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$EVWUDFW

,W LV VKRZQ WKDW PHDVXUHPHQW HUURU LQ SUHGLFWRU YDULDEOHV FDQ EH PRGHOHG XVLQJ

LWHP UHVSRQVH WKHRU\ �,57�� 7KH SUHGLFWRU YDULDEOHV� WKDW PD\ EH GH¿QHG DW DQ\ OHYHO RI DQ

KLHUDUFKLFDO UHJUHVVLRQ PRGHO� DUH WUHDWHG DV ODWHQW YDULDEOHV� 7KH QRUPDO RJLYH PRGHO LV

XVHG WR GHVFULEH WKH UHODWLRQ EHWZHHQ WKH ODWHQW YDULDEOHV DQG GLFKRWRPRXV REVHUYHG YDULDEOHV�

ZKLFK PD\ EH UHVSRQVHV WR WHVWV RU TXHVWLRQQDLUHV� ,W ZLOO EH VKRZQ WKDW WKH PXOWLOHYHO PRGHO

ZLWK PHDVXUHPHQW HUURU LQ WKH REVHUYHG SUHGLFWRU YDULDEOHV FDQ EH HVWLPDWHG LQ D %D\HVLDQ

IUDPHZRUN XVLQJ *LEEV VDPSOLQJ� ,Q WKLV DUWLFOH� KDQGOLQJ PHDVXUHPHQW HUURU YLD WKH QRUPDO

RJLYH PRGHO LV FRPSDUHG ZLWK DOWHUQDWLYH DSSURDFKHV XVLQJ WKH FODVVLFDO WUXH VFRUH PRGHO�

([DPSOHV XVLQJ UHDO GDWD DUH JLYHQ�

.H\ ZRUGV� FODVVLFDO WHVW WKHRU\� *LEEV VDPSOHU� LWHP UHVSRQVH WKHRU\� +LHUDUFKLFDO

/LQHDU 0RGHOV� 0DUNRY &KDLQ 0RQWH &DUOR� PHDVXUHPHQW HUURU� PXOWLOHYHO PRGHO� PXOWLOHYHO

,57� WZR�SDUDPHWHU QRUPDO RJLYH PRGHO�



0HDVXUHPHQW (UURU � �

,QWURGXFWLRQ

,Q PDQ\ UHVHDUFK DUHDV� DQG HVSHFLDOO\ LQ VRFLDO VFLHQFHV� VWXGLHV PD\ LQYROYH YDULDEOHV

WKDW FDQQRW EH REVHUYHG GLUHFWO\ RU DUH REVHUYHG ZLWK HUURU� )XUWKHU� PDQ\ IRUPV RI KXPDQ

UHVSRQVH EHKDYLRU DUH LQKHUHQWO\ VWRFKDVWLF LQ QDWXUH� ,Q WKH VHTXHO� DOO WKHVH W\SHV RI YDULDWLRQ

ZLOO EH FDWHJRUL]HG XQGHU WKH KHDGLQJ PHDVXUHPHQW HUURU� ,Q WKLV FRQWH[W� /RUG DQG 1RYLFN

������ FKDSWHU �� DGKHUH WR WKH VR�FDOOHG VWRFKDVWLF VXEMHFW YLHZ LQ ZKLFK LW LV DVVXPHG WKDW

UHVSRQVHV RI WKH VXEMHFWV GHSHQG RQ VPDOO YDULDWLRQV LQ WKH FLUFXPVWDQFHV LQ ZKLFK WKH UHVSRQVH

LV JHQHUDWHG� $FFRUGLQJO\� UHVSRQVH YDULDQFH LV WKH YDULDWLRQ LQ UHVSRQVHV WR WKH VDPH TXHVWLRQ

UHSHDWHGO\ DGPLQLVWHUHG WR WKH VDPH SHUVRQ� 7KH XVH RI XQUHOLDEOH H[SODQDWRU\ YDULDEOHV OHDGV

WR ELDVHG HVWLPDWLRQ RI WKH UHJUHVVLRQ FRHI¿FLHQWV DQG WKH UHVXOWLQJ VWDWLVWLFDO LQIHUHQFH FDQ EH

YHU\ PLVOHDGLQJ XQOHVV FDUHIXO DGMXVWPHQWV DUH PDGH �VHH� IRU H[DPSOH� &DUUROO� 5XSSHUW� 	

6WHIDQVNL� ����� &RRN 	 &DPSEHOO� ����� )XOOHU� ������

0RGHOV GHYHORSHG WR DFFRXQW IRU PHDVXUHPHQW HUURU LQ UHJUHVVLRQ PRGHOV DUH

FRPPRQO\ NQRZQ DV PHDVXUHPHQW HUURU PRGHOV� 7KH HQRUPRXV DPRXQW RI OLWHUDWXUH

RQ PHDVXUHPHQW HUURU LQ OLQHDU UHJUHVVLRQ LV VXPPDUL]HG E\ )XOOHU ������� *HQHUDOO\�

PHDVXUHPHQW HUURU LV KDQGOHG E\ WKH FODVVLFDO DGGLWLYH PHDVXUHPHQW HUURU PRGHO� $Q H[DPSOH

LV WKH FODVVLFDO WHVW WKHRU\ PRGHO XVHG LQ HGXFDWLRQDO PHDVXUHPHQW� *ROGVWHLQ ������ H[WHQGHG

VRPH RI WKH WHFKQLTXHV WR KDQGOH PHDVXUHPHQW HUURUV LQ WKH LQGHSHQGHQW YDULDEOHV LQ OLQHDU

PRGHOV WR WKH PXOWLOHYHO PRGHO�

,Q WKH SUHVHQW SDSHU� DWWHQWLRQ LV IRFXVHG RQ DQ DOWHUQDWLYH ZD\ RI KDQGOLQJ UHVSRQVH

HUURU LQ WKH LQGHSHQGHQW YDULDEOHV XVLQJ DQ LWHP UHVSRQVH WKHRU\ �,57� PRGHO� 7KLV KDV VHYHUDO

DGYDQWDJHV� )LUVW� PHDVXUHPHQW HUURU LV GH¿QHG FRQGLWLRQDOO\ RQ WKH YDOXH RI WKH ODWHQW DELOLW\�

7KDW LV� PHDVXUHPHQW HUURU FDQ EH GH¿QHG ORFDOO\� IRU LQVWDQFH� DV WKH SRVWHULRU YDULDQFH RI WKH

DELOLW\ SDUDPHWHU JLYHQ D UHVSRQVH SDWWHUQ� 7KLV ORFDO GH¿QLWLRQ RI PHDVXUHPHQW HUURU UHVXOWV

LQ KHWHURVFHGDVWLFLW\� ,Q WKH 5DVFK PRGHO� IRU LQVWDQFH� WKH SRVWHULRU YDULDQFH RI WKH DELOLW\

SDUDPHWHU JLYHQ DQ H[WUHPH VFRUH LV JUHDWHU WKDQ WKH SRVWHULRU YDULDQFH RI WKH DELOLW\ SDUDPHWHU

JLYHQ DQ LQWHUPHGLDWH VFRUH �VHH� IRU LQVWDQFH� +RLMWLQN 	 %RRPVPD� ����� SS� ��� 7DEOH �����

6HFRQG� ,57 VHSDUDWHV WKH LQÀXHQFH RI LWHP GLI¿FXOW\ DQG DELOLW\ OHYHO� ZKLFK VXSSRUWV WKH XVH

RI LQFRPSOHWH WHVW DGPLQLVWUDWLRQ GHVLJQV� RSWLPDO WHVW DVVHPEO\� FRPSXWHU DGDSWLYH WHVWLQJ DQG

WHVW HTXDWLQJ�

,Q WKH SUHVHQWDWLRQ EHORZ� D PXOWLOHYHO PRGHO ZLOO EH XVHG DV WKH UHJUHVVLRQ PRGHO�

7KH FRPELQDWLRQ ZLWK DQ ,57 PHDVXUHPHQW PRGHO ZLOO EH FDOOHG WKH PXOWLOHYHO ,57 �0/,57�

PRGHO� $ %D\HVLDQ DSSURDFK ZLOO EH DGRSWHG IRU SDUDPHWHU HVWLPDWLRQ LQ WKH 0/,57 PRGHO�
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7KH IRUPXODWLRQ RI PHDVXUHPHQW�HUURU SUREOHPV LQ WKH IUDPHZRUN RI %D\HVLDQ DQDO\VLV

KDV UHFHQWO\ EHHQ GHYHORSHG �&DUUROO HW DO�� ����� 5LFKDUGVRQ� ����� =HOOQHU� ������ ,W

SURYLGHV D QDWXUDO ZD\ RI WDNLQJ DOO VRXUFHV RI XQFHUWDLQW\ LQ WKH HVWLPDWLRQ RI WKH SDUDPHWHUV

LQWR DFFRXQW� &RPSXWDWLRQ RI WKH SRVWHULRU GLVWULEXWLRQV LQYROYHG HQWDLOV KLJK�GLPHQVLRQDO

QXPHULFDO LQWHJUDWLRQ EXW WKLV FDQ EH FDUULHG RXW VWUDLJKWIRUZDUGO\ E\ *LEEV VDPSOLQJ �*HOIDQG�

+LOOV� 5DFLQH�3RRQ� 	 6PLWK� ����� *HOPDQ� &DUOLQ� 6WHUQ� 	 5XELQ� ������ )XUWKHUPRUH� WKH

%D\HVLDQ IRUPXODWLRQ VXSSRUWV D VWUDLJKWIRUZDUG DSSURDFK WR PRGHO LGHQWL¿FDWLRQ� 7KDW LV� WKH

PRGHO LV LGHQWL¿HG E\ ¿[LQJ WKH ODWHQW DELOLW\ VFDOH� ZLWKRXW QHHGLQJ SULRU NQRZOHGJH DERXW WKH

YDULDQFHV RI WKH PHDVXUHPHQW HUURUV�

7KLV DUWLFOH FRQVLVWV RI HLJKW VHFWLRQV� 7KH QH[W VHFWLRQ SUHVHQWV D JHQHUDO PXOWLOHYHO

PRGHO ZLWK FRYDULDWHV REVHUYHG VXEMHFW WR HUURU� ,Q WKH IROORZLQJ VHFWLRQ� WZR PHDVXUHPHQW

HUURU PRGHOV ZLOO EH GLVFXVVHG DQG LV IROORZHG E\ D VHFWLRQ WKDW GHVFULEHV D 0DUNRY &KDLQ

0RQWH &DUOR �0&0&� HVWLPDWLRQ SURFHGXUH IRU HVWLPDWLQJ WKH SDUDPHWHUV RI D PXOWLOHYHO

PRGHO ZLWK PHDVXUHPHQW HUURU LQ FRYDULDWHV RQ ERWK OHYHOV� 7KHQ� PHDVXUHPHQW HUURU LQ

FRUUHODWHG SUHGLFWRUV ZLOO EH GLVFXVVHG DQG LV IROORZHG E\ D VHFWLRQ WKDW SUHVHQWV D VPDOO

VLPXODWLRQ VWXG\ DQG VRPH UHDO�GDWD H[DPSOHV� 7KH ODVW VHFWLRQ FRQWDLQV D GLVFXVVLRQ DQG

VXJJHVWLRQV IRU IXUWKHU UHVHDUFK�

7KH 6WUXFWXUDO 0XOWLOHYHO 0RGHO

'DWD RIWHQ FRQVLVW RI REVHUYDWLRQV PHDVXUHG DW GLIIHUHQW OHYHOV� ([DPSOHV RI WKLV

QHVWHG VWUXFWXUH LQFOXGH GDWD IURP VXUYH\V ZKHUH UHVSRQGHQWV DUH QHVWHG XQGHU DQ LQWHUYLHZHU�

WHVW GDWD REWDLQHG IURP VWXGHQWV QHVWHG ZLWKLQ VFKRROV DQG GDWD ZLWK PXOWLSOH REVHUYDWLRQV

JDWKHUHG RYHU WLPH� $V DQ H[DPSOH� FRQVLGHU VFKRRO HIIHFWLYHQHVV UHVHDUFK� IRFXVHG RQ WKH

HIIHFWV RI VFKRRO�YDULDEOHV RQ WKH HGXFDWLRQDO DFKLHYHPHQW RI WKH VWXGHQWV� %RWK LQIRUPDWLRQ

DW WKH VWXGHQW� DQG WKH VFKRRO�OHYHO SOD\V D UROH LQ WKH HYDOXDWLRQ RI VFKRRO HIIHFWLYHQHVV�

7KLV UHTXLUHV D VWDWLVWLFDO PRGHO WKDW WDNHV WKH YDULDWLRQ DQG UHODWLRQVKLSV ZLWKLQ DQG EHWZHHQ

OHYHOV LQWR DFFRXQW� 0XOWLOHYHO PRGHOV �%U\N 	 5DXGHQEXVK� ����� GH /HHXZ 	 .UHIW� �����

*ROGVWHLQ� ����� 5DXGHQEXVK� ����� 6QLMGHUV 	 %RVNHU� ����� PHHW WKHVH UHTXLUHPHQWV�

,Q D FRPPRQO\ XVHG KLHUDUFKLFDO PRGHO IRU FRQWLQXRXV RXWFRPHV� /HYHO � UHJUHVVLRQ

SDUDPHWHUV DUH DVVXPHG PXOWLYDULDWH QRUPDOO\ GLVWULEXWHG DFURVV /HYHO � XQLWV� 6XSSRVH WKDW

VWXGHQWV �/HYHO ��� LQGH[HG �� E� ' �c � � � c ?�c � ' �c � � � c a� c DUH QHVWHG ZLWKLQ VFKRROV �/HYHO

��� LQGH[HG � E� ' �c � � � c a�� ,Q LWV JHQHUDO IRUP� /HYHO � FRQVLVWV RI a UHJUHVVLRQ PRGHOV� RQH

IRU HDFK /HYHO � JURXS� ,Q HDFK UHJUHVVLRQ PRGHO� WKH REVHUYDWLRQV DUH D IXQFWLRQ RI'PDQLIHVW
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SUHGLFWRU YDULDEOHV \��c � � � c\'�c WKDW LV�

