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Abstract. The well known prolongation technique of Wahlquist and Estabrook for
nonlinear evolution equations is generalized for supersymmetric equations and ap-
plied to the supersymmetric extension of the KdV equation of Manin-Radul. Using
the theory of Kac-Moody Lie superalgebras, the explicit form of the resulting Lie
superalgebra is determined. It is shown to be isomorphic to Ryr X Covt(C(2),0),
where Ryp is an eight dimensional radical. An auto-Backlund transformation is
derived from the prolongation structure and the relationship with known solution
methods of the skdV equation is analysed. In addition it is indicated how a super-
position principle for the skdVv equation can be obtained.

1. Introduction

In their famous article {1] Wahlquist and Estabrook developed prolongation theory for
nonlinear evolution equations and applied it to the Korteweg—de Vries (KdV) equation.
This resulted in a Lie algebra structure, which has been determined explicitly by both
Estabrook (2] and van Eck [3]. Article [4] is an example of how the theory of Kac-
Moody algebras can be used fruitfully to obtain a realization of a prolongation algebra.
Wahlquist and Estabrook showed the relationship between the existence of non-trivial
prolongation structures and known solution methods for nonlinear evolution equa-
tions such as associated inverse scattering problems and Backlund transformations,
indicating the relevance of the method.

In this article we will generalize prolongation theory to the case of supersymmetric
evolution equations and apply it to the SKdV equation of Manin-Radul (MR). Succes-
sively we realize the resulting Lie superalgebra using the theory of Kac-Moody Lie su-
peralgebras, derive an auto-Backlund transformation from the prolongation structure
and indicate how to obtain a superposition principle for the SKdV equation. More-
over, we analyse the relationship between the super prolongation method and known
solution methods for the SKdv equation such as the super-Miura transformation and
the super-Gardner transformation.

The paper is organized as follows. In section 2 we give a short summary of graded
differential geometry in order to fix notation and to facilitate working with graded vec-
tor flelds and differential forms and derive a generalization of the prolongation method
of Wahlquist and Estabrook for supersymmetric evolution equations. In section 3 we
apply this method to the SKdV equation and realize the resulting Lie superalgebra.
Finally in section 4 we derive an auto-Backlund transformation and the superposi-
tion principle for the SKdV equation from the prolongation structure and analyse the
relationship with known solution methods of the SKdV equation.
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2. Prolongation method for supersymmetric systems

In this section we give a generalization of Wahlquist and Estabrook’s prolongation
method. Before that we first give a short summary of graded differential geometry [1].

2.1. Graded differential geometry

In order to fix notation and to facilitate working with graded vector fields and graded
differential forms in the subsequent sections of the paper, we give a short summary
of the local picture of a graded manifold X of dimension (m, n) in this section. For a
more detailed description we refer the reader to Kostant [5].

In the following we denote by M, the set of multi-indices I = (4,,...,7,) which
satisfy 1 < i; < .-+ < i, < m and by N, the set of multi-indices v = (v, ..., v,) with
v; €Nand 5 v; = I. Furthermore, for each Z,-graded vector space A we denote by A;
the subspace of homogeneous elements of degree ¢ € Z,. We define A(n) as the exterior
algebra on n generators s;,...,s,. With this definition A(n) becomes a commutative
superalgebra. As a set of local odd coordinates of X we take the generators of A(n),
the even coordinates can be taken as in the case of an ordinary smooth manifold of
dimension m.

Smooth functions on this graded manifold can locally be seen as elements of the
commutative superalgebra A(U) = C*(U)®g A(n), where U is an open subset in R™
and C*®(U) is the commutative algebra of smooth real-valued functions on U. Each
element f in A(U) can be represented as

f=3 2 f,@s,
k=0 ueM,
with f, € C®(U) and s, = s, s, ---s, . It is obvious that the elements
emod 2= Z#EM,‘ fu ® s, span the homogeneous space of degree i € Z,.

