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Abstract

®

CrossMark

We theoretically study the Coulomb drag resistivity in a double-layer electron system with
highly anisotropic parabolic band structure using Boltzmann transport theory. As an example,
we consider a double-layer phosphorene on which we apply our formalism. This approach, in
principle, can be tuned for other double-layered systems with paraboloidal band structures.
Our calculations show the rotation of one layer with respect to another layer can be considered
a way of controlling the drag resistivity in such systems. As a result of rotation, the
off-diagonal elements of the drag resistivity tensor have non-zero values at any temperature.
In addition, we show that the anisotropic drag resistivity is very sensitive to the direction of
momentum transfer between two layers due to highly anisotropic inter-layer electron—electron
interaction and also the plasmon modes. In particular, the drag anisotropy ratio, p**/p™,

can reach up to ~3 by changing the temperature. Furthermore, our calculations suggest that
including the local field correction in the dielectric function changes the results significantly.
Finally, We examine the dependence of drag resistivity and its anisotropy ratio on various
parameters like inter-layer separation, electron density, short-range interaction and insulating

substrate/spacer.

Keywords: Coulomb drag, phosphorene, double-layer, resistivity tensor, anisotropic systems,

Boltzmann transport equation, band anisotropy

(Some figures may appear in colour only in the online journal)

1. Introduction

The advent of two dimensional (2D) materials has sparked
considerable scientific interest due to their unique proper-
ties and their potential for applications in electronic devices.
Atomically thin 2D materials, such as graphene [1], mono-
layer black phosphorus (phosphorene) [2], hexagonal
boron-nitride [3], and the transition-metal dichalcogenides
(TMDs) [4] represent a particularly interesting class of
2D materials including both semiconductors and metals.
Phosphorene, which is an interesting monatomic layered
crystalline material, can be mechanically exfoliated from
the bulk black phosphorus due to the weak van der Waals

0953-8984/16/285301+10$33.00

interaction between layers [5]. Unlike in group IV elemental
materials such as graphene, silicene [6], or germanene [7, 8],
phosphorene is a semiconductor with puckered orthorhombic
structure. This semiconductor has a nearly direct bandgap
and its band structure shows a large anisotropy and high sen-
sitivity to deformation [9]. This fact suggests that crystal-
lographic properties play an important role in the electronic
behavior of this system. Recent studies reveal a high degree
of anisotropic electronic and optical properties for the phos-
phorene, which further confirms the importance of this new
2D semiconductor as a promising candidate for electronic
[10, 11], thermoelectric [12], and plasmonic applications
[13-17].

© 2016 IOP Publishing Ltd  Printed in the UK
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Figure 1. (a) Side view of a double-layer phosphorene system with
separation d in the drag setup. (b) Top view of phosphorene.

Double-layered 2D structures consisting of two parallel
electron or hole systems which are kept in a close vicinity
demand special attention due to many-body and transport
properties [18-21]. The inter-layer Coulomb interaction plays
a significant role in these correlated systems. In the Coulomb
drag phenomenon, momentum can be transferred from inter-
acting electrons in one layer to electrons in the adjacent layer
[22-27]. The momentum transfer takes place through inter-
layer Coulomb interaction, but does not involve any carrier
exchanges. This phenomenon has been previously studied in
a few nanostructures such as double quantum wells (DQW)
[22, 28-37].

Van der Waals bonding of 2D heterostructures makes it pos-
sible to spatially separate two layers of graphene (or any other
2D materials) down to several nanometers, by inserting a few
atomic layers of a 2D insulator, for instance #-BN, to isolate
the layers from one another. As shown by Gorbachev [38],
et al, a double-layer graphene system has a strong Coulomb
drag resistivity with respect to GaAlAs heterostructures
[38-41]. Likewise, phosphorene is a 2D material, however,
with highly anisotropic energy dispersion in contrast to gra-
phene and other 2D materials. Therefore, it is particularly
worthwhile to examine the effect of anisotropy on the
Coulomb drag [42].

