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Abstract

Using a quasiclassical Green’s function formalism, we show that odd-frequency pairing state can be ubiquitously induced in the super-
conducting junctions. In ballistic normal metal–superconductor (N/S) junctions where a superconductor has even-frequency symmetry in
the bulk, we show that odd-frequency pairing state can be induced at the interface. Even in the s-wave superconductor junction, the
amplitude of the odd-frequency component is enhanced in the normal metal. The appearance of the midgap Andreev resonant states
due to the sign change of the anisotropic pair potential at the interface is reinterpreted in terms of the generation of the odd-frequency
pair amplitude.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Exploring novel pairing states in the field of unconven-
tional superconductivity has been a challenging issue in
solid state physics. In accordance with Fermi Dirac statis-
tics, the condensate wave function should be odd with
respect to the permutation of electrons. Therefore, spin-sin-
glet even-parity and spin-triplet odd-parity pairing states
are realized when the pair amplitude is an even function
of Matsubara frequency. The realization of spin-singlet
odd-parity and spin-triplet even-parity pairing states is also
possible when the pair amplitude is an odd function of the
frequency.

Odd-frequency superconducting pairing state, charac-
terized by pair amplitude which is an odd function of
Matsubara frequency, was first predicted by Berezinskii
[1]. Although there have been many theoretical proposals
[2–4], the existence of odd-frequency pairing in bulk uni-
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form systems has not been clarified yet. On the other hand,
there is a number of proposals to realize it in superconduc-
ting junctions. The realization of the odd-frequency pairing
state without bulk odd-frequency pair potential has been
proposed by Bergeret et al. [5] in ferromagnet/supercon-
ductor heterostructures. Several works about odd-fre-
quency pairing state in ferromagnet junctions have been
published up to now [6,7].

Recently, it has been shown that the odd-frequency pair-
ing state does not require magnetic ordering. It appears, for
instance, in a diffusive normal metal attached to a spin-trip-
let superconductor [8]. The induced odd-frequency compo-
nent results in anomalous proximity effect with enhanced
zero energy peak of local density of state specific to uncon-
ventional superconductor junctions [9]. It has also been
clarified that in a conventional ballistic normal metal/
superconductor (N/S) system, which do not have spin-trip-
let ordering, the odd-frequency paring is possibly induced
due to a spatial variation [14] of the pair potential near
the interface [13]. It has been revealed that the magnitude
of the induced odd-frequency component is enhanced in
the presence of the midgap Andreev resonant state
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(MARS) [10–12] specific to unconventional superconduc-
tors with sign change of the anisotropic pair potential at
the interface. Very recently, even in the vortex core of a
superconductor, odd-frequency pairing state is induced
[19]. It is very interesting that just at the center of the vor-
tex core of conventional s-wave superconductor, only the
odd-frequency spin-singlet chiral p-wave state exists [19].

In the present paper, we introduce the current status of
the understanding of the odd-frequency paring state in
superconducting junctions. We show the results of typical
example of ballistic N/S junctions. After that, using a
exactly solvable one-dimensional model, we show the rele-
vance to the odd-frequency pairing state to the mid gap
Andreev bound state.

2. Proximity effect in N/S junctions

In the following, we consider a N/S junction as the sim-
plest example of non-uniform superconducting system
without impurity scattering. Both the spin-triplet odd-par-
ity and the spin-singlet even-parity states are considered in
the superconductor. As regards the spin-triplet supercon-
ductor, we choose Sz ¼ 0 for the simplicity. We assume a
thin insulating barrier located at the N/S interface (x ¼ 0)
with N(x < 0Þ and Sðx > 0Þ modeled by a delta function
HdðxÞ, where H is the magnitude of the strength of the
delta function potential. The reflection coefficient of the
junction for the quasiparticle for the injection angle h is
given by R ¼ Z2=ðZ2 þ 4 cos2 hÞ with Z ¼ 2H=vF, where h
ð�p=2 < h < p=2Þ is measured from the normal to the
interface and vF is the Fermi velocity. The quasiclassical
Green’s function in a superconductor is parameterized as

