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Original Equipment Manufacturers (OEM’s) of advanced capital goods often offer service contracts for system
support to their customers, for which spare parts are needed. Due to technological changes, suppliers of spare
parts may stop production at some point in time. As a reaction to that decision, an OEM may place a so-called
Last Time Buy (LTB) order to cover demand for spare parts during the remaining service period, which may
last for many years. The fact that there might be other alternative sources of supply in the next periods
complicates the decision on the LTB. In this paper, we develop a heuristic method to find the near-optimal
LTB quantity in presence of an imperfect repair option of the failed parts that can be returned from the field.
Comparison of our method to simulation shows high approximation accuracy. Numerical experiments reveal
that repair is an excellent option as alternative sourcing, even if it is more expensive than buying a new part,
because of the option to postpone the repair until the parts are needed. In addition, we show the impact of
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other key parameters on costs and LTB quantity.
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1. Introduction

In this paper, we consider the spare parts supply for advanced
capital goods. Examples of these goods are mainframe computer sys-
tems, aircrafts, chemical plants, and medical systems. These systems
are very expensive and can be in use for a long period (5-30 years).
Often, these systems are highly downtime critical, that is, downtime
has serious consequences in terms of costs, quality of service, and
safety risks.

The customers of these systems are often not just interested in
acquiring such systems at an affordable price, but far more in a good
balance between the resulting Total Cost of Ownership (TCO) and the
system availability throughout its lifetime. Often, the support costs for
system upkeep during its lifetime constitute a large part of the TCO.
For customers however, system use is their core business, and not the
system upkeep. Therefore, customers often prefer to outsource major
parts of system upkeep, either to an OEM or to a specialized service
provider, if they can provide a good balance between system uptime
and costs of system upkeep. A service contract specifies the services
provided and the corresponding service level agreements, such as a
maximum problem resolution time, or a minimum system uptime per
year. To achieve a high uptime, capital goods are often repaired by
replacing failed parts by ready-to-use parts from inventory. Therefore,
service providers should offer high spare parts availability.
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Due to technological developments and the introduction of new
systems, the demand for specific spare parts may significantly drop
after some time, causing the manufacturer of these parts to decide
that it is not profitable anymore to produce them. This point in time
may be many years before the time that service obligations end. As a
result, the service provider has to decide how to cover future demand
until the end of the service period. This decision is inevitably hard,
due to the long remaining period and the high level of uncertainty in
demand, arising from uncertainty in the size of the installed base and
the parts failure rate.

Placing a large final order, a so-called Last Time Buy (LTB) order,
is common in industry. Often, the LTB order quantity is very large to
attain a high service level, which also yields high obsolescence levels
at the end of the service period. Therefore, companies try to mitigate
these risks and the costs involved by considering alternative sourcing
options. Examples are (i) repair of failed parts that are returned from
the field, (ii) strip phased-out systems for reusable spare parts, (iii)
buy second-hand parts on the open market, (iv) substitute by a com-
patible part, and (v) system redesign avoiding the need of the specific
spare part.

A key advantage of using such alternative supply options is that
either the decision to supply parts from alternative options can be
postponed, thereby reducing the level of uncertainty to deal with
((i), (ii), (iii)), or that an LTB order is not needed at all ((iv) and (v)).
Even though companies use these alternative supply options, they
lack decision support tools to make rational trade-offs between the
various supply options.

In this paper, we construct a model to determine the LTB quantity
by making trade-offs between one alternative supply option, namely
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Table 1
Overview of the existing literature on LTB problem for capital goods.

Supply option

Repair of
failed parts

Literature LTB

Retrieve parts
from
dismantling

External
market

Perform extra
production runs

Moore (1971)

Ritchie and Wilcox (1977)

Fortuin (1980)

Fortuin (1981)

Klein Haneveld and Teunter (1998)
Hong, Koo, Lee, and Ahn (2008)
Leifker, Jones, and Lowe (2012, 2014)
Teunter and Fortuin (1998)

Teunter and Fortuin (1999)

Kleber et al. (2012)

Inderfurth and Mukherjee (2008)
Inderfurth and Kleber (2013)
Pourakbar, van der Laan, and Dekker (2014)
Teunter and Klein Haneveld (2002)
Krikke and van der Laan (2011)

Van Kooten and Tan (2009)
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repair of the failed parts that are returned from the field. In this
research, we collaborated with two industrial partners (computer
machinery and printing machines). We noticed that typically only a
certain fraction of the failed parts will be returned and diagnosed to
be suitable for repair, the so-called return yield. As we observed in
practice, the return yield may depend on the willingness of the users
to send the broken parts back. In those cases, incentives such as a
payment for a returned part will increase the return yield. In several
real applications in our industrial partners, we observed an average
return yield between 60 percent and 80 percent showing that the
return flow is potentially a significant source of supply. In addition,
we observed high repair yields (80 percent-90 percent) in practice.
Not all returned parts can be repaired from a technical point of view.

We assume a pull policy for the repair of failed parts (i.e., re-
pair on demand), as this is known to be effective (Krikke & Van der
Laan, 2011). We aim to minimize the sum of LTB procurement costs,
holding costs of ready-to-use parts, repair costs, and shortage costs
minus the salvage value. In addition, we aim to evaluate service levels
in terms of fill rate and probability of not running out of stock. We
develop accurate approximations for performance evaluation and ef-
ficient heuristics to optimize the key decisions: the LTB quantity and
the repair policy (time-dependent inventory levels).

In the next section, we discuss the related literature and specify our
contribution. Next, we present our model in Section 3. Section 4 shows
the performance analysis and the optimization heuristic when repairs
are assumed perfect. Section 5 extends the model to the case with
imperfect repairs. We validate the accuracy of our approximations as
well as our optimization heuristicin Section 6. There, we also show the
impact of the key input parameters in a numerical experiment. Finally,
we summarize our main conclusions and give promising directions
for future research in Section 7.

2. Literature review

Research on the LTB problem exists in the area of: (1) consumer
products, and (2) capital goods. For consumer products that have
relatively low value, it is an option to replace the failed product by
a new or similar product (Pourakbar et al., 2012; Van der Heijden &
Iskandar, 2013; Shen & Willems, 2014). This is however not a realistic
option for advanced capital goods that may have a product value of
several millions of euros. Therefore, such systems are repaired by
replacing failed parts of modules by spares.

The literature within the field of spare parts management is ex-
tensive and covers several decades of research (Sherbrooke, 2004;

Muckstad, 2005). The specific literature in the area of LTB decisions
for spare parts can be classified according to the sourcing options that
are used to satisfy demand after stopping the production of spare
parts. Early papers solely focus on finding the LTB order quantity for
several model variants. More recent papers take into account other
sources of supply, in particular, the repair of failed parts, the retrieval
of parts from dismantling complete systems that are phased-out, set-
ting up dedicated production runs at higher costs, or ordering from
the external market at higher prices (if possible). In Table 1, we give an
overview of papers according to this classification and discuss them
in more details.

Among the papers that consider the LTB as the only source of supply,
Moore (1971) is the first to propose a method to forecast the all-
time-requirement of service parts. His method does not incorporate
stochastic demand. As a result, neither safety stocks nor service levels
or stock-out costs can be computed. The latter aspects have been
analyzed by Ritchie and Wilcox (1977); Fortuin (1980,1981); Klein
Haneveld and Teunter (1998); and Hong et al. (2008) for several model
variants. Leifker et al. (2012) study LTB problems in a continuous
setting without any service period restriction, while there is limited
information on the customers, and the only alternative is buying a
part. Leifker et al. (2014) consider possibilities for service contract
extension when computing the final order quantity.