In this paper we investigate the effect of band anisotropy on
the Coulomb drag resistivity in a double-layer electron system,
consisting of two individual isolated layers which are coupled
via Coulomb interaction. We start from the expression for
drag resistivity based upon the semiclassical Boltzmann trans-
port equation theory in the relaxation time approximation,
and develop a general formalism, which includes the effect
of anisotropic energy dispersion and rotationally misaligned
2D systems. As an example we apply this formalism to calcu-
late Coulomb drag resistivity in a double-layer phosphorene
system (see figure 1). Numerical results show a strong drag
resistivity dependence on the band anisotropy. It indicates
that the drag resistivity along bigger mass, i.e. m,, has a larger
value. Furthermore, we discuss how the drag resistivity and
its anisotropy ratio depend on the carrier density, inter-layer
separation, rotation of layers and the choice of insulating sub-
strate/spacer. The drag resistivity is enhanced substantially in
the y direction when the Hubbard local field correction (LFC)
is added to our formalism; LFC is added includes the short-
range exchange effect between electrons in the same layer.

The rest of paper is organized as follows. Section 2.1,
describes the model, theoretical formalism, and the Coulomb
drag resistivity in 2D anisotropic systems. In section 2.2,
the dynamically screened inter-layer potential and also
temperature-dependent anisotropic polarization function are
presented. Section 2.3 contains results for a double-layer
phosphorene and the summary and conclusions are presented
in section 3.

2. Coulomb drag resistivity in 2D anisotropic
systems

2.1. Model

We consider a system composed of two parallel spatially sepa-
rated 2D electron gases with anisotropic parabolic-like band
structures. In this system the carriers are coupled through
Coulomb interaction and there is no tunneling between layers
so the Fermi energies and chemical potentials can be con-
sidered independently. The inter-layer Coulomb interaction
can cause momentum transfer from the electrons in the drive
layer, layer 1, to the carriers in the drag layer, layer 2. In doing
so it generates a potential difference across the layers. In
figure 1(a) we show a schematic of the drag setup with phos-
phorene layers as anisotropic 2D electron gases. Also, a top
view of the phosphorene monolayer can be seen in figure 1(b).

The drag (inter-layer) resistivity, p, can be defined as [43]:

(%5} -
z pz{-’l,a = =2, (D)

a=ux,y

where J and E are the current density and electric field, respec-

tively. o and Findices label x and y components and pglﬁ = pldza

The drag resistivity in the linear regime has been studied in
a variety of theoretical approaches assuming parabolic and
non-parabolic band structures (particularly graphene with a
linear energy spectrum) and considering both momentum-
dependent and independent intra-layer relaxation times [29,
30, 41, 44-46]. Using different theoretical approaches such
as the memory function formalism [34], Kubo formula based
on the leading-order diagrammatic perturbation theory [47]
and the linear response Boltzmann transport equation, the
drag resistivity matrix has been obtained with the assumption
of momentum-independent intra-layer transport time (see the
appendix):

P f &g 4.4
21 2we’mmksT J 2m)2 ™ d

y f°° dw'Uzl(q’ w) > ST(q, w)STi(q, w)
0 sinh2(hw/2kgT)

€5

Here, Usi(q,w) is the temperature-dependent dynamically
screened inter-layer interaction, I1;(q, w) and n; being the 2D
non-interacting polarization function and electronic density of
the ith layer, and kg is the Boltzman constant. In section 2.3,
we will rewrite equation (2) to make it more convenient to use
in a double-layer electron gas system with anisotropic band
structure.
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2.2. Inter-layer potential and temperature-dependent aniso-
tropic polarization function

The dynamically screened inter-layer potential can be obtained
by solving the corresponding Dyson equation [48]:

Vi(g)

Uiqw)= ———F——,
! det|;(q, )|

3)
where Vjj(q) = v(q)exp(—qd(1 — 6;)) is the unscreened
2D Coulomb interaction with d being the layer spacing.
v(q) = 2me®/gk, with k being the average dielectric constant.
Finally €;(q, w) is the dynamic dielectric matrix of the system.
For systems with high electron density it is reasonable to
employ the RPA to calculate €;(q, w) [49, 50]:

j(q, w) = 6; + Vii(@)ll(q, w) 4)