+�� ' qf� n q��\��� n � � �n q^�\^�� n � � �n q'�\'�� n e��c ���

ZKHUH i� LV DQ E?� � �� YHFWRU RI QRUPDOO\ GLVWULEXWHG UHVLGXDOV ZLWK PHDQ YHFWRU f DQG

FRYDULDQFH PDWUL[ j2W?� � 7KH UHJUHVVLRQ SDUDPHWHUV DUH WUHDWHG DV RXWFRPHV LQ D /HYHO �

UHJUHVVLRQ PRGHO JLYHQ E\

q^� ' �^f n �^�K�^� n � � �n �^rKr^� n � � �n �^7K7^� n �^�c ���

IRU ^ ' fc � � � c 'c ZKHUH WKH /HYHO � HUURU WHUPV �^� � ^ ' fc � � � c '� KDYH D PXOWLYDULDWH QRUPDO

GLVWULEXWLRQ ZLWK PHDQ YHFWRU f DQG FRYDULDQFH PDWUL[ A� DQG ZKHUH �^r DQG Kr^� DUH /HYHO

� UHJUHVVLRQ FRHI¿FLHQWV �¿[HG HIIHFWV� DQG SUHGLFWRU YDULDEOHV� UHVSHFWLYHO\� $OWKRXJK WKH

FRHI¿FLHQWV RI DOO WKH SUHGLFWRUV LQ WKH /HYHO � PRGHO FRXOG EH WUHDWHG DV UDQGRP� LW PD\ EH

GHVLUDEOH WR FRQVWUDLQ WKH YDULDWLRQ LQ RQH RU PRUH RI WKH UHJUHVVLRQ SDUDPHWHUV WR ]HUR� 7KLV

ZLOO EH UHWXUQHG WR LQ WKH 0&0& HVWLPDWLRQ SURFHGXUH�

7KH H[SODQDWRU\ YDULDEOHV DW /HYHO � FRPSULVH VWXGHQWV¶ FKDUDFWHULVWLFV� VXFK DV�

JHQGHU RU DJH� /HYHO � H[SODQDWRU\ YDULDEOHV FDQ DOVR EH ODWHQW� VXFK DV� VRFLR�HFRQRPLF

VWDWXV� LQWHOOLJHQFH� FRPPXQLW\ OR\DOW\� VRFLDO FRQVFLRXVQHVV� PDQDJHULDO DELOLW\ RU ZLOOLQJQHVV

WR DGRSW QHZ SUDFWLFHV� ([SODQDWRU\ YDULDEOHV� VXFK DV� UHJLRQ� VFKRRO�IXQGLQJ RU JHQGHU

DUH REVHUYHG ZLWKRXW DQ HUURU� /DWHQW YDULDEOHV FDQ QRW EH REVHUYHG GLUHFWO\ DQG KDYH WR

EH HVWLPDWHG� ZKLFK LPSOLHV HUURU� %HORZ� DQ H[DPSOH ZLOO EH JLYHQ RI DQ DQDO\VLV ZKHUH

VWXGHQWV¶ PDWKHPDWLFV DELOLWLHV DUH SUHGLFWHG E\ DQ ,4 WHVW DV D /HYHO � YDULDEOH DQG DQ DGDSWLYH

LQVWUXFWLRQ WHVW IRU WHDFKHUV DV D /HYHO � YDULDEOH� %RWK H[SODQDWRU\ YDULDEOHV DUH PHDVXUHG ZLWK

DQ HUURU GXH WR WKH OLPLWHG QXPEHU RI LWHPV LQ WKH WHVWV DQG GXH WR WKH UHVSRQVH YDULDQFH�

7KH ODWHQW /HYHO � FRYDULDWHV DUH GHQRWHG E\ � ZKHUHDV WKH REVHUYHG FRYDULDWHV

ZLWKRXW DQ HUURU DUH GHQRWHG E\ \� 7KHUHIRUH� /HYHO � RI WKH VWUXFWXUDO PRGHO� IRUPXOD E���

LV UHIRUPXODWHG DV

+�� ' qf� n q��w��� n � � �n q^�w^�� n qE^n���\E^n���� n � � �n q'�\'�� n e��c ���

ZKHUH WKH ¿UVW ^ SUHGLFWRUV FRUUHVSRQG WR ODWHQW YDULDEOHV DQG WKH UHPDLQLQJ ' � ^ SUHGLFWRUV

FRUUHVSRQG WR REVHUYDEOH YDULDEOHV� 7KH UHJUHVVLRQ FRHI¿FLHQWV DUH DOORZHG WR YDU\ DFURVV /HYHO

� JURXSV� 7KLV YDULDWLRQ FDQ EH DFFRXQWHG IRU E\ WUHDWLQJ WKH /HYHO � UHJUHVVLRQ FRHI¿FLHQWV
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DV RXWFRPHV RI /HYHO � SUHGLFWRUV� 7KH H[SODQDWRU\ YDULDEOHV DW /HYHO � FRQVLVWV RI ODWHQW

SUHGLFWRUV GHQRWHG E\ � DQG FRYDULDWHV REVHUYHG ZLWKRXW DQ HUURU GHQRWHG E\ K� 7KH /HYHO �

PRGHO LQ E2� LV UHIRUPXODWHG DV

q^� ' �^f n �^�l�^� n � � �n �^rlr^� n �^Ern��KErn��^� n � � �n �^7K7^� n �^�c ���

IRU ^ ' fc � � � c 'c ZKHUH WKH ¿UVW r SUHGLFWRUV FRUUHVSRQG WR ODWHQW YDULDEOHV DQG WKH UHPDLQLQJ

7 � r SUHGLFWRUV WR NQRZQ ¿[HG FRQVWDQWV� 7KH VHW RI ODWHQW YDULDEOHV � LV QRW REVHUYDEOH EXW

LQIRUPDWLRQ DERXW �� GHQRWHG DVjc LV DYDLODEOH� j LV FDOOHG D VXUURJDWH IRU �� WKDW LV�j KDV QR

LQIRUPDWLRQ DERXWv RWKHU WKDQ ZKDW LV DYDLODEOH LQ �� 7KLV LV D FKDUDFWHULVWLF RI QRQGLIIHUHQWLDO

PHDVXUHPHQW HUURU �&DUUROO HW DO�� ����� SS� ������� 2Q /HYHO �� ` LV GH¿QHG DV D VXUURJDWH

IRU �� 7KH VXUURJDWHVj DQG` DUH DOVR FDOOHG PDQLIHVW YDULDEOHV RU SUR[LHV� 7KH HIIHFWV IURP

GLVUHJDUGLQJ PHDVXUHPHQW HUURU FDQ UDQJH IURP ELDVHG SDUDPHWHU HVWLPDWHV WR VLWXDWLRQV ZKHUH

UHDO HIIHFWV DUH KLGGHQ DQG VLJQV RI WKH HVWLPDWHG FRHI¿FLHQWV DUH UHYHUVHG UHODWLYH WR WKH FDVH

ZLWKRXW PHDVXUHPHQW HUURU �&DUUROO HW DO�� ����� SS� �������

$Q REYLRXV JHQHUDOL]DWLRQ RI WKH PRGHO JLYHQ E\ ��� ZRXOG EH WR DVVXPH WKDW DOVR

WKH GHSHQGHQW YDULDEOHV +�� DUH ODWHQW DOVR� /DWHQW GHSHQGHQW YDULDEOHV� KRZHYHU� DUH WUHDWHG LQ

GHWDLO LQ )R[ DQG *ODV ������� DQG� IRU WKH VDNH RI WKH VLPSOLFLW\ RI WKH SUHVHQWDWLRQ� WKH\ ZLOO

QRW EH FRQVLGHUHG KHUH�

0HDVXUHPHQW (UURU 0RGHOV

7KLV VHFWLRQ IRFXVHV RQ WZR SDUDPHWULF UHVSRQVH PRGHOV� WKH FODVVLFDO WUXH VFRUH PRGHO

DQG WKH QRUPDO RJLYH PRGHO�

7KH &ODVVLFDO 7UXH 6FRUH 0RGHO

,Q WKH FODVVLFDO WUXH VFRUH PRGHO �/RUG 	 1RYLFN� ������ WKH LQGLYLGXDO¶V VFRUH RQ

D SDUWLFXODU WHVW IRUP� WKH REVHUYHG VFRUH� LV FRQVLGHUHG WR EH D UDQGRP YDULDEOH ZLWK VRPH�

XVXDOO\ XQNQRZQ� GLVWULEXWLRQ� 7KLV GLVWULEXWLRQ LV JHQHUDOO\ FDOOHG WKH SURSHQVLW\ GLVWULEXWLRQ�

7KH H[SHFWHG YDOXH RI WKLV GLVWULEXWLRQ LV GH¿QHG DV WKH WUXH VFRUH� 7KH HUURU RI PHDVXUHPHQW

LV WKH GLVFUHSDQF\ EHWZHHQ WKH REVHUYHG VFRUHV DQG WKH WUXH VFRUH� 6R LI f��& LV WKH REVHUYHG

VFRUH RI LQGLYLGXDO ��c DQG w�� LV WKH H[SHFWHG YDOXH RI WKH GLVWULEXWLRQ RI f��&� WKHQ 0��& LV WKH
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HUURU RI PHDVXUHPHQW IRU WKH &�WK UHVSRQVH� WKDW LV�

0��& ' f��& � w��� ���

,W IROORZV WKDW WKH H[SHFWDWLRQ RI WKH HUURUV RI PHDVXUHPHQW LV ]HUR� ,W LV DVVXPHG WKDW WUXH VFRUHV

DQG HUURU VFRUHV DUH XQFRUUHODWHG� 7KLV PRGHO FRLQFLGHV PDWKHPDWLFDOO\ ZLWK WKH FODVVLFDO

DGGLWLYH PHDVXUHPHQW HUURU PRGHO �)XOOHU� ����� HTXDWLRQ ����2�� ZKHUH D QRUPDO GLVWULEXWLRQ RI

WKH HUURU YDULDEOH LV DVVXPHG� ,Q SUDFWLFH� LQIHUHQFHV DERXW PHDVXUHPHQW HUURU DQG WUXH VFRUHV

DUH PDGH RQ WKH EDVLV RI WKH QXPEHU FRUUHFW VFRUHf��� ZKLFK LV WKH VXP RI WKH LWHP VFRUHVf��&�

,W LV QRW VWULFWO\ QHFHVVDU\ WR DVVXPH WKDW WKH UHVSRQVH GLVWULEXWLRQ YDULDQFHV DUH HTXDO

IRU SHUVRQV� 6RPH SHUVRQV¶ UHVSRQVHV PD\ EH PHDVXUHG PRUH DFFXUDWHO\ WKDQ RWKHUV� %XW

HUURU YDULDQFHV IRU LQGLYLGXDO H[DPLQHHV DUH XVXDOO\ VXEMHFW WR ODUJH VDPSOLQJ ÀXFWXDWLRQV�

7KHUHIRUH� WKH DYHUDJH SRSXODWLRQ YDULDQFH LV XVHG DV DQ DSSUR[LPDWLRQ WR WKH LQGLYLGXDO HUURU

YDULDQFHV �/RUG 	 1RYLFN� ����� SS� ����� 7KLV PHDQV WKDW WKH UHVSRQVH GLVWULEXWLRQ YDULDQFHV

DUH DVVXPHG WR EH HTXDO� )XUWKHU RQ� D VLQJOH QRUPDO GLVWULEXWLRQ ZLOO EH DVVXPHG DV WKH

SURSHQVLW\ GLVWULEXWLRQ�

7KH FODVVLFDO WUXH VFRUH PRGHO LV RIWHQ XVHG DQG DWWUDFWLYH GXH WR LWV VLPSOLFLW\ EXW

WKH DVVXPSWLRQV RI WKH PRGHO PD\ QRW DOZD\V EH UHDOLVWLF� )RU LQVWDQFH� WKH YDULDQFH RI

PHDVXUHPHQW HUURUV LV DVVXPHG WR EH HTXDO IRU GLIIHUHQW WUXH VFRUH OHYHOV� 'HSHQGHQFH LV D

PRUH UHDOLVWLF DVVXPSWLRQ KHUH� EHFDXVH WKH HUURUV IRU VWXGHQWV RI DQ DYHUDJH SUR¿FLHQF\ OHYHO

DGPLQLVWHUHG D WHVW RI DYHUDJH GLI¿FXOW\ ZLOO EH VPDOOHU WKDQ WKH HUURUV ZKHQ WKH VDPH WHVW LV

DGPLQLVWHUHG WR VWXGHQWV ZLWK DQ H[WUHPHO\ KLJK RU ORZ SUR¿FLHQF\ OHYHO� $QRWKHU SUREOHP LV

WKDW WKH UHOLDELOLW\ RI PHDVXUHV LV QRW HDVLO\ DVVHVVHG� 7KH HUURU YDULDQFH FRXOG EH HVWLPDWHG

IURP UHSHDWHG PHDVXUHPHQWV� %HVLGHV WKH SUDFWLFDO GLI¿FXOWLHV� KRZHYHU� LW LV QRW UHDOLVWLF WR

DVVXPH WKDW WKH UHSHDWHG PHDVXUHV DUH LQGHSHQGHQW� 7R RYHUFRPH WKHVH SUREOHPV LW LV DVVXPHG

WKDW WKH YDULDQFHV DQG FRYDULDQFHV RI WKH PHDVXUHPHQW HUURUV DUH NQRZQ LQ DGYDQFH� RU WKDW

VXLWDEOH HVWLPDWHV H[LVW �*ROGVWHLQ� ����� SS� ����� %XW WKH HVWLPDWHV RI WKH UHVSRQVH YDULDQFH

DUH JHQHUDOO\ LPSUHFLVH� )XUWKHU� LQ FDVH RI WKH XVXDO PD[LPXP OLNHOLKRRG DSSURDFK� WKH UDWLR

RI WKH HUURU WHUPV¶ YDULDQFHV RU RQH RU ERWK RI WKH YDULDQFHV RXJKW WR EH NQRZQ WR LGHQWLI\ WKH

PRGHO �)XOOHU� ����� SS� ������

7KH 1RUPDO 2JLYH 0RGHO

)RU GLFKRWRPRXV LWHPV� WKH LWHP UHVSRQVH IXQFWLRQ GH¿QHV WKH SUREDELOLW\ RI D FRUUHFW

UHVSRQVH DV D IXQFWLRQ RI DELOLW\� ,Q WKLV VHFWLRQ� WKH QRUPDO RJLYH PRGHO LV FRQVLGHUHG DV D
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PHDVXUHPHQW HUURU PRGHO �VHH /RUG� ����� SS� ������� 7KH SUREDELOLW\ RI D FRUUHFW UHVSRQVH RI

SHUVRQ �� RQ LWHP & E& ' �c � � � cg� LV JLYHQ E\

� Ef��& ' � m w��c @&c K&� ' x E@&w�� � K&� c ���

ZKHUH x GHQRWHV WKH VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ� DQG @& DQG K& DUH

WKH GLVFULPLQDWLRQ DQG GLI¿FXOW\ SDUDPHWHU RI LWHP &c UHVSHFWLYHO\� 7KH PRGHO SURYLGHV WKH

IUHTXHQF\ GLVWULEXWLRQ RI WKH QXPEHU FRUUHFW VFRUH f�� RI DQ H[DPLQHH ZLWK DELOLW\ OHYHO w���

7KH YDULDQFH RI WKLV FRQGLWLRQDO GLVWULEXWLRQ LV

j2%���w�� '

g[
&'�

� Ef��& ' � m w��c @&c K&� d�� � Ef��& ' � m w��c @&c K&�o

'

g[
&'�

xE@&w�� � K&� x EK& � @&w��� � ���

1RWLFH WKDW WKLV LPSOLHV UHVSRQVH YDULDQFH JLYHQ w� 7KDW LV� GLIIHUHQW YDOXHV RI w FDQ LPSO\

GLIIHUHQW UHVSRQVH YDULDQFHV ZLWK UHJDUG WR WKH FRUUHVSRQGLQJ REVHUYHG VFRUHV� 7KH SRVWHULRU

GLVWULEXWLRQ RI w�� JLYHQ %��c R Ew�� m %��� c LV SURSRUWLRQDO WR WKH GLVWULEXWLRQ RI %�� JLYHQ WKH

DELOLW\ OHYHO w��c R E%�� m w��� c PXOWLSOLHG E\ WKH VWDQGDUG QRUPDO GLVWULEXWLRQ� 7KHUHIRUH� WKH

SRVWHULRU YDULDQFH RI R Ew�� m %���� VD\ j2w�� �%�� � LV FORVHO\ UHODWHG WR UHVSRQVH YDULDQFH j2%���w�� c

DQG WKLV LPSOLHV KHWHURVFHGDVWLFLW\� j2w���%�� LV RIWHQ FDOOHG ORFDO UHOLDELOLW\� )XUWKHUPRUH� WKH

PHDVXUHPHQW VFDOH LV LQGHSHQGHQW RI WKH LWHPV LQ WKH WHVW�

$Q 0&0& (VWLPDWLRQ 3URFHGXUH IRU D 0XOWLOHYHO 0RGHO ZLWK 0HDVXUHPHQW (UURU

,Q WKLV SDSHU� WKH UHVSRQVH HUURU LQ WKH REVHUYHG SUHGLFWRU YDULDEOHV RI D VWUXFWXUDO

PXOWLOHYHO PRGHO LV PRGHOHG E\ DQ LWHP UHVSRQVH WKHRU\ PRGHO DQG D FODVVLFDO WUXH VFRUH PRGHO�

7KH VWUXFWXUDO PXOWLOHYHO PRGHO FRPELQHG ZLWK DQ ,57 PRGHO ZLOO EH FDOOHG WKH PXOWLOHYHO LWHP

UHVSRQVH WKHRU\ �0/,57� PRGHO� DQG WKH VWUXFWXUDO PXOWLOHYHO PRGHO FRPELQHG ZLWK D FODVVLFDO

WUXH VFRUH PRGHO ZLOO EH FDOOHG D PXOWLOHYHO WUXH VFRUH �0/76� PRGHO� ,Q WKLV VHFWLRQ� WKH

HVWLPDWLRQ SURFHGXUH IRU ERWK PRGHOV ZLOO EH RXWOLQHG�

%D\HVLDQ DQDO\VLV RI SDUDPHWULF PRGHOV UHTXLUHV WKH VSHFL¿FDWLRQ RI D OLNHOLKRRG DQG

SULRU� 2IWHQ D QRQ�LQIRUPDWLYH SULRU LV XVHG� 7KH SRVWHULRU GLVWULEXWLRQ� GHULYHG IURP WKH MRLQW

GHQVLW\ RI WKH GDWD DQG SDUDPHWHUV DFFRUGLQJ WR %D\HV IRUPXOD� VXPPDUL]HV WKH LQIRUPDWLRQ

DERXW WKH SDUDPHWHUV� 7KH H[SHFWHG D SRVWHULRUL YDOXHV RI WKH SDUDPHWHUV FDQ EH XVHG DV D SRLQW
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HVWLPDWH DQG WKH SRVWHULRU VWDQGDUG GHYLDWLRQ DV DQ HVWLPDWH RI LWV SUHFLVLRQ� ,Q JHQHUDO� FRPSOH[