Graded vector fields and graded differential forms can locally be described in terms
of specific objects concerning the commutative superalgebra A(U). Graded vector
fields are elements of the space Der A(U) of graded derivations on A(U). One can show
that Der A(U) is a free left A(U/) module with basis {6;,,0,,11<i<m1<j<n},
i.e. each 8 € Der A(U) can be written as

b= Ef, 6;,"’29,‘ 6,, (fiagj € A(U)).
i=1 j=1

The derivations 8, € (Der A(U)), and 9,, € (Der A(U)), are defined by
n n
O f=2 2 0.0u®s, 0,f=33 £,©0,(1®s)
k=0 ueM, k=0 pcM,
where 8, (1®s;) =6; ;. It is obvious that § € (Der A(U)), if and only if f; € A(U);

and g; € A(U);4, in the representation above. Der A(U) is a Lie superalgebra with
commutator

[61,0,] = 6,00, —(=1)76, 00, (6, € (Der A(U));, 6, € (Der A(U));).
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For later reference we give this commutator for the case m = n = 1 explicitly. For
fO€AU), ¢° € A(U),, f1 € A(U)gyy and ¢! € A(U),4, we have

[fo a:t: + fl 63990 a:: + gl as] = {foazgo - (_l)klgoaxfo + flasgo - ('—1)1519183 fo}a.z'

+ {foaxgl - (_l)klgoazfl + flaagl - (_l)klglas fl}as (1)

Graded differential k-forms are defined as elements of the space Q*(A,U) of all

k-A(U)-linear maps 3 on Der A(U) which for all 1 < i < k, §; € (Der A(U)); and
0;41 € (Der A(U)), satisfy

(61,0, 8iprs B | B) = (=D (0, 001,65, 0y | B).

As in the ordinary case we can introduce a multiplication A of graded differential
forms. This turns Q(A,U) B @y QF(A,U) into a bigraded commutative algebra.
Thus, for each 8 € (%(4,0));, v € (Q(4, U)); we have

BAy=(=1)*iy AR

If we define dz; € (Q'(A4,U)), and ds; € (Q'(A,U)), in the usual way, one can prove
that {dz; Ads” | I € M, v € N;,k+1=p} is a basis of Q?(A,U) as a free right A(U)
module, where

dz; =dz; A---Adz,,
ds” =ds?* A Adsin with ds? =ds; A---Ads;

N———
p times

l.e. each § € QP(A,U) can be written as

8= Z Z dx]/\dsyfj,u (fl,ueA(U))'

k+l=p IeM;
vEN,

Finally we remark that there is a unique operator d : Q(A,U) — Q(A,U) of degree
(1,0) that satisfies d> = 0 and

d(f) = de;0,,(f)+ Y _ds;0,(f)  (f€QA,V) = AU)). (2)
i=1 j=1

This operator is the exterior differential operator for graded differential forms. On
QP(A,U) it acts as

d= > Y (=1)Pdz; Ads® AdS,,. (3)
k+i=p 161\161:
veN;
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2.2. Generalization of the prolongaiion method

In this subsection we give a generalization for systems of supersymmetric evolution
equations of the prolongation method described for ordinary evolution equations by
Wahlquist and Estabrook [1]. For this purpose we first give a short summary of the
prolongation method for an ordinary evolution equation

u, = fut™) (4)

where f(u(™)) is a function of u and derivatives of u up to order n. Working on
the (n — 1)th order jet bundle, where we denote the ith order derivative of u by v,
(in practical problems we also use the notation u,u,,u,,,...), we can represent this
differential equation by the set of differential 2-forms

a; =dy;_; Adt —u;dz Adt fori=1,...,n-1

and one additional form a, representing the differential equation. By this we mean
that the pullback of these forms to a solution manifold of equation (4) vanishes iden-
tically, and reversely, any (z,t)-dependent solution u to the set of equations

ay = -=qa, =0 (5)
satisfies equation (4). From Cartan’s theory of differential forms [6] we have an inte-
grability condition on the set of equations (5), namely, if I = I(a,, ..., @,) is the ideal
generated by the a; in the exterior algebra with basis {dz,d¢t,du,du,,...,du,_,}, we
must have that dI C I.