At low electron densities, the short-range local field effects
are not negligible and must be included in the dielectric matrix
by replacing (1 — G;i(q))Vji(q) for, Vij(q) where G;i(¢q) denotes
the static intra- (i =j ) and inter-layer (i =j ) elements of the
LFC matrix, respectively. Here we incorporate only the intra-
layer components of the LFC factor because of their stronger
effect on the drag resistivity [51]:

q
2o+ ®
where G(q) and kg = +/27n is the Hubbard LFC factor and
the Fermi wave vector, respectively, with n being the elec-
tron density. For an electron gas system, the non-interacting

polarization function can be obtained from the following
equation [52]:

Giq) =

FUEY — O (Eiyy)

8s
Mi(gw) = —2 57— !
Eq— Exiqthw+in

Vox

(6)

Here f° (Ei]) is the Fermi distribution function in layer i at
energy E corresponding to the wave vector q, g, =2 is
spin degeneracy and 7 is the broadening parameter, which
accounts for disorder in the system. The temperature-depen-
dent dynamic polarization function for intra-band transition in
an anisotropic 2D material can be calculated by making use of
the following anisotropic parabolic energy dispersion relation

N S =
Ey = —(—" + == (7)

2\m, my

in equation (6) for the polarization function:
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In the above symmetric form of temperature-dependent aniso-
tropic polarization function, we define Q = +/ myIM (q/kg),
K = \ma/M (k/kg) where M is the mass tensor with diagonal
elementm,andm,along the xand y direction, andmy = | /mmn,
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Figure 2. Loss function, |J(1/det e(q, w, T))|, for two
crystallographic directions (a) # = 0 and (b) @ = w/2at T = 100 K
withd = 5nm, n = 3 x 10”2 cm~2? and p = 1 meV.

is the 2D density of state mass. Moreover, g,; = mg/mh? and

Z: = ((hw+in)/hQvp) = (Q/2) with vg= hkg/m; and
$;(K, T)is given by:
K
QK. T) = 9)

1+ exp[(K*E — 11,)/kgT ]

where p; is the chemical potential of layer i, which is deter-
mined by the particle number conservation condition [53]:

p; + ksTIn[1 + exp(—p;/kgT)] = Ek (10)

Here, we consider q = g(cos 6, sin#) , in accordance to the
notation in [54], to introduce rotational parameter for the
layers. Rotational angle, 7, is defined as the angle between
the x-axis in the laboratory frame and x direction of the ith
layer. So, we can write Q = g+/mgR; /kg in which the orienta-
tion factor, R; , is expressed as:

(cos2(9 —7)  sin?(0— 1)
R = +

(11)
my my,
In the case of double-layer phosphorene, we have m, = 0.15m
and my~0.7mg where myg is the free electron mass [17].
As is well known, electronic collective modes of a double-
layer system are obtained from zeros of the dielectric
function determinant, equation (4). In the presence of intra-
band single-particle excitations, there are two plasmon
modes: the so-called acoustic and optical modes, which

show linear wy(q) ~ /(RiR)/(Ry + Ry)dg and square-root
Wop ~ /(R + Ry)g behavior at small wave vectors, respec-
tively, and dependence on the orientation factors [54].

To make the above discussion clearer, we show the loss
function of a system comprising two parallel monolayer phos-
phorene separated by d = 5nm at 7= 100 K for two main
crystallographic directions: § = 0 and 6 = 7/2, in figure 2,
respectively. One may notice that the acoustic plasmon mode
calculated here is weaker than the optical one. This can be
explained by the fact that the coherence of acoustic mode is
quickly vanished due to the thermal and disorder broadening
effects because the w-g spectrum of this mode is very close
to the single-particle excitation region. Additionally, it can
be recognized that the lower-energy acoustic plasmon and
higher-energy optical plasmon modes following different
asymptotic behavior at small wave vectors in both panels of
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figure 2. Due to the anisotropic band structure, the long-lived
plasmon modes disperse differently in such a way that the
larger effective mass along y leads to smaller resonance fre-
quencies [13, 54, 55].

