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A ~ t  

7he pr0Nem 0f  ~ e  e4~vNence 0f a Nven n0N~ea r  5y~em t0 a tr1an9~ar f0rm 15 c0n51dered here. 7he 501ut10n 0f 
• N pr0Nem ha5 6een kn0wn f0r ~ e  ~ 9 ~  ca5e, 1.e. when t h e ~  ex1~5 a ce~Nn ne~ed 5e4uence 0f  ~ 9 ~ a r  and 1nv01uf1ve 
• ~f16ut10n5. 1t 15 N50 kn0wn t h ~  ~ th15 ca5e the c0~e5p0nNn9 5y~em 15 11near12a6~ u5~9 a 5m00th c 0 0 r ~ n ~ e  chan9e 
and ~at1c ~ e  ~ed6m~.  7h15 paper deN5 w1th the 5 ~ 9 ~ a r  ca5e, 1.e. when the ne~ed 5e4uence 0f  ~v01ut1ve ~f16uf10n5 
0f ~he 5y5~em c0ntNn5 ~ r 9 ~ a r  ~f16ut10n5.  5pe~N a~ent10n 15 pNd t0 the 50mN~d 61ject1ve tr1an9~ar f0rm. 6e0m~f1c,  
c 0 0 r d 1 n a ~ e e  cf1~f1a f0r the 501ut10n 0f  ~ e  a60ve pr0Nem a5 we11 a5 c0n~rucf1ve, vef1f1a6~ pr0cedure5 are Nven. 7he5e 
~ 5 ~  are u5ed t0 06~f1n a ~5uR 1n the n0n5m00~ ~ a 6 ~ a t 1 0 n  pr0Nem. 

Keyw0rd5: N 0 n h n e ~  5y~em5; 7f1an9N~ ~ r m ;  N0n5m0Nh ~ a N ~ 2 ~ n  

AM5 C1a551f1cat10n: 93C10; 93810; 93D15 

1. 1ntr0duct10n 

We c0n51d~ a ~ n N e ~ n p ~  n0n11ne~ 5y~em 

~= f (x )+u~(x~  x ~  ~, u ~ ,  (1) 

whem f ,  9 ~ e  5m0~h vecmr f1eN5. We ~ e  ~ m m ~ e d  
~ ~ u d y ~ 9  ~ e  10cN 5tru~ure 0ftN5 5y~em ~ a n N 9 ~  
60urh00d 0fan e4u1116r~m p01nt, ~ 15 ~ r  51mN~1ty 
~5umed t0 6e the ~ N n ,  1.e. f ( 0 )  = 0 . 0 u r  Nm 15 ~ 
f1nd c00rd1nate-free c0nd1t10n5 ~ r  ~ c N  e4u1va1ence 

0f (1) 10 a ~ n 0 u ~ r  f0rm (7F) 

~1 = f1(X1,X2), 

~2 = f 2(X1,X2,X3 ~ 

~n-1 = f,-1(X1,X2 . . . . .  Xn), 

2n = fn(x~,x~ . . . . .  xn) + u0n(xL 

9n(x) ¢ 0, ~f1 (x) ¢ 0, 1 = 1 , 2  . . . . .  ~ - - 1  
~X~+l 

(2) 

* C0~e5p0n~n9 am~9~ E-ma11: ce11k0v5•ut1a.ca5.c2. 7~5 
w0rk wa5 perf0rmed wh1~ ~e  auth0r wa5 ~ f 1 n 9  the Depa~mem 
0f A p ~ d  M ~ h e m ~ 5  0f ~he U~ve~1ty 0f 7wente a5 a ~e5e~rch 
~110w 5upp0aed ~ pa~ 6y the D~ch Netw0rk 0n 5y~em5 and 
C0ntr~ 7he0ry and the 1)epa~ment 0f Ap~1ed Mathemat1c5.7he 
auth0r 15 ~50 p a ~ 1 ~  5upp0~ed 6y the 6rant A9ency 0f the 
C2ech R e p u ~  thr0u9h Re5ea~h 6~n t  N0. 102D4/0053. 

w ~ ~ c ~ ,  ~ = ~/6, (3) 

JU0 6~n9 a n~9h60urh00d 0f the 0f1~n and A; an 
0pen den5e 5u65et that may n ~  c 0 ~ n  the 0f1~n. 

Here the e 4 ~ v ~ e n c e  we u5e 15 that 0f 5e1ect1n9 
appmpf1~e 10c~ c 0 0 r ~ n ~  ar0und the 0f1~n. 8e-  
~ n ~ n 9  w1~ [9], ~ a n 9 ~  ~ r m  n 0 ~ e ~  ~ e m 5  
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have recNved a 10t 0f attent10n. 0ne rea50n that the 
tr1an9u1ar ~ru~ure ha5 6een 1nve5f19med 15 the c105e 
c0nnect10n 6Nween ~f1an9u1af12a611~ and ~ed6ack 
11neaf12at10n (5ee [8, 10]). An0ther m0t1vat10n f0rm5 
the 5tudy 0f ~ed6ack ~a6~a t10n  0f 5y~em5 0f the 
f0rm (1), 5ee e.9. [17-19], where f0r 50me 5pec1f1c 
7F-5y~em5 a ~a61112at10n the0rY ha5 6een dev~0pe~ 
0r [6]. 1n 60th ca5e5 a pa~1cu1ar r01e 15 p1ayed 6y 
7F~y~em5 1n wNch each 0f the c0mp0nent5 f1, 1 = 
1 . . . . .  n - 1, 15 a 10cN 61ject10n 1n k5 1a~ ar9ument 
and 9,(0) ¢ 0 (5ee f0r a prec15e def1Nt10n 1~er 0n); 
1n ~h15 ca5e we re~r t0 a 61ject~e ~n9u1ar  f0rm 
(87F) .  A 5uff1c~nt c0n~t10n f0r the a60ve 61ject1~ty 
pr0pe~y 15 thm 9,(x) ¢ 0, (~f~/~x1+1)(0) ¢ 0, V1 = 
1,. . . ,  n - 1; tN5 ca5e 15 r e ~ e d  a5 the re9u~r ca5e. 

7he pr061em 0fthe e4u1vNence t0 the 7F wa5 c0m- 
p1em1y 501ved 1n the re9u1ar ca5e 6y Jaku6c2yk and 
Re5p0ndek 1n [8] where the 501ut10n Nve5 c0n~t10n5 
f0r exact ~ed6ack 11neaf12at10n 0f (1). F0r a d~N~d  
5urvey 0f the re9u1ar ca5e 5ee N50 the m0n09raph5 
[10, 7]. N e v e ~ h e ~ ,  0n1y ~ w  re5uk5 are kn0wn f0r 
the Nn9u1ar ca5e (1.e. the ca5e that 15 n0t re9u1ar) and 
the5e re5u1~ u5uN1y Nve 5pec1N tr1an9u1ar f0rm~ 5ee 
e.9. [12] and fu~her ~ r e n c e 5  1n there. We Nve here 
nece55ary and 5uff1c~nt c0n~t10n5 f0r the e4u1vMence 
0f (1) t0 the tr1an9u1ar f0rm and N50 nece55ary and 
5uff1Nent c0n~t10n5 f0r th15 f0rm t0 6e 61ject1ve. 7he 
6a51c re5uR 15 th~ the5e c0n~t10n5 N50 c0ver the 51n- 
9u1ar ca5e and are Nven ~ a c 0 0 r N n ~ e e  f0rm. 

0ur  ~udy 0f the pr061em 0f the e4u1v~ence t0 51n- 
9u1ar tr1an9u1ar f0rm wa5 pa~1N~ m0t1v~ed 6y 1t5 
• 5c r~ t1me  ve~10n 1nve5t19~ed 1n [14] 1n c0nnec- 
t10n w1th the n0n5m00th ~ed6ack 5m611~at10n and 
11neaf12at10n 0f d15crN~f1me 5y~em5. H0weve~ that 
paper d0e5 n0t ~udy c00rd1n~e5-~ee c0n~t10n5 f0r 
the 7F t0 6e 87F. 