The prolongation method consists of adding an additional 1-form

w=dy+ F(u Y y)de + G~V y) dt
to the set «,,...,a, and requiring dw to be element of the extended ideal

I{ay,...,0,,w). One can easily see that this can be reformulated as follows: add
to the original set of forms a Lie algebra valued form

w=dy+ Fu® V) dz + G(u*~1D) dt
and require w to satisfy the condition dw + [G,F]dz A dt € I(ey,...,a,). This
condition leads to an overdetermined system of partial differential equations for F

and G, which gives rise to a Lie algebra structure to be determined.
In general a set of supersymmetric evolution equations will be of the form

u, = f(u™, ™) (6)
e = g(ul™, (™) (7)

where u is an even and ¢ is an odd function. Working on an appropriate (graded) jet
bundle we can represent this set of equations by the the set of even differential 2-forms

a; =dt Aduy;_; +dz Adty fori=1,...,n-1
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and an additional even form «,, representing equation (6), together with the set of
odd differential 2-forms

ﬁjzdt/\dcpj__l-{—dz/\dtcpj forj=1,...,m-1

and an additional odd form f3,, representing equation (7). At this place we assume
the analogue of Cartan’s integrability condition for ordinary differential forms to hold
also for graded differential forms, namely dI C I where I = I(ay,...,q,,8;,... v B)
is the ideal generated by the o; and §; in the (graded) exterior algebra with basis
{dz,dt,du,...,du,_,,dp,...,dp,,_, }.

Since in this case we are dealing with even as well as odd differential forms, our
generalization of the prolongation method of Wahlquist and Estabrook consists of
adding both an even differential 1-form

W = dg® + de FO(u™ D, M=) 30 41y 4 dt GO(u~Y), (=1 40 o)
and an odd differential 1-form
w! = dy! 4 de FHu®=1,0m=1 40 y1y 4 dt GHulr =D o(m=1) 40 o1y

where y° and y! are a new even and odd variable, respectively, F° and GG° are even
and F! and G! odd functions, and requiring both dw® and dw! to be element of the
extended ideal I{a;,...,a,,8;,...,8,,,«°,w!).

Using formulae (2) and (3) we find for dw* (k =0,1)

n-1 m-—1
dot = =Y (dz Adu, FY +dt Ady; GE) = Y (de Adp; i +dt Adp; G)
=0 j=0

~dz A (dy° Fyo + dy' F,i) - dt A(dy° Glo + dy' G}).
Using the definition of w® and w! to eliminate dy® and dy® we can rewrite this as
E_ 0 pk 1 -k 0 ok 1k
do® = —dz A(w” Fo +w” Fi) —dt A(w” Gyo +w” Gy1)
k k k k
+dz Adt(G°Fjo + G'F,y — F°G}o — F'G}).
If we define two even vector fields
F=F06yo+F16y1 G=G08yo+G16y1 (8)

we see from formula (1) that the coefficient of dz A dt in the last expression for dw* is
the coefficient of d,x in [G, F] for k = 0,1, respectively. Hence w® and w' can be seen
as the components of an even vector field valued form

w=dj+dz F+dtG.

As in the ordinary case we can now reformulate the prolongation method as follows:
add to the original set of forms an even Lie superalgebra valued form

w = dj+dz F(u®~Y, o™=y 4 dt G(ulP=D, p(m-1))

and require that w satisfy the condition dw+dzAdt (G, F] € I(ay,...,a,,8,...,08,,)
From the above it is clear that both F and G must be even elements of this Lie
superalgebra.
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3. Application to the skdv equation

In this section we apply the method developed in section 2 to the SKdV equation of
Manin-Radul

Uy = ~Ugp + 6uux - 39090::: (9)
Py = — Q0 + Sup, + Ju . (10)
In the first subsection we derive the necessary equations and the resulting Lie super-
algebra, in the second subsection we realize this Lie superalgebra using the theory of
Kac-Moody Lie superalgebras.
3.1. Prolongation of the Skdv equation

Using the methods described in subsection 2.2 we may represent the SKdv equation
by the set of differential 2-forms

a, =dtAdu+drAdtu,

a, =dt Adu, +dz Adtu,,

az = dt Adu,, +dz Adt(6uu, — 3pp,,) —dz Adu
By =dtAdp+dzAdtyp,

By =dt Adp, +dz Adt g,

B = dt Ade,, +dz Adt (up, + 3u,p) —dz Ade.