As we mentioned earlier, the RPA is reliable for sys-
tems with high electron densities. The density parameter
ry = 2 /(kpaly) with effective Bohr radius ajy = r/(e*my),
which is defined as the average distance between electrons
in a non-interacting 2D electron gas, gives a measure for reli-
ability of the RPA. In this figure, we consider the same elec-
tron density in layers, ny = ny = 3 X 10'2 cm~2, the substrate
and spacer to be Al,O3 with k &~ 12 that leads to an ry ~ 1.7 for
which RPA predicts electronic screening qualitatively well.
However, the Hubbard LFC can improve the result of calcul-
ations by including an exchange hole around the interacting
electrons. Later on, we will employ LFC on top of RPA to
calculate the drag resistivity.

It is worth pointing out that considering a very thin double-
layer phosphorene system when, at the same time, we assume
there is no tunneling between the two layers, is not actually a
problematic consideration because the space between layers
is filled by a slim dielectric material. Al,O3 and ~-BN have
been successfully used as a substrate and spacer to make such
thin heterostructures with no inter-layer tunneling [56-59].
Throughout this paper, we assume the substrate is a thick layer
of the same material as spacer.

2.3. Drag effect in a double-layer phosphorene

In this section, we first derive a formula for the drag resis-
tivity of a 2D anisotropic double-layer system with parabolic
band structure and then solve it by making use of numerical
methods. Equation (2) is the general formula for drag resis-
tivity based on the linearized Boltzmann transport equation.
In the case of two coupled anisotropic layers, the off-diagonal
components of the drag resistivity tensor may have non-zero
values as a result of the finite 7, unlike the isotropic systems
such as double-layer graphene and conventional 2D electron
gas. To make the difference more explicit, we rewrite equa-
tion (2) as follows:

afl ﬁz

R R foodwFafj W T) (12
Fp Q) e2mnokgT f 1), (g ) (12

where pgﬁ = pgf and F*%(g, w, T) is defined as:

2 3
FoSq,w,T) = | d6yo90, nm)—aT—
(¢-«.T) V0 G kT
x |Ua(q, w, T3 0,71, 7) F SIh(q, w, T; 0, 1)S1(q, w, T3 0, 72)
(13)
with 1’ given by

cos(d — r)cos(d —»), a=p0=x
sin(0 — 7)sin(f — ), a=pB=y
cos(f — m)sin(f — ), a=x,8=y

V0, 11, 1) = (14)

In order to understand how anisotropy affects the drag resis-
tivity, it is worth looking into the integrand of equation (12),
F*3(g,w, T) in more depth. In figure 3, we show F*(q,w, T)

9 -8
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Figure 3. (a) F*(q,w, T) and (b) F*(q,w, T) for two aligned
phosphorene monolayers sandwiched by Al,O3 layers at 7= 100 K
withd =5nm,n =3 x 102 cm2andn = 1 meV .

Figure 4. The integrand of equation (13) at ¢ = kg for two aligned

monolayers sandwiched by Al,03 layers with n = 3 x 10'> cm 2,

and 7 = 1 meV, d = 5nm, along (a) x and (b) y directions at

T = 100 K and along y direction at (¢) 7= 50 K and (d) 7= 10 K.
The radial and azimuthal coordinates are w/wy and the angular
orientation of ¢, respectively.

for a coupled system composed of two aligned phosphorene
monolayers separated by Snm at 7= 100 K. We use the
dimensionless variables g/kg and w/wg, where wg = b ER.
Note that the integrand has significant weight in the 0 < g < kg
interval, as is the case in conventional 2D electron gas [47] but
its values are larger along the y direction. This is due to the
greater effective mass of electrons in y direction, which results
in lower energies of the collective modes, and in this manner
enhances the plasmons contributions [28, 47].