Table 1 shows that retrieving parts from dismantling phased-out
systems has received the most attention as alternative source in the
literature. A key characteristic in this case is the correlation between
demand for parts and supply from dismantling: if systems are phased-
out and dismantled, the size of the installed base decreases and thus
the number of system failures which initiate the demand for spare
parts decreases. At the same time, the supply from dismantling in-
creases. Teunter and Fortuin (1998, 1999) assume that dismantling
can be done at negligible costs, which justifies the use of a push
policy to dismantle every returned system immediately. They ap-
ply dynamic programming and propose an approximation based on
newsvendor equations. They determine a dispose-down to level for
the excess parts above that level in order to avoid high inventory
levels. Pourakbar et al. (2014) propose a model using a finite horizon
Markov decision process to find the LTB quantity and non-stationary
inventory control levels. They consider retrieving parts from phased-
out systems, where timing and quantity of the phase-outs are uncer-
tain as well as repair time. Kleber et al. (2012) consider buying back
failed systems to retrieve spare parts. They study possible benefits
of buying back broken systems compared to other sourcing options
such as LTB and trade-in campaigns to exchange old systems with
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new ones. They develop Mixed Integer Linear Programming formu-
lations and investigate the circumstances under which a buy-back is
beneficial. The option of extra dedicated production runs is studied by
Inderfurth and Mukherjee (2008), and Inderfurth and Kleber (2013),
next to an LTB order and retrieving parts from dismantling. In the
first paper, the problem has been formulated as stochastic dynamic
decision problem. In the latter, they propose a heuristic to integrate
all the three options in decision making under specific conditions,
assuming an order-up-to policy for joint production and remanufac-
turing. Teunter and Klein Haneveld (2002) consider providing spare
parts from the external market at a much higher price. They propose
two order-up-to level policies based on the ordering time, an initial
level at time 0 and a subsequent series of decreasing levels for various
intervals. Finally, a few papers consider repair of failed parts that are
returned from the field. In contrast to dismantling, this source may
provide a considerable amount of supply early in the remaining ser-
vice period when the installed base is still large. A drawback is that
repair may be more costly or less successful than retrieving parts from
dismantled systems that may still function. The correlation between
demand and supply differs from that in the dismantling option: if
demand is higher than expected, the supply of failed parts suitable
for repair is also higher, which has a damping effect on the total un-
certainty throughout the remaining service period. Van Kooten and
Tan (2009) study the LTB decision under the repair option as the only
alternative. They aim to find the LTB quantity to avoid reaching the
maximum number of allowed backorders in the system. They assume
that repair is always preferred over LTB, if repair is feasible. They con-
sider a push repair policy in which all the failed parts are repaired
immediately. This policy may cause significant obsolescence at the
end of the service period.

Krikke and van der Laan (2011) consider both repair of parts re-
trieved from dismantled systems, and repair of failed parts returned
from the field as alternative sourcing options. As described above,
both sources of supply depend on the size of the installed base, but
in a different way. They develop an approximate method to find a
near-optimal LTB quantity while satisfying a maximum stock-out
probability just before a phase-out occurs. Timing and quantity of
the phase-out returns are known, which may be true in specific busi-
ness situations only. In addition, only at those points in time that
phase-outs occur, a decision can be made on using the alternative
options. It means that usage from the alternative sources depends on
the frequency of phase-out returns. Failed parts and retrieved parts
from phased-out systems are assumed to be immediately available
for repair within a short repair lead-time of one week.

In this paper, we propose an approximate method to find the near-
optimal LTB quantity, and determine a near-optimal repair policy. Our
contribution to the existing literature is as follows:

» We show that an alternative option (repair) is worth considering
even when it costs considerably more than buying a new part,
since we decide about the quantity and the timing of repairs based
on an explicit cost trade-off (compared to buying a new part at
the beginning) and the evolution of the system. To the best of our
knowledge, this trade-off has not been considered in the related
literature so far.

Yeg Failed parts

» We consider a dynamic decision model allowing for significant
return and repair lead times. We combine this with a distinction
between return yield and repair yield. Thereby, we also aim to avoid
the intermediate stock-outs. The combination of all these variants
yields to a more realistic model compared to the other studies on
this topic.

o We evaluate service levels (fill rate, probability of running out of
stock) and their behavior over the service period. This is relevant,
since in practice stock-outs are less acceptable early in the service
period than close to the end of the service period.

3. Model description, assumptions, and notation
3.1. Model description

We consider a single part for which an LTB decision should be
made, independent of other parts. In order to facilitate the optimiza-
tion, we discretize time in a finite number of disjoint time intervals,
each equals to the review period of the repair process, e.g., a month
or a quarter. Demand arises from part failures in the installed base. As
repair lead times are typically long, the failed part is typically replaced
by a ready-to-use spare part. Next, the failed part may be repaired off-
line and can be added to ready-for-use stock afterward. Replacement
parts are supplied from a stock of ready-to-use parts (including the
parts acquired as LTB and repaired parts). A failed part is immedi-
ately replaced by a ready-to-use part from stock on hand, either a
new part or a repaired part. All demand that cannot be satisfied from
stock on hand is backordered until ready-to-use parts arrive from the
repair process. We assume infinite repair capacity, which means that
the repair lead-time is not influenced by the load of the repair shop.
Fig. 1 shows a schematic view of the operational process.

Only a fraction of the failed parts at time t can and will be returned
for repair, which we model by a return yield. The return yield also
covers a possible entrance diagnosis upon receipt from the field. Di-
agnosis is done after receipt, since we are not sure whether all the
returned failed parts from the field are suitable for repair. Therefore,
any part included in the return yield is ready for repair in principle. In
the remainder of this paper, we will just use the phrase “return yield”
for ease of presentation. We model the time between part failure and
availability of the failed part for possible repair as a deterministic
return lead-time. We use a push policy for the return process, so re-
turns are not delayed until failed parts are actually needed for repair.
Although this may not be optimal, the return costs will generally be
considerably less than the repair costs for expensive spare parts.

In contrast to the return process, we control the repair process by
a pull policy, as repair is typically rather expensive. Then, it is not cost
effective to repair more parts than what is actually needed to satisfy
demand. We use a base stock policy for repair, i.e., at each review pe-
riod we order a number of failed parts to be repaired such that the
inventory position (i.e. the sum of new, repaired, and in repair parts)
is raised to the time-dependent base stock level s; (the time depen-
dency of the levels is due to the fact that demand is non-stationary
over the planning period). We make the repair decision based on
the number of the available ready-to-use parts, the ready-to-repair
parts and the number of parts under repair. Due to uncertainty in the

Part fails Failed parts .
in the field et Repairable? readylto
repair
f replace
¢ @
LTB Stock on |, (waste) waste
Order hand

Fig. 1. Operational process.



S. Behfard et al. / European Journal of Operational Research 244 (2015) 498-510 501

outcome of the repair process, we know the number of successful
repairs only after repair completion. For the repair yield (repair suc-
cess probability), we typically have historic data from repairs before
the LTB decision. We will argue that a base stock policy is optimal
if there are no fixed setup costs for repair and if all repairs are al-
ways successful. However, if only a certain fraction of the repairs is
successful (repair yield <1), a base stock policy is not necessarily op-
timal. In the optimal repair policy of a numerical experiment (see
Appendix A), we observed that the inventory position to be reached
after reordering depends upon the inventory position before reorder-
ing. The lower the inventory position before reordering, the higher
the inventory position after reordering to be reached to compensate
for the uncertainty in the number of successful repairs. A linear infla-
tion rule for the base stock policy to anticipate possible defects in the
repair process works fairly well as an approximation (Zipkin, 2000).
In practice, the repair yield will generally be high, because unnec-
essary and expensive repairs are typically avoided by a preliminary
diagnosis. For that reason, we expect the base stock policy to be a
good approximation of the optimal policy. This will be affirmed in a
small numerical experiment (Appendix A).

