AV)~1(sI — AY)"' Bu

= O(s)(sI — AVYAT — AYV)"Y(sT — AY)"' Bu
— O — A" (sT — AV) ! Bu,
and using (3.6) and (3.7), we see that
A(A) = O(s)(sT — AV )z2(A) — Cz(N).
Now, by Lemma 2.12 (i), Remark 2.13, (3.9) and (3.8)
A—»EOI,HAE]R M(A) = O(s)Bu — C(sI — AY) ' Bu=T(s)u (inY). (3.10)

Notice that h is a holomorphic function on C, with values in Y. Hence
it follows from (3.10) that it is sufficient to show that h(”)(/\)|>\:s =0
for n = 0,1,2,... in order to prove that T(s)u = 0. A straightforward
computation shows

AW = (=1)"al(O(s) (AT — AY)~ "+ By
—CA — AW+ (5T — AV Bu. (3.11)
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Finally, it follows from Lemma 2.12 (i) and (3.5) that
O(s)(sT — AV)y~""*VBy = O(s)(sI — AV) " (sT — AY) ' Bu
= O(s)(sI — AY)™(sT — AV)"'Bu
= C(sI—AY)=0+D (51 — AY)"'Bu,

and hence by (3.11) that A (X\)|y=y =0 for n =0,1,2,.... |

In Section 2 we saw that the impulse response (= inverse Laplace
transform of the transfer function) of a Pritchard-Salamon system is a
tempered L(U,Y)-valued distribution with support in [0,00). We shall
close this section by showing that if dim U < oo, then the impulse response
is a regular distribution, i.e. a locally integrable £(U,Y)-valued function
defined on [0,00). This case is the one which has received most attention
in the literature up to date.

So let us suppose that dimU = n < oo and let uy,-- -, u, denote a
basis of U, and denote the coordinates of u € U with respect to uy, -, u,
by 7i(u), ie. uw =3+ ¥(u)u;. Since C' is an admissible output oper-
ator for S(t), the expression C'S(-)Bu; has a meaning as an element in
LL?*(0,00;Y), see Remark 2.10 (ii) and (iv). Recall that C'S(-)Bu; are
not functions but equivalence classes of functions which differ only on a
set of measure zero. Let the functions f; be members of the equivalence
classes CS(-)Bu;, i = 1,---,n. Then the f;(t) are well-defined elements
in Y for almost all ¢ € [0,00). Hence, if we define the family of operators

R(t):U —=Y, t>0, by
Ritju= Y 500

we have R(t) € L(U,Y) a.e. on [0,00). Notice that R(-) is strongly mea-
surable in the uniform operator topology.

Definition 3.4 Suppose that in (2.14) B € L(U,Y), dimU < oo, and
C € LIW,)Y) is an admissible output operator for S(t). We define the
expression C'S(-)B as the equivalence class of all functions from [0,00) to
L(U,Y) which differ from R(t) only on a set of measure zero.

Lemma 3.5 Under the conditions of Definition 3.4 we have:

(i) The definition of C'S(-)B does not depend on the choice of the basis
Uy, -, Uy of U

(1) CS(-)B € LL?*(0,00; L(U,Y)).

(1) (IL(CS(-)B))(s) = C(sI — AW)™LB for all s € C with Re(s) >

max(wyy , wy ).

17
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Proof: (i) Is a routine exercise and is left to the reader.

(ii) This follows from the definition of C'S(-)B and the fact that
CS(-)Bu; € LL*(0,00;U).

(iii) Apply Lemma 3.1. O

The following corollary shows that for Pritchard-Salamon systems with
finite-dimensional input space the impulse response is given by the expres-

sion C'S(-)B as defined in Definition 3.4.

Corollary 3.6 If (2.14) is a Pritchard-Salamon system with finite-dimen-
stonal input space, then:

(i) (IL(CS()B))(s) = C(sI — AV)™1B for all s € C with Re(s) >
max(wyy , wy ).

(ii) C’fot St —r)Bu(r)dr = fot CS(t—7)Bu(r)dr for allt > 0 and for
allu € LL*(0,00;U).

Proof: (i) This follows from Lemma 3.2, Theorem 3.3 and Lemma 3.5 (iii).
(ii) This follows from Theorem 3.3 and the fact that the step-functions
are dense in L?(0,T;U), T € (0,00). The details are left to the reader. O

Remark 3.7 The reader should notice that in the case dimU = oo it
is (in general) not possible to make sense of C'S(-)B as a L(U,Y)-valued
function. This implies in particular that if dimU = oo, then expressions
like C'S(-)Bu(-) or fot CS(t — 7)Bu(r)dr do not necessarily make sense for
arbitrary v € LL?(0,00;U).