The angular orientation of q impacts the drag resistivity
behavior considerably. We depict the integrand of equation (13)
along the x(a = (G =1x) (figure 4(a)) and y(a = [ =Yy)
(figure 4(b)) directions in an aligned-layers system. At inter-
mediate temperature 7~ 100 K, both modes (acoustic and
optical) take part and the single-particle excitation spectrum
is sufficiently broadened to contribute effectively. As can be
observed in the figure, the larger magnitude of the integrand
occurs around 6 = 0 and 180° along the x direction and around
0 = 90° and 270° for the y direction, respectively. The inte-
grand of equation (13) along the y direction is plotted in fig-
ures 4(c) and (d) for two different temperatures: (c) 7= 50
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Figure 5. Anisotropic drag resistivity components, p‘lDﬂ calculated
within RPA as a function of temperature for two aligned
phosphorene monolayers sandwiched by Al,O3 layers with
n=3x102cm2atn= I meV and d = Snm. The inset graph
shows the anisotropy ratio p*¥/p**.

K and (d) T= 10 K. According to this figure, at 7= 10 K
the drag resistivity is mainly influenced by the acoustic mode
which is lower in energy (w < 0.5wp) and the optical mode
contribution starts to appears at 50 K. Here, the radial and azi-
muthal coordinates denote w/wp and the angular orientation of
q, respectively. The first set of calculations of the drag resis-
tivity in a double-layer phosphorene is presented in figure 5.
Here we show the diagonal and off-diagonal elements of
the drag resistivity tensor calculated within the RPA, versus
temperature for two parallel aligned phosphorene monolayers
sandwiched by Al,O3 layers and separated by a distance of
d =5nm. While the diagonal drag resistivity matrix ele-
ments increase in similar manner with temperature, there are
significant differences between the values. Drag resistivity
along the x direction, p™, is smaller than the drag resistivity
along the y direction, p*?, at any temperatures of interest
with a drag anisotropy ratio (see inset graph), p*?/p™, which
approximately changes from 2 up to about 3. We believe that
a higher-energy resonance along the x direction resulting from
the smaller effective mass, as discussed before, accounts for
this behavior. Moreover, as is expected from general sym-
metry arguments, the off-diagonal elements have zero values
for aligned layers. In order to understand how rotation of one
layer with respect to the other about the normal direction to
the layers (z direction) impacts the behavior of drag resistivity,
we present calculations of the diagonal and off-diagonal ele-
ments of the drag resistivity matrix for a couple of rotational
angles in figure 6. Here, we set 7 = 0 and 7» = 7. It can be
seen that as the angle of rotation increases, both diagonal ele-
ments of drag resistivity decrease considerably. This observa-
tion can be rationalized through the fact that by increasing
the angle of rotation, one of the plasmonic branches is forced
into the damped regime. As a result, the contribution of plas-
mons to the Coulomb drag phenomenon, which is known to
be significant, decreases. When the angle of rotation is 7/2,

p, T  (10°QK?)

100 150
T(K)

200

Figure 6. Scaled drag resistivity p,T~2 as a function of temperature
for different angels with n = 3 x 10'2cm™2, and = 1 meV,
d = 5nm. The phosphorene layers are sandwiched by Al,Oj layers.

the diagonal components of the drag resistivity tensor have
zero values. In this configuration where the x-axis of one layer
lies along the y-axis of the other layer, the values of diagonal
elements, p®“, become exactly equal to those of the off-diag-
onal elements for a system with no rotation. Furthermore, our
calculations show that when the layers are rotated with respect
to one another the anisotropic effects can create an interesting
non-zero transversal drag resistivity, p*, which is absent in
isotropic materials at zero magnetic field. This observation
can be fully understood by equations (12)—(14) in which a
misalignment of the laboratory and the layer axes gives rise
to a non-zero value for the off-diagonal elements. This effect,
however, may exist in double-layer structures subjected to a
perpendicularly applied magnetic field [36, 38].

Another interesting geometrical effect in a double-layer
phosphorene structure comes from changing the inter-layer
distance, which is presented in figure 7. Figure 7(a) is a 3D
plot showing the variation of p**T~2 as a function of layer
spacing and temperature. It can be observed that the peaks
occur at intermediate temperatures where the plasmon contrib-
ution to the drag resistivity is significant, over the whole
range of inter-layer distances. Also the scaled drag resistivity
decreases strongly when increasing the separation between
two layers at all temperatures. One can attribute this behavior
to the inter-layer interaction, which decays exponentially with
the increasing distance between layers, and decreases due to
acoustic modes shifting toward higher energies. Having said
that, it is worth pointing out that the changing inter-layer dis-
tance does not significantly change the drag anisotropy ratio.
To trace this behavior, we plot both scaled p* and p” as a
functions of temperature for two different layer spacings:
d = 2nm and 5nm in figure 7(b), which shows that the aniso-
tropy ratio is less dependent on the inter-layer distance.