We model the time between release of a repair job and job com-
pletion by a deterministic repair lead-time. In contrast to many other
models in the literature and based on what we have observed in prac-
tice, we allow both the return lead-time and the repair lead-time to
be large, say several months. Our industrial partners indicate that the
repair and return lead times may vary from a few weeks to half a year,
and may even be longer for complex systems such as in the defense
industry. In principle, for capital goods it is not simple to reduce the
repair lead-time just by putting pressure on the repair vendors, since
it mainly depends on the uniqueness of the technology and number
of specialized repair-shops. However, for consumer electronics it is
indeed feasible to reduce the lead-time due to technically easiness
of repairs and plenty number of the repair-shops. The objective of
our model is to minimize the total relevant costs over the remain-
ing service period between discontinuation of part production (LTB
opportunity) and the formal end-of-service date, which may be up
to (say) 15 years. The total relevant costs cover procurement of new
parts, holding costs of new and repaired parts at the end of each time
interval, repair costs of any repair started (whether it is successful
or not), shortage costs at the end of each interval, and scrap cost or
salvage value of remaining parts at the end of the service period. Fur-
ther, we compute the time dependent service levels corresponding
to the cost-optimal policy, i.e., the cycle service level (probability of
no stock-out) and the fill rate (fraction of demand served from stock
on hand) at the end of each time interval. In this way, we facilitate a
trade-off between costs and service levels in case shortage costs are
hard to quantify. The decision variables of our model consist of the
LTB quantity (Q) and the non-stationary base stock levels (s;) for the
repair process during the remaining service period.

The sequence of the events in each time interval is as follows:

1. At the start of the interval:
a. arrival of successfully repaired (ready-to-use) parts,
b. arrival of ready-to-repair failed parts that have been returned
from the field,
c. registration of the inventory position,
d. decision on the quantity of parts to repair.
2. During the interval: realization of demand.
3. At the end of the interval:
a. registration of inventory levels (on hand stock, backorders),
b. sending back failed parts from the field,
c. computation of service levels (probability of no stock out, fill
rate),
d. computation of operational costs (repair, holding, shortage).

The typical behavior of the inventory position during the planning
period is shown in Fig. 2. In contrast to the standard base stock policy,

Inventory position
after reordering
Above the base
LTB stock level
Below the base
Se stock level
St Obsolescence
i may occur at
e the end of
/ ervice period

t t+1W t+3 End of service
Stock-oufs may occur

S s period
at these points in time

Fig. 2. Behavior of the inventory position as function of time.

the inventory position after reordering may be higher than the base
stock level due to the parts remaining from the LTB. However, it may
also be lower than the base stock level due to lack of failed parts that
can be repaired. Stock-outs may occur at any point in time just before
repaired parts arrive from the repair process, as well as near the end
of the service period.

3.2. Assumptions

In addition to the model characteristics as described in Section 3.1,
we use the following assumptions:

» Demand is independent over successive time intervals.

o Repair yield is constant over time, since a preliminary quality
inspection is being done on the failed parts once they are returned
from the field.

o New and repaired parts have the same quality and the same hold-
ing costs.

o There is no cost involved for holding the ready-to-repair failed
parts as well as non-repairable parts. The extension of the model
to consider these costs is straightforward.

3.3. Notation

In the remainder of this paper, we use the following notation:
Input parameters

t interval number, t € {1, 2, ..., T} with T the total number of
intervals

I, return lead-time

I repair lead-time

h holding cost per ready-to-use part (new or repaired) at the
end of each interval

Cp purchasing cost of a new part at the start of the planning
period

Crt repair cost for each repair started in interval t

Vs salvage value per ready-to-use part at the end of the service
period

Cht shortage cost per ready-to-use part at the end of interval ¢

Yret.t returnyield, i.e., the fraction of failed parts that are returned
from the field at the end of interval t and that are suitable
for repair (possibly after a preliminary inspection)

Yrep repair yield, i.e., the fraction of parts that are successfully
repaired
pe(n) probability that the demand, Dy, for ready-to-use parts in

interval t is equal to n

State variables
It inventory position of ready-to-use parts before repair deci-
sion at the beginning of interval t
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St inventory position of ready-to-use parts after repair deci-
sion at the beginning of interval t

K¢ number of ready-to-repair failed parts at the beginning of
interval t

OH; on hand inventory of ready-to-use parts at the end of inter-
val t

BO; shortage of ready-to-use parts at the end of interval t

Auxiliary variables

D¢, t, accumulated demand in the intervals {t1,...,t> }; by conven-
tion, D¢, c, =0 whent; <t
r:(D¢)  random number of failed parts that are sent back from the

field at the end of interval t (with fraction yret ¢), as function
of the demand in interval t

z(X) random number of parts that are repaired successfully, if X
repairs have started

Performance indicators

Bt fill rate at the end of interval t
B overall fill rate of the planning period
o cycle service level

Decision variables

st base stock level of ready-to-use parts at the beginning of
interval t
Q ready-to-use stock level at the beginning of t = 1

3.4. Approach

In principle, we can find the optimal repair policy and LTB quan-
tity using stochastic dynamic programming (SDP). There, we find the
optimal repair decisions at the beginning of each time interval based
on the system state variables at that moment (e.g. ready-to-use, in
repair, in return, failed and ready-to-repair parts). However, the state
space of this SDP formulation explodes when the return and repair
lead times increase and the demand rates increase, and so do the com-
putation times and the computer memory requirements. Therefore,
we apply an approximate method by assuming a base stock policy for
the repair decisions. In Appendix A, we show that this approxima-
tion yields a maximum error of 0.9 percent (compared to the exact
solution from SDP) in total relevant costs based on a small numerical
experiment.

4. Performance analysis for perfect repair

It is known from literature that a base stock policy is optimal
for dynamic inventory models without fixed ordering costs under
general conditions, see Zipkin (2000). In Section 4.1, we summarize
the SDP approach to find the base stock levels under infinite supply
of failed parts. Next, we argue in Section 4.2 that the same base stock
levels (under infinite supply) are still optimal for the special case
with perfect repair. In Section 4.3, we find expressions for the total
relevant costs as function of the base stock levels and the LTB quantity.
In Section 4.4, we derive an approximate probability distribution for
the inventory position after reordering, which we need to compute
the total relevant costs. This is the basis for our algorithm containing a
simple numerical search over the LTB quantity to find a near-optimal
solution in Section 4.5.

4.1. Optimal base stock levels for infinite source of supply

According to Zipkin (2000), when the demand over time is con-
stant, inclining, or declining (without significant drops), myopic pol-
icy provides (near-)optimal base stock levels. This policy simply min-
imizes the current period’s costs while ignoring the impact of the
current decision on future demands and costs. However, in our case
the demand over time might be constant, inclining, and declining

over time with significant drops. Therefore, a simple myopic policy
does not provide accurate base stock levels, and we opt for stochastic
dynamic programming, since it is relatively easy to solve.