PRGHOV� VXFK DV WKH SURSRVHG PXOWLOHYHO PRGHO ZLWK PHDVXUHPHQW HUURU LQ WKH FRYDULDWHV�

UHTXLUH VRSKLVWLFDWHG DQDO\WLFDO DQG QXPHULFDO PHWKRGV WR REWDLQ HVWLPDWHV RI WKH SDUDPHWHUV

RI LQWHUHVW� +RZHYHU� 0DUNRY FKDLQ 0RQWH &DUOR DOJRULWKPV �0&0&�� LQ SDUWLFXODU WKH *LEEV

VDPSOHU� KDYH SURYHQ D SRZHUIXO WRRO IRU HVWLPDWLRQ LQ FRPSOH[ PRGHOV �%HUQDUGR 	 6PLWK�

����� *HOIDQG 	 6PLWK� ����� *HPDQ 	 *HPDQ� ����� 5REHUW 	 &DVHOOD� ������ *LEEV

VDPSOLQJ VXFFHHGV EHFDXVH LW UHGXFHV WKH SUREOHP RI GHDOLQJ VLPXOWDQHRXVO\ ZLWK D ODUJH

QXPEHU RI XQNQRZQ SDUDPHWHUV LQWR D PXFK VLPSOHU SUREOHP RI GHDOLQJ ZLWK RQH XQNQRZQ

TXDQWLW\ DW D WLPH� E\ VDPSOLQJ HDFK XQNQRZQ TXDQWLW\ IURP LWV SRVWHULRU GLVWULEXWLRQ JLYHQ

D VDPSOH RI DOO RWKHU XQNQRZQV DQG WKH GDWD� 7KLV VDPSOLQJ�EDVHG PHWKRG LV FRQFHSWXDOO\

VLPSOH DQG HDVLO\ LPSOHPHQWHG� 7KH *LEEV VDPSOHU JHQHUDWHV D 0DUNRY FKDLQ ZKLFK FRQYHUJHV

LQ GLVWULEXWLRQ WR WKH MRLQW SRVWHULRU GLVWULEXWLRQ RI WKH SDUDPHWHUV RI LQWHUHVW �7LHUQH\� ������

7KDW LV� D 0DUNRY FKDLQ LV FRQVWUXFWHG LQ VXFK D ZD\ WKDW LWV VWDWLRQDU\ GLVWULEXWLRQ� DOVR GHQRWHG

OLPLWLQJ GLVWULEXWLRQ� LV WKH MRLQW SRVWHULRU GLVWULEXWLRQ RI DOO PRGHO SDUDPHWHUV�

)LUVW� WKH LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU LV GHVFULEHG IRU D PXOWLOHYHO PRGHO

ZLWK D QRUPDO RJLYH PRGHO IRU WKH SUHGLFWRU YDULDEOHV� ,Q WKLV ¿UVW LPSOHPHQWDWLRQ WKH SUHGLFWRU

YDULDEOHV DUH DVVXPHG WR EH XQFRUUHODWHG� WKLV DVVXPSWLRQ ZLOO EH GURSSHG ODWHU� 6HFRQG�

WKLV LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU LV DGDSWHG WR WKH FODVVLFDO WUXH VFRUH PRGHO DV

PHDVXUHPHQW PRGHO�

(VWLPDWLRQ XVLQJ *LEEV 6DPSOLQJ

(YDOXDWLRQ RI WKH PRGHO IRU WKH REVHUYHG GDWD LV FRPSOLFDWHG E\ WKH IDFW WKDW VRPH

HOHPHQWV DUH PLVVLQJ� ,Q SDUWLFXODU� WKH �¶V DQG �¶V DUH WUHDWHG DV XQREVHUYHG UDQGRP

SDUDPHWHUV� /HW ��� EH WKH ¿UVW ^ H[SODQDWRU\ YDULDEOHV RQ /HYHO �� ZKLFK DUH ODWHQW� DV

LQ IRUPXOD E�� � 7KH VHW RI H[SODQDWRU\ YDULDEOHV RQ /HYHO � IRU SUHGLFWLQJ t�� LV GH¿QHG DV

l�� ' E���c\��� c ZKHUH \�� FRQVLVWV RI WKH UHPDLQLQJ ' � ^ REVHUYDEOH FRYDULDWHV RQ /HYHO

�� )XUWKHU� OHW �^� EH WKH ¿UVW r ODWHQW H[SODQDWRU\ YDULDEOHV SUHGLFWLQJ q^� RQ /HYHO �� DV LQ

IRUPXOD Ee� � 7R FRPSOHWH WKH GHVFULSWLRQ RI WKH FRYDULDWHV RQ /HYHO �� OHW [^� '
�
�^�cK^�

�
EH

WKH VHW RI H[SODQDWRU\ YDULDEOHV IRU q^�c ZKHUH K^� DUH WKH UHPDLQLQJ 7 � r GLUHFWO\ REVHUYDEOH

YDULDEOHV� DOVR DFFRUGLQJ WR IRUPXOD Ee� �

7KH 0&0& DOJRULWKP LV LPSOHPHQWHG E\ LQWURGXFLQJ D FRQWLQXRXV ODWHQW YDULDEOH

WKDW XQGHUOLHV HDFK ELQDU\ UHVSRQVH� 7KLV DSSURDFK IROORZV WKH SURFHGXUH RI $OEHUW �������

ZKLFK EXLOGV RQ WKH 'DWD $XJPHQWDWLRQ DOJRULWKP RI 7DQQHU DQG :RQJ ������� DQG KDV EHHQ

H[WHQVLYHO\ XVHG LQ RWKHU ODWHQW YDULDEOH SUREOHPV �VHH� IRU H[DPSOH� %pJXLQ� ����� %pJXLQ 	
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*ODV� ����� )R[� ����� )R[ 	 *ODV� ����� -RKQVRQ 	 $OEHUW� ����� SS� �������� 5REHUW 	

&DVHOOD� ����� SS� ��������� 7KH ODWHQW YDULDEOHV w^�� DUH UHODWHG WR WKH REVHUYHG UHVSRQVHV

f^��& RI SHUVRQ �� RQ DQ LWHP &� $Q REVHUYDWLRQ f^��& LV WKH LQGLFDWRU ZKHWKHU D FRQWLQXRXV

YDULDEOH ~
E%�
^��& ZLWK QRUPDO GHQVLW\ LV SRVLWLYH� ,W IROORZV WKDW

R E5^��& m w^��c �&c %^��&� 2 s E5^��&( @&w^�� � K&c �� dU E5^��& : f�

U E%^��& ' �� n U E5^��& � f� U E%^��& ' f�o c

ZKHUH �& ' E@&c K&� c sE�( @&w^�� � K&c �� VWDQGV IRU WKH QRUPDO GHQVLW\ ZLWK PHDQ HTXDO WR

@&w^�� � K& DQG XQLW YDULDQFH� DQG U E�� LV DQ LQGLFDWRU YDULDEOH WDNLQJ WKH YDOXH RQH LI LWV

DUJXPHQW LV WUXH� DQG ]HUR RWKHUZLVH� )XUWKHU� w^�� DQG �
E%�
& DUH WKH SHUVRQ DQG LWHP SDUDPHWHUV

IRU SHUVRQ �� DQG LWHP &� UHVSHFWLYHO\� 7KH HQVHPEOH RI DXJPHQWHG GDWD ~E%� VHUYHV WR VLPSOLI\

FDOFXODWLRQV DQG WKH YDOXH RI ~E%� GRHV QRW DIIHFW WKH YDOXH RI WKH HVWLPDWRU� WKDW LV� ~E%� LV RQO\

D XVHIXO GHYLFH�

/HW`r^�& EH D GLFKRWRPRXV UHVSRQVH YDULDEOH RI D /HYHO � XQLW� LQGH[HG �c RQ DQ LWHP�

LQGH[HG &c UHODWHG WR WKH r|� /HYHO � ODWHQW YDULDEOH� �r^�c IRU SUHGLFWLQJ q^�� $XJPHQWHG GDWD

DUH DOVR JHQHUDWHG IRU /HYHO �� 7KH JHQHUDWLRQ RI WKHVH DXJPHQWHG GDWD� GHQRWHG E\ ~
E��
r^�& LV

DQDORJRXV WR WKH JHQHUDWLRQ RI ~
E%�
^��& DW /HYHO ��

7KH *LEEV VDPSOHU HQWDLOV VDPSOLQJ IURP RQH VHW RI SDUDPHWHUV FRQGLWLRQDOO\ RQ DOO

RWKHU SDUDPHWHUV LQ D QXPEHU RI VWHSV� 7KH SURFHGXUH FRQVLVWV RI �f VWHSV�

��� 'UDZ ~E%� FRQGLWLRQDO RQ �c �E%� DQGj�

��� 'UDZ �E%� FRQGLWLRQDO RQ � DQG ~E%��

��� 'UDZ � FRQGLWLRQDO RQ ~E%�c �E%�c�c j2clc DQGv�

��� 'UDZ � FRQGLWLRQDO RQ lc[c j2c�cA DQG )�

��� 'UDZ � FRQGLWLRQDO RQ �c[ DQG A�

��� 'UDZ j2 FRQGLWLRQDO RQ �cl DQG )�

��� 'UDZ A FRQGLWLRQDO RQ �c[ DQG ��

��� 'UDZ ~E�� FRQGLWLRQDO RQ �c �E�� DQG`�

��� 'UDZ �E�� FRQGLWLRQDO RQ � DQG ~E���

���� 'UDZ � FRQGLWLRQDO RQ ~E��c �E��c�c[ DQG ��

6WHS ���� 6DPSOLQJ RI WKH DXJPHQWHG GDWD ~E%� DQG WKH LWHP SDUDPHWHUV �E%� LV

GHVFULEHG LQ GHWDLO E\ $OEHUW ������ DQG )R[ DQG *ODV �������

6WHS �� 7KH YDULDEOHV� w���c � � � c w^��c FDQ EH VDPSOHG LQGLYLGXDOO\ EHFDXVH WKH\ DUH
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XQFRUUHODWHG� 7KH\ DUH LQGHSHQGHQW JLYHQ ~
E%�
^�� c �

E%�c�� DQG j2c DQG GLVWULEXWHG DV D PL[WXUH

RI QRUPDO GLVWULEXWLRQV� 7KDW LV� WKH DXJPHQWHG GDWD ~
E%�
^�� DQG WKH REVHUYHG GDWD t�� DUH

QRUPDOO\ GLVWULEXWHG ZLWK� DPRQJ RWKHUV� DQ D SULRUL QRUPDOO\ GLVWULEXWHG SDUDPHWHU w^��� 7KH

WZR�SDUDPHWHU QRUPDO RJLYH PRGHO LV LGHQWL¿HG E\ ¿[LQJ WKH RULJLQ DQG VFDOH RI WKH ODWHQW

GLPHQVLRQ� 7KHUHIRUH� WKH PHDQ DQG YDULDQFH RI WKH DELOLW\ GLVWULEXWLRQ DUH ¿[HG WR ]HUR DQG

RQH� UHVSHFWLYHO\� $FFRUGLQJ WR E�� c WKH GH¿QLWLRQ RI WKH DXJPHQWHG GDWD DQG WKH SULRU IRU w^��c

LW IROORZV WKDW

R
�
w^�� m 3

E%�
^�� c �

E%�c��c j
2cl

E3^�
�� c +��

�
2 R

�
3
E%�
^�� m w^��c �

E%�
�
R
�
+�� m w^��c��c j

2cl
E3^�
��

�
REw^���

���

ZKHUH l
E3^�
�� LV WKH VHW RI DOO PDQLIHVW DQG ODWHQW SUHGLFWRU YDULDEOHV IRU SHUVRQ �� RQ /HYHO ��

ZLWKRXW WKH ODWHQW SUHGLFWRU w^��� 3DUWLWLRQ WKH VHW RI UHJUHVVLRQ FRHI¿FLHQWV RQ /HYHO �� ��c LQWR

q^� DQG �
E3^�
� c WR GLVWLQJXLVK WKH UHJUHVVLRQ FRHI¿FLHQW RI H[SODQDWRU\ YDULDEOH w^�� IURP WKH

UHJUHVVLRQ FRHI¿FLHQWV RI WKH RWKHU H[SODQDWRU\ YDULDEOHV l
E3^�
�� � )RUPXOD EH� LV WKH SURGXFW RI

D QRUPDO PRGHO IRU WKH UHJUHVVLRQ RI ~
E%�
^��& n K& RQ @& ZLWK w^�� DV D UHJUHVVLRQ FRHIILFLHQW� D

QRUPDO PRGHO IRU WKH UHJUHVVLRQ RI t�� ��
E3^�
� l

E3^�
�� RQ q^� ZLWK w^�� DV D UHJUHVVLRQ FRHIILFLHQW

DQG D VWDQGDUG QRUPDO SULRU IRU w^��� 'XH WR VWDQGDUG SURSHUWLHV RI QRUPDO GLVWULEXWLRQV �H�J��

VHH� %R[ 	 7LDR� ����� /LQGOH\ 	 6PLWK� ����� WKH IXOO\ FRQGLWLRQDO SRVWHULRU GHQVLW\ RI w^��

LV DOVR QRUPDOO\ GLVWULEXWHG�

w^�� m ~
E%�
^�� c �

E%�c��c j
2cl

E3^�
�� c t�� q �

3C ew^��
�

n
hw^��
�

�
�
n �

�
n �

c
�

�
�
n �

�
n �

4D c ���

ZKHUH ew^�� '
�Sg

&'� @
2
&

�3�Sg
&'� @& E5^��& n K&� c DQG hw^�� ' q

3�

^�

�
+�� � �

E3^�
� l

E3^�
��

�
�

)XUWKHU� � '
�Sg

&'� @
2
&

�3�

DQG � ' q
32

^� j
2� 7KH SRVWHULRU H[SHFWDWLRQ LQ IRUPXOD Eb� LV WKH

ZHOO�NQRZQ FRPSRVLWH RU VKULQNDJH HVWLPDWRU� 7KH HVWLPDWH RI w^�� LV D FRPELQDWLRQ RI WZR

HVWLPDWHV� ew^�� DQG hw^��c ZLWK WKH ZHLJKWV SURSRUWLRQDO WR WKHLU UHVSHFWLYH SUHFLVLRQV� )XUWKHU

LQIRUPDWLRQ DERXW WKH VKULQNDJH HVWLPDWRU FDQ EH IRXQG LQ *UXEHU �������

6WHS ���� 7KH PRGL¿FDWLRQ RI WKH PXOWLOHYHO PRGHO WR KDQGOH PHDVXUHPHQW HUURU LQ WKH

FRYDULDWHV FDXVHV PLQLPDO FKDQJH LQ WKH FRPSOHWH FRQGLWLRQDO GLVWULEXWLRQV RI WKH SDUDPHWHUV RI

WKH PXOWLOHYHO PRGHO� E�c�c j2cA�� 7KH IXOO FRQGLWLRQDOV RI WKH PXOWLOHYHO PRGHO SDUDPHWHUV�

UHTXLUHG LQ WKH HVWLPDWLRQ SURFHGXUH� FDQ EH IRXQG LQ )R[ DQG *ODV ������ DQG 6HOW]HU ������

DQG 6HOW]HU� :RQJ� 	 %U\N �������
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6WHS ����0HDVXUHPHQW HUURU LQ WKH SUHGLFWRU YDULDEOHV RQ /HYHO � LV WUHDWHG FRPSOHWHO\