The effect of electron density on the drag resistivity is also
of interest; hence, we illustrate it in figure 8(a). As expected
for double-layer systems, for which the electron density
increases, the Coulomb drag decreases and the resistivity peak
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Figure 7. Scaled drag resistivity calculated within RPA (a) along the y direction as a function of temperature and the distance between two

layers and (b) along the x and y directions as a function of temperature with two different inter-layer separations. Here, n = 3 x 10'> cm
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and 7 = 1 meV and the system comprises two aligned phosphorene monolayers sandwiched by Al,Os.
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Figure 8. Scaled drag resistivity, pp7~2, as a function of temperature for two aligned phosphorene monolayers sandwiched by Al,03 and
calculated (a) within RPA at two different electron densities 7 = 3 x 10'2 cm~2 (solid line) and n = 1 x 10'3 cm~2 (dashed line) (b)within
RPA and Hubbard local field approximation at electron density n = 3 x 102 ¢cm~2 and (c) sandwiched by Al,O3 and h-BN calculated
within Hubbard local field approximation at electron density n = 3 x 10'2 cm~2. Here we setd = 5nm and = 1 meV.

moves toward higher temperature [28]. Moreover, it is worth
mentioning that the anisotropic effect is more pronounced at
lower electron density. By including the Hubbard zero-temper-
ature LFC, improvements on the RPA results are studied in
figure 8(b). Here, we employ the intra-layer local field factor,
equation (5), which is responsible for most of the drag resis-
tivity enhancement by the short-range interaction effects [60].
Exchange interaction, which is taken into account by the
Hubbard LFC, impacts the inter-layer interaction through the
dielectric function of the system (see equation (3)). Our calcul-
ations show that including the LFC factor enhances the drag
resistivity results notably by strengthening the inter-layer inter-
action [60]. Furthermore, for the parameters used here one can
see that the values of the anisotropy ratio are slightly different
for both approximations. We also investigate the effects of
substrate and spacer dielectric materials on anisotropic drag
resistivity by considering two already experimentally used
insulators, namely Al,O3 [59] and A-BN [57], in phosphorene
systems. Here, we assume n = 3 x 10'? cm~? corresponding
in h-BN case to density parameter 7; ~ 5 which makes it neces-
sary to consider the LFC factor in our calculation. The results

3.0

28

26

24

XX

22

p"lp

20

1.8

1.6

140 50 700 150 700

T(K)

Figure 9. The anisotropy ratio of drag resistivity, p*?/p*, as a
function of temperature for two aligned phosphorene monolayers
sandwiched by Al,O3 (solid line) and #-BN (dashed line) calculated
within the Hubbard local field approximation at electron density
n=3x 102 cm~2 Here we setd = 5nm and = 1 meV.
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indicate that including the LFC in drag resistivity calculations
is important for the both studied substrates. Significant quanti-
tative differences between the results of RPA and local field
factor approximation suggest a strong sensitivity of the drag
resistivity to the effective intra-layer electron—electron interac-
tions. Our results indicate that the anisotropic drag resistivity
has higher values at all temperatures, when Al,Oj is used as
spacer/substrate compared with the case in which /#-BN is used
(see figure 8(c)), due to a larger dielectric constant of Al,O3.
Employing high-x materials as substrates/spacers enhances
the inter-layer electron—electron interaction due to the reduced
screening effects between two layers.

Finally, we present the anisotropy ratio for two different
substrates in figure 9. We have employed the Hubbard LFC
to the dielectric function to account for the exchange short-
range effects. Calculations show that different substrates have
slightly different effects on the anisotropy ratio and shift the
maximum expected anisotropy ratio.