4 Perturbations Induced by Admissible State-feedback
and Admissible Output-injection

It is well-known that the Pritchard-Salamon class is invariant under state-
feedback with F' € L(V,U) (see Pritchard and Salamon [23]). However,
if ' € L(W,U) only, then all that can be said, in general, is that there
exists a perturbed semigroup on W, which is unsatisfactory for control
applications. (The perturbation results in Bontsema and Curtain [2] on
Pritchard-Salamon systems assume that the semigroup is smoothing). A
common example of a perturbation F' € L(WW,TU) arises from output feed-
back, u = Ky, where K € L(Y,U), which produces F' = KC'. Tt is the aim
of this section to show that the Pritchard-Salamon class is invariant under
such perturbations. More precisely, we show that the Pritchard-Salamon
class is invariant under state-feedback with F' € £L(W, U) and output injec-
tion with H € L(Y,V), provided that F' is an admissible output operator
and H is an admissible input operator.

18
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Theorem 4.1 The following statements are valid for a Pritchard-Salamon
system (2.14):

(i) Let F € L(W,U) be an admissible output operator for S(t). Then
there exists a unique Cy-semigroup Spp(t) on W which is the unique solu-
tion of

SBF(t)x:S(t)x—l—/t S({t — 1)BFSpp(r)xdr (4.1)

for allx € W. Moreover Spr(t) extends to a Cy-semigroup on V, B is an
admissible input operator for Spp(t) and C' and F are admissible output
operators for Spr().

(ii) Let H € L(Y, V) be an admissible input operator for S(t). Then
there exists a unique Cy-semigroup §Hc(t) on V which is the unique solu-
tion of

t
Sgc(®)e =Stz + / Spc(t —m)HCS(r)xdr (4.2)

0
for all x € V. Moreover §Hc(t) restricts to a Cy-semigroup on W, B and

H are admissible input operators for §Hc(t) and C' 1s an admussible output
operator for Spc(t).

Remark 4.2 As already indicated in the introduction of this section, The-
orem 4.1 shows that the Pritchard-Salamon class is invariant under output-
feedback of the form v = Ky, where K € L(Y,U). Just set FF' = KC' in (i)
or H = BK in (ii) and notice that F' is an admissible output operator and
H an admissible input operator.

Proof of Theorem 4.1: (i) Define a sequence S35 (t) by
t
Shpt)z = St)x, SEE )z = / St — r)BFSEp(m)edr,
0

where z € W. Using the admissibility of B we obtain by induction for
>0

. I 10
15Br (Wllcow) < Ma”|[F]["y [/, (4.3)

where M = M(t) := sup,¢pq [|9(7)|lc(w) and @ = a(t) is the constant
introduced in Definition 2.9 (i) (cf. also Remark 2.10 (i)). It follows from
(4.3) that >_o"_, S% #(t) converges in the norm topology of £(1¥) and hence

SBF(t) = i S%F(t) € [,(W)

It is now easily verified that Spp(t)z solves (4.1) for all # € W. The
Cy-semigroup properties and uniqueness of Spp () can be shown as in the
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bounded case (i.e. W=V and ||-|lw = || -||v), see Curtain and Pritchard
[7]. In order to make the paper more self-contained we shall prove strong
continuity at 0 and uniqueness:

e Strong continuity: By (4.1) and admissibility of B we have for x € W
15Br (t)x — zllw < [|S(D)a — zllw + o||[FI[ [|Spr ()2llz20,6mw)

So using the strong continuity of S(¢) on W we see that limy_¢ ||Spr(t)z —

e Uniqueness: Suppose T(t) € L(W) is another family of operators
satisfying (4.1). Using the admissibility of B we obtain

13
1Spr (t)e = T(t)zllfy < aZIIFllz/ 1Spr(7)e = T(r)x|[f dr
0

It follows from Gronwall’s lemma that Spp(t)z = T(t)z. Since © € W is
arbitrary we have that Spp(t) = T(t) for all ¢ > 0.

In order to show that Spr(t) extends to a Cy-semigroup on V' it is
useful to verify the following estimate

tn
|1 FSEr()xl|L2o,s0) < 504n||F||n\/g||l‘||v forx e W, n eN. (4.4)

The estimate (4.4) is easily proved by induction using the admissibility of
B and F. The constant § = §(¢) is the one introduced in Definition 2.9
(ii) (cf. also Remark 2.10 (ii)). Tt follows from the definition of S% (), the
admissibility of B and (4.4) that

1Sr(zllw < allFSEE () |L2<o

pa”||FN" 1\/ i llellv (4.5)

forn > 1 and # € W. The estimate (4.5) shows that for n > 1 the operator
S%p(t) € L(W) can be extended to an element in £L(V, W) C L(V, V). We
shall denote this extension by S%(?) as well. Tt follows from (4.5) that the
series Y7, S%p(t) converges absolutely in £(V, W) and hence in £(V, V).

The limit is the same in both spaces and we define

IN

Rpr(t Z S (1) (4.6)
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Setting S%(t) := S(t) + Rpr(t), we obtain an operator in £(V, V) which
extends Spr(t). Let M, A and ¥ be real constants such that

ISW)]|evy < Me* for all t >0
and
l|z]|lv < v||z||lw for x € W.