Following Zipkin (2000), we start with the special case of zero re-
pair lead-time. We define the time intervals as stages and the system
state as the inventory position before reordering I; at the start of stage
t. The decision in each stage is the base stock level s;. That is, we order
to repair a quantity max {s; — I, 0}. We define V;(I;) as the minimal
expected costs from the start of interval t until the end of the service
period given that the inventory position at the start of stage t is I;.
At the end of the planning period, we have the following terminal
condition stating that any unused part has salvage value vg:

Vi (i) = —vs * It (1)

We define H¢(s¢) as the minimum expected relevant costs in the in-
tervals {t,..., T + 1} if we choose s; as the base stock level and if
It = 0. H¢(s¢) consists of the ordering cost of s; parts, the expected
holding and shortage costs at the end of interval t, denoted by C¢(s¢),
and the minimum expected costs from interval t + 1 onwards. Note
that 1f+1 =St —D¢:

H(st) = ¢re - ¢ + Ce(St) + E[ Vi1 (sc — Do) (2)

In Eq. (2), C¢(s¢) = E[h - (It — D¢)* + ¢p¢ - (Dr — It)T]. Zipkin (2000)
shows that we can find the optimal s; by minimizing H;(s¢). Next, we
find the value functions V;(I;) for all I; from:

V[(It) = —C;:[ . It + minsl {H[(S[) LSt = It} (3)

Starting from stage T and moving backward in time, we solve Eqs. (2)
and (3) recursively. It is straightforward to extend this approach to
strictly positive lead times. Then, a decision in stage t influences the
holding and shortage costs at the end of stage t + [; (arepair lead-time
later). Therefore, we can apply the same algorithm, provided that we
evaluate the single period costs by Ce(st) = E[l - (It — Dy,¢.1, )" 4 Cp ¢ -
(Dg,e41, — I0)*]. As the first decision is taken at the start of stage T — Iy,
we find a set of optimal base stock levels

st ={s1.85,....57 1, }

4.2. Optimal base stock levels for finite source of supply

Our model differs from the infinite supply model in two ways:
(1) the supply of failed parts that are returned from the field in good
condition is finite; (2) we have additional supply of parts from the
LTB. The first implies that we may not be able to raise the inventory
position to its target value; the second means that the inventory
position may (strongly) exceed the base stock levels, particularly early
in the planning period.

In related literature on models with finite and time-varying (pro-
duction) capacity, the capacity is modeled either as deterministic, or
as random variables which are independent over subsequent inter-
vals, see, e.g., Federgruen and Zipkin (1986); Giilli (1998); and lida
(2002). Under finite capacity, the base stock levels tend to be higher
than in the corresponding infinite supply model. The reason is that
we should order more when capacity is available to compensate for
the fact that capacity may be restricted and insufficient at a later point
in time. The key point is that unused (production) capacity is lost. In
our model, the latter is not true, because we never scrap failed parts
waiting for repair. A failed part in stock can always be repaired in a
next interval when it is needed. Therefore, the unused supply of failed
parts is never lost and early ordering does not add any value, since
we incur more holding costs without avoiding significant shortage
costs. As a result, there is no trigger to repair in advance, and so no
trigger for higher base stock levels, see Appendix B for mathematical
evidence. Therefore, the optimal base stock levels from the infinite
supply (capacity) model still apply in our model and we can com-
pute it based on the proposed method in Section 4.1 without further
information about number of repairable parts.
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For the computation of the total relevant costs, we have to take
into account that the inventory position after reordering may differ
from the target values s}. It is a random variable S; that can take
on any discrete value within (—oco, max(s;, Q)]. The random nature
arises from (i) the random number of parts available for repair, and
(ii) the option that demand in the intervals [1,..., t — 1] has been
less than Q — s causing a random inventory position larger than s;.
St can exceed the base stock level s}, but it can never be larger than
Q (initial ready-to-use stock level) if Q > s. In the next section, as
a general approach, we derive approximations for the total relevant
costs and the related service levels given the initial stock level and the
base stock levels. There, we assume that the probability distribution
of St is already known to us.

4.3. Total relevant costs and fill rates

The total relevant costs consist of holding costs, salvage value,
shortage costs, repair costs, and procurement of new parts. Below,
we give expressions for each of these cost components, where we use
the shortcut notation X* = max{X, 0}.

4.3.1. Expected on hand inventory

As the demand in interval 1 will yield receipt of some ready-to-
repair parts at the start of interval 2 + I,, the first time that repaired
parts can be available for use is at the start of interval 2 + I, + I,
if 2 + I, + I} < T. Therefore, repaired parts only arrive in stock at
the start of interval te{l; + I, + 2,...,T}. We compute the expected
on hand inventory E[OH;] at the end of interval t by conditioning
on the actual inventory position after reordering a repair lead time
ago and on the demand during the repair lead-time. In time intervals
te{1,..., l{ + Ib + 1}, we only consume from the LTB order, since
repairs cannot be completed due to the return and repair-lead time.
Therefore, the on hand inventory at the end of these intervals depends
on the demand only.

E[Sity =Dy, )], for h+L+2<t<T,

E[OH¢] =
[0F] E[(Q-Di0)"]. for 1<t<h+hL+1.

=

4.3.2. Expected parts on hand at the end of the service period
The salvage value is computed based on the parts on hand at the
end of the service period, i.e. E[OHT].

4.3.3. Expected backorders

E[(Dipc —Se-,)). for Li+L+2<t<T,

E[BO;] =
(B0 E[(D1:— Q"] for 1<t<l+bhL+1.

(5)

4.3.4. Expected number of repairs

The usage from the supply and the returned failed parts in previous
intervals determine the number of ready-to-repair failed parts K; at
the start of each interval. Defining R; as the number of repairs started
in interval t, we have:

Ry = min{(s; — Se—1 + De—1)*, K¢} (6)
Ki =K1 — Re—1 + 1,1 (Degy—1). (7)

Because there are implicit dependencies among K, D;_j,_1, and
S¢_1, finding the exact value of E [R] is complicated (see Section 4.4.1
for details). As a simple approximation, we use:

E[R:] = (E[St] — E[St-1]+E[Dia])". 8)

Aggregating the costs per time interval and adding the purchasing
cost for a given value of Q and computed s*, we find the total relevant

costs TRC (Q, s*) as:

T
TRC(Q.s*) = Q- o+ Y h-E[OH;] — v - E[OHf]

t=1
T T-I
+ Y coe-E[BO+ Y cre-E[Rd]. 9)
t=1 t=2+I,

The last term is equal to zero if [y + I + 2 > T. If we have any initial
ready-to-use parts before placing the LTB order, we simply deduct its
procurement costs when computing TRC (Q, s*).

4.3.5. Service levels
We compute the fill rates per time interval, the overall fill rate and
the cycle service levels as:

E[BOy]

ﬂf = - mv (10)
Y, E[BO]

p=1-==0 (11)
Y E[D]

o = Pr{St — Dy 41, > 0} (12)

In order to evaluate the above-mentioned performances, we need
the probability distribution of S;. In the next section, we derive ap-
proximations for this distribution.

4.4. The probability distribution of St

S; depends on the availability of ready-to-repair parts and the base
stock levels. In Section 4.4.1, we derive recursive stochastic equations
for S;. As these equations appear to be hard to solve, we derive a sim-
ple approximation for the probability distribution of S; (first approx-
imation) in Section 4.4.2, which we improve in Section 4.4.3 (second
approximation).

4.4.1. Recursive equations for S;

The inventory position before reordering at time tisequal to Sy_; —
D¢_1.So,weaimtostart (sf — S;_1 + Dy_1 )+ repairs. As this may not be
feasible due to finite supply of failed parts, the actual repair quantity
is R¢, given in Eq. (6). The following stochastic recursion shows the
actual inventory position after reordering:

St =51 —De1+Ry, S1=Q. (13)

Now, we have three Eqs. (6), (7), and (13) and the complexity
is in the term r;_t,_1 (D¢_y,_1,), since Srdepends on D;_,_ as well.
Therefore, the three random variables S¢, K¢, R; are correlated, and we
must find the conditional joint distribution of Sy and K; given D;_j,_;.
This correlation cannot be easily determined. Therefore, we derive an
approximation. The recursive evaluation is an option only if [, = 0,
which is not a realistic case.

where

4.4.2. The first approximation of S¢

To find the approximate probability distribution of S, with related
random variable S;, we use the cumulative demand in the intervals
{1,...,t — 1}and the cumulative supply of ready-to-repair failed parts
in the intervals {1,...,t — 1 — [}. We distinguish three cases:

Case 1: Demand in the first t — 1 intervals was low, such that the
inventory position without any repair from the beginning until t — 1
exceeds the target level s}:

Se=Q—Dig,

Case 2: The supply of ready-to-repair failed parts is not sufficient
to raise the inventory position to the target level s;. Therefore, the

for sf<Q-Dir1<Q. (14)
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Fig. 3. Inventory position above the base stock level (before reordering).

inventory position is equal to the maximum inventory position if all
the ready-to-repair parts have entered repair:

t—l-1 t—h-1
St=Q—-D11+ Z ri(Dj), for Q—Dyr1+ Z 1; (Di) <st.
i=1 i=1
(15)
Case 3: The supply of ready-to-repair failed parts is sufficient to

reach the target level s7. Therefore, there is a need to repair only the
required number of parts:

t—lp—1
for Q—Dir1<s5;<Q-Dica+ Y, ri(Di). (16)
i=1

St =5;,

We refer to Appendix C for details on the evaluation of the stochastic
Eqgs. (14)-(16).