DQDORJRXV WKH PHDVXUHPHQW HUURU RQ /HYHO �� $V D FRQVHTXHQFH� 6WHS � DQG 6WHS � DUH

FRPSOHWHO\ DQDORJRXV WR 6WHS � DQG 6WHS ��

6WHS ��� 3DUWLWLRQ WKH VHW RI WKH UHJUHVVLRQ FRHI¿FLHQWV �^ LQWR �^r DQG �
E3r�
^ �7KH

FRHI¿FLHQW �^r LV UHODWHG WR WKH SUHGLFWRU lr^� DQG WKH FRHI¿FLHQWV �
E3r�
^ DUH UHODWHG WR WKH

FRYDULDWHV [
E3r�
^� c UHVSHFWLYHO\� ZKHUH [

E3r�
^� LV WKH VHW RI H[SODQDWRU\ YDULDEOHV IRU q^� RQ /HYHO

� ZLWKRXW lr^� � 7KH ODWHQW SUHGLFWRU YDULDEOHV l�^�c � � � c lr^� FDQ EH VDPSOHG LQGLYLGXDOO\�

EHFDXVH WKH\ DUH LQGHSHQGHQW� 7KH SDUDPHWHUV lr^� JLYHQ DXJPHQWHG GDWD ~
E��
r^� DQG SDUDPHWHUV

�E��c q^�c[
E3r�
^� DQG �^ DUH LQGHSHQGHQW DQG GLVWULEXWHG DV D PL[WXUH RI QRUPDO GLVWULEXWLRQV�

7KDW LV� DXJPHQWHG GDWD� ~
E��
r^� c DQG UHJUHVVLRQ FRHI¿FLHQW� q^�c DUH QRUPDOO\ GLVWULEXWHG ZLWK�

DPRQJ RWKHUV� SDUDPHWHU lr^� ZKLFK LV D SULRUL QRUPDOO\ GLVWULEXWHG� $QDORJRXV WR 6WHS �� IRU

LGHQWL¿FDWLRQ RI WKH PRGHO WKH SULRU IRU lr^� LV D VWDQGDUG QRUPDO GLVWULEXWLRQ DQG WKH IXOO\

FRQGLWLRQDO SRVWHULRU GHQVLW\ RI lr^� LV JLYHQ E\

lr^� m ~
E��
r^� c �

E��c q^�c[
E3r�
^� c�^ q �

3C elr^�
V

n
hlr^�
�

�
V
n �

�
n �

c
�

�
V
n �

�
n �

4D c ����

ZKHUH elr^� LV WKH OHDVW VTXDUHV HVWLPDWRU IROORZLQJ IURP WKH UHJUHVVLRQ RI 5
E��
r^�& n K�& RQ @�& DQG

V WKH YDULDQFH RI elr^�c DV LQ 6WHS �� 7KH LWHP SDUDPHWHUV �
E��
& ' E@�&c K

�
&� DUH VDPSOHG LQ 6WHS ��

)LQDOO\� hlr^� ZLWK YDULDQFH � ' �2^^*�
2
^r LV WKH OHDVW VTXDUHV HVWLPDWRU IRU lr^� IROORZLQJ IURP

WKH UHJUHVVLRQ RI q^� � �
E3r�
^ [

E3r�
^� RQ �^r�

7KLV LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU LV HDVLO\ FKDQJHG LQWR D SURFHGXUH IRU

HVWLPDWLQJ WKH SDUDPHWHUV RI WKH VWUXFWXUDO �PXOWLOHYHO� PRGHO ZLWK WKH FODVVLFDO WUXH VFRUH

PRGHO DV PHDVXUHPHQW HUURU PRGHO� ,W LV DVVXPHG WKDW WKH YDULDQFH VWUXFWXUH� )c LV NQRZQ

DQG JLYHQ E\ IRUPXOD ED� � 7KLV LV DOVR QHFHVVDU\ IRU LGHQWL¿FDWLRQ RI WKH PRGHO� 7KH VXUURJDWHV

j DQG` DUH SURYLGHG E\ REVHUYHG VXP VFRUHV f�� RQ /HYHO � DQG REVHUYHG VXP VFRUHV� `�c

RQ /HYHO �� 7KXV� LQ WKLV FDVH WKH FODVVLFDO WUXH VFRUH PRGHO UHSODFHV WKH QRUPDO RJLYH PRGHO DV

D PHDVXUHPHQW HUURU PRGHO RQ /HYHO � DQG /HYHO �� DQG WKH 0/,57 PRGHO LV WUDQVIRUPHG LQWR

WKH 0/76 PRGHO� ,Q WKLV FDVH� DXJPHQWHG GDWD DQG LWHP SDUDPHWHUV GR QRW KDYH WR EH VDPSOHG�

7KHUHIRUH� 6WHS �� �� � DQG 6WHS � FDQ EH OHIW RXW� 6WHS � DQG 6WHS �� FKDQJHV LQWR WKH IROORZLQJ

WZR VWHSV�

6WHS ��� /HW f^�� GHQRWH WKH REVHUYHG VFRUH RI D SHUVRQ� LQGH[HG ��� LQ UHODWLRQ WR w^��c

WKH ^|� ODWHQW FRYDULDWH RQ /HYHO � LQ SUHGLFWLQJ t��� $JDLQ� WKH ODWHQW SUHGLFWRUV RQ /HYHO �

FDQ EH VDPSOHG VHSDUDWHO\ EHFDXVH WKH\ DUH LQGHSHQGHQW� )XUWKHU� f^�� LV D UDQGRP YDULDEOH
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WDNLQJ RQ YDOXHV IURP LQGHSHQGHQW UHSHDWHG PHDVXUHPHQWV� ZKLFK LV QRUPDOO\ GLVWULEXWHG ZLWK

PHDQ w^�� DQG YDULDQFH )� 7KH FRPSOHWH FRQGLWLRQDO RI w^�� IROORZV IURP WKH UHJUHVVLRQ RI

f^�� RQ w^�� DQG WKH UHJUHVVLRQ RI t�� RQ l
E3^�
�� c IRUPXOD E�� � 7KH SULRU LQIRUPDWLRQ IRU w^�� LV

LQFRUSRUDWHG LQWR WKH PHDVXUHPHQW HUURU PRGHO� ZKHUH WKH GLVWULEXWLRQ DQG YDULDQFH VWUXFWXUH

RI WKH WUXH VFRUH LV GHWHUPLQHG� ,W IROORZV WKDW WKH IXOO\ FRQGLWLRQDO SRVWHULRU GHQVLW\ RI w^�� LV

JLYHQ E\

w^�� m l
E3^�
�� c��c j

2c )cf^��c t�� q �

3C %^��
)

n
hw^��
�

�
)
n �

�

c
�

�
)
n �

�

4D c ����

ZLWK hw�� DQG � DV LQ IRUPXOD Eb� �

7KH FODVVLFDO WUXH VFRUH PRGHO FDQ DOVR EH XVHG IRU PRGHOLQJ WKH PHDVXUHPHQW HUURU

LQ WKH SUHGLFWRU YDULDEOHV RQ /HYHO �� /HW lr^� EH WKH H[SHFWHG YDOXH RI WKH REVHUYHG VFRUH`r^�c

ZKHUH WKH H[SHFWDWLRQ LV WDNHQ ZLWK UHVSHFW WR WKH QRUPDO GLVWULEXWLRQ� WKH DVVXPHG UHVSRQVH

GLVWULEXWLRQ� )XUWKHU� GH¿QH V DV WKH YDULDQFH� D SULRUL NQRZQ� RYHU SDUDOOHO REVHUYDWLRQV RI

`r^�� ,W IROORZV WKDW lr^� FDQ EH VDPSOHG LQ WKH VDPH ZD\ DV LQ 6WHS ��� 7KDW LV� 6WHS ��� ERLOV

GRZQ WR GUDZLQJ lr^� FRQGLWLRQDO RQ `r^�c Vc q^�c[
E3r�
^� DQG �^�

,Q IRUPXOD E�� LW LV DVVXPHG WKDW HYHU\ UHJUHVVLRQ FRHI¿FLHQW YDULHV DFURVV /HYHO �

JURXSV� ,Q FHUWDLQ DSSOLFDWLRQV� LW FDQ EH GHVLUDEOH WR FRQVWUDLQ WKH HIIHFW RI RQH RU PRUH RI

WKH /HYHO � SUHGLFWRUV WR EH LGHQWLFDO DFURVV /HYHO � XQLWV� $Q LPSOHPHQWDWLRQ RI WKH *LEEV

VDPSOHU ZKHUH UHJUHVVLRQ FRHI¿FLHQWV DUH WUHDWHG DV QRQ�YDU\LQJ DFURVV /HYHO � JURXSV QHHGV

D IXUWKHU GLYLVLRQ RI UHJUHVVLRQ FRPSRQHQWV� 7KLV FDOOV IRU D GLYLVLRQ LQ UHJUHVVLRQ FRHI¿FLHQWV

UHODWHG WR REVHUYHG SUHGLFWRUV DQG ODWHQW SUHGLFWRUV� ZLWK D IXUWKHU VXEGLYLVLRQ RI ERWK SDUWV LQWR

FRPSRQHQWV WUHDWHG DV UDQGRP DQG FRPSRQHQWV WUHDWHG DV QRQ�UDQGRP DFURVV /HYHO � JURXSV�

)LQDOO\� WKH FRPSOHWH FRQGLWLRQDO GLVWULEXWLRQ RI HDFK VXEVHW� JLYHQ WKH RWKHU SDUDPHWHUV DQG

WKH GDWD� PXVW EH VSHFL¿HG �VHH� IRU H[DPSOH� 6HOW]HU HW DO�� ������

7KH SUHVHQWHG �� VWHSV GH¿QH WKH *LEEV VDPSOHU IRU HVWLPDWLRQ RI WKH SDUDPHWHUV RI

WKH PXOWLOHYHO PRGHO ZLWK PHDVXUHPHQW HUURU LQ WKH SUHGLFWRU YDULDEOHV� ZKHUH WKH QRUPDO RJLYH

PRGHO RU WKH FODVVLFDO WUXH VFRUH PRGHO LV XVHG DV PHDVXUHPHQW HUURU PRGHO� :LWK LQLWLDO

YDOXHV IRU WKH SDUDPHWHUV� WKH *LEEV VDPSOHU UHSHDWHGO\ VDPSOHV IURP WKH IXOO FRQGLWLRQDO

GLVWULEXWLRQV ZLWK V\VWHPDWLF VFDQ� WKDW LV� WKH VDPSOHU XSGDWHV WKH FRPSRQHQWV LQ WKH QDWXUDO

RUGHULQJ� $ GLIIHUHQW VWUDWHJ\ RI XSGDWLQJ WKH FRPSRQHQWV FDQ DIIHFW WKH VSHHG RI FRQYHUJHQFH

�5REHUWV 	 6DKX� ������ 7KH YDOXHV RI WKH LQLWLDO SDUDPHWHUV DUH LPSRUWDQW IRU WKH UDWH RI



0HDVXUHPHQW (UURU � ��

FRQYHUJHQFH� ,QLWLDO HVWLPDWHV FDQ EH REWDLQHG E\ HVWLPDWLQJ WKH QRUPDO RJLYH PRGHO XVLQJ

%LORJ�0* �=LPRZVNL� 0XUDNL� 0LVOHY\� 	 %RFN� ������ LQLWLDO SDUDPHWHUV RI WKH PXOWLOHYHO

PRGHO FDQ EH HVWLPDWHG ZLWK +/0 IRU :LQGRZV �5DXGHQEXVK� %U\N� &KHRQJ� 	 &RQJGRQ�

����� ZLWK WKH SDUDPHWHU HVWLPDWHV RI WKH QRUPDO RJLYH PRGHO LPSXWHG DV FRQVWDQWV�

&RQYHUJHQFH FDQ EH HYDOXDWHG E\ FRPSDULQJ WKH EHWZHHQ DQG ZLWKLQ YDULDQFH RI

JHQHUDWHG PXOWLSOH 0DUNRY FKDLQV IURP GLIIHUHQW VWDUWLQJ SRLQWV �VHH� IRU LQVWDQFH� 5REHUW 	

&DVHOOD� ����� S� ����� $QRWKHU PHWKRG LV WR JHQHUDWH D VLQJOH 0DUNRY FKDLQ DQG WR HYDOXDWH

FRQYHUJHQFH E\ GLYLGLQJ WKH FKDLQ LQWR VXE�FKDLQV DQG FRPSDULQJ WKH EHWZHHQ� DQG ZLWKLQ�

VXE�FKDLQ YDULDQFH� $ VLQJOH UXQ LV OHVV ZDVWHIXO LQ WKH QXPEHU RI LWHUDWLRQV QHHGHG� $ XQLTXH

FKDLQ DQG D VORZ UDWH RI FRQYHUJHQFH LV PRUH OLNHO\ WR JHW FORVHU WR WKH VWDWLRQDU\ GLVWULEXWLRQ

WKDQ VHYHUDO VKRUWHU FKDLQV� ,Q WKH H[DPSOHV JLYHQ EHORZ� WKH IXOO *LEEV VDPSOH LQVWHDG RI D

VHW RI VXE�VDPSOHV IURP WKLV VDPSOH ZDV XVHG WR HVWLPDWH WKH SDUDPHWHUV� 7KH ODWWHU SURFHGXUH

OHDGV WR ORVVHV LQ HI¿FLHQF\ �0DF(DFKHUQ 	 %HUOLQHU� ������ )XUWKHU� WKH &2'$ VRIWZDUH

�%HVW� &RZOHV� 	 9LQHV� ����� ZDV XVHG WR DQDO\]H WKH RXWSXW IURP WKH *LEEV VDPSOHU DQG WKH

FRQYHUJHQFH RI WKH 0DUNRY FKDLQV� )LQDOO\� DIWHU WKH *LEEV VDPSOHU KDG UHDFKHG FRQYHUJHQFH

DQG ³HQRXJK´ VDPSOHV ZHUH GUDZQ� SRVWHULRU PHDQV RI DOO SDUDPHWHUV RI LQWHUHVW ZHUH HVWLPDWHG

ZLWK WKH PL[WXUH HVWLPDWRU� WR UHGXFH WKH VDPSOLQJ HUURU DWWULEXWDEOH WR WKH *LEEV VDPSOHU �/LX�

:RQJ� 	 .RQJ� ������ 7KH SRVWHULRU VWDQGDUG GHYLDWLRQV DQG KLJKHVW SRVWHULRU GHQVLW\ LQWHUYDOV

FDQ EH HVWLPDWHG IURP WKH VDPSOHG YDOXHV REWDLQHG IURP WKH *LEEV VDPSOHU �&KHQ 	 6KDR�

������

0HDVXUHPHQW (UURU LQ &RUUHODWHG 3UHGLFWRU 9DULDEOHV

$ PXOWLYDULDWH ,57 PRGHO FDQ EH XVHG DV PHDVXUHPHQW HUURU PRGHO LI LW LV QRW UHDOLVWLF

WR DVVXPH WKDW WKH SUHGLFWRU YDULDEOHV DUH LQGHSHQGHQW� $VVXPH WKDW WKH ODWHQW YDULDEOHV w^��

DUH UHODWHG WR REVHUYDEOH YDULDEOHV j^��c E^ ' �c � � � c'� YLD D QRUPDO RJLYH ,57 PHDVXUHPHQW

PRGHO� /HW j^�� '
�
f^���c � � � c f^��g^

�|
� ZLWK UHDOL]DWLRQ

�
%^���c � � � c %^��g^

�|
c GHQRWH D

UHVSRQVH YHFWRU RQ D WHVW ZLWK g^ LWHPV� %HIRUH WKH DFWXDO SDUDPHWHUV � ZLOO EH LGHQWLILHG�

FRQVLGHU D SDUDPHWUL]DWLRQ �W� /HW �W
�� EH WKH YHFWRU RI ODWHQW SUHGLFWRU YDULDEOHV� WKDW LV� �

W
�� KDV

HOHPHQWV wW^�� � )XUWKHU� VXSSRVH WKDW IRU HYHU\ SUHGLFWRU D WZR�SDUDPHWHU QRUPDO RJLYH PRGHO

KROGV� WKDW LV� �
�
f^��& ' � m wW^��c @

W
^&c K

W
^&

�
' x

�
@W^&w

W
^�� � KW^&

�
� ZKHUH @W^& DQG KW^& DUH LWHP

SDUDPHWHUV RI DQ LWHP RI SUHGLFWRU ^� %HFDXVH WKH SUHGLFWRU YDULDEOHV wW^�� DUH GHSHQGHQW� LW

ZLOO EH DVVXPHG WKDW �W
�� KDV D PXOWLYDULDWH QRUPDO GLVWULEXWLRQ ZLWK PHDQ ]HUR DQG FRYDULDQFH

PDWUL[ PW� +RZHYHU� WKH SDUDPHWUL]DWLRQ �W FDQ EH WUDQVIRUPHG VXFK WKDW � KDV D PXOWLYDULDWH
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QRUPDO GLVWULEXWLRQ ZLWK PHDQ ]HUR DQG FRYDULDQFH PDWUL[ W� WKDW LV� WKH YDULDEOHV w^�� EHFRPH