7he paper 15 0r9aN2ed a5 f0H0w5. 5ect10n 2 1n- 
~0duce5 n0tat10n and Nve5 nece55ary def1n1t10n5 t0- 
9~her w~h 50me pre11m1nary re5u1t5.7he mNn re5u16 
are f0rmu1ated and ~1u5trated ~ 5ect10n 3 wN1e thek 
pr00~ are pr0~ded 1n 5 e ~ n  4. F1nN~, app1~at10n 
t0 the n0n5m00th ~ a N 1 ~ 1 0 n  pr061em 15 c0n51dered 
1n 5ect10n 5. We c0nc1ude the paper 6y 91v1n9 50me 
remark5 and 0ut~0k5 1n 5 e ~ n  6. 

2. Def1~f10n5 and pre11m1nary re5u1~ 

F~5t, we 1ntr0duce fu~her nece55ary n0tat10n and 
term1n0109~ We 5ay that the 7F-5y5mm (2) 15 10cM1y 
ar0und the 0r191n 1n 6~ect~e ~1an9u1arf0rm (87F)  

1f 9n(0) ¢ 0 and there ex15t5 a p05~1ve re~ num6er e 
5uch that V1 = 1 . . . . .  n -1 ,Vxk  ~ ( - e ,  eLk  = 1 . . . . .  ~ 
the f0110w1n9 c0nd1t10n h01d5: 

~1(x~,x~ . . . . .  x~,.) : ( - ~ , e )  

~ f1(x~,x~ . . . . .  x1, ( -~ ,  e)) 15 a 61ject10n. ~ (4) 

N0t~e that 1f the 87F  f0r the ~n91e-1nput aff1ne 5y5- 
tem (1) ex1~5, 0ne ha5 af1er a 5u1ta6~ (10ca1) c00rd1- 
nate chan9e 9n ~ 1. 

Rec~1 that 6y the a60ve ment10ned re9u1ar ca5e 
we under~and the ca5e when 1n (4) a11 61ject10n5 are 
10c~ d1ffe0m0rph15m5, 1.e. V1 (~J1/~x1+~)(0) ¢ 0. 8y  
the 51n9u1ar ca5e we under5tand the ca5e wh1ch 15 n0t 
re9u1a~ 1.e. (~J1/~x1+~)(0) = 0 f0r 50me 1. 

We u5e thr0u9h0ut the paper ~andard d1fferent1a1- 
9e0metr1c n0t10n5 and n0tat10n (5ee e.9. [10,7]). 51nce 
0ur re5uR5 w111 6e 10c~, we re~f1ct 0ur5e1ve5 t0 5y5- 
tem5 ev01v1n9 0n ~n. 8e51de5 the fre4uent1y u5ed re9- 
u1ar d1~r16ut10n5 we c0n~der 51n9u1ar d15~16ut10n5: a 
d15tr16ut10n A(x) 15 f0r ~1 x E E" a 5u65pace 0f ~ E "  
w1th d1men510n p055161y varY1n9 w1th re5pect t0 x. A 
d15tr16ut10n 15 c ~ d  5m00th (an~yt1c) 1f~ 15 ~panned 
6y a (p055161y 1nf1n1~) 5et 0f 5m00th (ana1yt1c) vec- 
t0r f1e1d5. We c~1 a 5et 0f 5m00th vect0r f1e1d5 .~ t0 
6e 10c~1y f1n1~1y 9enerated (LF6)  1~ 10ca11y ar0und 
eachx E ~n, there ex1~5 a f1n~e 5et 0fvect0r f1e1d5 ~- 
5uch that any vect0r f1e1d fr0m ~ may 6e expre55ed 
a5 ~-~=~ ~ ( x ) ~ ( x L  r~ ~ ,Y-, ~ ~ C ~ ( ~ ) ,  5 < ~x~. 
A 5et 0f vect0r f1e1d5 ~- 15 c~1ed 1nv01ut1ve 1f 1t 15 
c105ed w1th re5pect t0 tak1n9 L1e 6racket, 1.e. Vr~, ~2 ~ 
~ ,  22] ~ ~Y-. N0t~e that a n0n1nv01ut1ve 5et 0f vec- 
t0r f1e1d5 may 5pan an 1nv01ut1ve 51n9u1ar d1~r16ut10n 
A, 51nce the 1a~ pr0pe~y mean5 that V2~,r2 E ,Y- 
5uch th~ r~,~(x) ~ A(xL Vx, we have that ~ ,  2~](x) ~ 
A(x), Vx. 7ake f0r examp1e #~ = {(0, 1)~,(x~,0)~} 
then [(0, 1)~,(x~,0) ~] = (2x2,0)• ~ ~ ,  1.e. ~ 15 n0t 
an 1nv01ut1ve 5et 0f vect0r f1e1d5. 0n  the 0ther hand, 
the d1~f16uf10n A(x) -- 5pan{(~ 1V,(x~,0)~} 15 an 1n- 
v01ut1ve 51n9u1ar d1~r16ut10n 0n ~2 51nce f0r ~1 x ~ 
~2{(0, 1y,(x~,0)~] = (2x~,0)~ ¢ A(x). 

F0r a 91ven 5~ 0fvect0r f1~d5 ~- we den0te 6y [~-] 
~5 1nv01ut1ve ~05ur~ 1~. the 5 m ~  (w1th re5pect t0 
the 1nc1u510n) 1nv01ut1ve 5et 0fvect0r f1~d5 c0nta1n1n9 
1t. 06v10u~y, 3- 15 1nv01ut1ve 1f and 0n1y 1f [~-] = 
~-. Rec~11hat 1n the an~ytk  ca5e a f1n1t~y 9ener~ed 
5et 0f vect0r f1e1d5 ha5 ~way5 a f1n1te1y 9enerated 

~ ~ ~ d ~  ~ ~e  ~ m ~ 1 0 n  0f 5m0~hn~5 ~ map~n9 15 
a h0me0m0~5m.  
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~v0~f1ve c105ure; 1n the C ~ ca5e th15 may n0t 6e 
true (5ee [7] f0r fuaher d ~ ) .  

70 51mp11fy and 5h~aen ~ e m e n t 5  we 0Ren a110w 
a 5119ht a6u5e 0f n0tat10n5: where n0 c0nfu~0n ar15e5 
x may ~and f0r 5ever~ ~ffe~nt c00r~n~e5 5y~em5. 

7hr0u9h0ut the p~3er we w111 u5e the f0110w1n9 
ne~ed 5e4uence 0f ~5tr16ut~n5 9ener~ed 6y the 
5y~em (1), 

A1( X ) = 5 p a n { 9 ( x ~  ad f 9( x ) . . . . .  a d ) , 9 ( x ~ ,  

1 = 0  . . . .  , n - 1 ,  (5) 

and def1ne the m~r1ce 5 

= 

1 = 0 . . . . .  n - 1. (6) 

7he f0110w1n9 1emn~a 15 1mp0rtant 1n the paper (5ee 
[8, 11]). 

~ m m a  1. ~ d ~ r  a ~ d  ~ ~ ~  •- 
~ t ~ e  c0n5t~t  d1men510na1 d15tr~ut10n5 

A0 C A, C . . . A~, k ~0. (7) 

7hen 10ca11y there ex~t 5m00th c00rd1nate5 x 5uch 
that 

A1(x) = 5pan { ~x~ 1 . . . . .  0x~1, } , 

11=d1mA1, 1 = 0 , 1  . . . . .  ~ (8) 

7he ~110w1n9 Me0::em 15 an adaptat10n 0f the wd1- 
kn0wn re5u1t 0n e~mt ~ed6ack 11neaf12af10n (5ee 
[8, 10]) and c 0 m ~ d y  5dve5 the pr0~em 0f 5tate 
e4u1va1ence m the m9u1~ tr1an9u1~ ~rm. 

7he0~m 1. ~ e  ~ w ~ 9  ~ e m e n ~  a ~  e4u~a- 
~ t :  

1. ~ e  ~ ~ c ~  ar0und ~e  0 r ~  ~ 0 r ~ a ~  
mk•9 ~ 5 ~ m  (1) •W ~e  ~9u~r  ~ u ~ r  ~ r m  
( 2 ~ 4 ) .  

2. ~ r  aH 1 = 0 . . . . .  n - 1, ~e  ~ u ~ n  A1 9~en 
~ (5) ~ ~v0~ t~e  and ~9u~r  ar0und ~e  0 r ~  w1~ 
~ m  A1 = 1+ 1. 