Moreover set

0= 53 I [ (4.7)

It is clear that the function f is continuous and monotonically increasing
on R . It follows from the definition of S¥%(¢) that

1B (lleevy < M +7£(t),

which shows that ¢ — S% () is bounded in the norm topology of £(V') on
compact intervals. We claim that S%x(t) is a Cp-semigroup on V:

e It is trivial that S¥.(0) = Iv.

e Strong continuity: Pick t* > 0 and set & := MeM 4+ yf(t*). Let
z € V and choose a sequence x,, € W such that # = lim, . 2, (in V).
Then for all ¢ € [0,¢*]

1SEr®)e —zllv = [|Spp()e — Shp(t)an — & + 2 + Spr (), — 24|y
ISEr®lleevy + Ullz = 2allv

+SBr (O)xn — 2allw

(£ + Dllz = allv +7SBr )20 — znllw . (4.8)

IN

IN

Now for given € > 0 let N € N be such that ||z —zn]| < m Moreover,

by the strong continuity of Spr(t) on W there exists § € (0,¢] such that
|Spr(Deny — an||lw < % for all t € [0, 4]. Hence, by (4.8)

ISk r(t)x — x||v < € for all t €[0,6].

e Semigroup property: Again let # € V and pick a sequence z, € W
which converges to z (in V). Using the semigroup property of Spr(t) on
W we obtain

1Spr(t+ 5)x = Spp(t)Spp(s)zlv
= |ISpp(t +s)x = Spp(t+ s)zn
+Spr(O)Spr(s)en = Spp(t)Skr(s)ellv
< (I8Bp(t+9)llewv) + 115 (OSEr(5)leev) e = zally -
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Since the R.H.S. converges to 0 as n — oo, it follows that S%(t + s) =
Shr()SEp(s).

It remains to show that B is an admissible input operator and C'
and F' are admissible output operators for Spr(t):

e Admissibility of B: From (4.5)-(4.7) we obtain that || Rpr(t)||c(v,w) <
f(t). Hence it follows for u € L?(0,t1;U):

t1
I [ Shetts = m)Butr)drl
0

||/0 St — T)Bu(r)dr—l—/o " Rup(t — ) Bu(r)drlw

IN

t1
CV||U||L2<o,t1)+||B||/0 [ty = m)l[u(7)|[odr
(a + [IBI I Flz2co,e)lullz2co,:) -

IN

e Admissibility of C' and F: For x € W we have

1CSEr(2llczoe) < OSSOzl 0, + ICRBP()2l|L2(0,12)
< Bllelly +NCN ALz 0,0l llv
G+ NN z2 )l -

The same estimate holds true if we replace C by F'.
(ii) Statement (ii) can be proved in a similar way. a

The following theorem shows that nesting of feedback loops is equiv-
alent to closing the loop for the sum of the feedback operators. Although
this seems to be a trivial fact, it requires a proof which is by no means
trivial.

Theorem 4.3 Suppose that (2.14) is a Pritchard-Salamon system and that
Py € LW, U) are admissible output operators for S(t). Then using the
notation of Theorem 4.1

1
SB(F1+F2)(t)l‘ = SBF1 (t)l‘ + / SBF1 (t - T)BFQSB(F1+F2)(T)l‘dT (4.9)
0]

foralzeV.

Remark 4.4 Since the semigroup (Sgr, )r,(t) gives the unique solution
of (4.9) (by Theorem 4.1), it follows that (SBr, )BF,(t) = SB(F +1,)(1)-

In order to prove Theorem 4.3 we need two lemmas.
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Lemma 4.5 Suppose that (2.14) is a Pritchard Salamon system and that
F e L(W,U) is an admissible output operator for S(t). For alln € N with
n > ww define the operators F, € L(W,U) by

Fp :=nF(nl — AY)=1. (4.10)

Under these conditions the following statements hold true:
(i) Fy, can be uniquely extended to an element in L(V,U). f
(i) limp oo Fnx = Fa for all x € W.
(11i) There exists I € Ry such that |Fy||gowvy < L for all n > ww .
(iv) For T > 0 we have

lim |[F,S(-)x — FS()z||r20,r;0) =0 for all z € V.

(v) Spr(t)x — Spr,(t)x € W for allz € V, allt > 0 and all n > wy
and lim, .o ||Spr(t)e — Spr, (O)x||lw = 0 for all t > 0 and all x € V,
where the convergence is uniform int on compact intervals.

(vi) imp—co || f5 Sgr, (t —7)Bu(r)dr — [, Spr(t —7)Bu(r) dr|lw = 0
for allt > 0 and all w € L*(0,4;U).

Proof of Lemma 4.5: (i) This follows from Lemma 2.12 and Remark
2.13.

(ii) The second statement follows from the fact that A" is the gen-
erator of a strongly continuous semigroup on W (see e.g. Curtain and
Pritchard [7], p. 19).

(iii) This follows from (ii) and the uniform boundedness principle. Al-
ternatively, statement (iii) follows also from the Hille-Yosida theorem ap-
plied to AW .