If I = I(ay,ay,04 8,8, 08;) is the ideal in the exterior algebra with basis
{dz,dt,du, du,, du,,, dp,dp,,dp,, }, one can easily verify that the condition dI C
is satisfied. To prolong the ideal I we add the even Lie superalgebra valued prolonga-
tion form

w=df+dz F(u,ug, Uy, @95, P00) + A G(U, Uy, Uy 9,02, P21)

where F' and G are two even elements of the Lie superalgebra, and require that w
satisfy the condition dw+dtAdt (G, F] € I. This condition leads to the overdetermined
system of partial differential equations

Fu+Gu"=0 F =F =0

Uz Uzr
F‘p + G‘Pzz = 0 Fﬁpz = F‘P:r = 0
(6uux - 390902‘1:)Fu + (3ucpz' + 3ur‘p)F4p - u:cGu - uszu, - ‘sz4p - So:v:cG;p, + [F7 G]
= 0.

We solved this system using a REDUCE package for computations in Lie superalge-
bras [7]. If we define z; with i < 0 to be odd generators of the Lie superalgebra and
z; with i > 0 even generators, we find for F and G

F=upz_,+pz_; +z, +uz,+ u’z, (11)
G = [-2upz_g ~ 20z _5 — 2(~up, + u,p)z_y + 20,7 _4

= 2=3up+ ¢, )z — A4+ up,, —ugp, + )T,

= 2(=3u + u,, + 3pp, )z, — 2(—4ud + 2uu_, + 2upp, —ul)z,

+ 22, — 2u zg — 2uzg ~ vz, + 200, 24] (12)
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where we have defined

z5 = [z, 2y zg = [2), 4] r; = [z, 5] zg = [z_;,2_4]

z_3=[z_1,2] z_g=[z_y, 7] T_g=[z_5 2] T_g=[z_32,]

(13)

In addition we find that the following commutation relations hold

[z_¢ 7] = ‘“%(["3-2: z4) = 3z_3) [z_g2_4] =0 [z_4 2] =0

[z_g 2] =~z_, (¢ g2 5] =0 [z gz 4] = 225
[z_5,2,]=0 [z_5 23] =0 [2_5 2] =0
[2_1,23] =0 [2_1, 24 = —[z_5,21] [z_1, 27 =0 (14)
[z, 23] =0 [z, 2] =0 [z, z5) = 225

[z5,23] =0 [z, z4) = [y, 2] (25,27 =0

3.2. Realization of the prolongation algebra

In this section we, as already mentioned, determine the structure of the prolongation
algebra of the SKdV equation and give a realization of it, using the theory of Kac—
Moody Lie superalgebras. Henceforth we denote this prolongation algebra, i.e. the
Lie superalgebra generated by the even generators z,,...,z5 and the odd generators
z_q,...,%_g and subjected to relations (13) and (14), by MR. An important tool for
determining the explicit structure is a grading. The following proposition is immediate.

Proposition 1. MR admits a Z grading

Generator  z_g T_g T_, T_3 ZT_, r_,

Degree -1 3 -3 1 -5 -1
Generator  z, z, z, T, zg T4 T, x4
Degree 2 -2 -6 6 0 2 -2 =2

such that relations (13) and (14) are homogeneous.

Note that this Z grading is consistent with the Z, grading of MR.

In [4] we showed how the Kac-Moody algebra Agl) and its realization can be used
to find a realization of the prolongation algebra of the ordinary KdVv equation. In

this case the Kac-Moody Lie superalgebra C(?)(2) plays a similar role. We have the
following proposition.