3. ~ e  ~ ~ n ~ r  ~ 5 ~ m  ~ ~ e ~ k  
~ ~  ~ 9  a ~ 0 0 ~  ~ a ~  ~ ~ d  a 
5m00~ 5mt~ 5m~ f 1 ~ a c ~  

Fu~herm~e, ~ an~09y wkh 7he~em 2.1.7 0f [7], 
~ r  a ne~ed ~4uence 0f 5m0mh f 1 n 9 ~  ~ f 1 6 m ~ n 5  
(7) w1th e ~ h  A1 6e~9 LF6, we have th~ each ~ r 1 -  
6ut10n A1 ha5 the max1m~ 1nte9ra1 m a n 1 ~  pmperty 

and the c0~e5p0n~n9 5u6ma~f01d5 ~ each p~nt ~e  
M50 ne~ed. 

Fk~, we f0rmu1ate and pr0ve a c0nt~u0u5-t1me 
anM09ue 0f C0rMhry 4.6 0f [14]. 

7he0~m 2. C0n51der ~e  5m00~ 5y5tem (1). 7he 
f0110w~9 ~a ~m en ~  a ~  e4u~a~n~ 

1. 7h~e  ex~t ~ca1 c00rd1nate5 ar0und ~e  0 r ~  
mk~9  5y5~m (1) ~m  ~e  7F  (2)-(3). 

2. 7here e x ~  a ne~h60urh00d ~V0 0f  ~e  0 r ~  
and an 0pen 5u65et ~V" w~h ~ = ~V6 5uch ~at: 

(a) ~e  d15~16ut10n5 (5) are c0n5tant d1men510n~ 
and ~ v 0 ~  0n dV w1~ ~ m  A n - ~ )  = n Vx ~ ~V~, 

(6) 0n ~V0 ~ e  e x ~  a ne5~d 5e4uence 0f  ~9 u ~r  
d15~16ut10n5 { ~ } ~  ~uch ~a t  

~ ) = A 1 ~ )  VxE~V ~, 1 = 0 , 1  . . . .  , n - 1 .  (9) 

8 e ~ m  pm~n9 Me a60ve Me~em, we ~ve an 
e4~v~em ~rmu1at10n 0f 2.(6) M~ ~ c a ~  h0w m 
ch~k  th15 c0n~f10n ~ r  a pa~1cuhr ~ e m .  

C0r0~ary 1. 5upp05e that 7he0rem 2.2.(a) ~ v a ~  
7hen 7he0rem 2.2.(6) # e4u~a~nt t0: 

2(6*) F0r aH 1 = 0,1 . . . . .  n -  1 there ex~t an 
(n × (1• 1)) matr1x ~ - ( x )  andan ((1+ 1) × (1+ 1)) 
ma~1x ~(x) 5uch that 

vx ~ ~ 5  : ~ ( x )  = ~ ( x ) ~ ( x ~  (10) 

where ~e  matr~ ~ )  9~en 6y (6) ha5 ~ rank 
0n ~ ,  ~e  matr~  ~ ) ha5 ~ H  rank 0n ~ and 
~e  54uare matr~  ~ ) ha5 ~ 1  rank 0n ~ .  5 ~  
~ ~e  5 ~ 9 u ~  ~ n  6e ~ 0m ~ 0 m  ~e  m ~  
~ ~ ~ 0 ~  ~ ~  (10) m ~  6e 
5e~c~d ~ 5uch a w ~  ~at  a~ v1~ ) are ~wer ant# 
~ n 9 u ~ r  ~ and v1, ~ )  ~ a ~ 6 m a ~  ~ ) ~ r  ~ 
1~ < ~ .  

Pr00f 0f C0r011ary 1. 5upp05e 7he0rem 2.2.(6) and 
2.2.(a) 15 vM1~ then 6y 7he0rem 2 there e~5t tr1an- 
9 ~  c00rd1nate5 and ~ Me5e c00r~nm~ ~ m ~ >  
w~d c0mpm~10n5 9Ne ~//1 = [0 ( /+~)×( ,~1  ~ ) ] ~ ,  
wh~e ~ )  15 an (1+ 1 ) x (1+ 1 ) 10w~ ant1-tr1an9u1~ 
matr1x w1M v1,~) 6e1n9 a 5u6m~f1x 0f ~ )  ~ r  N1 
1~ < ~. 7he N~0f12at10n (10) N Men 06~0u5, namd~ 
take ,/ff1 = [ 0 ( 1 + 1 ) × ~ - - 1 ) ] 1 ( / + 1 ) × ~ + 1 ~ .  7he 9e0m~- 
f1c mea~n9 0f (10) 15 the f01~w1n9: the c0~mn5 0f 
6~h ,A•1 and ~//1 ~e  ve~0r f1e~5 w~1e demem5 0f v1 
are C ~ ~ncf10n5 needed t0 expre55 any vect0r f1e~ 

2 7hat 1~ ~1 dement5 a60ve k5 a n t ~ a 9 0 n ~  are e4u~ t0 2er0. 
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- cMumn 0f ./h1 - ~ a  th05e 0f  ~/ff1. A5 an 1 m m e ~ e  
c0n5e4uence we have that 1f the 10wer ant1-tr1an9~ar 
fa~0r12at10n (10) (hav1n9 the 5u6mmr1x pr0peay 0f  
~ 5 )  ex1~5 1n 50me paa1cu1ar c00r~n~e~  then 1t ex- 
15t5 1n a11 c00r~n~e5,  1.e. C0rMhry 1.2.(6*) 15 vM1d. 

C0nve~e1y, 1f 7he0rem 2.2.(a) 15 va11d t09~her 
w1th C0rMhry 1.2.(6*) then the ~r16ut10n5 ~1 1n 
7he0rem 2.2.(6) 06~0u5~  e ~ ,  name1y, they are 
5panned 6y the c01umn5 0f,/ff1. [] 

Remark 1 (1mp0rtant c0mputat10na1 065ervat10n L 
7he ex1~ence 0f  ~0r12at10n5 (10) w1th 10wer ant1- 
tf1an9~ar mMr1ce5 ~ may 6e checked 1n the f01~w~9 
c0n~rucf1ve way ( ~ c u ~ N e ~  w1th 1 = 0 . . . . .  n - 1): 

1. F0r 1 = 0 we have t0 f1nd a 5m0~h 5cMar func- 
t10n v0 5uch that 9/v0 15 5m0~h and n0n2er0 at the 
0r19~. 1f 5uch a v0 d0e5 n0t ex15L we c0nc~de that 
the ~0r12at10n (10) d0e5 n0t e~5t a5 we11. 0 t h e v  
w15e, we have ~ e  Mwer an t1~r1an9~  ~0r12af10n 
(10) f0r 1 = 0, nam~y:  ~(x) = (9(x~(x)~0(x) .  

2. R e c u ~ e  ~ep. 5upp05e we have M~ady 06- 
tMned 10wer ant1-tr1an9u1ar ~c~f12at10n5 f0r 1 = 
0 ..... ~ 0 ~ k ~ n  - 1. Fu11 rank 0f  , ~ ( x )  1m#~5 
• ~ R~(x)~/~(x) = [0~-+1)×~-~-~)1D~(x~ where 
D~(x) 15 a ((k + 1) × (k + 1)) n0n~n9~ar  ~ -  
a90nM matr1x and R~(x) 15 an (n × n) n0n5~9u- 
1ar m~r1x ~ p ~ 5 e m ~ 9  r0w 0perat10n5 needed t0 
take ~/ff~(x) 1nt0 the f0rm [0~+~)×~ .~ )1D~(x ) ]  ~. 

Let R~(x~d~9 = [7~(xL . . . .  ~,(x)] ~ and ~ = 
~ . . . .  , ~ k ~ ] , ,  ~2 = [~n~ . . . . .  ~,]~. We have 

R~(x)~9~+~(x) = [R~(x)0/h~(x)1R~(x)ad~ ~], 1.e. 
u5~9 (10) and the n0tat10n ju~  1ntr0duced: 

= 

= [ { 0 ~ + 1 ) × ¢ , ~ )  1Dk(x ) ]~ (x  ) 1 

1f there e ~ 5  a 5m0~h funct10n f1k+~(x) 5uch that 
~(x~f1~+~(x) 15 5m00th and n0n2er0 at the 0r1~n, 
then (10) 15 va11d ~50 f0r 1 = k + 1 w1th 

~ + ~ = R ~  1~1/f1~+~ 0 D~0 ] ,  

vk+1 = [vk 0 Dff1~2f1~+1 ] • 

F1nM~, 1t may 6e 5h0wn that 1f n0 f1k+~ e~5t5 f0r 
w ~ c h  ~(x~f1~+~(x) 15 5m00th and n0n2er0 m the 0ff- 
~n,  then the ~0r12at10n (10) d0e5 n0t ex15t a5 we11. 
7he ~ c u ~ N e  ~ep 15 c 0 m # ~ e .  