LQGHSHQGHQW� 8QGHU WKLV WUDQVIRUPDWLRQ� WKH QRUPDO RJLYH PRGHO WUDQVIRUPV WR

� Ef^��& ' � m ���c@^&c K^&� ' x
�
@|^&��� � K^&

�
c

ZKHUH @^& LV D YHFWRU RI GLVFULPLQDWLRQ�SDUDPHWHUV RU IDFWRU ORDGLQJV �VHH� IRU LQVWDQFH�

0F'RQDOG� ����� ����� ����� %pJXLQ 	 *ODV� ������ 1RWLFH WKDW HYHU\ LWHP UHVSRQVH QRZ

GHSHQGV RQ DOO ODWHQW GLPHQVLRQV� 7KLV JLYHV ULVH WR WKH IROORZLQJ SURFHGXUH�

$QDORJRXV ZLWK WKH DERYH SURFHGXUH� VHH 6WHS � WR 6WHS � DERYH� D UDQGRP YHFWRU

~�� '
�
~����c � � � c ~'��g'

�|
LV LQWURGXFHG� ZKHUH ~^��& q �

�
@|^&��� � K^&c �

�
� DQG LW LV

VXSSRVHG WKDW f^��& ' � ZKHQ ~^��& : f DQG f^��& ' f RWKHUZLVH� $IWHU GHULYLQJ WKH

IXOO\ FRQGLWLRQDO GLVWULEXWLRQV� WKH *LEEV VDPSOHU FDQ DJDLQ EH XVHG WR HVWLPDWH WKH SRVWHULRU

GLVWULEXWLRQV RI DOO SDUDPHWHUV�

6WHS �� 6DPSOLQJ ~� *LYHQ WKH SDUDPHWHUV ��� DQG �^&c WKH YDULDEOHV ~^��& DUH

LQGHSHQGHQW DQG

~^��& m ���c �^&cf^��& q �
�
@|^&��� � K^&c �

�
c ����

WUXQFDWHG DW WKH OHIW E\ � LI f^��& ' � DQG WUXQFDWHG DW WKH ULJKW E\ � LIf^��& ' f�

6WHS �� 6DPSOLQJ ���� /HW ��� EH WKH YHFWRU ZLWK ' SUHGLFWRU YDULDEOHV IRU D SHUVRQ

LQGH[HG ��� 7KHVH DUH WKH UHJUHVVLRQ FRHIILFLHQWV LQ WKH QRUPDO OLQHDU PRGHO

~�� n M ' ���� n %��c

ZKHUH M '
�
K��c � � � c K�g�

c K2�c � � � c K'g'

�|
� ��� ' Ew���c � � � c w'���

|
DQG � LV D

�S
^ g^ �'

�
PDWUL[ ZLWK URZ YHFWRUV @|^&c IRU LWHPV & ' �c � � � cg^ DQG SUHGLFWRUV ^ ' �c � � � c'�

)XUWKHUPRUH� WKH YHFWRU %�� KDV HOHPHQWV 0^��&c ZKLFK DUH LQGHSHQGHQW DQG VWDQGDUG QRUPDOO\

GLVWULEXWHG� ,W LV DVVXPHG WKDW DOO /HYHO � SUHGLFWRUV DUH XQREVHUYHG DQG WKHLU UHJUHVVLRQ

FRHI¿FLHQWV DUH WUHDWHG DV YDU\LQJ DFURVV /HYHO � JURXSV� )RU LGHQWL¿FDWLRQ RI WKH PRGHO� ���

KDV D PXOWLYDULDWH VWDQGDUG QRUPDO SULRU� DQG LW IROORZV WKDW

R
�
��� m 3��c +��c �^&c��c j

2
�
b R

�
3�� m ���c �^&

�
R
�
+�� m ���c��c j

2
�
s E���(fc W'� �
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$V LQ WKH XQLGLPHQVLRQDO FDVH� WKH PL[WXUH RI PXOWLYDULDWH QRUPDO GLVWULEXWLRQV UHVXOWV LQ D

PXOWLYDULDWH QRUPDO GLVWULEXWLRQ ZLWK D VKULQNDJH HVWLPDWRU DV H[SHFWDWLRQ�

��� m ~��c t��c �^&c��c j
2
q �

#
C3�e��� nx3�h���
C3� nx3�nW'

c
�
C3� nx3�nW'

�3�$
c ����

ZKHUH e��� ' E�|��
3�
�|E3�� n M� DQG h��� '

�
�|

3��3�

�3�
�|

3�

�
+�� � qf�

�
c ZLWK �3� '�

q��c � � � c q'�

�
DQG WKH FRUUHVSRQGLQJ YDULDQFHV DUH C ' E�|��

3�
DQG x ' j2

�
�|

3��3�

�3�
�

6WHS �� 6DPSOLQJ �^&� /HW �^& ' E@^&c K^&�
|
� & ' �c � � � cg^ DQG ^ ' �c � � � c'c

ZKLFK UHSUHVHQW WKH LWHP�SDUDPHWHUV RI LWHP & RI D WHVW UHODWLQJ WR SUHGLFWRU ^� )XUWKHU� GH¿QH

� ' E��c � � � c�'� ZLWK �^ ' Ew^��c � � � c w^?aa�
| � *LYHQ �c WKH ~^& ' E~^��&c � � � c ~^?aa&�

|

VDWLVI\ WKH OLQHDU PRGHO

~^& '
�
� ��

�
�^& n %^& ����

ZKHUH %^& ' E0^��&c � � � c 0^?aa&�
|
DUH VWDQGDUG QRUPDOO\ GLVWULEXWHG� &RPELQLQJ WKH SULRU IRU

R
�
�^&

�
'

T'

^'� U E@^& : f� ZLWK HTXDWLRQ E�e� JLYHV

�^& m �c~^& q �
�e�^&c �O|O

�3�� '\
^'f

U E@^& : f� c

ZKHUHO '
�
� ��

�
DQG e�^& LV WKH OHDVW VTXDUHV HVWLPDWRU EDVHG RQ E�e��

$JDLQ� WKLV SURFHGXUH FRXOG EH H[WHQGHG WR KDQGOH REVHUYHG DQG QRQ�REVHUYHG

H[SODQDWRU\ YDULDEOHV ZLWK UHJUHVVLRQ FRHI¿FLHQWV YDU\LQJ RU ¿[HG DFURVV /HYHO � XQLWV� 1RWLFH

WKDW WKH VWHSV IRU VDPSOLQJ WKH RWKHU SDUDPHWHUV RI WKH VWUXFWXUDO PRGHO� GHVFULEHG LQ WKH

SUHYLRXV VHFWLRQ� UHPDLQ WKH VDPH� 0RGHOLQJ PHDVXUHPHQW HUURU LQ FRUUHODWHG SUHGLFWRU

YDULDEOHV ZLWK WKH FODVVLFDO WUXH VFRUH PRGHO QHHGV D ORW RI SULRU LQIRUPDWLRQ� 7KH DYHUDJH

SRSXODWLRQ YDULDQFH UHJDUGLQJ DOO WHVWV KDV WR EH NQRZQ D SULRUL� WKDW LV� WKH FRYDULDQFH PDWUL[

RI WKH ' H[SODQDWRU\ YDULDEOHV RI SHUVRQ �� KDV WR EH NQRZQ LQ DGYDQFH� 7KH FRYDULDQFH PDWUL[

RI WKH FRUUHODWHG ODWHQW SUHGLFWRU YDULDEOHV DOVR LGHQWL¿HV WKH PRGHO ZKHQ WKH FODVVLFDO WUXH VFRUH

PRGHO LV XVHG DV PHDVXUHPHQW HUURU PRGHO� 7KHQ WKH FRQGLWLRQDO GLVWULEXWLRQ RI ��� EHFRPHV

��� m j��c t��c��c j
2cC q �

#
C3� �� nx3�h���

C3� nx3�
c
�
C3� nx3�

�3�$
c
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ZKHUH  �� ' E%���c � � � c %'��� DQG %^�� LV WKH VXP VFRUH RI SHUVRQ �� RQ D WHVW UHODWHG WR SUHGLFWRU

^� )XUWKHU� C LV WKH D SULRUL NQRZQ FRYDULDQFH PDWUL[ RI WKH VXP VFRUHV RI SHUVRQ ��� ,Q PRVW

FDVHV� WKH FRYDULDQFH PDWUL[ LV SRSXODWLRQ GHSHQGHQW DQG ¿[HG RYHU UHVSRQGHQWV WR JHW D UHOLDEOH

HVWLPDWH�

$ 6LPXODWLRQ 6WXG\

$ VLPXODWHG H[DPSOH ZDV DQDO\]HG WR LOOXVWUDWH SDUDPHWHU UHFRYHU\� 7KLV H[DPSOH LV

LQWHQWLRQDOO\ FRQVWUXFWHG WR VKRZ WKH DGYDQWDJHV RI WKH 0/,57 PRGHO RYHU WKH 0/76 PRGHO�

,Q WKH VHFWLRQ IROORZLQJ WKLV RQH� D UHDO GDWD VHW ZLOO EH DQDO\]HG WR JHW DQ LQGLFDWLRQ ZKHWKHU

WKH WKHRUHWLFDO DGYDQWDJHV RI 0/,57 DOVR SD\ RII LQ SUDFWLFH�

'DWD ZHUH VLPXODWHG XVLQJ D PXOWLOHYHO PRGHO ZLWK WZR ODWHQW SUHGLFWRUV� 7KH PRGHO

LV JLYHQ E\

+�� ' qf� n q�w��� n e�� ����

qf� ' �ff n �f�l�f� n �f�

q� ' ��f

ZKHUH e�� q � Efc j2� DQG �f� q � Efc � 2� � )XUWKHUPRUH� LW ZDV DVVXPHG WKDW WKH REVHUYHG

YDULDEOHVj DQG` ZHUH UHODWHG WR WKH ODWHQW SUHGLFWRUV � DQG � WKURXJK D QRUPDO RJLYH PRGHO�

5HVSRQVH SDWWHUQV j DQG ` ZHUH JHQHUDWHG IRU D WHVW RI Df LWHPV DQG D WHVW RI �ff LWHPV�

UHVSHFWLYHO\� )RU WKH WHVW UHODWHG WR �� Dc fff UHVSRQVH SDWWHUQV� GLYLGHG RYHU a ' Dff JURXSV

RI �f VWXGHQWV HDFK� ZHUH JHQHUDWHG� 7KH JHQHUDWLQJ YDOXHV RI WKH GLVFULPLQDWLRQ SDUDPHWHUV

ZHUH VDPSOHG IURP D ORJ�QRUPDO GLVWULEXWLRQ ZLWK D VWDQGDUG GHYLDWLRQ RI �Sc IRU UHDVRQV WKDW

ZLOO EH UHWXUQHG WR EHORZ� WKH GLI¿FXOW\ SDUDPHWHUV ZHUH DOO VHW HTXDO WR RQH� )RU WKH WHVW UHODWHG

WR �� Dff UHVSRQVH SDWWHUQV ZHUH JHQHUDWHG ZLWK GLVFULPLQDWLRQ SDUDPHWHUV VDPSOHG IURP D

ORJ�QRUPDO GLVWULEXWLRQ ZLWK D VWDQGDUG GHYLDWLRQ RI �S DQG� IRU UHDVRQV WKDW ZLOO EH H[SODLQHG

EHORZ� WKH GLI¿FXOW\ SDUDPHWHUV ZHUH VHW HTXDO WR ��D� 7KH WUXH YDOXHV RI �c j2 DQG Ac DUH

VKRZQ XQGHU WKH ODEHO *HQHUDWHG LQ 7DEOH ��

7KH WZR QRUPDO RJLYH PRGHOV ZHUH HVWLPDWHG ZLWK %LORJ�0*� 1H[W� WKH LQLWLDO

SDUDPHWHU HVWLPDWHV IRU WKH PXOWLOHYHO PRGHO ZHUH FRPSXWHG ZLWK +/0� ,Q FDVH RI WKH 0/76�

LQLWLDO YDOXHV RI WKH PXOWLOHYHO SDUDPHWHUV ZHUH REWDLQHG E\ +/0 XVLQJ WKH REVHUYHG VFRUHV DV

H[SODQDWRU\ YDULDEOHV� 6XEVHTXHQWO\� WKH 0&0& SURFHGXUH ZDV UXQ ZLWK Dfc fff LWHUDWLRQV�

&RQYHUJHQFH RI WKH *LEEV VDPSOHU ZDV FKHFNHG E\ H[DPLQLQJ WKH SORWV RI VDPSOHG
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SDUDPHWHU YDOXHV� ,Q )LJXUH �� WKH 0&0& LWHUDWHV RI PRGHO SDUDPHWHUV �ff DQG ��fc DQG D