Proposition 2 (Kac [8], proposition 1.2). (a) C‘)(2) is the Lie superalgebra with even
generators H,, H,, odd generators E|, E,, F|, F, and defining relations (i, j = 1,2)

[Hiij]=0 [EUF]]—éins’
(#;, E;] = a; B [H; Fy] = ~a;; F;

(ad B\ E; =0  (adF)l=®F;=0 (i #j)
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where a;; = 2 and a;; = -2 (i # ).
(0) If C(2) =~ A(1,0) =~ osp(2,2) is the (classical) eight-dimensional Lie superalge-
bra with Dynkin diagram @—, ¢ the automorphism of C(2) of order 2 corresponding

to interchanging the two vertices in the Dynkin diagram, with corresponding Z.-
gradation C(2) = C(2); ® C(2);, and C = (H, + H,) the centre of C(*)(2), then

C(2)/C = Cov(C(2),0) = P N¥C(2)imeaz C C(2) ® T[N, A7),
ieZ

where ) is an indeterminate.

Table 1. Commutator table of C(2)5 @ C(2)3.

ho e €2 f-1 fe2 vo v v_y
ho 0 & 2e; =foy =2f_2 O vy —voy
€1 262 ¢} ho f_.l —vUi 0 -V
e 0 —e1 ho 0 0 vy
f-1 -2f2 O v_1 —vo 0
f_2 0 0 V-1 0
vo 0 er —fa
vy —2ep ho
vy 2f-2

Working out the construction of proposition 2, we see that C(2); =
(ho, ey, €9, f_y, f_o) and C(2); = (vg,vy,v_;). The even and odd elements of C(2);
and C(2); are just those with even and odd indices, respectively. The commuta-
tor table of C(2); @ C(2); can be found in table 1. Note that C(2); constitutes a
B(0,1) ~ osp(1,2), (hg,eq, f_,) a sl(2) and C(2);1 is a C(2)5 module.

The isomorphism C3)(2)/C — @7 A C(2);moq2 is given explicitly by

Ei—e Fi—f_, Hy— hy
E,—dv_, Fy— A1y,

As in the ordinary case we are only interested in the positive part of C(*)(2). Equating
to zero F, yields the following.

Proposition 3. The Lie superalgebra with even generator H,, odd generators
E,, F|, E, and defining relations

[El,Fl]zHl [Hl,EQ]z-QEz
[HI’EI]::?EI [HI’F1]=_2F1 (15)
(ad E|)*E, = (ad E,)*E, = 0

is isomorphic to the algebra Cov*t(C(2),0) = Bien MC(2)imoan the isomorphism
being given by

H — hg E| — ¢ Fi—f_, E,— dv_,.
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Table 2. Commutator table of MR.

T_16 zT_10 T_g T_g z_5 To4 T3 T_2 T_1
T_16 4r11 —T16 20 —2z10 —(r14 + 2z9) T13=-2z11 0 —zy0 0 —(z14 + 229)
T-10 T19 + T17 Ti12  T13 rig—z20 O 0 0 z13
-8 T14 0 Z10 ¢} —-Tg o} 0
-6 x7 xg9 4] -y 0 z7
T_g r11 — T13 0 0 0 g
Ty 2z3 O 0 0
T3 Treg — T9 0 -5
T2 0 2I3
r—1 g

I 2] 3 T4 s e Fard g Iy
.16 -7 -2x.8 0 —-x_9 —-r_16 .11 —4r_g -—4r_g 3r_11 — 2x_7
To10 z_g xo11 0 wog2 zoya-T-o10 —(Toe +T20) 2211 2z_11 —(T-9 + T-20)
r_g -5 O 0 z_10 z_g zr_16 0 0 —(22-5 + z_16)
T_¢ r-3 O 0 -7 T—6 r-8 —2r-3 0 0 —r-8
zos —z-7 z-3 0 =z_9g T_sg+z_o16 T-7-T-1n 2z 28 T_7-ZT-11
T_4q 0 —r_2 0 0 0 0 0 0 0
T3 Top ZT-g 0 .10 T-g—-2z-3 s+ T-16 2z.¢ 2z ZTos5+T-16
-2 0 0 0 0 0 0 0 0 0
T_1 Z_3 T4 0 .7 T_g r_g — 2.3 0 0 -r_3
1 0 s 0 0 g T10 2zs 2zs 19
o 0 0 10 7 2xy o} 0 0
I3 0 0 0 0 0 0 0
T4 0 r11 z12 —2z10 —2T10 z12
s 0 r14 + 278 —2x7 —2z7 Z14
Tg 0 —4zy —4rs —-2z0
x7 0 0 0
g 0 0
z9 4]

With the help of the previously mentioned package we computed part of the com-
mutator table of MR. The part of it relevant for finding a realization of MR can be
found in table 2. In principle this table can be checked by hand using the graded
Jacobi identity

[2,[y, 2] = [z, 9], 2] + (1) [y, [z, 2]).