The key approximation lies in Cases 1 and 3. In fact, we assume
that the inventory position at the start of interval ¢ can only exceed s}
if the cumulative demand in the first t — 1 intervals is less than Q — s}
and no repair has been started before. This is correct when the base
stock levels are constant or increasing in time. However, if the base
stock levels are strictly declining (or declining in part of the planning
period) there are other sample paths leading to an inventory position
exceeding s} which is not covered under Case 1.

Fig. 3 shows an example with s < s; ; (common in an end-of-
service situation), where the inventory position before reordering
It_q is less than s7_, and S.1-Drq > s¢. This means that the inven-
tory position before reordering at the start of interval t may exceed s,
even though Q — Dy ;_1 < s} and based on the three-case categoriza-
tion inventory position even after reordering cannot exceed s;. In this
case, we have (Q — D11 + Z;_:lulz Ry > s}), where Z;_:]zuz Ri>0
which means repair jobs had already been initiated in the previous in-
tervals. By neglecting these possibilities, we underestimate the prob-
ability mass for Case 1 and overestimate the probability mass mainly
for Case 3. In principle, it may also happen in Case 2 but with neg-
ligible probability. Preliminary numerical experiments, in which we
compared our approximations to simulation, revealed that this first
approximation may cause significant errors in the total costs evalu-
ation for declining repair policies. Therefore, in the next section we
introduce a random variable that partly corrects for this phenomenon.

4.4.3. The second approximation of S

The previous arguments in Section 4.4.2 show that we have to
move probability mass from Case 3 to Case 1. We define a random
variable CF;, as the gap between the inventory position before reorder-
ing and the base stock level s} at time t, insofar it is non-negative. We
define S; as the actual inventory position after reordering by adding
a correction variable to S;, i.e. S; = S; + CF;. Note that, since we fo-
cus on Case 3 for strictly positive CF;, §; = sf. In order to find the

underestimated probabilities, we need to know the probability dis-
tribution of CF;. Hence, Pr {CF; = f} for f > 0 exactly states the under-
estimated probability at S; = s + finthe first approximation. In order
to find Pr{S; = s§ + CF¢}, we add the underestimated probability (i.e.,
Pr{CF; = f}), to the probability for the same inventory position under
Case 1 (i.e., Pr{S; = sf 4+ f}). We refer to Appendix D for details. After
finding the second approximation S;, we plug the new probability
distribution into Egs. (4), (5), (8), and (9).

4.5. The algorithm to find the near-optimal LTB quantity

Now that we are able to evaluate the total relevant costs for a given
base stock policy and LTB quantity, we apply a numerical search over
a range of Q values to find the minimum TRC (Q, s*) and the near-
optimal Q*. Altogether, this yields the following algorithm:

Step 1: Determine the base stock levels s* = {s*,s;,“.,s;_h}
(Section 4.1). Initialize

Q = max({s;},s;. .. "5;41} and the current value of TRC as very
large (— o).

Step 2: Determine the distribution of the actual inventory position
after reordering for the base stock policy as found in Step 1 and for
the current value of Q using Eqs. (14)-(16).

Step 3: Compute total relevant costs TRCpew for the given Q and
the repair policy using Eq. (9).

Step 4: If TRCpew > TRC, set the near-optimal LTB quantity as Q* =
Q — 1. Otherwise, set

TRC:= TRCpew, Q := Q + 1, and go to Step 2.

Step 5: compute the service levels for the Q* using Egs. (10)—(12).

This algorithm presumes that the cost function has a single min-
imum. Although we were not able to prove this, numerical exper-
iments revealed no example with multiple local minimums. Note
that in case of large values for Q, we can improve the efficiency of
our algorithm by using a better numerical search procedure, e.g.,
bisection.

5. Adjustments for imperfect repair
5.1. Approach

It is known from literature that the optimal repair policy is not
necessarily a base stock policy when the repair is imperfect, see
Henig and Gerchak (1990) and Zipkin (2000). Nevertheless, a base
stock policy is a good approximation under our problem settings, see
Appendix A. Referring to the arguments from Section 4.2, we con-
clude that we can still use the base stock levels from the infinite
supply model. To include the impact of imperfect repairs, we use or-
der inflation as suggested in Zipkin (2000). It means that with yrep
as repair yield and order quantity R, we should order R¢/yrep at the
beginning of interval t (rounded to an integer).

For approximate evaluation of the inventory position after re-
ordering, we include the effect of failed repairs immediately after re-
ordering in the inventory position. That is, a repair order with size
R contributes to the inventory position as a random variable z (Rt),
being the number of successful repairs if R; repairs have been started.
The realization of z (R;) is only known after repair completion. As in
the case with perfect repair, first we find the first approximation S;
and then correct it by means of a correction variable.

5.2. The probability distribution of St

Asin Section 4.4.2, we distinguish three cases for the first approxi-
mation S;, which are identical to those in Section 4.4.2. Case 1 is exactly
the same as Eq. (14). However, here we should include uncertainty in
the repair process in Cases 2 and 3, where we start to repair:
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Table 2
Varying parameters in the numerical experiment.

505

Varying parameters Value 1

Value 2

Repair cost per part
Shortage cost
per part/interval

1500

Total expected demand 50
Demand distribution Poisson
Return yield 0.6
Repair yield 0.6

Return lead-time
Repair lead-time

1 (2 months)
1 (2 months)

50 percent of the new part price

(low overall fill rate <80 percent)

150 percent of the new part price
25000
(high overall fill rate >98 percent)

200

Negative binomial
0.9

0.9

3 (6 months)

3 (6 months)

Table 3

Yearly demand patterns.
Year 1 2 3 4 5 6 7 8 9 10
Mean demand 1 (50) 9 8.50 8 7 5.70 4.40 3 2 140 1
Mean demand 2 (200) 38 35 32 28 22 17 12 9 5 2
CV(NegBin) 1 1.05 1.10 1.20 1.45 1.80 220 250 3 3.50
Variance/mean (Poisson) 1 1 1 1 1 1 1 1 1 1

Case 2: We take the product of the repair yield and the return yield
as a single yield factor. Similar to Eq. (15) we find:

t—l—1
Si=Q-Disa+z| Y nD)|. if
i=1
t—h-1
Z T (D,) < 5;‘.

i=1

Q-Die1+2 (17)

Case 3: The key point in this case is the assumption that we can
reach the base stock level only in expectation:

t—lp—1
E[S:]=s;. if Q-Dir1<s5;<Q-Dica+2z| > ri(Dy)
i=1
(18)

The major complexity is in the third case where we need to include
the additional uncertainty in S, in which s can only be reached in
terms of E[S;]. This additional uncertainty only exists over the amount
in the repair pipeline, i.e., the quantity that has been ordered in the
last I; periods (repair lead-time). We define the random variable ¥;
as the actual inventory position after reordering in Case 3. ¥; can be
higher, equal or even less than s} due to the inflated number of repair
orders and uncertainty in the repair outcome. Therefore, we need to
find the distribution of ¥; where the uncertainty of repair process is
included. Then, we need to include it in the distribution of the first
approximation. For doing so, we need to condition on:

tl—1
Q-Dir1=5t<Q—-D1t1+2 Z ri (Dy)
i1

This condition makes sure that we focus on Case 3, otherwise it may
overlap with the outcomes in the other two cases.