N ~ e  that the m~r1ce5 R0, . . . ,R~  may 6e 
a150 ea51~ c0mputed r ecu~Ne~:  ff R~(x)~ff~(x) = 

[0{k+~)×~ ~ ~) Dk(x)]~, then Rk+~ = ~ " - ~ - ~ + ~ R k  
where ~a+~ 15 5uch that ~-+~ ~ = [0 ..... 0, f1~+~d~+~ ]•, 
d~+~(0) ¢ 0 (rec~1 that ~/f1~+~ 15 5m00th and n0n- 

2er0 at the 0r191n), and ~n-~-1 = (~1,j), ~J = 
1, . . . ,n ,  15 the permutat10n matr1x w1th 2er0 entr1e5 
except ~,~ . . . . .  ~ - ~ - ~ - ~ - - 2  = ~,.~-~ ~ = 
~,~t.~u,,~. . . . . .  ~ , ~  = 1. M0re0ve~ the 0n1y 
matr1ce5 t0 6e 1nve~ed are e~her d1a90nM 0r repre5ent 
r0w 0perat10n5. 

1n 0ther w0rd5, 0n1y tw0 ~mp1e t0015 are nec- 
e55ary ~ther t0 06tMn 10wer ant1Ar1an9u1ar fact0~ 
12af10n5 (10) 0r t0 exc1ude the1r ex1~ence, name1y: 
f1nd1n9 a c0mm0n 5ca1ar fact0r 0f  a c01umn vect0r 
and r0w 0perat10n5. 

Pr00f  0f 7he0rem 2. 1 ==~ 2. 5upp05e 5y~em ( 1 ) 15 
1n 7F (2). 1ntr0du~n9 the f0110w1n9 n0tat10n~ 

~ = ( 0  . . . . .  0,1~, ,0 . . . . .  0) ~, 1 =  1 . . . . .  n, 

d1(x) = 9n(x), d1+1(x) = d 1 ( x ) ~ ( x ) ,  

1 = 1 . . . . .  n - 1, x ~ ,fr0, (11) 

we have, a~er 5trM9htf0rward c0mputat10n5, f0r M1 
x ~ ,U 

A0(x) = 5pan{(0 . . . . .  ~ d 1 ( x ) f } ,  

A~(x )  = 5pan{A1(xLen~1~d1+2(x~, 

1 = 0  . . . . .  n - 2 ,  (12) 

50 thm, 06~0u51y, A1(x) ha5 the pr0pe~y 2.(a) wh11e 
~1(x) = 5pan{en~1 . . . . .  e,}, 1 = 0 . . . . .  n - 1, are the 
~r16ut10n5 re4u1red 6y 2.(6). 

2 ~ 1. App1y1n9 Lemma 1 t0 the ne~ed 5e4uence 
0f  re9u1ar 1nv01ut1ve ~r16uf10n5 ~1(x) hav1n9 pr0p- 
eay  (9) we 06tMn the1r f1at c00r~n~e5 x f0r wh1ch 
~1(x) = 5pan{#/#x,~1 . . . . .  ~/~x~} and theref0re due 
t0 2.(6) 

- - ( x ) = 0  Vx~,U,  V1,j~{1 ..... n}, 

5uch th~ j ~ 1 + 2. 

7he v~1d1ty 0f  the ~5t re1at10n5 extend5 6y a 11m1t 
ar9ument t0 ~1 x ~ .A% = .~ ,  1.e. the 5y~em 15 1n 
the 7F (2). N0w, c0n~f10n 2.(a) 9uarantee5 th~ th15 
7F ha5 pr0pe~y (3). [] 

7he c0nd1t10n 2.(6) 0f the prev10u5 the0rem 15 ac- 
tuM1y cruc1~ f0r the e4u1v~ence t0 the 7F 1n the ca5e 
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0f ~n9u1ar d1~f16ut10n5 (5). 0ne can eaN1y check R5 
va11d1ty f0r a pa~1cu1ar 5e4uence 0f d1~f16uf10n5. 
R can 6e v101~ed ~t tw0 d1fferent way5. Perhap5, 
R 15 n0t 5urpf1f1n9 that f0r 5m00th n0nanNyt1c 5y5- 
~m5 0ne may ea511y c0n5tru~ an examp1e v101at1n9 
7he0rem 2.2.(6) (u51n9 the fam11hr funct10n 4(x) = 
exp(-1/x) ,  x > 0, ~ ( x ) = 0 ,  x ~ 0 ) .  A m0re 1ntere5t- 
~9  fact 15 that even an anNyt1c 5y~em hav1n9 pr0pe~y 
2.2.(a) 0f 7he0rem 2 need nct c0mp~ w1th 7he0rem 
2.2.(6), ~5 15 f11u~rau~ 6y ~he f0110w1n9 examp~. 

Exam~e 1. C0nf1d~" ~ e  ~ m e ~ 1 0 n ~  51n91e- 
~ p ~  ~ e m  

21 : X2 -~- X1X3, ~2 := 2X~ + 2X~X3, 23 : U. 

H~e  7he~em 2.2.(a) 15 06~0u5~ va11d 5~ce 

A0(x) = 5pan{(0,0, 1)•}, 

A1~ ) = 5pan{(0,0, 1~,(x1,2x2,0~}, 

A2~)  = ~ a n { ( ~ 0 ,  1 ~ , ~ 1 , 2 ~ , 0 ~ , ( - - ~ , 2 x 1 , 0 ~ } ,  

6ut the~ d0e5 n0t e ~  a m9u1~ N~r16ut10n ~ ~ )  
w1~ pr0peay (9). A~uN~,  ~ e ~  d0e5 n ~  e ~  
5m0~h ~ncf10n f1~) 5uch that (x~,2x2,0)~/~(x) 15 
n0n2er0 and 5m0~h m h e  0r1Nm 1.e. 6y Remark 
1 7he0~m 2.2.(6) 15 n0t v N ~  and the ~ve5t19~ed 
5y~em 15 n0t e4u1va1e~ t0 7F. A1ternat1ve1~ the 
5 1 m ~ n  N~w5 ~ e  f01~w1n9 c1e~ 9e0metr1cN de- 
~f1pt10n. 0 6 ~ r v e  ~ ~ e  ~f16uf10n A1~) ha5 ~ e  
ma~mN 1nte9rN man1f01d pr0peay (u5~9 7he0rem 
2.1.7 0f ~ ] )  and the c0~e5p0n~n9 m a N ~ 5  have a 
very pecMhr t0p01091c~ ~ru~ure ar0und h e  0f1Nn: 
• r0u8h ~ e  p01m ~ , x ~ , x ~  ~ e  m a ~ m ~  1nte9rN 
m a N ~ N  15 91ven a5 

{x = (x, ,x~,x3y ~ ~3 1x~ : x~ exp(r~L 

X 2 = X~ eXp(2~L )~ = 72,71, 2 ~ ~} ,  

1.e. there 15 a 6und1e 0f para60f1c 5ur~c~ cr0551n9 
e ~ h  ~ h ~  ~ ~ e  1~e x~ = ~ = 0. E ~ h  5uch p ~ a 6 N ~  
5urface ~ c0mp0~d fr0m ~w0 t w ~ m e n ~ 0 n N  m~x1- 
mN 1~e9N m a N ~ 5  and ff0m ~ e  f1ne x~ = ~ = 0, 
R~1f 6Nn9 a 0n~NmenN0nM ma~mN 1me9m1 m a ~  
1~1d. 5~ce h e  ~ 6 u t 1 0 n  ~ )  5h0~d 6e m 9 ~  
and 1nv0~f1ve w1~ pmpe~y (9), k5 1~e~N ma~-  
~1d5 5h0~d 6e everywhem tw0-d1men5~na1 and ~ e y  
5h0~d 6e everywhem exceN the 1~e x1 = x~ = 0 
cNn~de w1~ ~ e  Nmv~d~cf16ed ma~mN 1nte9rN 

man1f01d5.7he 1a5t pr0pe~y 15 an 06v10u5 c0ntrad1c- 
t10n, 1.e. 7he0rem 2.2.(6) 15 n0t va11d. 