(iv) Set &, () := (F — Fp)S(-)x for all € V. Then, by the admissi-
bility of F', there exists a constant Gp > 0 such that for all z € W

Br(lelly +[ln(nl =A%) z]ly)
Br(L+In(nl = AV) " el
ey,

1@ (@)|z2(0,7)

IN AN IA

where the existence of the constant v follows from an application of the
Hille-Yosida theorem to AY. Moreover, by (ii)

lim ||(F, — F)S@)z||} =0 forallt>0,z€ W,
and by (iii)

1(Fn = F)SWll < (L + (1FIDS@)fy -

T The extension will be denoted by F}, as well.
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So by Lebesgue’s dominated convergence theorem we have
nlLH;o |®n ()| L2050y = nh—>Holo |(Fn = F)S( )2l L2000y = 0 for z € W,

It remains to show that ®,(z) — 0 in L?(0,T;U) for all z € V as n — oo.
To this end let # € V', € > 0 and choose y € W so that ||z — y|| < e. Then

1@ (W)l[22(0,7) + 1®n (2 = Y)llL2(07)
€+ ye

1@ (2)l|z2(0,r) <
<

for all sufficiently large n.
(v) As in the proof of Theorem 4.1 we define recursively

t
So(t) = S(t), Sp(t)x = / St —1m)BFSp_1(m)edr, k>1
0
and for n > wy
t
SE)y=5@1), S;t)x = / St —T)BF,S;_{(m)xdr, k>1.
0

We know from the proof of Theorem 4.1 that
Sp(t),Sp) e LOV)NLW)  forall k€ Nandall n>wwy

and

Sp(t),Sp() € LV, W) forallk > 1and all n > ww .

Moreover - -
Spr(t) =Y Sk(t), Spr,(t) = Sk(t)
k=0 k=0

where both series converge in L(W) and £(V). We claim that:

a) lim, oo [|S711(8)® — Sk41(t)x||lw = 0 uniformly in ¢ on compact in-
tervals for all . € V)t > 0,k > 0.

b) limy, o |[Fn S} ()& — F'Sk()x||p20r0y) =0 forallz € V, T'> 0, k >
0.

We show a) and b) by induction on k. Statement b) is true for & = 0 by
(iv). Hence, by admissibility of B, statement a) is true for & = 0. Assume
that a) and b) hold for & = ¢. Tt then follows that for z € V
1F0574 1 ()2 — FSpqa (t)z]|v
< W Ealleow i llSEs (0 — Sex (el
F(Fo = F)Seqa (t)z]|v

—0asn— o00.
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Moreover, using (iii) and the fact that a) holds for k = £, it is easy to show
that || F,S7,,(t)z|lv < const. on [0,7] for all x € V and for all n > ww .
It follows from Lebesgue’s dominated convergence theorem that b) is true
for k = £+ 1. In order to show that a) holds for ¥ = £+ 1 notice that for
all z e V

15242002 = Sesa(t)allw
t
=1 [ St = P B2 (D = PSa(rle)drw
0
< allFnSiia (e = FSexr (|7,

where « is the constant introduced in Definition 2.9 (i) (cf. also Remark
2.10 (i)). Since we have already proved that b) is true for & = ¢+ 1 it
follows that a) holds for & = £+ 1. By the admissibility of I there exists
a constant Fp > 0 such that

||FS(~)$||L2(0J) < Br|lx||v for all x € W.
It follows that for all x € W
1F2 Sl L2g0,0) < nBrll(nd — AY) " Hlzovllellv -

Applying the Hille-Yosida theorem to AV shows that there exists a constant
£ > 0 such that

[ FnS()x|L2(0,0) < 5||x||v foralln >ww and all z € W .

Recall from the proof of Theorem 4.1 that Y .., Sp(¢) and Y ., S¢(%)
converge in L(V, W). Therefore

Spr, (t)r — Spp(t)zr € W forallz e V.

Using the estimate (4.5) and statement (iii) it follows for z € V:

|SBr, (H)x — Spr(t)z|lw < ||Zsk ) — Sk ())||w

+5 Z ot LF= 1\/ || v
k=hot1

+8F Z oF|| FI|F WH z|lv .

k=ko+1

Hence, given € > 0 and 7" > 0, we have for all sufficiently large k¢ that
ISBr, (H)x — Spr(t)zllw < ||Z Sk )z — Sk()a)|lw + €
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for all # € V and all ¢t € [0, T]. Tt follows from a) that lim,_¢ ||Ser, ()2 —
Spr(t)x||lw = 0 for all # € V uniformly in ¢ on compact intervals, which
proves (v).

(vi) Let t > 0 be fixed but arbitrary and let ¢ be a step function. Then
by (v) 7 — (Spr(t —7) — Spr, (t — 7)Bp(7)is a function with values in W
which is Bochner integrable in W on [0, ¢]. This follows from the properties
of the operators S;(t) and S%(t). Hence

||V‘/0 Spr(t — 1)Be(r)dr — V/Q Spr, (t — 7)Be(T)dr||w
= I, [ (Snrtt =)= Sar.(t — Bl

< / I(Spr(t = 7) — Spr, (t — 7)) Bo(r)||wdr

— 0asn— o0,

where we have used (v) and the fact that ¢ is a step function. In order to
complete the proof it is sufficient to show that there exists a constant A
such that

1
||/ Spr, (t — ) Bu(r)dr|lw < Allullpso. (4.11)
0

for all n > wy and for all uw € L?(0,¢;U). Using (4.5) we obtain
t
||/ Spr, (t — 7)Bu(r)dr||w
0