Using this table and the grading of proposition 1 one can easily find a subalgebra of
MR isomorphic to C(2)5, namely

- _1 - -

foa=—32 faa=2_6 ho = 25
—_1 -1

e, = —5(2z_z—z_y) ey = z(zy4 + 4z¢).

From this it is not very difficult to find a set H,, E|, F;, E, satisfying relations (15),
we can namely take H, = hy, E, =¢,, F; = f_, and E, = z_,.

Moreover we see that MR contains a eight-dimensional subalgebra Rpyp =
(€1,€9,C3,C4, 71, Ty, T3, 74) cOommuting with H,,E F|,E,, where
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Table 2. (Continued)

Zi0 z11 zy3 Ty T16

z_16 T_14 —2z10 20 279+ 320 —4z-11 4z _20
T-10 T-13 — T-21 T-18 — Tw12 T_18 — T—12 2z 20 2z_38
T_g -T-11 T4 — 2710 —T-14 0 0
T_¢ 2r_5+ 16 11 —2z_7 —T_11 0 0
T_s T_ 10— T_14 —(z-9+r-20) —(z-9+z-20) 2z.11 -2z_20
Ty 0 0 0 0 0
T3 T_7~z_1 To14 — T-10 T_14 —T-10 -2(2r_5 + z_16) 2z_14
T2 0 4] 0 0 0
T 2r_5 4+ r_18 11 — 227 —Z_11 0 0
5} -T11 T12 z12 -2z10 2712
Z2 —T1a —-2x19 4] 0 0
z3 0 0 0 0 0
T4 T Z1s z135 -2z12 2715
z5 0 2711 — 218 —Z16 —2714 ~2z16
ze 2711 — T16 0 —2z12 4z10 —4r12
7 —2714 —4ri0 0 0 0
T —2714 —4z10 0 0 0
T9 —c16 2z12 0 0 0
T10 0 2z18 — T22 —-z22 -2z —2z3;
11 0 -2z 412 —4r1s
T13 0 0 0
14 0 0
Z16 0

€ =23 T =22, - 2r3 =T,

Cg=2Z7— Ty Ty =%y

cg =2z + 25+ 2o+ 7, Ty =Ty —2T_¢

¢y =204+ 2, + 213 26

One can easily verify that ¢;,c,,¢;3, ¢, are central elements of MR. r, ry, 75, 7, satisfy
the relations

[P,y = 275 [ry,rg = —2r, [roiro) = [r3,mg) = 2¢4 [rg,7a] = —c, (16)
all other commutators being zero. We can now easily prove the following theorem.
Theorem 1. MR is isomorphic to the algebra Ry x Cov*(C(2),0).

Proof. Let L(H,,E|,F\,E, ¢,...,¢c4,7q,...,74) be the free Lie superalgebra on even

generators H),c,,..., ¢4, vy and odd generators E, F|, E,, ry, 75,7, and consider the

Lie superalgebra morphism é : L(H,, E;, F|, E,,¢;,...,¢4,7},...,T,) — MR given by
1

Hy v zg Ey——35(22_5—1z_4) Firz_g Ey—z_g

€ > Zg 3 2r, + g+ 29+ 2, ry 2z, — 2, Ty T_g

Cy— Ty — Iy Cyr 224+ T, + 35— Tyg T =T _4 Ty T — T g

As we have already seen ¢ leaves invariant relations (15) and (16), hence there is a
Lie superalgebra morphism ¢’ : Ryyg x Covt(C(2),0) — MR. On the other hand the
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Lie superalgebra morphism ¢ : L(z,..., 25, 2_;,...,Z_g) = Rygr X CovT(C(2),0)
given by

zy — 5(2c5 — dey — A2f_, + 2)vy) Ty —3(2f_y— 1))

zy+ ¢y zy 52, +40%, + M f_y — 20%0)
T~ hy Tg %(462 - A%f))