3. Conclusion

To summarize, we have derived a formula for the drag resis-
tivity in a structure composed of two spatially separated 2D
electron gas systems with anisotropic parabolic band struc-
tures. We have assumed the electron gases are sandwiched
by insulators so that there is no tunneling between the layers.
We have chosen a double-layer phosphorene as an example
system on which we apply our anisotropic drag theory. Our
numerical results confirm that the drag resistivity depends not
only on the typically considered parameters such as temper-
ature, inter-layer separation, carrier density and nature of ele-
mentary excitations, but also on the direction of momentum
transfer between the two layers in addition to the rotational
parameter. Our calculations also show that while the diag-
onal elements of anisotropic drag resistivity tensor have
different values due to different electron effective masses
along the x and y directions at any temperatures of interest,
there are non-zero off-diagonal elements for the rotated
structure. The non-zero off-diagonal elements have not been
reported before in a 2D coupled system without an applied
magnetic field. According to the numerical results, both
diagonal elements of the anisotropic drag resistivity tensor
increase with decreasing inter-layer separation and electron
density. We show that the anisotropic ratio varies effec-
tively with the change of temperature and electronic density.
To improve on RPA results at low electron density, we have
included the zero temperature Hubbard LFC factor in our
calculations and shown that the inclusion of LFC enhances
the drag resistivity values by almost a factor of 2. Moreover,
we have studied the effects of substrate/spacer on the aniso-
tropic drag resistivity. We show that a substrate/spacer with
high dielectric constant is able to increase anisotropic drag
resistivity considerably.

These results provide qualitative insight into the impact
that anisotropic band structure can have on drag resistivity,
as an important transport quantity in a coupled 2D struc-
ture. The present work also suggests that the rotational para-
meter between layers can be considered as an extra degree of

freedom for the applications of momentum transfer between
coupled layers.
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Appendix. Drag resistivity tensor in a double-layer
system with anisotropic parabolic band structure

Here, we present a derivation of equation (2) for the drag
resistivity tensor in a rotationally misaligned double-layer
electron gas system with anisotropic parabolic band struc-
ture by following the approach of [43], closely. We suppose
that the intra-layer transport time is independent of the wave
vector. So, in a 2D system with the energy dispersion of the
form of equation (7), the effective mass, M , transport time, 7,
and mobility, /I,, are symmetric and momentum-independent
2 x 2 tensors and related by:

~l,

h,=eM 7 (A.1)

We assume one layer (layer 1) is fixed and take its lattice prin-
cipal axes along the laboratory coordinate system but the other
layer (layer 2) is rotated by an angle 7. Hence, in the labora-
tory frame, M , 7, and fi, have zero and non-zero off-diagonal
elements in the fixed and rotated layers, respectively. In layer
2, these non-diagonal matrices can be expressed in terms of
the diagonal ones by introducing rotation matrix, R(7), e.g. for
effective mass tensor we have

= R(—7)MR(7) (A.2)

Since we are dealing with the symmetric effective mass and
transport time tensors, each one is equal to its transpose.
Moreover, due to the diagonal representation of these tensors
in the laboratory frame, we have:

~—1

M; T”—T”M (A.3)

In the Boltzmann transport equation framework, we define
a deviation function g(K) as

f° (k)

=k —fOk) = _kBT( ) & (A4

where f(k) is the non-equilibrium Fermi distribution function
and f°(k) = f°(Ey). The linearized inter-layer collision int-

egral is given by:
f dkq f
@m)? J @2n)?

X 2 ()fS (k)[ 1 — f2 (ks + q)]
[1—£5 (ks — @)llg k) + g (ko)

gk + q) — gk — )]
X O(Ex, + Ex, — Ex,—q)

S[gh g2 (kz) (qs Ek1+(] - Ekl)

Eiypq— (A.5)
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with

w(q, w) = 47h =Y Usi(q, w)[? (A.6)