To find the probability distribution of ¥;, we compute the first two
moments and fit it to a discrete distribution as in Adan et al. (1995).
Then, we add the resulting probabilities from all possible outcomes
of ¥; to the resulting probabilities for the same outcomes of §; (under
Cases 1 and 2). For Case 3, we just use the probability at ¥; = st (see
Appendix E for details).

To find the correction variable, we follow the same procedure as
in Section 4.4.3. We compute the total relevant costs as in the perfect
repair model, except for the repair costs that should be inflated by

the repair yield factor, i.e. E[R¢] is replaced with E[R¢] /yrep in Eq. (9).
Then, the algorithm in Section 4.5 still applies to find the near-optimal
LTB quantity.

6. Validation and sensitivity analysis

We first validate the accuracy of our heuristic by comparison with
the results of discrete event simulation for the same set of decision
variables (repair policy, LTB quantity). Next, we perform a sensitivity
analysis of the performance on the key input parameters.

Note that we may use simulation optimization to compute the
repair policy and the LTB quantity in theory. As the number of param-
eters (base stock levels for all intervals s}, LTB quantity) is large, the
computation time of such an approach will be very large. In addition,
the sensitivity analysis on critical parameters will be even harder.

6.1. Accuracy of the approximation

To assess the accuracy of our approximations, we constructed a
discrete event simulation model in Tecnomatix Plant Simulation!
software. We consider an experiment of 256 problem instances. For
each near-optimal solution, we compared the key performance indi-
cators (cost components as mentioned in Table 4 and service levels) to
the simulation results. In all instances, the planning period between
LTB and end of service is equal to 10 years, divided in 60 intervals of 2
months. The price of a new part is €1000, and any left part at the end
of the service period has no value. The holding cost per piece equals
25 percent of the new part price per year. For simplicity, we assume
that repair cost and shortage cost per part are constant over time.
We vary the other key input parameters as stated in Table 2. Even
though some scenarios are less realistic, we included them in the
experiment to check the approximation accuracy for a large range of
problem instances. Table 3 shows four yearly demand patterns arising
from the choice of total mean demand (50 or 200) and the variability
of demand. To show high and low variability, we consider Negative
binomial and Poisson distribution. For the Negative binomial distri-
bution, we assume an increasing coefficient of variation (CV) in order
to introduce a higher variability in the later intervals:

All combinations yield 28 = 256 problem instances. For each in-
stance, we find the near-optimal LTB quantity and repair policy, and

T www.plm.automation.siemens.com/.
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Table 4
Relative error of the proposed heuristic compared to simulation results.

High overall fill rate

Low overall fill rate

Average error  Maximum error 90 percentile

Average error

Maximum error 90 percentile ~ Average percentage of the total cost

Total cost (percent) 0.30 0.70 0.60 0.50 1.10 0.80 -

Shortage (percent) 9 20 16 2 5 3.70 15

Obsolescence (percent) 1 2 1.60 2.50 5 4 -

Repair (percent) 2 4 3.50 4.20 5.50 5 10

On hand stock (percent)  0.20 0.80 0.65 0.50 1.60 1.20 44
compare the estimated performance to results from simulation with . . _
100,000 replications. See Table 4 below: H gz;:f ;‘:i':llg:g_'g

The error in the total costs is small for all problem instances. In 0% Retum lead time=1 (2 months)

most cases, shortages are slightly overestimated, while holding and T o4 Repai lead time=1 (2 months)
salvage value are slightly underestimated. However, there seem to %
be significant errors for individual components, see, e.g. the large E 035
maximum relative error in the shortages for the cases with high fill _g
rate. In these cases, the absolute value of the shortage is typically very § 03
small, and so the relative error is large. For example, a 20 percent =
shortage error arises from an approximate fill rate of 0.995 versus a § o
simulated fill rate of 0.996, which is typically accurate enough (or in § 5 ' '
terms of shortage quantities: 0.2 versus 0.25). The maximum error in 0 50 100 150 200 250

the obsolescence and repair arises in cases with low overall fill rates
(<0.80), while for advanced capital goods very high overall fill rate is
necessary. The last column in Table 4 shows the average percentage
for each of the cost components (except the purchasing cost of the
LTB) compared to the total cost. Note that there is no salvage value
for unused parts at the end of the service period.

The average run time for determining the optimal base stock policy
and evaluating the performance indicators for a single LTB quantity
is between 5 seconds (Poisson demand distribution) and 15 seconds
(Negative binomial demand distribution). The average run time for
the optimization varies between 75 and 250 seconds.

To examine whether our method finds the correct LTB quantities,
we performed a numerical search with our simulation model. We used
the same repair policy over different values of LTB quantity (lower
and higher values than computed LTB by the model) and compared
the resulted total costs. We find that our method gives the optimal
quantity in 95 percent of the cases. In the other cases, we found only
one unit difference, usually in cases where the total cost difference
between the two solutions is very small.

We also studied the sensitivity of the LTB quantity to the repair pol-
icy. For this matter, we chose a large variation in the repair policy and
computed the optimal LTB quantity for three sets of order-up-to lev-
els: the optimal values s}, the values (2 = s7), and the values (0.5 x 5).
The near-optimal LTB quantities appeared different to some extent
(in average 20 percent, with a maximum of 40 percent), showing that
there is a clear dependency of the LTB quantity on the repair policy.
As an extra check, we aggregated the intervals for each of the return
and repair lead-times in those instances that lead-time is equal to
three intervals (i.e. 3 intervals of 2 months = 6 months) into just one
interval equal to 6 months. This modification changes the repair pol-
icy. It also yields different LTB quantities, and confirms the sensitivity
of the LTB quantity to the repair policy.

It is also remarkable that the LTB quantity is more sensitive to
repair and return yields than lead times. In other words, there is
considerable reduction in LTB quantity for an instance with high yield
and long lead-time than low yield with short lead-time.

6.2. Sensitivity analysis and the insights

We study the impact of key parameters such as repair cost, return
and repair yield, return and repair lead-time, and demand variability
on the performance indicators to explore any structural results. We
use a similar demand pattern as before where the demand follows

Repair costas percentage of new part price

Fig. 4. Impact of the repair cost on the number of repairs.

a negative binomial distribution with total mean equal to 50. The
shortage cost is set to 25,000, corresponding to an overall fill rate of
approximately 98 percent.

6.2.1. Impact of the repair cost on the number of repairs

In Fig. 4, we study the impact of repair cost on the fraction of
the total demand satisfied by repairs. It shows that we may still use
the repair option to fill a significant fraction of demand when the
repair cost is considerably higher than the price of a new part. This
is the effect of postponing the repair decisions. Then, we may not
initiate a repair job and repair costs are zero. If we procure a new
part at the start of the planning period, it may happen that we do
not use it. In this case, we incur scrap costs at the end and holding
costs over the entire planning period, next to the procurement costs.
Therefore, expensive repair may be a better option depending on the
probability that we will actually need the part. Based on the numer-
ical experiments, expensive repairs become more attractive for high
repair yield, large demand variability and long planning horizon due
to the postponement theory (see online Appendix 2 for the numerical
results). For the remaining sensitivity analysis, we set the repair cost
to 120 percent of the new part price to show the impact of yield and
lead times when repair is less attractive from costs point of view. For
lower repair costs, the impact is higher.

6.2.2. Impact of the return yield on the total costs

Fig. 5 shows how the return and repair yield influence the total
costs. A relatively high repair and return yield leads to significant
reduction in total costs, even if the repair costs are higher than the
price of a new part. It is also remarkable that the decrease in the total
costs diminishes when the yield increases. Because of the high repair
costs, we need fewer parts for repair than we can retrieve from the
field and repair successfully.