T, =21, zg = —(cy + 2f_) (17)
r_ —ry+ foy L_o— Ty

z_g— —1(2e; — dv_y) T_, 7,

z_s— $(2hv; + A f_)) z g+ [y

preserves relations (13) and (14), hence there exists a Lie superalgebra morphism
¥’ : MR — Ryp x CovT(C(2),0). ¢’ and ¢/ are easily seen to be each other’s inverse.
a

4. Auto-Backlund transformation, superposition principle and relationship
with known solution methods for the skdv equation

In this section we derive an auto-Backlund transformation for the SKdaV equation from
the prolongation structure and give a formula from which it is possible to derive a
superposition principle for solutions of the SKdV equation. Moreover we give the rela-
tionship between the prolongation method and known solution methods for the sKdv
equation, such as the super-Miura transformation and the super-Gardner transforma-
tion.

For this we need a (graded) vector field representation of C(2), in order to be able
to retrieve F° F1,G° G! from F and G, respectively, using formulae (8), (11) and
(12). In the sequel we use the following vector field representation of C(2), which can
easily be checked using formula (1) and table 1.

foa = AT 0 (—y T#20, + (py — 1)y™#2€0,)
foy =23 py g TRED, + AT gty T,

ho = 2u3 Y0, + (1 - 2py 5" + 207 1 )€0,

ey = \y"éd, + /\le"““"@f

2 = My 40, + (1= + 1y )y60) (%)
vy = A7y M TRED, — AT Ty T,
vy = =0,
v = —’\11/“‘631/ + /\zyl“‘l“'“?a&
Equating ¢;,...,¢e4,74,...,7r, to zero, substituting the representation (18) with A, =

Ay = p; = py = 1 into the isomorphism (17), replacing A by 2A (to avoid denomina-
tors) and finally taking y° = y and y' = ¢, we find from equations (11) and (12)

FOo=gpt -y’ + X +u
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Fl=p-(y+2)

GO = —(poo€ + (= Vo€ + 2—yA + 32 — u)p€ + pp, — 4y°2* + 2°u (19)
+ 2yu, +42* + 20%u - 2u® + u )

G! = (4y2? - yu + 40° —u )6 — g, — (¥ + M@, + 2=yX = A2 +u)p.

On a solution manifold of the prolonged ideal we have, as in the ordinary case
yz=_F0 ytz_GO £t=_F1 £¢="G1-

One readily verifies the integrability conditions y,, = y,, for y and §,, = §,, for £ to
be satisfied if and only if u and p satisfy the SKdV equation.

If u,p is a solution to equations (9) and (10), we can find a Backlund transfor-
mation by requiring @& = (u(®, o) y €) and @ = F(u?,¢?,y,€) to be another
solution to the SKdV equation. Another way of posing this is to require that the set
of forms

a, =dtAdi+dzAdta,

&, =dtAda, +dz Adti,,

Gy = dt Adt,, +dz A dt (601, — 3¢¢,,) —dz Ada
By =dtAdp+dzAdtp,

B, =dt Ad@, +dz Adtg,,

By = dt Ad@,_ +dz Adt (3, + 36,8) — dz A dp

be elements of the prolonged ideal I(ay,...,a4,B,...,B8,,w"% w!). By a rather
straightforward, but tedious computation we discover that

= =206 +2y° ~ 20  —u=u+2y, (20)
p==2(—p+2(y+A)) = x(p+2,) (21)

is always another solution to the SKdV equation.
Solving u from the equation y, = —F° and ¢ from £, = ~F! we find

u= -y, +y = A —pf = —y, +y7 - N = &€, (22)
==+ (y+ ). (23)

Substituting (22) and (23) into the equations y, = —G° and £, = —G', we find that y
and £ have to satisfy the equations

Yt = ~Ypze T 6(y2 - ’\2)yx - 3&((3’ + ’\)Ea:)z (24)
6: = "Ez‘zz + 3(y + ’\)((y - ’\)i)z (25)