8 e ~ r e  N~her ~ve~9at1n9 the e ~ e n c e  0f the 
87F  we Nve an e4~vNem ~rm~at10n 0f 7he~em 2 
• ~ w1H 6e u5ed ~ ~ e  ~4ud .  M ~ a  R p m ~ d ~  
a r ~ h ~  c ~  ~ 0 m e ~ c  ~f19N. 

7he0rem 2*. C0n51der ~ e  5m00~ 5y5~m (1). 7he 
f0110w•9 5 ~ m e n ~  a ~  e4u~a~n~ 

1. 7here ex~t  ~ca1 c00rd1nate5 ar0und ~ e  0 r ~  
m k ~ 9  5y5~m (1) ~ ~ e  7 F ( 2 ) - ( 3 ~  

2 . 0 n  a ne~h60urh00d ~ff 0 0 J ~ e  0 r ~  ~ e  ex~t  
5m00~ exact 0ne-f0rm5 ~ ,  1 = 0, 1 . . . . .  n - 1, 5uch 
~a t  f0r  aH1= 0,1, . , n - 1 :  

(a) (~,ad~9) ¢ 0 f0r  aH x ~ ~f~, ~3 ~ 0pen, 

~ = ~V0, 
(6) ~ m  ~an{00  . . . .  ~ }  = 1+ 1, (~,ad~.9) = 0, 

f0r  aH j < 1 and f0r  aH x ~ ~/U0. 

Pr00~ 1 ~ 2.7h15 1mp11cat10n 15 06v10u5: take tr1- 
an9u1ar c00rd1nate5 x f0r the 5y~em (1), then ~1 = 
dx~-1, 1 = 0 . . . . .  n - 1, are exact f0rm5 5at15fy1n9 2. 

2 =~ 1.0ne can eaf11y 5ee (uf1n9 a dun f0rm 0fthe 
Fr06en1u5 the0rem - 5ee e.9. [10]) that the d1~f16u- 
f10n5 ~1,1 = 0 . . . . .  n - 1, 91ven 6y (5) are 1nv01ut1ve 
and c0naant d1menf10na1 0n ~V~. M0re0veL the d1~ 
tr16ut10n5 ~ : (5pan{~,~1 . . . . .  ~1+~})~, 1 = 0 . . . . .  
n - 2, and A,•1(x) = 7x~" 5at15fy 7he0rem 2.2.(6). 
App11cat10n 0f 7he0rem 2 c0mp1ete5 the pr00£ [] 

3. Ma1n re5u1t 

7he mmn re5u1t5 0fth15 paper ~ h e  f01~w~9 ~e0-  
rem a60m 10cN ~ate e4~vNence m the 87F  (4) pr0- 
~ n 9  a natura1, c00rd1nate-free c0n5tmct1ve cf1~r10n 
~ r  61ject1v1t~ R mm5 0 ~  ~ m have 5uch a cf1mf10n 
we ha~e ~ ~ f 1 c t  0 u ~ e ~  m h e  an~yt1c c~e.  7~5 
mNn m5u1t 15 pa~cu1ar1y 6a5ed 0n the f01~w1n9 L1e 
N9e6rNc c0~tmcf10n (c£ N50 [12, 13]). 

A190~thm 1. 
1. 5upp05e 9(0) ¢ 0. Put k1 : 1, h~ = 9 and 1etj~ 

6e 5uch that 9j, (0) ¢ 0. 
2. F0r 1 > 1 we def1ne ~ a5 the 5ma11e~ 1n1e- 

9er 5uch that a d ~ , f ( 0 )  15 f1neady 1ndependent 0f 

h1 . . . . .  h1-1 and we put h1 = a d ~ , f .  F1na11y, ~ 15 de- 
f1ned a5 the p0~f1ve 1nte9er 5uch that the r0w5 j1 . . . .  ,~ 
0f the matr1x [h1[ ... 1h1](0) are f1neady 1ndependent. 
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7he0rem 3. C0n51der the anMyt1c 5y5~m (1). 7he 
f0110w• 9 5ta~men~ are e4u~a~nt: 

1. L0ca11y ar0und the 0 r ~  the n0n11near 5y5~m 
(1) ~ e4u~a~nt t0 ~e  8 7 F  (2 )-( 4). 

2. A~0r1thm 1 ~ app11ca61e t0 5y5~m (1) 9 ~ 9  
the ~ 9 e r 5  ~ . . . . .  k,; j~ . . . . .  j~ and vect0r f1e1d5 
h~ . . . . .  h~ 5uch that: 

(a) ~1 = 5pan{h~ . . . . .  h1+1} , 1 = 1 . . . . .  n - 1, are 
re9u1ar ~ v 0 ~ v e  d15~16ut10n5 w1th ~ m  ~n-~ = n. 
M0re0ver, the5e d15~16ut10n5 fu1f11 7he0rem 22.(6L 

(6) F0r a~1 = 0 . . . . .  n -  1 ~e  (1+ 1)~ 0rder 
m~0r ~(x)  0f  the matr1x ,//91 (cf  (6)) 9~en 6y the 
r0w5 j~ . . . . .  ~+~ ~ ~ther n0np051t~e 0r n0nne9a~ve 
def1n~e 0n a ne~h60urh00d ~V0 0f  the 0~9~. 

3. C0nd1t~n 2 0f  7he0rem 2* ~ va11d and f0r aH 
1 = 0 . . . . .  n - 1 thef0110w~ c0nd1t~n5 h01d (recaH 
that A1~ are ~ e n  6y (5)): 

(a) Let ~1 6e an ar61trary d15~ut10n hav~9 the 
max1ma1 ~ 9 r a 1  man~01d pr0perty w~h 

A1(x) C ~1(x) C (5pan{6• a . . . . .  ~1+~ })• Vx ff ~V~0, 

then ~1~) = ( ~ a n { 6 - ~  . . . . .  ~+~ })• Vx • ~U0. 
(6) 7he f u n ~ n  (~,  ad11,9) ~ e1ther n0np051t1ve 0r 

n0nne9at1ve def1n1te 0n ~e  ne~h60urh00d ~ff 0. 

Remark 2. 7he c0nd1t10n 2.(a) 15 a 5tr~9htf0rward 
re1axat10n 0f a c0nd1t10n c0n~dered 1n [12] f0r the 
e4u1va1ence t0 tr1an9u1ar p01yn0m1a1 f0rm 0f a 5pe- 
c~1 type a5 we11 a5 5u99e~ed 6y [13]. A55um1n9 th~ 
k~ . . . . .  kn are 0dd, var10u5 c0ntr0Ha6111ty re5u1~ were 
06t~ned (c~ [2, 16, 12]). Let u5 n0te that th15 0dd- 
ne55 pr0peay 15 nece55ary f0r the v~1d1ty 0f 2.(6) 0f 
7he0rem 3, th0u9h, k 15 n0t 5uff1c1ent. 7he rea50n 15 
that A190r1thm 1 may pr0duce f0r d1fferent 5y~em5 the 
5ame 1nte9e~ ~ and vect0r f1e1d5 h1.0ur 0f191n~ c0n- 
tr16ut10n here 15 the c0mputat10n 0f 1nte9er5 j~ . . . . .  jn 
t0 u5e them 1n check1n9 2.(6). N0t1ce, ~50, that the 
c0mputat10n 0f 1nte9er5 j~ . . . . .  j~ 15, 1n fact, nece5- 
5ary ~ready f0r check1n9 the ~near 1ndependence 0f 
h~,..., hn. 

Remark 3. 7he0rem 3 15 n0t v~1d 1n the 5m00th ca5e. 
7h15 15 pred5e1y due t0 the fact that the 1mp11cat10n 
3 ~ 2 d0e5 n0t h01d f0r the 9ener~ 5m00th ca5e. 
Namdy, a5 w111 6e 5een dur1n9 the pr00f 0f 7he0rem 
3, the f0110w1n9 ~atement5 are v~1d: 

1. 5upp05e 7he0rem 3.2 15 va11d then the 5m00th 
5y~em (1) 15 10ca11y 5tate e4u1va1ent t0 the 87F. 

2. 5upp05e the 5m00th 5y~em (1) 15 10ca11y 5tate 
e4u1v~ent t0 the 87F then 7he0rem 3.3 15 va11d. 