Considering weak inter-layer interaction, the coupled
Boltzmann equations are given by:

o 12 = —Higlk
\ 3 (v0)".E1 = —Hi[g1(k1) (A7)

and

ofs X
Q[%](VZ)Z-EZ = —H[g1(ky) + S[g;, & = 0l(kp) (A.8)

where the superscript ¢ means the transpose and Z; and H;
are the electric field and negative of the linearized intra-layer
collision operator in layer i, respectively. In a 2D semicon-
ductor with anisotropic parabolic band structure, the electron
velocity is simply related to the wave vector

vikki) = A, K (A.9)
From the above equations g; and g, can be obtained as:
1 af? t —
sk = —etHy || —— (V) |(K1).Ex (A.10)
OFE
and
70 Y P
&ks) = —erH, BE () |(k2).E2 + H, [S1(k2)  (A.11)
Since the current in layer 2 is equal to zero
dk
= —2exkgT f on ;2 [( ]Vz]gz(kz) = (A.12)

482kBT
n262Uz 2 B = f Qn )2

The left hand side of the above equation is equals to mye /i, ,.Es.
By employing the following identities to equation (A.5)

6(Ex, + Exy — Ex+q — Exy—q)
= ﬁj(‘) dw&(Ekl — Ek1+q — ﬁw)é(Ekz — Ekz—q + fiw)
(A.14)
and
FUEDI — fOUED] = [f2(Ey) — fO(EDInp(E — E2)  (A.15)

Equation (A.13) can be rewritten as:
462kBT
”2€2ﬂr 2- ._.2 = f(2 )2 f W|U21(q’ w)|
X nB(ﬁ w)ng(—hw)

dk
X [ o §2 [£5(ka) — 3 (k2 + @)]

~il( of
X 0(Ex, — Exy4q — hw)H, BE V2 |(k2)

dk
x [ (2752 Lf} (k) — f7 (ks + @)]

X 0(Ex, — hw)lg(ky) — g (ki + q)]

(A.16)
where ng(hw) is the Bose distribution function and in the

Ek1+q -

second line we use the Hermitian property of H,'. Using
relaxation time approximation, one can define:
0
~—1| [ Of; ei(7i.ivi(k ) .2
(ki) = —e;H; — W) ki.EiE—Al7
gi(ki) i [{aE]( )]( ) kol (A.17)

Hene, equation (A.16) can be rewritten as:

[ delta@ P asthwma—he)

x[ S S0~ £ @I ~ Ere — hbiatuthe +a) - vZ(kz)]]

2kgT

dk . —_
X[kz—lT f (27r;2 ) (k) — ) (k1 + @18(Ex, — Eiq — hw)(Falvilky + @) — Vl(kl)])t-zl] (A.18)

one finds the following relation:

dk, ([ 9
ZeszTf 2n §2 ([ fz] z]H l( aj;z ](Vz)’}(kz)Ez
= —ZeszTf((zik§2 [( ] ]H2 [S](kZ)

(A.13)

The DC electric fields in two layers are related by:

Er = Py = meipy i, By (A.19)

Inserting equations (A.9) and (A.19) into equation (A.18) and
considering the properties of effective mass and transport time
tensors, one gets:
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O 4erkgT d 00
memngeafl, HPrifl, - B1 = — 2’8 q2 f dw|Ux(q, w) P np(hw)ng(—hw)

s 2m)~ Jo
A—1nA

oMy R(=7)q  dky o 0

. k) — f5 (kp + Q16(Ex, — E| —hw
T 2n)? Lf5(ka) — f5 (K2 + @)6(Ex, — Exy1q )

dky

~—1

t A=

qelMl Tt 11 f
ksT

By multiplying both sides of above equation by /2;21 and
using mobility relation, equation (A.l), commutative prop-
erty, equation (A.17) and the equality 4ng(fhw)ng(—hw) =
— sinh (A w/2kgT'), equation (A.20) can be written as:

P L gy [ o @
20 dmmemmenksT J 2m)? P Jo T sinh?(hw/2ksT)

dk
x[ 1l ﬁ[f?(kl) —f1 &1+ @1O(Ex — Eigq — ﬁw)]

x[ JS251800) £k + 15y — B — m]

@n)?

(A.21)
where g, and g are the a and 3 components of transferred
wave vector corresponding to the layer 1 and layer 2 in the
laboratory frame, respectively. Finally by using the polar-
izabilion function definition, equation (6), one obtains the
equation (2).
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