6.2.3. Impact of the repair decisions on the obsolete parts

Fig. 6 shows the impact of yield on obsolete parts at the end of
the service period. When return and repair yield are increasing, the
number of obsolete parts at the end of the service period is decreasing
due to postponement of the repair decisions as discussed before. The
large number of obsolete parts at the end of the service period (as
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Fig. 5. Impact of the return yield on the total costs.
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Fig. 7. Impact of the repair lead-time on the LTB quantity.

an extreme case in this figure) arises from enormous uncertainty in
the demand, very high shortage cost, and expensive repair cost which
yields to larger LTB order at the beginning.

6.2.4. Impact of the repair lead-time on the LTB quantity

In Fig. 7, we study the impact of the repair lead-time on LTB quan-
tity. For a lead-time larger than zero, we fix the return lead-time to
1 interval (2 months) and increase the repair lead time. It shows that
lead-time has significant impact on LTB quantity, particularly in case
the repair yield is high. We will see the same affect if we fix repair
lead-time and vary the return lead time. This shows the importance
of including the lead times explicitly in the model. We also tested the
interaction between repair and return lead-time while keeping the
sum of them fixed. We found little impact on the LTB quantity with

0 s

55
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&
'i a5
2 40
IE Retum lead time=1 (2 months)
= 35 Repair lead time=1 (2 months)

30 Retumn yield=0,8

Repair yield=0,9
25 <f
20
0 2 4 6 8 10

Variance/Mean ratio

Fig. 8. Impact of demand variability on the LTB quantity.

maximum 3 units difference over all combinations (e.g. instead of re-
turn lead-time = 3 and repair lead-time = 1, we may set the return
lead-time to zero and the repair lead time 4). Nevertheless, the base
stock levels and the cost breakdown (particularly repair and obso-
lescence costs) change considerably for each setting. Furthermore, as
the return and repair lead times may be significant (cf. Section 3.1),
we should consider them separately.

6.2.5. Impact of demand variability on the LTB quantity

The impact of the demand variability on the LTB quantity is shown
in Fig. 8. We increase variance to mean ratio per interval to see how
the LTB quantity changes. Variability has relatively significant impact
on LTB quantity even for high return and repair yield with short lead
times. It means that we need an accurate estimation of the mean
demand and variance in order to reduce the required LTB quantity
in real cases. We observed in industry that the average demand in
the generated forecasts is typically overestimated (biased forecast),
while there is not much information about its variability.

7. Conclusions and directions for further research

In this paper, we developed a model to determine the optimal Last
Time Buy quantity when supply of spare parts is discontinued and re-
pair of failed parts is used as an alternative sourcing option. The large
scale problems considered in our case cannot be solved efficiently
using stochastic dynamic programming. This is due to the curse of
dimensionality especially for large and highly variable demand and
long return and repair lead times. Therefore, we proposed an efficient
heuristic method assuming a base stock policy for the repair deci-
sions. We validated our heuristic in a numerical experiment (total of
256 cases). Then, we studied impact of key parameters on the perfor-
mance indicators. According to the observed results, we can draw the
following conclusions:

(1) Alternative supply is worth considering even if it is consid-
erably more expensive than the primary source (buying new
parts). It becomes more attractive for a high repair yield, with
an increasing length of the planning horizon, and with increas-
ing demand variability.

(2) Improving the repair yield has a significant impact on the re-

duction of obsolete parts at the end of the service period. This

is due to the intermediate repair decisions that only carried out
when it is necessary.

Merging the return lead-time with the repair lead-time does

not influence the LTB quantity significantly; however, the re-

pair policy and the costs breakdown change considerably.

—
w
~—
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(4) Reduction of the demand variability significantly reduces the
LTB quantity; it is important to have an accurate life cycle de-
mand forecasting method.

Our work can be extended in several ways: (i) include the decision
when to return failed parts from the field, which results in a dynamic
two-echelon inventory model, (ii) include a dispose-down-to level for
failed partsin the field, (iii) extend the analysis for continuous demand
distributions in order to model fast moving parts, (iv) include other
sources of supply as retrieving parts from phased-out systems.
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Appendix A . Impact of using a base stock policy under imperfect
repair

In order to see impact of using a base stock policy instead of the
optimal repair policy, we conduct an experiment of 16 problem in-
stances with deterministic lead-time. For each instance, we find the
LTB quantity and the total relevant costs from both SDP and our ap-
proximate method. In all instances, the planning period is equal to
10 intervals. The price of a new part is €10. The holding cost is €2
per part per interval. The repair lead-time is one interval. For ease
of computation, we use zero return lead-time. We vary return yield,
repair yield, shortage cost and repair cost as in Table A.1. Table A.2
shows the demand pattern.

We find out that SDP and our approximation (using a base stock
policy assumption) yield the same LTB quantity for all 16 instances.
The maximum error in terms of total relevant costs is 0.9 percent,
whereas the average error is 0.5 percent. The maximum error arises
in cases with low repair yield due to our assumption on using base
stock policy for imperfect repairs.

As an example, Table A.3 shows the base stock levels for a case with
return yield = 0.6, repair yield = 0.9, and shortage cost = 200. Both
the return and repair lead times are one time interval. The computed
optimal LTB quantity is 55.

Table A.1

Varying parameters.
Varying parameters Value 1 Value 2
Repair yield 0.6 0.9
Return yield 0.6 0.9
Shortage cost per part per interval €50 €200
Repair cost per part €8 €12

Table A.2
Demand pattern.

Interval 1 2 3 45 6 7 8 9 10

Mean demand (Poisson distribution) 10 9 8 7 6 5 4 3 2 1

Table A.3

Base stock levels.
Interval 1 2 3 4 5 6 7 8 9 10
Base stock levels - 27 25 22 19 16 13 10 6 -

Appendix B. Optimality of infinite supply base stock levels for
finite supply models

First, we show that under which condition it is beneficial to order
one unit more than the levels found from the model with infinite
capacity s;. Then, we show that in our case, this condition does not
hold and therefore there is no trigger to order more in advance.

It is beneficial to order one unit more if the extra expected holding
costs are lower than reduction in the expected shortage costs:

h- (E[s; +1 = Desar, 1" = Elsi = Dyt 1Y)
< b (E[Drest, —St]1" = E[Dysr, =7 — 1]7) (B.1)

We use the following expression to replace the second term in each
side of (B.1):

E [S; - Dt,t+11] = E[s)[k - Dt,t+11 ]+ - E[Dt,t+ll - S)[k]Jr (B2)
After replacement, we end up with the following condition:
b
E[S; +1- Dt,t+ll ]Jr - E[S;‘ - Dt,t+11 ]+ < m

E* [OH,] — E[OH,] < (B.3)

b

b+h

E* [OH¢] is the expected on hand inventory while we order one unit
more than the base stock level. According to Zipkin (2000), (th) isthe
stock-out probability when we order s; parts according to the optimal
base stock policy under infinite supply. Therefore, the probability that
we do not run out of stock is (ﬁ). In all cases that we do not run
out of stock, we have one unit more on hand if we order s} + 1 units.
Therefore, the extra expected on hand inventory equals (b%h .1), which

means E*[OH;] — E[OH;] = ﬁ and is in contradiction with (B.3). If we
consider more intervals ahead, the same argumentation holds and the
extra quantity in the expected on hand inventory will be accumulated
in subsequent intervals which means: E*[OH;] — E[OH;| > ﬁ

This argumentation holds in our case, since we are able to order
in the current interval or postpone it to any of the next intervals
when it is needed (due to not scraping ready-to-repair failed parts).

In addition, repair cost is not computed with discount factor.

Appendix C. Approximate distribution of S; with perfect repair

The actual inventory position after reordering S; has a probability
distribution on the interval (—oo, max (s, Q)] (Section 4.4.2). To facil-
itate the computations, we only compute the probabilities Pr{S; = x}
for x > LB;, where Pr{S; < LB, } = & with ¢ a very small value (we used
&=1076).