M ~  60th the5e ~ e m e n t 5  are 1 ~ ~ ,  
a5 f 1 ~ r ~ e d  6y the ~ c0unt~examp1e5. Fff~, 
~ r  ~e  87F 5y~em A~ = ~ ) ,  A~ = u, ~ )  = 
~ 9 n ~ ) e x p ( - 1 / ~ [ )  7he0~m 3.2 06~0u5~ d0e5 
n0t h0~. 5 e c 0 n ~  c0n51der ~e  5m0~h ~ncf10n 
~ ) ,  ff(0) = 0, ~ ) ~ 0  5uch ~at  

~ ) = 

0 e x p ~  (1~) )~1~  (1/k+ 1)))  ~5ewh~e.k1x1= ~ 1,3,~5,...,~) ~ 

N0w, ~e  5y~em 2~ = ~ + 0 ~ ) ,  2~ = u ~f115 
7he0rem 3.3, 1t 15 ~ 7F ~ 3 ) ,  6ut 1t 15 n0t 1n 87F 
(2~4). 

7he0~m 3.2, affh0u9h c 0 m ~ e ~  91ve5 an ~90- 
f1thm 0f h0w t0 check 6~ect1vRy 1n 9enera1 (p055~ 
Ny n0ntr1an9Mar) c00rNn~e5.7he0rem 3.3 then pr0- 
v1de5 a ~ 0 m ~ ,  c 0 0 ~ n a t e - ~ e  verN0n 0f 7he0rem 
3.2 .7he0~m 3 ~ 6e pr0ved 1n ~e  ne~ ~cf10n. 70 
111u5trate ~ we Nve 50me typ~N exam~e5 where 
• e c0nNt10n5 2 . ~ 6 )  are ~ 0 ~ .  

Exam~e 2. 7he p1anar 7F 5y~em 

~1 ~ X~, ~2 ~ R 

15 c1eady n0t 1n the 87F and 1t 15 n0t e4~v~ent t0 
87F 51nce 7he0rem 3.2.(6) 15 n0t v~1d. Acm~1y, we 
have 

and d~ ~/d~(x) = -2x~. N0t1ce that 7he0~m 3.2.(a) 
15 v ~  h ~  5~ce a d ~ y ( x ~ , 0 y  = (2 ,0L  

Exam~e 3. 7he p~nar 7F 5y~em 

~1 ~ X~X2, ~2 ~ ~ 

15 n~  e4uNf1ent ~ 87F 51nce c0nd1t10n 2Xa) 0f7he0- 
rem 3 15 n~  v ~ .  A~u~1~ we have ad(x~m~y (0, 1 )t = 

(x~ 0 f7he0rem 3.3: and a~  ~the 151~a~ ~5(t~)t~10~ A01" ~ 5  ~ 7 ~ a ~  

1m~ 1 n t e ~  ma~f01d pr0pe~y; n0t1ce th~ the 0ne- 
• men5~n~ m a ~  x~ = 0 15 ~var1ant w1th ~5pe~ 
t0 the 5y~em. 80th ~e  c0n~f10n5 2.(6) and 3.(6) 0f 
7he0rem 3 are v~1d ~ r  t~5 5y~em 5~ce 

1 1, 
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Remark • An 1mp0~ant 06~rvat10n ~110w1n9 fr0m 
7he0~m 3.3 15 that 1f a Nven anN~1c n 0 N ~ e ~  5y5- 
tem ~ N~ady ~ 7F and th15 ~rm 15 n~  61ject1ve, then 
a11 7F 0f ~ 5y~em ~e  n0t 61ject1ve. 7N5 06~rv~  
f10n ~em5 m 6e at f1~t ~ance 06v10u~ neveahde55, 
R 15 n0t at N1 d e a l  h0w m pr0ve 1t ~re~1y, w1~0ut 
u51n9 7he0~m 3.3. 7he0rem 3.3 1n Nct c1a1m5 that 
• e 6 ~ e ~ e n ~ 5  15 ~ r ~ n a ~  ~var~nL Ac~M~, 6y 
Remark 3, tN5 15 vN1d N50 ~ the 5m0~h c~e. 

We c0nc1ude th15 5ect10n 6y ~v1n9 the f0110w1n9 
n0ntf1v1~ (1.e. n0t 6e1n9 ~ready 1n the 7F) three- 
d1men510n~ examp~ 0f a 5y~em e4u1v~ent t0 the 
61ject1ve tr1an9u1ar f1~rm t0 111u~r~e that 7he0rem 3 
re~1y may w0rk 1n 9ener~ c00r~n~e5. 

0f the 0r1~11n, th15 f0rm 1587F(2)-(4)  1f and 0n1y 1f 
90(0) ¢ 0, 

W = 1  . . . . .  n - 1 :  ~ e f 0 ,  ~ ) ) 0 )  

0r ~ 0 ,  ~ ) ~ 0 ) ,  (13) 

and there ex15t5 ~ > 05uch that f0r a111 = 1 . . . . .  
n -  1,(x, . . . . .  x1)• ~ ( - 6 e )  x - . - ( - e ,~ ) :  

--~, . . . . .  ~ , ~ + , )  ¢ 0 
~+1  

~ r  a ~ t  aH~+~ ~ ( - ~ ) .  (14) 

Exam~e 4. C0nNder the n0N~e~  5y~em 

2~ = x2 - 2 ~  + ~ + 4x2x3u, 

~2 = ~ -- 2~u,  

2 3 = U .  

We have 

]. 
N0w, 1t 15 an ea5y exerc15e t0 check th~ the c0r- 
~5p0n~n9 d19f16ut10n5 may 6e e~ended t0 d15- 
tr16ut10n5 w1th c0n5tant ~men5~n, n a m ~  the 
~n9uNr1W ~ may ~e Ncm~d 0~  ~ r  A~. Here, ~e  
cmc1a1Nct 15 ~ e  Ne5ence 0fth15 5~9daf1W N50 ~ ~e  
f1r5t c0mp0ne~ 0f adf9. E4~va1ent1~ u51n9 7he0rem 
3.3:k1 = ~  = 1 ,~  = 3 ; j ~  = 1,~ = 2 , f 1  = 3  and 
Ne c0~e~0nNn9 m~0r5 are e4uM t0 3~  and -9x~, 
1.e. the 5y9em 15 ~ e  e4u1va1ent t0 87F (2)-(4). 

Let u5 undef1~e that we were a6~ t0 effect1ve~ 
pr0ve 61ject1vene~ de5p~e the Nct th~ ••tr1an9u1ar•• 
c 0 0 r d ~ e 5  were uNm0wn. 

4. Pr00f 0f 7he0rem 3 

We f1r5t 5tate and pr0ve 5evera1 1emma5 nece55ary 
f0r the pr00f 0f 7he0rem 4. 7he f1r5t 0f them 91ve5 
nece55ary and 5uff1c1ent c0nd1t10n5 f0r the 7F (2) t0 
6e the 87F (4) 1n c00rd1nate-dependent f0rm. 

Lemma2.  C0n51der 10ca11y ar0und the 0~9~ 
5m00th n0n11near ~¢5tem (1) and 5upp05e 1t • a# 
ready 1n 7F (2)-(3). 7hen, 1n a ne19h60urh00d .A~0 

Pr00f1 7he c0nd1t10n5 0f the 1emma mean that f0r 
a11 (x~ . . . . .  x,)  ~ E ~/~0 and 1 = 1 . . . . .  n - 1 the func- 
t10n f1(x1 . . . . .  x1,x1+~ ) 15 5tr1ct1y m0n0t0n0u5 w1th re- 
5pect t0 x1+~ ~ (-~, ~) ~nce R ha5 a1m05t everywhere 
n0n2er0 n0np051t1ve (0r n0nne9at1ve) der1vat1ve. 7he 
1a5t pr0perty 15 06v10uNy e4u1va1ent t0 (4). [] 

Lemma 3. C0n51der the 5m00th n0n11near 5y5tem ( 1 ) 
1n 7F(2) - (3) .  7hen the c0nd1t10n (13) 0f Lemma 2 
h01d5 1f and 0n1y 1f 7he0rem 3.3.(6) h01d5. 