¿W VWDWLVWLF� . du2o ZKLFK ZLOO EH H[SODLQHG LQ GHWDLO EHORZ� DUH SORWWHG� 7KH OHIW WKUHH ¿JXUHV

FRUUHVSRQG WR WKH 0/,57 PRGHO DQG WKH ULJKW WKUHH ¿JXUHV FRUUHVSRQG WR WKH 0/76� 9LVXDO

LQVSHFWLRQ LQGLFDWHV WKDW WKH FKDLQV FRQYHUJHG TXLWH IDVW WR WKH VWDWLRQDU\ GLVWULEXWLRQ� :LWK

WKH &2'$ VRIWZDUH �%HVW HW DO�� ����� D YDULHW\ RI GLDJQRVWLF WRROV� ZLWK GHIDXOW YDOXHV� ZHUH

XVHG WR FKHFN WKH FRQYHUJHQFH� *HZHNH¶V FRQYHUJHQFH GLDJQRVWLF ZDV FRPSXWHG IRU WKH VHYHUDO

FKDLQV DQG S�YDOXHV� JLYHQ LQ )LJXUH �� VKRZHG WKHUH ZDV QR HYLGHQFH WKDW WKH FKDLQV KDG QRW

FRQYHUJHG� )XUWKHU� XVLQJ +HLGHOEHUJHU DQG :HOFK¶V SURFHGXUH� LW FRXOG EH FRQFOXGHG WKDW DIWHU

GLVFDUGLQJ WKH LQLWLDO Dc fff LWHUDWLRQV� WKH UHPDLQLQJ LWHUDWHV IRUPHG D VWDWLRQDU\ VHTXHQFH� 7KH

ODVW efc fff LWHUDWLRQV ZHUH XVHG DV HVWLPDWHV� 7KH ODJ � DXWR�FRUUHODWLRQV ZLWKLQ WKH FKDLQV

RI ¿[HG HIIHFWV RI WKH 0/,57 PRGHO ZHUH DURXQG ��D� ZKLFK LV ODUJH� 7KHUHIRUH� D ORQJ UXQ

ZDV QHHGHG WR REWDLQ VWDEOH HVWLPDWHV RI WKH SRVWHULRU PHDQV DQG VWDQGDUG GHYLDWLRQV� *LONV

DQG 5REHUWV ������ GLVFXVVHG VHYHUDO VWUDWHJLHV WR LPSURYH WKH PL[LQJ RI WKH FKDLQ WR UHGXFH

WKH UXQ WLPH RI WKH PDUNRY FKDLQ� 7KH 0&0& LWHUDWHV RI WKH ¿W VWDWLVWLF RI WKH 0/,57 PRGHO

GLG QRW FRQYHUJH YHU\ ZHOO WR WKH VWDWLRQDU\ GLVWULEXWLRQ� *HZHNH¶V S�YDOXH HTXDOOHG �fSc DQG LW

ZDV UHFRPSXWHG ZLWK WKH *LEEV VDPSOHU ZLWK HVWLPDWHG YDOXHV RI WKH ODWHQW YDULDEOHV � DQG ��

7KLV UHVXOWHG LQ D PRUH VWDEOH HVWLPDWH RI WKH ¿W VWDWLVWLF� $GGLWLRQDOO\� PXOWLSOH FKDLQV ZHUH

UXQ IURP GLIIHUHQW VWDUWLQJ SRLQWV WR YHULI\ WKDW WKH\ UHVXOWHG LQ VLPLODU DQVZHUV� $OWRJHWKHU� LW

FRXOG EH FRQFOXGHG WKDW WKH HVWLPDWHV ZHUH TXLWH VWDEOH�

7KH IROORZLQJ SURFHGXUH ZDV XVHG WR PDNH WKH SDUDPHWHU HVWLPDWHV RI WKH 0/,57

DQG WKH 0/76 PRGHO FRPSDUDEOH� 7KH ORFDWLRQ RI WKH XQREVHUYHG SUHGLFWRUV ZDV ¿[HG E\

WUDQVIRUPLQJ HDFK VDPSOH SURGXFHG LQ WKH *LEEV VDPSOLQJ SURFHVV� 7KDW LV� VDPSOHG YDOXHV RI

� DQG � ZHUH WUDQVIRUPHG LQ HDFK LWHUDWLRQ LQ VXFK D ZD\ WKDW WKHLU SRVWHULRU PHDQ DQG YDULDQFH

HTXDOHG WKH SRVWHULRU PHDQ DQG YDULDQFH RI WKH JHQHUDWHG ODWHQW YDULDEOHV � DQG �� ,Q JHQHUDO�

JUDQG PHDQ RU JURXS�PHDQ FHQWHULQJ RI DQ XQREVHUYHG H[SODQDWRU\ YDULDEOH FDQ EH REWDLQHG

E\ VXEWUDFWLQJ WKH JUDQG PHDQ RU JURXS�PHDQV IURP HDFK VDPSOH GUDZQ LQ HDFK VWHS RI WKH

*LEEV VDPSOHU� ,Q WKH VDPH ZD\� WKH ODWHQW YDULDEOHV LQ WKH 0/76 ZHUH VFDOHG LQ HDFK LWHUDWLRQ

WR WKH WUXH VFDOH RI WKH JHQHUDWHG ODWHQW YDULDEOHV� )XUWKHUPRUH� WKLV ZD\ ERWK PRGHOV ZHUH

LGHQWL¿HG� 7KH 0/,57 PRGHO FRXOG DOVR EH LGHQWL¿HG E\ UHVWULFWLQJ WKH VXP RI WKH GLI¿FXOW\

SDUDPHWHUV DQG WKH SURGXFW RI WKH GLVFULPLQDWLRQ SDUDPHWHUV� 7KH 0/76 ZDV LGHQWL¿HG WKURXJK

WKH VSHFL¿FDWLRQ RI WKH DYHUDJH SRSXODWLRQ YDULDQFHV� 7KH DYHUDJH SRSXODWLRQ YDULDQFHV� UHODWHG

WR j DQG `c DQG GHQRWHG E\ )� DQG )2c ZHUH �� DQG �f�� UHVSHFWLYHO\� 7KH HVWLPDWHV RI WKH

DYHUDJH SRSXODWLRQ YDULDQFHV ZHUH REWDLQHG E\ DYHUDJLQJ WKH XQELDVHG HVWLPDWHV IRU WKH HUURU

YDULDQFHV RI LQGLYLGXDO H[DPLQHHV� ZLWK DOO H[DPLQHHV FRUUHVSRQGLQJ WR WKH VDPH SRSXODWLRQ
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�/RUG 	 1RYLFN� ����� SS� �����

,Q )LJXUH �� WKH HVWLPDWHV RI WKH LWHP SDUDPHWHUV RI WKH /HYHO � WHVW� DUH SORWWHG DJDLQVW

WKH WUXH VLPXODWLQJ YDOXHV� 7KH \�D[LV RI WKH XSSHU SDQHO JLYHV WKH GLIIHUHQFH EHWZHHQ WKH WUXH

DQG HVWLPDWHG YDOXH RI WKH GLVFULPLQDWLRQ SDUDPHWHUV� ,W FDQ EH VHHQ WKDW WKHVH YDOXHV ZHUH

YHU\ FORVH� ,Q WKH ORZHU SDQHO RI )LJXUH �� LW FDQ EH VHHQ WKDW DOVR KHUH WKH WUXH DQG HVWLPDWHG

YDOXHV ZHUH YHU\ FORVH� +LJKHVW SRVWHULRU GHQVLW\ �+3'� LQWHUYDOV VKRZQ LQ )LJXUH � ZHUH

FDOFXODWHG DV bDI�FRQ¿GHQFH UHJLRQV IRU WKH SDUDPHWHUV� 7KH WUXH YDOXHV DQG HVWLPDWHV RI WKH

LWHP SDUDPHWHUV IRU WKH /HYHO � WHVW ZHUH DOVR TXLWH FORVH EXW WKHLU +3' UHJLRQV ZHUH ODUJHU GXH

WR WKH UHODWLYHO\ VPDOO QXPEHU RI JURXSV�

7DEOH � SUHVHQWV WKH UHVXOWV RI HVWLPDWLQJ WKH SDUDPHWHUV RI WKH PXOWLOHYHO PRGHO� 7KH

HVWLPDWHV RI WKH ¿[HG DQG UDQGRP HIIHFWV XVLQJ WKH QRUPDO RJLYH PRGHO DUH JLYHQ XQGHU WKH

ODEHO 0/,57 0RGHO� ,W FDQ EH VHHQ WKDW DOO SDUDPHWHUV ZHUH YHU\ ZHOO UH�HVWLPDWHG� WKDW LV�

WKH HVWLPDWHV ZHUH FORVH WR WKH WUXH YDOXHV DQG WKH FRUUHVSRQGLQJ SRVWHULRU VWDQGDUG GHYLDWLRQV

ZHUH VPDOO� 7KH HVWLPDWHV RI WKH ¿[HG DQG UDQGRP HIIHFWV XVLQJ WKH FODVVLFDO WUXH VFRUH PRGHO

DUH JLYHQ XQGHU WKH ODEHO 0/76 0RGHO� 7KH SDUDPHWHU HVWLPDWHV RI WKH ¿[HG HIIHFWV DQG WKH

YDULDQFH FRPSRQHQWV GLIIHUHG PXFK PRUH IURP WKH WUXH SDUDPHWHU YDOXHV� 7KH HVWLPDWHV RI

WKH ¿[HG HIIHFWV ZHUH WRR ORZ DQG WKH HVWLPDWHV RI WKH YDULDQFH FRPSRQHQWV ZHUH WRR KLJK�

2EYLRXVO\� WKH SDUDPHWHU HVWLPDWHV ZHUH DWWHQXDWHG GXH WR PHDVXUHPHQW HUURU LQ WKH REVHUYHG

VXP VFRUHV� ,W PXVW EH QRWHG WKDW WKH SDUDPHWHU HVWLPDWHV GHYLDWHG HYHQ PRUH IURP WKH WUXH

YDOXHV ZKHQ VXP VFRUHV ZHUH XVHG DV HVWLPDWHV RI WKH ODWHQW YDULDEOHV�

7KH PRGHOV ZHUH FRPSDUHG XVLQJ SRVWHULRU SUHGLFWLYH GDWD� voeRcjoeRc DQG `oeR

�&DUOLQ 	 /RXLV� ����� *HOPDQ HW DO�� ����� *HOPDQ� 0HQJ� 	 6WHUQ� ������ /HW voeR GHQRWH

UHSOLFDWH REVHUYDWLRQV� JLYHQ WKH XQGHUO\LQJ PRGHO SDUDPHWHUV� $QDORJRXVO\� OHWjoeR DQG`oeR

GHQRWH UHSOLFDWHG REVHUYDWLRQV� JLYHQ j DQG`� UHVSHFWLYHO\� DQG JLYHQ WKH XQGHUO\LQJ PRGHO

SDUDPHWHUV�

'H¿QH u�� DV WKH GLVWDQFH IURPv
oeR
� WRv� JLYHQ PRGHO � DQG GDWD Ej�c`�� c VR

.
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$JJUHJDWLQJ RYHU /HYHO � XQLWV UHVXOWV LQ
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ZKHUH R
�
+oeR�� m ���c��c j

2
�

LV WKH SUREDELOLW\ RI UHSOLFDWHG GDWD JLYHQ WKH SDUDPHWHUV�

R E���c j
2 m  ��c)� DQG R

�
�� m ��c)�

�
DUH WKH MRLQW SRVWHULRU GHQVLWLHV RI WKH XQREVHUYHG

H[SODQDWRU\ YDULDEOHV DQG YDULDQFH DW /HYHO � DQG WKH SRVWHULRU GHQVLW\ RI WKH XQREVHUYHG

H[SODQDWRU\ YDULDEOHV DW /HYHO �� UHVSHFWLYHO\� ,Q WKH VDPH ZD\� GH¿QH u2 DV WKH GLVWDQFH IURP

joeR WRj JLYHQ PRGHO � DQG GDWD Ev�c`��� 7KLV UHVXOWV LQ

.
�
u2
2 m �c 

�
' .

�
E ��  �oeR�2 m �c 

�
c ����

ZKHUH  � DQG  �oeR GHQRWH WKH REVHUYHG VXP VFRUHV DQG WKH UHSOLFDWHG VXP VFRUHV� UHVSHFWLYHO\�

$QDORJRXVO\� OHW u� EH WKH GLVWDQFH IURP`oeR WR` JLYHQ PRGHO� DQG GDWD Ev�cj�� cZKLFK

OHDGV WR WKH VWDWLVWLF

.
�
u2
� m �c�

�
' .

�
E�����oeR�2 m �c�

�
c ����

ZKHUH �� GHQRWHV WKH REVHUYHG VXP VFRUHV DQG ��oeR GHQRWHV WKH UHSOLFDWHG VXP VFRUHV� (DFK

VWDWLVWLF VXPPDUL]HV LQIRUPDWLRQ DERXW WKH SUHGLFWLYH GDWD JLYHQ WKH REVHUYHG GDWD� )XUWKHU�

HDFK VWDWLVWLF LV WKH VXP RI WKH YDULDQFH RI WKH UHSOLFDWHG GDWD SOXV WKH VTXDUH RI WKH ELDV RI WKH

UHSOLFDWHG GDWD ZLWK UHVSHFW WR WKH REVHUYHG GDWD� 7RJHWKHU WKHVH WKUHH SUHGLFWLYH FULWHULD UHÀHFW

WKH TXDOLW\ RI SUHGLFWLRQ RI D UHSOLFDWH RI WKH REVHUYHG GDWD� ,I WKH PRGHO ¿WV� . du2
� m �c)o c

. du2
2 m �c o c DQG . du2

� m �c�o VKRXOG EH VPDOO� 7KH VXP RI WKH WKUHH VWDWLVWLFV VXPPDUL]HV

WKH LQIRUPDWLRQ FRQFHUQLQJ WKH JHQHUDO ¿W RI WKH PRGHO� 7KLV VXP ZLOO EH GHQRWHG DV

.
�
u2 m �c)c c�

�
� ����

7KH 0/76 DQG WKH 0/,57 PRGHO ZLOO EH FRPSDUHG WR HDFK RWKHU XVLQJ WKLV PHDVXUH� IRUPXOD

E2f� c DQG RQH GDWD VHW� ,Q D PRUH JHQHUDO DQDO\VLV� WKLV PHDVXUH FRXOG EH H[WHQGHG DV D ZHLJKWHG

VXP RI WKH WKUHH SUHGLFWLYH FULWHULD WR WDNH LQWR DFFRXQW WKH YDULDQFH RI HDFK SRVWHULRU SUHGLFWLYH
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PHDVXUH�

,Q 7DEOH �� IRU ERWK PRGHOV WKH YDOXHV RI . du2 m �c)c c�o SHU /HYHO � XQLW DQG

FRUUHVSRQGLQJ SRVWHULRU VWDQGDUG GHYLDWLRQV DUH JLYHQ� 7KH PXFK VPDOOHU YDOXH IRU WKH 0/,57

PRGHO LQGLFDWHG WKDW WKLV PRGHO SUHGLFWHG WKH REVHUYHG GDWD EHWWHU WKDQ WKH 0/76�

)LJXUH � SUHVHQWV WKH WUXH GLVWULEXWLRQ RI � DQG JHQHUDWHG SRVWHULRU GLVWULEXWLRQV XQGHU

WKH 0/76 DQG WKH 0/,57 PRGHO� %RWK ¿JXUHV VKRZ WKDW WKH UHFRYHU\ XQGHU WKH 0/,57 PRGHO

ZDV E\ IDU VXSHULRU WR WKH UHFRYHU\ XQGHU WKH 0/76 PRGHO� )XUWKHU� WKH HVWLPDWHV RI WKH

SRVWHULRU GLVWULEXWLRQV XVLQJ WKH 0/76 VKRZHG WZR PRGHV LQ WKH SRVWHULRU GLVWULEXWLRQV� 7KH

WZR SHDNV UHVXOWHG IURP WKH IDFW WKDW D VNHZHG GLVWULEXWLRQ RI WKH WUXH ODWHQW YDULDEOH � ZDV

FRPELQHG ZLWK UHODWLYHO\ GLI¿FXOW LWHPV ZKLFK DOO KDG WKHLU GLI¿FXOW\ SDUDPHWHU HTXDO WR RQH�

7KH SRVWHULRU GLVWULEXWLRQ RI � ZDV DOVR VNHZHG DQG FRPELQHG ZLWK D VHW RI UHODWLYHO\ HDV\

LWHPV� WKDW LV� WKH GLI¿FXOW\ SDUDPHWHUV ZHUH VHW HTXDO WR ��D� ,Q FRQWUDVW WR WKH WRS ¿JXUH� WKH

0/76 HVWLPDWH RI � VKRZHG D KLJK PRGH DW WKH KLJK DELOLWLHV DQG D ORZHU PRGH DW WKH ORZHU

DELOLWLHV� 7KH 0/76 PRGHO LV EDVHG RQ QRUPDOLW\ RI WKH REVHUYHG VFRUHV DQG FDQQRW FDSWXUH WKH

HIIHFWV RI VNHZQHVV RI WKH VFRUH GLVWULEXWLRQ� 7KH LWHP UHVSRQVH PRGHO KDQGOHG WKHVH HIIHFWV

ZHOO DQG UH�HVWLPDWHG WKH SRVWHULRU GLVWULEXWLRQ YHU\ JRRG� )XUWKHU� WKH 0/76 HVWLPDWHV RI WKH

YDULDQFH LQ WKH H[SODQDWRU\ YDULDEOHV � DQG � ZDV DOVR VXSSUHVVHG E\ WKH ³ÀRRU´ DQG ³FHLOLQJ´

HIIHFW LQ WKH REVHUYHG VXP VFRUHV� $V D UHVXOW� WKH 0/,57 PRGHO SUHGLFWHG DOO REVHUYHG GDWD

PXFK EHWWHU� DQG WKLV UHVXOWHG LQ D PXFK EHWWHU PRGHO ¿W�

$Q ,OOXVWUDWLYH ([DPSOH RI 0HDVXUHPHQW (UURU LQ +LHUDUFKLFDO 0RGHOV

7KH 0/,57 DQG WKH 0/76 PRGHOV ZHUH XVHG LQ DQ DQDO\VLV RI D PDWKHPDWLFV WHVW�

DGPLQLVWHUHG WR �.�� SXSLOV RI JUDGH � LQ �bH UHJXODU SULPDU\ VFKRROV �%RVNHU� %ODWFKIRUG� 	

0HLMQHQ� ������ $PRQJ RWKHU WKLQJV� LQWHUHVW ZDV IRFXVHG RQ WKH UHODWLRQ EHWZHHQ DFKLHYHPHQW

LQ PDWKHPDWLFV� HGXFDWLRQDO SURYLVLRQV DW WKH VFKRRO OHYHO DQG DGDSWLYH LQVWUXFWLRQ E\ WHDFKHUV�

$ WHVW PHDVXULQJ WKH ZLOOLQJQHVV DQG FDSDELOLW\ WR LQWURGXFH DGDSWLYH LQVWUXFWLRQ ZDV WDNHQ E\

WHDFKHUV� 7KLV WHVW FRQVLVWHG RI 2� GLFKRWRPRXVO\ VFRUHG LWHPV DQG ZLOO EH GHQRWHG DV �U �

%\ SRVLQJ WKH IROORZLQJ /HYHO � PRGHO� WKH QHVWHG VWUXFWXUH RI WKH GDWD ZDV WDNHQ LQWR

DFFRXQW� )RU HDFK VFKRRO � E� ' �c � � � c a� c

+�� ' qf� n q��U'�� n e��c ����

ZKHUH +�� ZDV WKH VFRUH RI WKH PDWKHPDWLFV WHVW DQG U'�� ZDV DQ XQREVHUYHG SUHGLFWRU
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UHSUHVHQWLQJ WKH LQWHOOLJHQFH RI D VWXGHQW ��� U' ZDV PHDVXUHG E\ DQ LQWHOOLJHQFH WHVW RI �.