Based on the three possible cases described in Section 4.4.2, we
find Pr{3; = y}. For simplicity of notation, we assume that the return
yield is independent of time. Extension to a time dependent return
yield is straightforward. We denote by p = {1 — yret} the fraction of
failed parts that are not returned from the field or that are not good
enough for repair. W; , (i) denotes the probability that from j failed
parts, at most i parts are not available for repair. We define w; , (i)
as the corresponding density function. We denote by gy, ¢, (1) the
probability that the accumulated demand in the intervals {ti,...,t2}
is equal to n.

Case 1:

The inventory position without any ordering exceeds the target
level sj:

PriSi=y}=qie1(Q-y), for

Case 2:

The inventory position is equal to the maximum inventory position
if all ready-to-repair parts have entered repair. The first two terms in
(C.2) show the accumulated demand in the two subset of intervals

si<y=Q. (c1)
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{1,....t = I, —1}and {t — I,...,t — 1} that we have to distinguish
because of the return lead-time. In the second subset of intervals,
only failed parts in the intervals {1,...,t — I, — 1} can be available
for the repair. By definition, the probability that (Q —y — n) parts
from n; failed parts have not been returned in good condition equals
Wn,,p(Q —y —ny). Then, there are insufficient ready-to-repair parts
to raise the inventory position to the base stock level s;:

Q-y 0

PriS=y} =Y > Quit-1(M) i1 (12)
n=0n1=Q—y—n;
Wy, p(Q—-y—mn), for y<sj. (C2)

Case 3:

There are sufficient ready-to-repair failed parts to raise the inven-
tory position to the base stock level s}. The probability that maximum
(Q —y — ny) parts from n; failed parts have not been returned in good
condition is Wy, ,(Q — y — ny) by definition:

Q-y [}
PriSe=si} =Y > Qo1 M) Qe (12)
=0 m=Q-y-ny

W, p(Q -y —n3), for y=s} (C.3)

Appendix D . The distribution of the correction variable CF;

As explained in Section 4.4.3, we define CF; as the gap between
the inventory position before reordering and the base stock level at
time t, insofar it is nonnegative. CF; can be strictly positive only under
Case 3 in the first approximation. Based on the assumptions in the
first approximation the justification is as follows: when §; > sf, no
repair has been started yet and the initial ready-to-use parts are still
being consumed. When §; < s;, demand was so high (or the number
of ready-to-repair failed parts is so low) that even after reordering
the inventory position cannot reach s¥, therefore the probability of
positive CF; is negligible.

A two-moment approximation for the distribution of CF; does not
yield accurate results, since it does not behave as one of the distribu-
tions used in Adan et al. (1995). Therefore, we find its distribution by
conditioning on S;_; and D;_1:

CF = @t—] + CFr_1 — D_1 —sp)*™ (D.1)
Se—1 =S¢-1 +CFq

Note that for §;_; < {4, CF_1 = 0 and for CF,_1 > 0 we already
have considered Pr{S;_; = s{_;} while computing Pr {CF;_; =i > 0}.
Also S;_1 and D;_; are mutually independent. Using the stochastic
equation in (D.1) we find D.2 for f > O:

St

Pr{CFi=f} = > Pr{S1=y} p1{Dar=y—f-si}

y=s{+1

St=Si1
Pr{CF_1=0}+ Y Pr{CF_;=i}
i=1

Pe1{De1 =s;_ +i—s{—f)} (D.2)
Note that 7 is the first time interval that s; <s7_,, since the
correction variable appears only when base stock level is declin-
ing (in case that repair polify is strictly declining over entire pe-
riod T = 2). Now, for each S; > s} in the first approximation with
the probability Pr{S; =y}, we add the probability from correction
Pr{CF; =y —s;}. As a result, we find the second approximation as

follows:
Pr{S; =y}
Pr{S; =y} for y<s;
Pr{S; =y} + Pr{CF, =y —s;} for y>st
= si-1 max(Q.s; (D3)
1= > PriSe=i}— Y PriSi=j} for y=s;
i=—o00 Jj=si+1

For y < sf, we just use probabilities from the first approximation
since there is no correction involved.

Appendix E . The distribution of S; with imperfect repair

We use a similar approach as for the model with perfect repair
(Appendix C). Case 1 is identical to (C.1) with no repair. Case 2 is
identical to (C.2), but we take the product of the repair yield and the
return yield as a single yield factor: p = {1 — yret - Yrep}. We mainly
have to revise Case 3.

Case 3:

In this case, the (stochastic) amount in the repair pipeline
is equal to (sf —Si_;,—1 +D¢_t;—1,¢-1)"/Yrep. The last two ran-
dom terms are mutually independent, since the demand included
refers to different (adjacent) periods. This order quantity can be
translated into an increase in the inventory position equal to
z{(sf = Se_1;-1 +Dt,ll,1,t71)+/yrep}. This random variable exactly
represents the variability in the inventory position due to the failed
repairs. The output (successful repairs) corresponding to this repair
quantity is z{(s{ — Sr_t, -1 + D¢_1,~1,c-1)/Yrep}, and only this amount
is included in the inventory position given by:

§t = §c—l1—1 — D¢y 161 +z{(s; — §t—h—1 + Dt—h—l.t—l)/}’rep} (E.1)

i.e., the quantity that we had a lead-time [; ago minus the demand in
the last I; periods plus the output of the process of ordering up to s}
in expectation.

For convenience, we use the shortcut notation U;:

U = i§t—11—1 —Di_t,—14-11Q = D1,p-1 <8{ < Q — D1 41

t—L-1

+ z Z Ti (Dl) (E~2)

i=1

t—l—1

V= [§[|Q_Dl,t—l <si<Q-Dit1+z { Z T (Di):| ] (E3)

i=1

So, we have that: ¥; = Ut + z{(sf — Ut)/yrep}. If we ignore that
(sf — Ut)/yrep is real-valued, and if z{(s; — Ut)/yrep} has a binomi-
nal distribution with success rate yep, we find for the unconditional
mean and variance of ¥;:

E[?t] =5
Var[f’t] = Var{E[YdUt]} +E[V3T(Vt|ut)] = (1= Yrep) - (57 — E[Ut])

(E4)

We use a two-moment approximation for the discrete distribu-
tion of ¥; as in Adan et al. (1995). Next, we combine this approximate
distribution with the first approximation S;. In order to do so, we
need to estimate E[U;] which is not easy to compute due correlations
between demands in adjacent periods. As an approximation, we can
take into account the most important part of the condition that indi-
cates repairs should have been started, namely: Q — D1 s < s}.Then,
we have:

U= {84y 1 = Dety_10-1/D1e-1 = Q — 57} (E.5)



510 S. Behfard et al. / European Journal of Operational Research 244 (2015) 498-510

We rewrite the conditional part by splitting D1 ;1 into De_j, 1,1
and Dy ¢}, . Then, we can derive a new expression for U by looking
to the lower bound of D;_j, 1 ;_1, since D;_;,_1 (1 exists in the both
sides of the rewritten expression:

Ue = {8t -1 = Dety10-11De 4y 101 = Q—5f — Dty _2}
min{S;_;, 1 — Dr_j, ~1.0-1, St_t;-1 — Q + S + D111, 2}
=S 1 —max{Dey,_1¢1.Q—5f —Di 4y 2} (E.6)

It can be easily found that:
E[U¢] = E[S;_i, 1] — E[max{D;_j,_1,-1.Q — s = D1, 2}]  (E7)

Finally, we replace E[U;] computed from (E.7) into (E.4) to find
Var|[¥;] and use it in the two-moment approximation of ¥;.

Supplementary materials

Supplementary material associated with this article can be found,
in the online version, at doi:10.1016/j.ejor.2015.02.003.
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