Pr00f1 5tra19htf0rward. [] 

Lemma 4. C0n51der the 5m00th n0n11near 5y5tem ( 1 ) 
1n 7F (2-3). 1f c0nd1t~n (14) 0f Lemma 2 h01d5, 
then c0nd1t10n 3.(a) 0f 7he0rem 3 h01d5. 

Pr00f1 5upp05e 7he0rem 3.3(a) d0e5 n0t h01d. 7h15 
mean5 that there ex15t5 ~ E {0 . . . . .  n - 2} 5uch th~ 
7he0rem 3.3.(a) h01d5 f0r ~ 6ut d0e5 n0t h01d f0r 
~ + 1 (reca11 th~ A0 15 ~way5 r~9u1ar at the 0r1- 
~n). Pa~u1af1~ the d1~f16ut10n A~+1 th~ ha5 the 
max1m~ 1nte9r~ man1f01d pr0pe~y, e4u~5 A~+~ 
0n ~A~, A• = ~ 0 ,  and ~mA~+~(0) = ~ + 1 (06- 
~0u51~, 1f ~ m ~ + ~ ( 0 )  = ~ + 2 = d1mA~+~(0L 
then A~ w0dd 6e re9u1ar and 7he0rem 3.3.(a) 
w0u1d 6e v~1d ~50 f0r ~ + 1). N0w, 06v10u51y, 
~ + ~  = 5 p a n { ~ , ( ~ f ~ / ~ x ~ / ~ x n - ~ - 1 ) }  
w1th ~ 6e1n9 re9u1ar 1n a ne19h60urh00d 0f the 0ff- 
Nn. 7heref0~ ~ + ~  ha5 0n a ne19h60urh00d 0f the 
0r191n 1n N~ the max1mN 1nte9rN man1f01d pr0pe9y 
w1th d1m ~ + ~ ( 0 )  = 6 + 1 1fand 0n1y 1f 

~ 6 - ~ - ,  ( ~  . . . .  ~ )  ~ 0 
~ - ~  
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0n a ne19h60urh00d 0fthe 0r191n 1n N. 7h15 c0n~ad~t5 
(14) and theref0re 7he0rem 3.3.(a) h01d5 f0r a11 1 = 
0 . . . . .  n - 1 .  [] 

Pr00f 0f 7he0rem 3. 1 ~ 3. 7h15 15 an 1mmeN~e 
c0n5e4uence 0f Lemma5 2-4. N0t1ce, thm th15 1mp11- 
cat10n 15 vNN a150 f0r the 5m00th ca5e. 

3 ~ 2. 7he0rem 3.3 9uarantee5, u51n9 7he0rem 
2*, the ex1~ence 0ftr1an9u1ar c00rd1n~e5.5~N9htf0~ 
ward c0mputat10n5 5h0w that 1n the tr1an9u1ar c00rN- 
nate5 7he0rem 3.3 1mphe5 7he0rem 3.2.70 c0nc1ude 
th15 pa~ 0fthe pr00f 0ne ha5 t0 5h0w thm the va11d1ty 
0f 7he0rem 32 . (a ) - (6 )  1n the tr1an9u1ar c00rd1n~e5 
1mp11e5 R5 vN1Nty 1n N1 c00r~n~e5.7h15 fact 15 06- 
v10u5 f0r 7he0rem 3.2.(a), 1.e. pa~1cu1ar1y we may a5- 
5ume th~ A190r1thm 1 15 apphca61e. N0w, 1~ 7he0rem 
3.2.(6) 6e vN1d 1n the tr1an9u1ar c00rd1nate5 x and ~t  
2 = ~(x)  6e ar61trary anNyt~ c00r~nme5. We have 
~/~1(2) = ~x(C~3-1(2))~//~1(~-1(2)~ Where ~¢~1(2) = 
[9(2)1... 1ad~-~9(2~ (5ee a150 (6)). N0W, app1y 1n the 
new C00rd1n~e5 2 A190r1thm 1 t0 06tNn the 1nte9e~ 
j1 . . . . .  jn and Ve~0r f1dd5 h~ . . . . .  h~. 51nCe j~ . . . . .  f1+~- 
r0W5 0fthe matr1X [h~(0)1 ... 1h~+~(0)] are 11neady 1n- 
dependent and the mmf1x ~1(x)1 ... 1h1~(x)] 15 10wer 
ant14r1an9u1ar we have th~ the m1n0r 0f ~x 91ven 6y 
R5 1a~ 1 + 1 c01umn5 and j~ . . . . .  ~+~-r0w5 15 n0n2er0 
~ a n~9h60urh00d 0f the 0r191n. A5 a c0n5e4uence, 
519n-def1n1tene55 0f the m1n0r 0f ~¢/1 Nven 6y ~5 
j~ . . . . .  f1+~-r0w5 15 n0t chan9ed dur1n9 the c00rd1n~e 
chan9e and theref0re 7he0rem 3.2.(6) 15 vN1d N50 1n 
the new c00rd1nate5 2. 

2 ~ 1. 1f 7he0rem 3 2 ( a ) - ( 6 )  15 vN1d 1n 50me 
c00rNn~e~ then 6y 7he0rem 2 there 06~0uNy ex- 
1~ tr1an9u1ar c00rd1n~e5 and 1n the5e C00rd1n~e5 
7he0rem 3.2.(a)-(6) 15 vN1d a5 we11 (5ee the pre- 
~0u5 pa~ 0f the pr00~. M0re0ve~ 5trN9htf0rward 
c0mput~10n5 5h0w th~ f0r the 7F-5y~em 7he0rem 
3.2 1mp1~5 (13)-(14) and theref0re th15 7F 15 the 
87F  (2)-(4). N0t1ce, th~ the ~5t pa~ 0f the pr00f 
d0e5 n0t re4u1re the anNyt~1ty a55umpt10n. ~ 

5. App11caf10n5 t0 the n0n5m00th ~a~f12af10n 

Here we 5h0~1y ~ u 5 5  p 0 ~  app11cat10n5 0fthe 
tr1an9~ar f0nn t0 the (n0n5m0mh) ~a61112at10n pr06- 
1em. A5 wa5 5tre55ed at the 6eNn~n~  var10u5 r e 5 ~  
dea11n9 w1th the 5ta611~at10n 0f 5pec1a1 tr1an9Mar f0rm 
5y~em5 are avNNNe. 7he f01~w1n9 ~a6~a t10n  re- 
5dt 15 6a5ed 0n ~].  

7he0rem 4. C0n51der the 5m00th n0n1~ear c0ntr01 
5y5~m (1) and At 7he0rem 3.2.(a) 6e va~d w1th 
aH k1 . . . . .  k~ 6e~9 0dd. 7hen th~ 5y5tem ~ ~ca11y 
a5ympt0t1ca11y 5ta61112a6A u5~9 c0nt~u0u5 feed- 
6ac~ 

Pr00f1 Fk~, n0te that 7he0rem 3.2.(a) 9uarantee5 
that the n0nf1near 5y~em 15 5tate e4u1vMent t0 the 7F 
and theref0re w1th0ut 1055 0f 9enera1Ry we may a5- 
5ume th~ 0ur 5y~em 15 Nready 1n 7F (2)-(3). N0w, 
c0mput1n9 appr0pr1ate L1e 6racket5 0ne can 5ee that 
the 1nte9er5 k2 . . . . .  k. 91ven 6y A190r1thm 1 are 5uch 
that f0r N1 1 = 2 . . . . .  n 

~/;-1-~ (0) # 0 

and 

~k fn-1-1 ~x~  (0)= 0, ~ < ~. (1~) 

App1y1n9 [6] - C0r011ary 1, we 06t~n that 0ur 5y~em 
~ 10c~1y a5ympt0t1ca11y ~a611~a6~ at the 0r191n u51n9 
c0nt1nu0u5 feed6ack. ~ 

F~a11~ 1et u5 6r1ef1y ~ u ~  an apN~at10n 0f the 
87F t0 n0n5m0~h ~a6ff12at10n. 1n t~5 ca5e, a c0n- 
~rucf1ve pr0cedu~ t0 f1nd a ~a~1121n9 ~ed6ack wa5 
pm~ded and te5ted 1n [3,5]. 7~5 pr0cedure 1~ m ~cL 
6a5ed 0n the ~110w1n9 pmp05~0~ 