ĝ� ¼ f1�ŝ1 þ f2�ŝ2 þ g�ŝ3; ĝ2
� ¼ 1̂ ð1Þ

with Pauli matrices ŝiði ¼ 1� 3Þ and unit matrix 1̂. Here,
the index + (�) denotes the left (right) going quasiparticles
[16,17]. It is possible to express the above Green’s function
as f1� ¼ �iðF � þ D�Þ=ð1� D�F �Þ, f2� ¼ �ðF � � D�Þ=
ð1� D�F �Þ, and g� ¼ ð1þ D�F �Þ=ð1� D�F �Þ, where D�
and F � satisfy the Eilenberger equations in the Riccatti
parameterization [15]

vFxoxD� ¼ �D�ðxÞð1� D2
�Þ þ 2xnD� ð2Þ

vFxoxF � ¼ �D�ðxÞð1� F 2
�Þ � 2xnF �: ð3Þ

where vFx is the x component of the Fermi velocity,
xn ¼ 2pT ðnþ 1=2Þ is the Matsubara frequency, with tem-
perature T. DþðxÞðD�ðxÞÞ is the effective pair potential for
left going (right going) quasiparticles. Since the interface
is flat, F � ¼ �RD� holds at x ¼ 0 [15]. Here we consider
the situation without mixing of different symmetry chan-
nels for the pair potential. Then D�ðxÞ is expressed by
D�ðxÞ ¼ DðxÞU�ðhÞHðxÞ with the form factor U�ðhÞ given
by 1, � cos h for s and px-wave superconductors, respec-
tively. DðxÞ is determined self-consistently. The condition
in the bulk is Dð1Þ ¼ D. If we explicitly write f1� ¼
f1�ðxn; hÞ, f2� ¼ f2�ðxn; hÞ, we can show analytically that
f1�ðxn; hÞ ¼ �f1�ð�xn; hÞ and f2�ðxn; hÞ ¼ f2�ð�xn; hÞ
for any x. We note that the parity of the odd-frequency
component f1�ðxn; hÞ is different from that of the bulk
superconductor for all cases.

Let us now focus on the values of the pair amplitudes at
the interface x ¼ 0. We concentrate on two extreme cases
with (1) UþðhÞ ¼ U�ðhÞ and (2) UþðhÞ ¼ �U�ðhÞ. In the
first case, MARS is absent since there is no sign change
of the pair potential felt by the quasiparticle at the inter-
face. Then Dþ ¼ D� is satisfied. On the other hand, in
the second case, MARS is generated near the interface
due to the sign change of the pair potential. Then Dþ ¼
�D� is satisfied [10]. At the interface, it is easy to show
that f1� ¼ �ið1� RÞDþ=ð1þ RD2

þÞ and f2� ¼ ð1þ RÞDþ=
ð1þ RD2

þÞ for the case 1 and f1� ¼ ið1þ RÞDþ=ð1� RD2
þÞ

and f2� ¼ �ð1� RÞDþ=ð1� RD2
þÞ for the case 2, respec-

tively, where the real number Dþ satisfies j Dþ j< 1 for
xn 6¼ 0. For the case 1, the magnitude of f1� is always smal-
ler than that of f2�. On the other hand, for case the 2, the
situation is reversed. In the low transparent limit with
R! 0, only the f1� is nonzero.

In order to understand the angular dependence of the
pair amplitude in a more detail, we define f̂ 1 and f̂ 2 for
�p=2 < h < 3p=2 with f̂ 1ð2Þ ¼ f1ð2ÞþðhÞ for �p=2 < h <
p=2 and f̂ 1ð2Þ ¼ f1ð2Þ�ðp� hÞ for p=2 < h < 3p=2. We
decompose f̂ 1ð2Þ into various angular momentum compo-
nent as follows,

f̂ 1ð2Þ ¼
X

m

Sð1ð2ÞÞm sin½mh� þ
X

m

Cð1ð2ÞÞm cos½mh� ð4Þ

with m ¼ 2lþ 1 for odd-parity case and m ¼ 2l for even-
parity case with integer l P 0, where l is the quantum num-
ber of the angular momentum.