= ||‘/0 S(t—T)Bu(T)—I—/O Sp(t — 7)Bu(r)dr||lw

allullzago,n + 5 ol FallF

k=1

X/O /(t(k__T)f)_!l-HBu(r)llvdTa

where 5 > 0 is a suitable constant which is independent of n. It follows
now from (iii) that there exists a constant A such that (4.11) is satisfied.
O

IN

Lemma 4.6 Suppose that (2.14) is a Pritchard-Salamon system and that
F.F € L(W,U) are admissible output operators for S(t). Define Iy, and
Fy according to ({.10). Then we have for T > 0 and x € V that

nlLH;o ||FnSBFn()x — FSBF(')xHL%O,T;U) = 0 .
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Proof of Lemma 4.6: First we prove that the claim is true for all z € W:

|1FnSer, () — FSpr(-)||L20r0)
< NFa(Spr, ()r = Spr()o)|| 2070
+(Fy = F)Spr()ellL20.r0)
< ||Fn||L(W,U)||SBFn(')$ — Spr(-)®||L200,7,w)
+|I(Fn = F)Spr( )l L2010

The first term on the R.H.S. converges to 0 by Lemma 4.5 (iii) and (v).
Moreover, by Lemma 4.5 (ii), the sequence (Fn — F)Spr(t)x converges
pointwise to zero. Applying Lemma 4.5 (iii) shows that it can be bounded
by a function which is integrable on [0,7]. Hence the second term on the
R.H.S. converges to 0 by Lebesgue’s dominated convergence theorem. In
order to prove that the claim 1s true for all z € V 1t is sufficient to show
that there exists a constant A > 0 such that

||FnSBFn(~)x||L2(07T;U) < Allz|]ly  forallz € W and n > ww .

This follows easily from the definition of F},, Lemma 4.5 (iii) and the inte-
gral equation for Spp(t). O

Proof of Theorem 4.3: Define Fy, and Fs, according to (4.10). Then

t
SB(F1n+F2n)(t)x = SBFln(t)l‘ —I—/ SBFln(t — T)BFQHSB(F1n+F2n)(T)l‘dT
0

(4.12)
is true for all x € V, since Fy,, Fa, € L(V,U) by Lemma 4.5 (i). Using
Lemma 4.5 (v) we see that the L.H.S. of (4.12) converges to Sp(r,+r,)(t)x
while the first term on the R.H.S. of (4.12) goes to Spp, (t)x. Applying
(4.11) to Spp,, (-)B instead of Spp, (-)B and using Lemma 4.5 (vi) and
Lemma 4.6 shows that the integral on the R.H.S. of (4.12) converges to

fOtSBFI(t—T)BFQSB(F1+F2)(T)1‘CZT . O
Corollary 4.7 Suppose that (2.14) is a Pritchard-Salamon system, that
F e L(W,U) is an admissible output operator for S(t) and that H €
LY, V) is an admissible input operator for S(t). Using the notation of
Theorem 4.1 we have:

(i) Spr(t)x = S(t)x + fot Spr(t — 7)BFS(T)xdr for allz € V.

(i) If BF = HC, then Spp(t) = Smc(t).

Proof: (i) Apply Theorem 4.3 to Fy = F and Fy = —F.
(ii) This follows from (i), since by Theorem 4.1 (ii) the integral equa-
tion has the unique solution Sg¢(t)x. a
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The following proposition contains two results on the infinitesimal gen-
erator of the perturbed semigroup Spr(t).

Proposition 4.8 Suppose that (2.14) is a Pritchard-Salamon system and
that F' € L(W,U) is an admissible output operator for S(t). Let AW, and
AEF denote the infinitesimal generators of Spr(t) on W and V, respec-
twely. Then we have:
(1) D(AY% ) = D(AY) and D(A%.) = {z € D(AV)NW | ALz € W}
(i1) Under the additional assumption that D(AY) C W we have

AEFl‘IAl‘—FBFl‘ for alleD(Av).

Proof: (i) Let w be a real number which is larger than the maximum
of the exponential growth constants of SY (¢), SV (t), SW.(t) and SKp(t).
Laplace transformation of (4.1) gives

(sI —App) e = (s = AV) te 4 (sT — AVYIBF(sI — ARp) 'e (4.13)

for s € C, and « € W. By part (i) of Theorem 4.1 F' is an admissible
output operator for Spp(t)and hence according to Lemma 2.12 (ii) and
Remark 2.13 the operator F(sI — AW.)~! € L(W,U) can be extended to
an operator in L(V,U). Therefore (4.13) holds true for all # € V and,
moreover,

D(A%r) C D(AY), (4.14)

where we used the fact that D(AY% ) = (sI — A% )1V, From Corollary
4.7 we obtain that

(sT —Afp)te = (sT — AV)re 4 (sT — Afp) ' BF(sI — AY) 'z (4.15)
for s € C, and « € W. Tt follows as above that (4.15) extends to V and so
D(AY) C D(Afp). (4.16)
Hence, by (4.14) and (4.16)
D(AYp) = D(AY). (4.17)
The second claim in statement (i) follows from Pazy [20], p. 123.
(ii) Since (sI— A% p)~te = (sT— AW.) "tz for & € W, we may conclude
from (4.13) that
(sT =AY — BF)(sI — A%p) le =2 forx € W. (4.18)