Pr0p0~f10n 1. C0n51der ~e  5m00~ n0n1~ear 5y5- 
tem ( 1 ) that • 5m~ e4~vaAnt ~ the 8 7 F  • a ne~h- 
60urh00d ~ff 0 0f  ~e  0 r ~ .  7hen, ~ere ex~t 

1. an 0pen 5et J~, ~A~ = ~U0, 
2. an 0pen 5et 7 ,  ~ = 70, 70 6e~9 a ne~h60u~ 

h00d 0 f  ~e  0 r ~  ~ ~n, 
3. 30, 5e0 - ne~h60urh00d5 0f  ~e  0 r ~  ~ ~, 
4. ~ E C~(0 /V0 ,70 )~  D1FF(~V~,7), 3 ~ E 

C~(~0×~V0,~0hVx ~ JV,~(x, .) ~ D1FF(~0,,~0~ 
5uch ~at  f0r any p~cew~e c0nt~u0u5 1nput u(t) ~ 
~0 Vt ~ [~, t~ ] C ~ and the c0rre5p0nd1n9 ~ajec~ry 
0f  x(t) ~ ~ 0  Vt ~ [~,h]  C ~ 1t h01d5 

~1=Y2,  ~2=Y3,  ~n~1=yn . . . . .  ~n=V,  (16) 

Where y = (y~ . . . . .  yn)V ~ ~n, V ~ ~ and 

y = ~ ) ,  v=~(x ,u ) ,  x ~ V ~ 0 ,  u ~ 0 .  

M0re0ver, At x 6e ~e  c0rre5p0nd1n9 ~ n 9 u ~ r  
c00rd1nate5, ~en ~e 5et ~ 0  • ~V~ = U]21• ~J  and 

3 7he 5~ 0f ~ ~0m0~h15m5 6~ween ~ and ~. 
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the 5et5 .A#j = {x ~ ~ff 01(~fj/~xj+~)(x) = 0}, j = 
1, . . . ,  n -  1, are n0t ~ v a r ~ n t  w~h re5pect t0 the 0r19- 
~a1 n0n11near 5y5~m. 

Pr00L 5upp05e w1f1mm ~55 0f 9 e n ~ 1 ~  th~ 0ur 
~y~em ~ 1n 87F.  70 0N~n ~ and 7 0ne may pmceed 
~ a ~andard way: 

Y~ = x1, Y2 = f1~1,X2), 

1--2 
~ = ~ H(~ f j /~x j+~)  + ~ ) ,  1 = 3 . . . . .  n, 

j=1 

and f1n~1y 

n--1 

= u 9 .  + 
j=1 

He~ the ~ 5  ~and f0r 50me C ~ funct10n5. N0w, 
the c1a1m5 1-4 1 m m e ~ e ~  f01~w fr0m the fa~ th~ 
each 0fthe der1vat1ve5 (~ f~ /~x j+~  j = 1 . . . . .  n - 1, 
d0e5 n0t chan9e the ~9n 0n dV0 and 15 n0n2er0 0n 
~ (u~n9 Lemma 2). 

F1na11~ 5upp05e ~j = ~ . . . .  n - 1 5uch th~ D~ 15 
mvaf1ant wRh re5pect t0 the 87F-5y~em (2)-(4)  and 
1~ ~ 6e the m a ~ m ~  5uch j.  C0n~der the f0110w1n9 
au~f1ary 5y~em, 

E x a m # e  5. C0n~d~ ~ e  8 7 F ~ y ~ e m  

~1 =X1 + ~ ,  ~ = ~ ,  ~ = U. 

~ 15 n0t 5 m 0 ~ y  ~a6f112a61e (1t ha5 an un5ta6~ ap- 
pr0~mme h n e a f 1 2 ~ n )  6m ff ~ c0nt1nu0u51y 5ta61112- 
a6~ uf1n9 7he~em 4. Neve~he~5~ ~15 ~e0rem d0~  
n ~  exp11cff1y pr0v1de a ~aNf1~n9 ~ed6acL U5~9 
Pr0p051t10n 1 we have ~ r  ya = x~, y2 = x~ + ~ ,  Y3 = 
x, + ~  + 3 x ~ ,  ~ : X  1 + x ~ + 3 x ~ + 6 x ~ + 3 x ~ u  
th~ ~1 = Y~, f1~ = Y3, ~3 = V. N0t1Ce that rda- 
f1cn5 6~ween x and y have a11 pr0pe91~ ~ 4 ~ d  6y 
Pr0p0~f10n 1, name~, ~ e y  pr0~de a Nffe0m0~N5m 
6~ween {x E ~31~ ¢ 0} and {y E ~ 3 [ y  1 # Y2}. 
An anN090U5 ~ e m e m  15 tme ~ r  U, V. 

Pr0p05N0n 1 1 n d ~ e 5  ~ r  a 5y~em 1n 6~ecf1ve 
t r 1 a n 9 ~  ~ r m  a 5trN9N~rw~d appr0ach t0 R5 
~a61112at10m Name~,  0ne may e~1~  c0mp~e a 
~a611121n9 ~ e d 6 ~ k  th~ 15 n0t def1ned ~ 51n9daf1t1~ 
and 15 un60unded, then th15 ~ed6ack may 6e ~e9u- 
1af12eC• t0 06tNn a c0nt1nu0u5 ~a611121n9 ~ed6ac~ 
7h15 appmach w ~  numer1ca11y 5ucc~5N1~ ~5ted 
~ r  t w ~  and ~ N m e n 5 ~ n N  5y~em5 ~ [3, 5]. 

6. C0nc1u~0n5 and 0uf100k5 

~1 ~- f ,(x,,x2L .... ~ = f f(X1 . . . . .  Xf+1), ~]+1 = ~, 

then th15 5y~em ha5 ~V~, a5 1~ ~var1ant 5et. 5~ce 
0 ~ ~V~], we have th~9 (~/~xf+1)f j (0  . . . . .  0,xj+~ ) ~ 0 
1n a ne~h60urh00d 0f the 0f1Nn and theref0m (14) 
d0e5 n0t h01d. U5h~ Lemma 2 we have th~ the 
5y~em 1n 4ue5t10n 15 nm ~ 87F  - 1.e. 1he 06~0u5 
c0ntra~ct10n. [] 

Remark 5. De5pke 1t5 ~n9thy f0rmu1at10n, the 1dea 
0f the pr0p05k10n 15 very ~mp~:  c0n51der the 0f19- 
1n~ n 0 ~ e a r  5y5tem 0n the m a ~ f 0 ~  ~/V (w1th 
~17 = ~ 0 ) ,  then 1t 15 e4~v~ent  (u~n9 a 5m00th 
c00rd1nate chan9e ~ad a 5m00th ~ed6ack) t0 a f1near 
5y~em def1ned 0n an 0pen 5~ ~ (w1th c~5u~ 6e- 
~ 9  a9~n a ne19h60arh00d 0f the 0f19~). M0re0ve~ 
0~y  ~ e ~ 0 f 1 e 5  pr0duced 6y very 5pec1a1 1nput5 may 
11e 1n51de the 51n9u1ar 5et ~V~0 • ~A/~. 1t can 6e even 
5h0wn that 1n the an~yt1c ca5e 0 ~ y  the 2er0 1nput 
may pr0duce a ~ e ~ 0 r y  6e~n~n9  ~0 the 5~9u1ar 
5et. 

We f11u~rme ~ 0 ~  1 ~ t h  the ~ 
~ .  

N e c e ~ a ~  and 5uff1dem 9e0m~f1c c0nd1t10n5 ~ r  
• e ~ate e4u1va1ence ~ the ~ e c t 1 v e )  t r 1 a n 9 ~  ~ r m  
w~e  p ~ d e ~  5 ~ 9 ~ r w ~ d  p~cedure5 ~ r  ~ d r  
chec~n9 ~ any f1xed c 0 0 ~ e  5y~em were ~50 
pr0v1ded. 0 ~ y  ~ n 9 ~ n p m  n0n11near 5y~em5 were 
c0n~dered. At p r~em ~ 5eem5 t0 6e ~ff1cu1t t0 ~ve  
e4~v~em5 ~ r  ~ e ~  c0n~f10n5 ~ ~ e  mu1t1-1np~ 
ca5e. 

P 0 ~  app11cat10n5 ~ r  ~ e  n0n5m0~h ~a6~2a-  
t10n w~e  ~Nc~ed .  7N5 N~ct10n ce~NNy d~e~e5  
N~her ~ve5t19at10n. 
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