LWHPV� 7KH UHVSRQVH SDWWHUQV RI �.�� SXSLOV ZHUH DYDLODEOH�

)LUVW� LW ZDV DVVXPHG WKDW WKH LQWHUFHSW YDULHG UDQGRPO\ IURP VFKRRO WR VFKRRO�

)XUWKHUPRUH� WKH DGDSWLYH LQVWUXFWLRQ ZDV HQWHUHG DV D PDQLIHVW /HYHO � YDULDEOH WKDW ZDV

VXSSRVHG WR KDYH DQ LQÀXHQFH RQ WKH GLYHUVLW\ RI PDWKHPDWLFV VFRUHV� 7KHUHIRUH� WKH YDULDELOLW\

LQ qf� ZDV PRGHOHG DV

qf� ' �ff n �f��U� n �f� ����

q�� ' ��fc

ZKHUH �f� ZHUH DVVXPHG QRUPDOO\ GLVWULEXWHG ZLWK YDULDQFH �2�

)RXU PRGHOV ZHUH XVHG WR DQDO\]H WKH GDWD� 7KHVH ZHUH D 0/,57 PRGHO DQG D 0/76

ZLWK REVHUYHG VFRUHV IRU WKH ODWHQW YDULDEOH �Uc GHQRWHG DV �� DQG �S�c UHVSHFWLYHO\� DQG

D 0/,57 PRGHO DQG D 0/76 PRGHOLQJ WKH ODWHQW YDULDEOHV U' DQG �Uc GHQRWHG DV �2 DQG

�S2c UHVSHFWLYHO\� $JDLQ� FRQYHUJHQFH RI WKH *LEEV VDPSOHU ZDV FKHFNHG E\ H[DPLQLQJ WKH

SORWV RI VDPSOHG SDUDPHWHU YDOXHV ZLWK WKH &2'$ SURJUDP� )RU DOO IRXU PRGHOV� WKH 0&0&

LWHUDWHV RI WKH YDULDQFH SDUDPHWHU DW /HYHO � DQG WKH ¿W VWDWLVWLF DUH SORWWHG LQ )LJXUH �� 7KH

0&0& LWHUDWHV VKRZHG QR FRQYHUJHQFH SUREOHPV� *HZHNH¶V FRQYHUJHQFH GLDJQRVWLF VKRZHG

QR HYLGHQFH WKDW WKH FKDLQV KDG QRW FRQYHUJHG� ,Q FDVH RI PRGHO�� DQG�S�� +HLGHOEHUJHU DQG

:HOFK¶V DQG 5DIWHU\ DQG /HZLV¶ FRQYHUJHQFH GLDJQRVWLFV XVHG ZLWK GHIDXOW YDOXHV VKRZHG WKDW

DIWHU �ff LWHUDWLRQV WKH UHPDLQLQJ LWHUDWHV IRUPHG D VWDWLRQDU\ VHTXHQFH� DQG �fc fff LWHUDWLRQV

ZHUH VXI¿FLHQW WR REWDLQ VWDEOH HVWLPDWHV RI WKH PRGHO SDUDPHWHUV� %RWK SURFHGXUHV VKRZHG

WKDW WKH LWHUDWHV IURP PRGHO �2 DQG �S2 FRQYHUJHG DIWHU Dff LWHUDWLRQV DQG 2fc fff LWHUDWLRQV

ZHUH PRUH WKDQ VXI¿FLHQW WR HVWLPDWH WKH SDUDPHWHUV� 7KH ODJ � DXWR�FRUUHODWLRQ ZLWKLQ WKH

GLIIHUHQW FKDLQV ZDV DURXQG ]HUR� ZKLFK LQGLFDWHV KLJK PL[LQJ DQG IDVW FRQYHUJH�

7DEOH 2 SUHVHQWV WKH SDUDPHWHU HVWLPDWHV IRU WKH PRGHOV ZKHUH D PHDVXUHPHQW HUURU

PRGHO ZDV DSSOLHG WR WKH XQREVHUYHG H[SODQDWRU\ YDULDEOH UHSUHVHQWLQJ WKH U' YDOXHV RI WKH

H[DPLQHHV� 7KH HVWLPDWHG DYHUDJH SRSXODWLRQ YDULDQFH ) ZDV ��bc DQG DOO H[DPLQHHV EHORQJHG

WR WKH VDPH SRSXODWLRQ� )RU WKH PRPHQW� WKH PHDQ REVHUYHG VFRUH IURP WKH �U WHVW QHJOHFWLQJ

LWV HUURU FRPSRQHQW ZDV XVHG� 7KH PDLQ UHVXOW RI WKH DQDO\VLV ZDV WKDW� FRQGLWLRQDOO\ RQ U'c

DGDSWLYH LQVWUXFWLRQ VHHPHG WR KDYH D VPDOO SRVLWLYH HIIHFW RQ PDWKHPDWLFV DFKLHYHPHQWV RI

VWXGHQWV� EXW WKLV HIIHFW GLG QRW GLIIHU VLJQL¿FDQWO\ IURP ]HUR� )XUWKHUPRUH� LQGLYLGXDOV ZLWK

KLJK U' YDOXHV VFRUHG KLJK RQ WKH PDWKHPDWLFV WHVW� 7KH XVH RI D PXOWLOHYHO PRGHO ZDV MXVWL¿HG�

EHFDXVH D VXEVWDQWLDO SURSRUWLRQ RI WKH YDULDWLRQ LQ WKH RXWFRPH DW WKH VWXGHQW OHYHO ZDV EHWZHHQ
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VFKRROV� 7KLV LV WKH YDULDQFH RI WKH DFKLHYHPHQWV RI VWXGHQWV LQ VFKRRO � FRQWUROOLQJ IRU U'c

DURXQG WKH JUDQG PHDQ� �ffc ZKLFK GLG QRW GLIIHU VLJQL¿FDQWO\ IURP ]HUR�

7KHUH ZHUH RQO\ VPDOO GLIIHUHQFHV EHWZHHQ WKH SDUDPHWHU HVWLPDWHV IURP WKH 0/,57

DQG WKH 0/76 ZLWK ) ' ��b� 7KH SDUDPHWHU HVWLPDWHV LQ 7DEOH 2 DUH FRPSDUDEOH EHFDXVH WKH

U' SUHGLFWRUV LQ ERWK PRGHOV ZHUH VFDOHG WR WKH VWDQGDUG QRUPDO GLVWULEXWLRQ� LQ WKH VDPH ZD\

DV LQ WKH VLPXODWLRQ VWXG\ SUHVHQWHG DERYH� 7KH YDULDQFH DW /HYHO � ZDV VOLJKWO\ VPDOOHU IRU WKH

0/76� 7KH GLIIHUHQFHV LQ KDQGOLQJ UHVSRQVH HUURU LQ WKH H[SODQDWRU\ YDULDEOH DW /HYHO � ZHUH

HYDOXDWHG XVLQJ WKH SRVWHULRU SUHGLFWLYH GDWD� 2Q WKH ERWWRP OLQH RI 7DEOH 2c WKH . du2o DQG

FRUUHVSRQGLQJ VWDQGDUG GHYLDWLRQV DUH JLYHQ IRU ERWK PRGHOV� 0RGHO �� SHUIRUPHG VOLJKWO\

EHWWHU WKDQ PRGHO �S�� %RWK PRGHOV UHVXOWHG LQ D EHWWHU PRGHO ¿W LQ WHUPV RI PLQLPL]DWLRQ RI

. du2
�o LQ FRPSDULVRQ WR WKH VWDQGDUG KLHUDUFKLFDO PRGHO WUHDWLQJ WKH �U DQG U' YDULDEOHV DV

REVHUYHG�

1H[W� D PHDVXUHPHQW HUURU PRGHO ZDV LQWURGXFHG IRU /HYHO �� 7KH UHVSRQVH YDULDQFH

RI WKH �U WHVW ZDV PRGHOHG XVLQJ E22�� 7DEOH � SUHVHQWV WKH SDUDPHWHU HVWLPDWHV RI WKH 0/,57

DQG 0/76 PRGHOV ZLWK UHVSRQVH HUURU LQ U' DQG �U� ,Q WKH PRGHO ODEHOHG�2 ERWK XQREVHUYHG

SUHGLFWRUV DUH PHDVXUHG ZLWK D QRUPDO RJLYH PRGHO� ,Q WKH PRGHO ODEHOHG�S2 WKH FODVVLFDO WUXH

VFRUH PRGHO LV XVHG DV D PHDVXUHPHQW PRGHO IRU ERWK SUHGLFWRUV ZLWK )� ' ��b DQG )2 ' �e� DV

WKH HVWLPDWHG UHVSRQVH YDULDQFH IRU WKH U' DQG �U WHVW� UHVSHFWLYHO\� 7KH UHVXOWV VKRZHG WKDW

DGDSWLYH LQVWUXFWLRQ VWLOO KDG QR VLJQL¿FDQW HIIHFW RQ WKH PDWKHPDWLFV DFKLHYHPHQWV RI VWXGHQWV�

)XUWKHU� VWXGHQWV ZLWK KLJK ,4 VFRUHV VWLOO SHUIRUPHG EHWWHU WKDQ VWXGHQWV ZLWK ORZHU VFRUHV� 7KH

SURSRUWLRQ RI YDULDQFH LQ PDWKHPDWLFV VFRUHV DFFRXQWHG IRU E\ JURXS�PHPEHUVKLS� FRQWUROOLQJ

IRU ,4 VFRUHV� ZDV ��eH XVLQJ PRGHO�2 DQG ��eS XVLQJ PRGHO�S2� 7KLV HPSKDVL]HG WKH VPDOO

GLIIHUHQFHV EHWZHHQ WKH SDUDPHWHU HVWLPDWHV RI ERWK PRGHOV�

0RGHO �2 DQG �S2 HQWDLOHG UHVSRQVH HUURU LQ DOO SUHGLFWRUV� ,Q FRPSDULVRQ WR PRGHO

�� DQG �S�� WKH . du2
�o ZDV UHGXFHG� EXW WKH . du2o LQFUHDVHG GXH WR WKH H[WUD HUURU WHUP

. du2
�o � 7KH YDULDELOLW\ LQ WKH SUHGLFWRUV LQGXFHG ODUJHU YDULDQFHV RI WKH SDUDPHWHU HVWLPDWHV

DQG GHFUHDVHG WKH GLVWDQFH EHWZHHQ WKH UHSOLFDWHG GDWD DQG WKH REVHUYHG GDWD� &RUUHFWLQJ IRU

ELDV UHVXOWHG LQ PRUH YDULDEOH HVWLPDWHV EXW DOVR LQ D EHWWHU SUHGLFWLRQ RI WKH GDWD� 7KH ORZHVW

YDOXH RI . du2o ZDV REWDLQHG ZLWK PRGHO �2� 7KLV PHDQV WKDW WKH SUHGLFWHG GDWD FRUUHVSRQGHG

WR WKH REVHUYHG GDWD EHVW ZLWK PRGHO�2� ,Q FDVH RI PRGHO�S2c WKH HVWLPDWHG YDULDQFH DW /HYHO

� ZDV ORZHU DQG WKH HVWLPDWHV RI WKH ¿[HG HIIHFWV ZHUH VRPHZKDW LQÀDWHG� ZKLFK UHVXOWHG LQ D

VOLJKWO\ EHWWHU SUHGLFWLRQ RI WKH GHSHQGHQW YDULDEOH� %XW WKH LQIHULRU SUHGLFWLRQV RI WKH REVHUYHG

VXP VFRUHV UHODWHG WR WKH U' DQG �U WHVW UHVXOWHG LQ D KLJKHU YDOXH RI WKH VWDWLVWLF . du2o � ,Q

JHQHUDO� PRGHO�2 ¿WWHG WKH GDWD EHVW�
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2YHUDOO� LW FDQ EH FRQFOXGHG WKDW FRUUHFWLQJ IRU PHDVXUHPHQW HUURU ZLWK WKH QRUPDO