We have already mentioned that F(sI — A%.)~! extends to an operator
in £(V,U). Taking into account that (sI — AY)~! € £(V, W) (this follows

28



PRITCHARD-SALAMON SYSTEMS

from D(AY) C W) we obtain from (4.13) that (sI — A% )~ € L(V,W).
As a consequence there holds

BF(sI — A%p)~t € L(V, V). (4.19)

Furthermore, with (4.17) and the closedness of AV it follows from the
closed-graph theorem that

(sT —AVY(sI — App)~t € L(V, V). (4.20)

So, by (4.19) and (4.20), the operator on the L.H.S. of (4.18) belongs to
L(V,V) and hence (4.18) extends to V. An application of (4.18) to (sI —
AY r)y, where y € D(AY% 1), leads to

AYpy=AYy+ BFy forall y € D(A%y).
O
In Section 2 we gave a number of sufficient conditions for the expo-

nential growth constants ww and wy of S(t) to coincide. Theorem 4.1 can
be used to derive another one.

Corollary 4.9 Suppose that B € L(U, V) is an admissible input operator
for S(t). If there exists an admissible oulput operator F' € L(W,U) such
that the exponential growth constants wﬁ,F and ng on W and V of the Cy-
semigroup Spr(t) given by (4.1) satisfy max(wEf w8 < min(ww ,wy),
then wwy = wy.

Proof: From (4.1) we obtain for ¢ > 0
e_(ww‘i'e)tS(t)x = e_(ww‘i'e)tSBF(t)x

¢
—/ e~ lwwtIt=7T)g(t — rYBFe~Ww+I)T Sp () edr.
0

Now e~ (“w+9!Spp(t) is exponentially stable on V and e~ (“w+9 §(1) is ex-
ponentially stable on W. Using the admissibility of B for S(¢) and Remark
2.10 (i) we see that for suitable constants & > 0 and v > 0

le= e+ s tyzlly < Allelly +allFe” "+ Spp( el -

Since e~ (wwtt gy (t) is exponentially stable on V' and since F' is an ad-
missible output operator for Spp(t) (by Theorem 4.1 (i)) it follows from
Remark 2.10 (ii) that

le= e+t (t)a|ly < (5 + ap)llllv (4.21)
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for some constant 8 > 0. The inequality (4.21) is true for any ¢ > 0 and
hence wy < wyw. In order to prove the converse inequality, note that by
Corollary 4.7

e_(wv'i'e)tS(t)x = e_(wv-i'e)tSBF(t)l‘

3
_/ e~ HI=T) G (t — 7Y BFe~ VT §(r)edr .
0

Taking norms in W, using the exponential stability of e~ (“v+et gy p (t) on
W, the exponential stability of e=(“v+9tS(¢) on V, the admissibility of B
for Spr(t) and the admissibility of F' for S(¢) it follows that

lle~@v+OrS(t)e||lw < &||z|lw  for all e > 0 and x € W.
The last estimate shows that wy < wy . O

Remark 4.10 Although Corollary 4.9 may be difficult to apply in general,
it does have one very important consequence. If S(¢) is unstable on W and
V', and it is admissibly exponentially stabilizable in the sense of Definition
5.1, then wy = wy.

5 Stabilizability, Detectability and Equivalence of Ex-
ponential and External Stability

We now introduce the concepts of stabilizability and detectability for Pritch-
ard-Salamon systems which are appropriate for ‘BKC"-type perturbations,
1.e. perturbations induced by output feedback.

Definition 5.1 (i) Suppose that B € L(U, V) is an admissible input opera-
tor for S(t). The pair (S(t), B) is called boundedly (admissibly) stabilizable
if there exists an operator F' € L(V,U) (an admissible oulput operator
F e L(W,U) for S(t)) such that the Cy-semigroup Spr(t) given by (4.1)
1s exponentially stable on W and V.

(ii) Suppose that C € L(W,Y) is an admissible output operator for
S(t). The pair (C,S()) is called boundedly (admissibly) detectable if there
exists an operator H € L(Y, W) (an admissible input operator H € L(Y,V)
for S(t)) such that the Cy-semigroup Sue (t) given by (4.2) is exponentially
stable on W and V.

Remark 5.2 (i) The above definition makes sense for F' € L(V,U) (H €
L(Y,W)) since all elements in L(V,U) C L(W,U) (LY, W) C L(Y,V))
are admissible output operators (admissible input operators) and hence,
by Theorem 4.1, Spp(t) (§Hc (1)) is a Cy-semigroup on W and V.

(ii)) Admissibly stabilizable Pritchard-Salamon systems have the follow-
ing nice system theoretic property: If (2.14) is a Pritchard-Salamon system,
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then by Theorem 4.3 it is admissibly stabilizable (detectable) if and only if
(Sprc(+), B,C) is admissibly stabilizable (detectable), where K € L(Y,U)
and Sprc(t) is the perturbed Cy-semigroup of Theorem 4.1.