We illustrate the above results by numerical calcula-
tions. As typical examples, we choose s-wave and px-wave
pair potentials. Although both f̂ 1 and f̂ 2 have many com-
ponents with different angular momenta, we focus on the
lowest values of l. We denote Esðixn; xÞ ¼ Cð2Þ0 ,
Epxðixn; xÞ ¼ Cð2Þ1 , Osðixn; xÞ ¼ Cð1Þ0 , and Opxðixn; xÞ ¼ Cð1Þ1

and choose ixn ¼ ipT with temperature T ¼ 0:05T C. For
the s-wave case, the pair potential is suppressed only for
high transparent junctions (see Fig. 1a). The odd-frequency
component OpxðipT ; xÞ is enhanced for Z ¼ 0 near the inter-
face where the pair potential DðxÞ is suppressed, while the
even-frequency component EsðipT ; xÞ remains almost con-
stant in this case. For low transparent junctions, the mag-
nitude of OpxðipT ; xÞ is negligible (see Fig. 1b). For the
px-wave junction with Z ¼ 0, although the odd-frequency
component OsðipT ; xÞ is enhanced near the interface, it is
smaller than the even-frequency one EpxðipT ; xÞ (see
Fig. 1c). For the low transparent junction, the magnitude
of OsðipT ; xÞ is strongly enhanced near the interface and
becomes much larger than the magnitude of EpxðipT ; xÞ
(see Fig. 1d).

In the following, we discuss the odd-frequency paring
state using an exact solution of the one-dimensional model
[20,12]. In the low transparency limit of a px-wave junction,
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Fig. 1. Spatial dependence of the normalized pair potential (solid line)
even-frequency pair amplitude (dotted line) and odd-frequency pair
amplitude (dashed line). (a) and (c): fully transparent junctions with
Z ¼ 0. (b) and (d): low transparent junctions with Z ¼ 5. EsðipT ; xÞ and
Epx
ðipT ; xÞ are the even-frequency components of the pair amplitude,

OsðipT ; xÞ and OpxðipT ; xÞ are the odd-frequency components. The distance
x is normalized by the vF=D. T C is the transition temperature of the
superconductor.
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DðxÞ is absent at x ¼ 0. Here, we assume that the spatial
dependence of the pair potential is

DðxÞ ¼ D tanhðx=nÞ ð5Þ
with n ¼ vF=D, and we only focus on h ¼ 0, i.e. the trajec-
tory perpendicular to the interface. After some algebra, we
can get

gþ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
n þ D2

q ½xn þ
D2

2xn
sech2ðx=nÞ�;

f2þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
n þ D2

q D tanhðx=nÞ

f1þ ¼
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
n þ D2

q D2

2xn
sech2ðx=nÞ

ð6Þ

with f1� ¼ �f1þ, f2� ¼ f2þ and g� ¼ gþ. As seen from
above equations, it is evident that the odd-frequency pair
amplitude is localized around x ¼ 0 where the amplitude
of the pair potential DðxÞ is suppressed. At the same time,
the gþ has a localized solution, and its amplitude is en-
hanced at xn ¼ 0. If we replace ixn with real frequency e,
the local density of states has a zero energy peak. As seen
from these equations, the existence of the MARS just cor-
responds to the generation of the odd-frequency pairing
state.
3. Conclusions

In summary, using the quasiclassical Green’s function
formalism, we have shown that the odd-frequency pairing
state is ubiquitously generated in the normal metal/super-
conductor (N/S) ballistic junction system. We demonstrate
the generation of the odd-frequency pairing state. In the
one-dimensional limit, the analytical solution is obtained.
We have shown that the appearance of the MARS is the
manifestation of the odd-frequency pair amplitude. There
are several interesting phase-coherent effects relevant to
MARS [18]. These phenomena can be reinterpreted in
terms of the odd-frequency paring state.
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