Notice that the transformation (y,£,A) — (—y, £€, —)) leaves invariant equations (24)
and (25). This gives us another way of obtaining the Backlund transformation (20)
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and (21). Namely, the triple (—y, —€,—X) can be associated with a solution @, of
the SKdV equation. Hence we have

v, = —pE+y* =2 —u (26)
—y =g+ - -4 (27)
= —p+{(y+ )¢ (28)
-6 =—@+(y+ME (29)

Now subtracting equations (28) and (29) leads to the relation @ = ¢ + 2§, and sub-
tracting equations (26) and (27) gives & = u+2y, + (¢ + $)§ = u+2y, + 2(p+E, ) =
u+2y, +2(y+ A2 =u+2y,.

As in [1] we can also use the prolongation structure to derive a superposition
principle for solutions of the SKdv equation. We can find it by entering the forms
&,,...,0; with the ansatz & = @(u,,y;,€1,¥s,&;), Where y; = y1(Ay), & = &(A))
and yo = y5(A,), €5 = €,5(X,). In this way we find that

. M=M= A i+l Mt
=u+?2 +2 -
u=1u (yl — y2)2 Y — U (3062 ‘P&l)
N 4(’\@2 “ My O )20 -2 =22 AN >€1£2
(y1 = ¥,)? M —%)?  yi—¥
(30)
22— A2 M-y Ay -y
5=0—9X + A < 1 2 . + 1 2 _ 2 1 ) 31
12 14 ( 1 2) (yl _ y2)2 (51 52) yl _ y2 51 yl _ yz 62 ( )

is also another solution to the SKdV equation. Note that the first two terms of (30) con-
stitute the superposition principle for the ordinary KdV equation as found by Wahlquist
and Estabrook. If we use formulae (20) and (21) to express y,,&, and y,,§, in u,¢
and u,, @, and u,, @,, respectively, equations (30) and (31) lead to a superposition
principle for solutions of the SKdV equation. At this point, however, we do not per-
form this computation explicitly, because solving equations (20) and (21) gives rise to
a cubic equation for y; and y,.

To give the relationship with known solution methods for the SKdV equation we
notice that for A = 0 equations (24) and (25) exactly are the super-modified KdVv
(SMKdV) equation, whereas for A = 0 equations (22) and (23) represent the super-
Miura transformation for the SKdV equation, which can be used to derive the linear
problem for the SKdV equation (cf [9]).

More generally, by substituting A = 1/2¢, y = ew + A and & = €0, equations (24)
and (25) transform into the super-Gardner equation

w, = —w,,, + 6ww, — 300, + (6w w, — 3o(o,w),)

0y = =00+ 3(ow), + 3e?w(wo),.
With the above substitution equations (22) and (23) transform into the super-Gardner
transformation, which can be used to show the existence of an infinite number of

conservation laws for the SKdV equation (cf [9]). In fact this boils down to the fact
that y, can be written as a total derivative.
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5. Conclusions

In this paper we have shown how the prolongation method of Wahlquist and Estabrook
can successfully be generalized to the case of supersymmetric equations. Application
of this generalization to the SKdV equation of Manin-Radul leads to the rediscovery of
known solution methods for the equation, but moreover provides us with a very sys-
tematic way to derive an auto-Backlund transformation and a superposition principle.

In [10], using the AKNS method, a relationship was shown between the Lie su-
peralgebra osp(1,2) and the super KdV equation of Kupershmidt [11]. Using super
prolongation theory, we have shown a similar relationship between osp(1,2) = B(0,1)
and the SKdV equation of Manin-Radul (namely if we take A = 0). Moreover, for
X # 0 we have found a relationship with the Kac-Moody Lie superalgebra C(2)(2).

It is easy to see that C(z)(2) contains A(ll) as an (even) subalgebra, the positive part
of which is exactly the main part of the prolongation algebra of the ordinary Kav
equation. We recall that the 7-function approach of Date et al [12] relates A(ll) to the
KdV equation in another way. It would be interesting to know if a similar construction
relates C(2)(2) to the SKdV equation.
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