The following lemma demonstrates an important connection between
exponential stability of the perturbed semigroup on W and V.

Lemma 5.3 Suppose that B € L(U, V) is an admissible input operator for
S(t). If (S(t), B) is admissibly stabilizable and there exists Fe LWV, U)
such that Spp(t) s exponentially stable on V', then Spp(t) is also expo-
nentially stable on W.

Proof: Let F' € L(W,U) be an admissible output operator for S(¢) such
that Spr(t) is exponentially stable on W and V. By Theorem 4.1 and
Theorem 4.3

Sppt)e = Spr(t)z + /t Sprp(t — T)B(F — F)Sgp(r)edr. (5.1)

Now (F — F') is an admissible output operator for Spz(t) (by Theorem 4.1)
and hence, from the exponential stability of S (¢) on V, it follows that for
sufficiently small ¢ > 0

/0 et (F — F)S (0|2t < ]2

for all x € W, where v is some suitable positive constant. Now by the
admissibility of B for Sgp(t), and the exponential stability of e’ Sgp(t)
on W for € > 0 sufficiently small, it follows from multiplying (5.1) by e
and taking norms in W that |[e®Spa(t)z|lw < ¥||z||w for some positive
constant 4. This estimate holds for all # € W and hence we obtain that
1S5 ()l et < 76— 0

Remark 5.4 Notice that in the above proof we have not made use of the
fact that Spp(t) is also exponentially stable on V.

The following result shows that the two concepts of stabilizability in-
troduced in Definition 5.1 coincide.

Theorem 5.5 Suppose that B € L(U,V) is an admissible input operator
for S(t). Then the following statements hold:

(i) The pair (S(t), B) is admissibly stabilizable if and only if (S(2), B)
1s boundedly stabilizable.

(ii) Suppose that F' € L(W,U) is an admissible output operator for S(t)
such that Spp(t) is exponentially stable on W and V and let P € L(V') be
the selfadjoint positive semi-definite operator defined by

< x, Py >VZI/ <FSBF(t)l‘,FSBF(t)y > odt.
0]
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If D(AY) C W, then F.=—-B*Pe¢ L(V,U) stabilizes (S(t), B) on W and
V.

Proof: (i) Since for any operator F' € L(V,U) the restriction F | is
an admissible output operator for S(t), it follows trivially that (S(¢), B)
is admissibly stabilizable if (S(¢), B) is boundedly stabilizable. The fol-
lowing proof of the converse was suggested to us by B. van Keulen: Let
F € L(W,U) be an admissible output operator S(¢) such that Spp(?) is
exponentially stable on V. Let ¢ € V and define u,,(-) = FSpr(-)zo
Then ug,(-) € L%(0,00); U) by Remark 2.10 (ii) and z(-) given by

z(t) = S@t)wo + /0 S(t — 1)Bug, (1)dr = Spr(t)xo

is in L?(0,00; V). Hence, using Datko’s result [10] on the equivalence be-
tween open and closed-loop stabilizability, it follows that there exists an
operator I € L(V,U) which stabilizes (S(t), B) on V. By Lemma 5.3 the
feedback F stabilizes (S(t), B) on W as well.

(ii) Using Proposition 4.8 we have that if z € D(AY") then

C(Sp()) = AprSpp(r + BIF ~ F)spe(e. (52

Using the definition of ' and P and (5.2) we can easily show that

(Sur ()2 PSyr(ta)y = (a. Pa)y
- [ - s <>||Udr—/ 1S (el

Since P > 0, it follows that
¢
/ [|(F — F)SBF(T)JL‘H[Z] <(x,Pxr)y forallt>0andze€ D(AV) (5.3)
0

Now, by Theorem (4.1) (i) (F — F) is an admissible output operator for
Spp(t) and hence (5.3) extends to all # € V. Thus there exists a constant
v > 0 such that

N(F — F)Spr()e||z2(0,000) < 7|y for all z € V. (5.4)

Choose constants M > 1 and o > 0 such that |[Spp(t)||cv) < Me™*.
Taking norm estimates in L?(0,00; V) for (5.1) we obtain

157 (DzllL20,00v) < IISBF(')96‘||L2<o,oo;v>Jrll/0 Spr(-—7)B
X (F - F)SBF(T)$d7'||L2(0700;V)
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M
< |SBF()%||L2(0,00;v) + ;HBHL(U,V)

X |I(F = F)Spp()llrao,000r)
< oo,

using (5.4) and the exponential stability of Sgp(-) on V. The above esti-
mate holds for all « € V' and hence Spz(-) is exponentially stable on V
(Theorem 4.1, Pazy [20], p. 116), and by Lemma 5.3 it is also stable on W.

O

Remark 5.6 (i) We shall leave the obvious statement and proof of the
dual result on detectability to the reader.

(ii) Suppose that (2.14) is a Pritchard-Salamon system. Since it is clear
by Theorem 4.3 that stabilizability of (2.14) by admissible feedback is re-
tained under output feedback of the form u = Ky, where K € L(Y,U) (see
Remark 5.2) it follows from Theorem 5.5 that stabilizability by bounded
feedback 1s invariant under output feedback as well.

(iii) The proof of Theorem 5.5 (ii) is similar in many ways to the re-
cursive procedure in Pritchard and Salamon [23] by which the solution of
an algebraic Riccati equation is constructed from solutions of a sequence
of Lyapunov equations. It is clear from the constructive nature of the
proof that similar argumants can be used in order to show that for any
Pritchard-Salamon system (satisfying D(AY) C W) and any LQ or H-
performance index (see e.g. Pritchard and Salamon [22, 23] and Pritchard
and Townley [26]) the achievable closed-loop costs are the same with re-
spect to bounded feedbacks and admissible feedbacks. It remains an open
problem as to whether the domain condition D(AY) C W is necessary in
the constructive argument.

We would like to close this section with a characterization of exponential
stability in terms of transfer functions.

Definition 5.7 Suppose that in (2.14) the operator B € L(U,V) is an
admissible input operator for S(t) and C € L(W,Y). The system (2.14) is
called externally stable if its transfer function G is in H*(Cy, L(U,Y)).

It follows from Proposition 2.15 that the system (2.14) is externally
stable if the semigroup S(¢) is exponentially stable on W and V. Under
some extra assumptions the converse holds true as well.

Theorem 5.8 Suppose that (2.14) is a Pritchard-Salamon system. If
(2.14) is admissibly stabilizable and admissibly detectable, then the semi-
group S(t) is exponentially stable on W and V if and only if (2.14) is

externally stable.
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Proof: We only need to show that external stability implies exponential
stability of S(¢) on W and V. By assumption there exist an admissible out-
put operator F' € L(W,U) and an admissible input operator H € L(Y,V)
for S(t) such that the perturbed semigroups Spr(t) and Ske (t) given by
(4.1) and (4.2) are exponentially stable on W and V. Using the notation of
Proposition 4.8 it follows from (4.1) and (4.2) via Laplace transformation
that

(sT =AY ) w = (s = AV)w (sT — AV)'BF(sT — A p) 1w (5.5)
and
(sT—Aye) " w = (sT— AV )l (sT = Afo) TP HC(sT— A" ) 1w, (5.6)

for allw € W and all s € C, , where w := max(ww ,wy, 0) and A}/IC denotes
the infinitesimal generator of the semigroup Sgc(?) on V. Since B, C, F
and H are admissible we obtain from (5.5) and (5.6) using Theorem 4.1,
Lemma 2.12 and Remark 2.13 that

C(sl — AW)_lv =C(sI — AJVBVF)_lv — G(s)BF(sI — AJVBVF)_lv (5.7)
and
(sT — AY) to = (sT — Afre) Yo — (sT — Algo) LHCO(sT — AY) ™1y (5.8)

for all v € V and s € C,. In (5.7) we have used that by Proposition 2.15
the transfer function G(s) of (2.14) satisfies G(s) = C(sI — AY)~1 B for all
seC,.

Now, by assumption and Lemma 2.12, the £(V, Y )-valued functions on
the R.H.S. of (5.7) are bounded, and therefore ||C(s] — AW)_1||L(V7y) is
bounded on C, . Tt follows from (5.8) that

(sT — AYV)™L € H™(C,, L(V)). (5.9)

We have to show that max(wy ,wyv ) < 0. Assume the contrary, i.e. max(wyw,
wy ) > 0. Then, by the definition of w

w = max(ww,wy ) , (5.10)
and (5.9) implies that
(sI —(AY —wI))™! € H®(Co, L(V)),

which is equivalent to the exponential stability of S(¢)e™“! on V (this
follows from a result by Priiss [27], cf. also Nagel [19], p. 96 or see Weiss [32]
for a direct proof). Hence we may conclude that wy < w. An application
of Lemma 5.3 to (S(¢)e™**, B) and F = 0 shows that wy < w. Therefore
max(ww ,wy ) < w, which is in contradiction to (5.10). a
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Remark 5.9 Theorem 5.8 is a nice generalization of the well-known finite-
dimensional result. It is important to note that U/ and Y may be infinite-
dimensional. This is in contrast to earlier publications (e.g. Curtain [3])
which proved a similar type of equivalence assuming that U and Y be
finite-dimensional. See also Rebarber [28] for a related result.

Remark 5.10 Almost every result in this paper remains valid if we replace
the Hilbert spaces W, V', U, and Y by arbitrary Banach spaces. The only
exceptions are the following:

e The proof of Proposition 2.2 is based on a result by Lax [16] which
requires V' to be a Hilbert space. We do not know if Proposition 2.2
extends to Banach spaces. As a consequence it is not clear whether
Remark 2.3 and Proposition 2.7 (iii) remain true in the Banach space
case.

o In the proof of Theorem 5.5 we have explicitly used the Hilbert space
structure of V and U. We do not know whether Theorem 5.5 holds
true in the Banach space case or not.

e For arbitrary Banach spaces it is generally not true that Cy-semi-
groups with H ™ -resolvent are exponentially stable. So, the proof of
Theorem 5.8 does not extend to Banach spaces.
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