RJLYH PRGHO RQ ERWK OHYHOV UHVXOWHG LQ PRUH YDULDQFH RI WKH SDUDPHWHU HVWLPDWHV EXW OHVV ELDV

DQG EHWWHU PRGHO ¿W� ,Q JHQHUDO� WKH XVH RI D PHDVXUHPHQW HUURU PRGHO OHG WR D UHGXFWLRQ LQ ELDV

DQG YDULDQFH RI WKH UHSOLFDWHG GDWD LQ UHODWLRQ WR WKH REVHUYHG GDWD LQ DOO FDVHV�

$ ZHDN SRLQW RI WKH FODVVLFDO WUXH VFRUH PRGHO LV WKDW WKH PHDVXUHPHQW HUURU YDULDQFH

KDV WR EH LPSXWHG� 7KH *LEEV VDPSOHU ZDV XVHG WR HVWLPDWH WKH 0/76 DQG WKH FRUUHVSRQGLQJ

. du2o IRU YDULRXV YDOXHV RI )� DQG )2� 9DU\LQJ )ZLOO OHDG WR GLIIHUHQW SUHGLFWLRQV ZLWK UHVSHFW

WR WKH REVHUYHG GDWD� )LJXUH � GLVSOD\V WKH . du2o DQG . du2
�o IRU YDULRXV YDOXHV RI WKH D SULRUL

HVWDEOLVKHG HUURU YDULDQFH RQ /HYHO � DQG /HYHO �� ,W FDQ EH VHHQ WKDW . du2
�o GHFUHDVHG ZKHQ

WKH YDULDQFH LQ WKH SUHGLFWRU YDULDEOH U' LQFUHDVHG� 7KLV IROORZV GLUHFWO\ IURP IRUPXOD E��� �

7KH SRVWHULRU PHDQ RI � LV EDVHG RQ WKH YDOXHV RI WKH REVHUYHG GDWD ) LI WKH YDULDQFH LQ WKH

REVHUYHG GDWD  LV KLJK� $V D UHVXOW� WKH SUHGLFWLRQV )oeR UHVHPEOH WKH REVHUYHG GDWD ) PRUH� ,W

IROORZV WKDW WKH GLVFUHSDQF\ EHWZHHQ WKH REVHUYHG GDWD ) DQG WKH SUHGLFWHG GDWD )oeR JURZV LI

WKH UHVSRQVH YDULDQFH GHFUHDVHV� 7KHQ WKH SRVWHULRU PHDQ RI � LV EDVHG ODUJHO\ RQ WKH REVHUYHG

VXP VFRUHV UHODWLQJ WR WKH LQWHOOLJHQFH WHVW� LQVWHDG RI RQ )� 7KH . du2o LQFUHDVHG ZKHQ RQH

RU ERWK RI WKH UHVSRQVH YDULDQFHV LQFUHDVHG EHFDXVH WKH GLVWDQFH EHWZHHQ SUHGLFWHG U'�VFRUHV

DQG �U�VFRUHV GHYLDWHG PRUH IURP WKH REVHUYHG VXP VFRUHV� SDUWO\ GXH WR WKH LQÀDWHG UHVSRQVH

YDULDQFHV� +LJK UHVSRQVH YDULDQFH U' OHG WR EHWWHU UHVXOWV RI WKH VWDWLVWLFV . du2o DQG . du2
�o �

*HQHUDOO\� WKH SULRU LQIRUPDWLRQ DERXW WKH DYHUDJH SRSXODWLRQ YDULDQFH KLJKO\ LQÀXHQFHG WKH

UHVXOWV�

'LVFXVVLRQ

,Q WKLV DUWLFOH� D QRUPDO RJLYH PRGHO LV LPSRVHG RQ WKH XQREVHUYHG H[SODQDWRU\

YDULDEOHV LQ D PXOWLOHYHO PRGHO� ,Q WKH VRFLDO VFLHQFHV� LW LV UDUHO\ SRVVLEOH WR PHDVXUH DOO

UHOHYDQW FRYDULDWHV GLUHFWO\ DQG DFFXUDWHO\� &RUUHFWLQJ IRU PHDVXUHPHQW HUURU LV GHSHQGHQW RQ

NQRZOHGJH RI WKH PHDVXUHPHQW HUURU SURFHVV� 7KH QRUPDO RJLYH PRGHO LV XVHG WR GHVFULEH

WKH OLQN EHWZHHQ WKH REVHUYHG GDWD DQG WKH XQREVHUYHG YDULDEOHV� 7KLV LV FRPSDUHG ZLWK WKH

FODVVLFDO WUXH VFRUH PRGHO DV PHDVXUHPHQW HUURU PRGHO� $SSURSULDWH PHWKRGV IRU FRUUHFWLQJ

IRU WKH HIIHFWV RI PHDVXUHPHQW HUURU GHSHQG RQ WKH PHDVXUHPHQW HUURU GLVWULEXWLRQ �&DUUROO HW

DO�� ������ ,W LV VKRZQ WKDW ERWK PHDVXUHPHQW HUURU PRGHOV UHGXFH WKH ELDV LQ WKH HVWLPDWHV

ZLWK DQ LQFUHDVH RI WKH YDULDQFH� 7KLV ELDV YHUVXV YDULDQFH WUDGH�RII ZRUNV ZHOO LQ ERWK

FDVHV� %HWWHU UHVXOWV DUH REWDLQHG ZLWK WKH 0/,57 PRGHO LQ WHUPV RI WKH H[SHFWHG VTXDUH

GLVWDQFH EHWZHHQ DOO REVHUYHG DQG SUHGLFWHG GDWD� 7KH 0/76 UHTXLUHV LQIRUPDWLRQ DERXW WKH
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DYHUDJH SRSXODWLRQ YDULDQFH DQG GHSHQGV KLJKO\ RQ WKLV SULRU LQIRUPDWLRQ� 7KLV OHDGV WR D

FHUWDLQ GHJUHH RI DUELWUDULQHVV� 0RUHRYHU� WKH YDULDQFH VWUXFWXUH RI WKH HUURUV LQ WKH SUHGLFWRU

YDULDEOHV LV GLI¿FXOW WR HVWLPDWH� 7KH 0/,57 PRGHO DPRXQWV WR D PRUH UHDOLVWLF ZD\ RI

PRGHOLQJ PHDVXUHPHQW HUURU LQ WKH SUHGLFWRU YDULDEOHV� EHFDXVH LW GRHV QRW GHSHQG RQ DQ\

DUELWUDU\ DVVXPSWLRQ RQ WKH HUURU YDULDQFH VWUXFWXUH� 7KH XVH RI DQ LWHP UHVSRQVH WKHRU\ PRGHO

DV PHDVXUHPHQW PRGHO EHFRPHV PRVW HIIHFWLYH ZKHQ WKH GLVWULEXWLRQ RI D ODWHQW H[SODQDWRU\

YDULDEOH LV VNHZHG� 7KHQ WKH REVHUYHG VFRUHV FDQQRW GLVFULPLQDWH ZHOO EHWZHHQ VWXGHQWV¶

RXWFRPHV DQG SDUDPHWHU HVWLPDWHV DUH KLJKO\ DWWHQXDWHG� DV VKRZQ LQ WKH VLPXODWLRQ VWXG\� ,Q

VXPPDU\� WKH PDLQ DGYDQWDJH RI 0/,57 RYHU WKH WUDGLWLRQDO OLQHDU DSSURDFK LV WKH SRVVLELOLW\

RI KDQGOLQJ LQFRPSOHWH GHVLJQV DQG PLVVLQJ GDWD �VHH� IRU LQVWDQFH� %RFN 	 =LPRZVNL� �����

DQG RSWLPDO WHVW DVVHPEO\ �YDQ GHU /LQGHQ� ������ $QRWKHU DGYDQWDJH RI 0/,57 LV WKH

JUHDWHU ÀH[LELOLW\ IRU KDQGOLQJ VNHZHG GLVWULEXWLRQV DQG KHWHURVFHGDVWLF PHDVXUHPHQW HUURU�

:LWK UHVSHFW WR WKH ODWWHU DGYDQWDJH� JHQHUDO FRQGLWLRQV XQGHU ZKLFK 0/,57 ZLOO SURGXFH

VLJQL¿FDQWO\ EHWWHU UHVXOWV WKDQ WKH WUDGLWLRQDO OLQHDU DSSURDFK DUH KDUG WR JLYHQ�

,W LV SRVVLEOH WR XVH RWKHU ,57 PRGHOV DV D PHDVXUHPHQW HUURU PRGHO� ([DPSOHV DUH

WKH WKUHH�SDUDPHWHU LWHP UHVSRQVH PRGHO DQG PRGHOV IRU SRO\WRPRXVO\ VFRUHG LWHPV� 7KHVH

PRGHOV FDQ EH HVWLPDWHG ZLWKLQ WKH %D\HVLDQ IUDPHZRUN XVLQJ WKH *LEEV VDPSOHU� VXFK WKDW LW

FDQ EH LQFRUSRUDWHG LQ WKH HVWLPDWLRQ RI D VWUXFWXUDO PXOWLOHYHO PRGHO �%pJXLQ 	 *ODV� �����

-RKQVRQ 	 $OEHUW� ������ ,I WKH FRQGLWLRQDO GLVWULEXWLRQ RI VRPH SDUDPHWHUV LV GLI¿FXOW WR

VDPSOH IURP� D 0HWURSROLV�+DVWLQJV VWHS ZLWKLQ *LEEV VDPSOHU FDQ EH XVHG WR REWDLQ VDPSOHV

IURP WKH SRVWHULRU GLVWULEXWLRQ RI WKH VSHFL¿F SDUDPHWHUV �&KLE 	 *UHHQEHUJ� ������

7KH WHVW VWDWLVWLF GLVFXVVHG DERYH RQO\ IRFXVHV RQ WKH H[WHQW WR ZKLFK WKH REVHUYHG

GDWD DUH UHSURGXFHG E\ WKH PRGHO� 2WKHU SRVWHULRU SUHGLFWLYH FKHFNV FDQ EH GHYHORSHG WR

MXGJH WKH ¿W DQG DVVXPSWLRQV RI WKH PRGHO� VXFK DV WKH DVVXPSWLRQV RI ORFDO LQGHSHQGHQFH

DQG KRPRVFHGDVWLFLW\� EXW WKLV LV EH\RQG WKH VFRSH RI WKLV DUWLFOH�

7KH UHVSRQVH YDULDEOH LV WUHDWHG DV REVHUYHG ZLWKRXW PHDVXUHPHQW HUURU� ,W LV SRVVLEOH

WR H[WHQG WKH SURFHGXUH DQG WR PRGHO WKLV YDULDEOH ZLWK DQ ,57 PRGHO DOVR� 7KLV PRUH FRPSOH[

SUREOHP� ZKHUH ERWK WKH UHVSRQVH DQG VRPH RI WKH SUHGLFWRUV DUH PHDVXUHG ZLWK HUURU� GHVHUYHV

IXUWKHU UHVHDUFK� 7KH EDVLF VWUXFWXUH RI WKLV PRUH FRPSOH[ PRGHO LV UHODWHG WR WKH 0/,57

PRGHO �)R[ 	 *ODV� ������ RU WKH JHQHULF KLHUDUFKLFDO ,57 PRGHO �3DW] 	 -XQNHU� ����� ZLWK

EDFNJURXQG YDULDEOHV PHDVXUHG ZLWK DQ HUURU� 7KLV ZKROH IUDPHZRUN LV DOVR VWURQJO\ UHODWHG

WR WKH IUDPHZRUN RI VWUXFWXUDO HTXDWLRQ PRGHOLQJ� ZKHUH WKHUH LV D PHDVXUHPHQW SDUW DQG D

VWUXFWXUDO SDUW� 7KH PHDVXUHPHQW SDUW RI WKH PRGHO FRQVLVWV RI WKH UHVSRQVH YDULDEOH DQG

REVHUYHG SUHGLFWRU VXUURJDWHV DQG ODWHQW YDULDEOHV� DQG WKH VWUXFWXUDO SDUW LV GH¿QHG LQ WHUPV
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RI WKH ODWHQW YDULDEOHV UHJUHVVHG RQ HDFK RWKHU DQG VRPH REVHUYHG EDFNJURXQG YDULDEOHV� ,Q

0,0,& PRGHOLQJ �VHH� IRU H[DPSOH� %ROOHQ� ����� 0XWKpQ� ������ RQH RU PRUH ODWHQW YDULDEOHV

LQWHUYHQH EHWZHHQ WKH REVHUYHG EDFNJURXQG YDULDEOHV SUHGLFWLQJ D VHW RI REVHUYHG UHVSRQVH

YDULDEOHV DQG VXUURJDWHV� 7KH PDLQ GLIIHUHQFH EHWZHHQ WKHVH DSSURDFKHV DQG WKH RQH SUHVHQWHG

KHUH LV WKH XVH RI DQ ,57 PRGHO DV D PHDVXUHPHQW HUURU PRGHO� DQG LQWHJUDWLRQ RI WKHVH YDULRXV

DSSURDFKHV UHPDLQV D SRLQW RI IXUWKHU VWXG\�

5HIHUHQFHV

$OEHUW� -� +� ������� %D\HVLDQ HVWLPDWLRQ RI QRUPDO RJLYH LWHP UHVSRQVH FXUYHV XVLQJ

*LEEV VDPSOLQJ� -RXUQDO RI (GXFDWLRQDO 6WDWLVWLFV� ��� ��������

%RFN� 5� '�� 	 =LPRZVNL� 0� )� ������� 0XOWLSOH JURXS ,57� ,Q :�-� YDQ GHU /LQGHQ DQG

5�.� +DPEOHWRQ �(GV��� +DQGERRN RI PRGHUQ LWHP UHVSRQVH WKHRU\� �SS���������� 1HZ <RUN�

1-� 6SULQJHU�

%pJXLQ� $� $� ������� 5REXVWQHVV RI HTXDWLQJ KLJK�VWDNHV WHVWV� 8QSXEOLVKHG GRFWRUDO

GLVVHUWDWLRQ� 7ZHQWH 8QLYHUVLW\� (QVFKHGH� 1HWKHUODQGV�

%pJXLQ� $� $�� 	 *ODV� &�$�:� ������� 0&0& HVWLPDWLRQ RI PXOWLGLPHQVLRQDO ,57

PRGHOV� 3V\FKRPHWULND� ��� ��������

%HUQDUGR� -� 0�� 	 6PLWK� $� )� 0� ������� %D\HVLDQ WKHRU\� 1HZ <RUN� 1<� -RKQ :LOH\

	 6RQV� ,QF�

%HVW� 1� *�� &RZOHV� 0� .�� 	 9LQHV� 6� .� ������� &2'$ &RQYHUJHQFH GLDJQRVLV

DQG RXWSXW DQDO\VLV VRIWZDUH IRU *LEEV 6DPSOHU RXWSXW� 9HUVLRQ ��� >&RPSXWHU VRIWZDUH DQG

PDQXDO@� 8QLYHUVLW\ RI &DPEULGJH� 05& %LRVWDWLVWLFV 8QLW�

%ROOHQ� .� $� ������� 6WUXFWXUDO HTXDWLRQV ZLWK ODWHQW YDULDEOHV� 1HZ <RUN� 1<� -RKQ

:LOH\�

%RVNHU� 5� -�� %ODWFKIRUG� 3�� 	 0HLMQHQ� *� :� ������� (QKDQFLQJ HGXFDWLRQDO

H[FHOOHQFH� HTXLW\ DQG HI¿FLHQF\� ,Q 5�-� %RVNHU� %�3�0� &UHHPHUV 	 6� 6WULQJ¿HOG

�(GV��� (YLGHQFH IURP HYDOXDWLRQV RI V\VWHPV DQG VFKRROV LQ FKDQJH �SS� ��������

'RUGUHFKW�%RVWRQ�/RQGRQ� .OXZHU $FDGHPLF 3XEOLVKHUV�

%R[� *� (� 3�� 	 7LDR� *� &� ������� %D\HVLDQ LQIHUHQFH LQ VWDWLVWLFDO DQDO\VLV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�

%U\N� $� 6�� 	 5DXGHQEXVK� 6� :� ������� +LHUDUFKLFDO OLQHDU PRGHOV� 1HZEXU\ 3DUN�

&DOLIRUQLD� 6DJH 3XEOLFDWLRQV�
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&DUOLQ� %� 3�� 	 /RXLV� 7� $� ������� %D\HV DQG HPSLULFDO %D\HV PHWKRGV IRU GDWD

DQDO\VLV� /RQGRQ� &KDSPDQ 	 +DOO� ,QF�

&DUUROO� 5�� 5XSSHUW� '�� 	 6WHIDQVNL� /� $� ������� 0HDVXUHPHQW HUURU LQ QRQOLQHDU

PRGHOV� /RQGRQ� &KDSPDQ 	 +DOO�

&KHQ� 0� �+�� 	 6KDR� 4� �0� ������� 0RQWH &DUOR HVWLPDWLRQ RI %D\HVLDQ FUHGLEOH DQG

+3' LQWHUYDOV� -RXUQDO RI &RPSXWDWLRQDO DQG *UDSKLFDO 6WDWLVWLFV� �� ������

&KLE� 6�� 	 *UHHQEHUJ� (� ������� 8QGHUVWDQGLQJ WKH 0HWURSROLV�+DVWLQJV $OJRULWKP�

7KH $PHULFDQ 6WDWLVWLFLDQ� ��� ��������

&RRN� 7� '�� 	 &DPSEHOO� '� 7� �������4XDVL�H[SHULPHQWDWLRQ� GHVLJQ 	 DQDO\VLV LVVXHV

IRU ¿HOG VHWWLQJV� &KLFDJR� 5DQG 0F1DOO\ &ROOHJH 3XEOLVKLQJ &RPSDQ\�

GH /HHXZ� -�� 	 .UHIW� ,� *� *� ������� 5DQGRP FRHI¿FLHQW PRGHOV IRU PXOWLOHYHO

DQDO\VLV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO 6WDWLVWLFV� ��� ������

)R[� -� �3� �������0XOWLOHYHO ,57� $ %D\HVLDQ SHUVSHFWLYH RQ HVWLPDWLQJ SDUDPHWHUV DQG

WHVWLQJ VWDWLVWLFDO K\SRWKHVHV� 8QSXEOLVKHG GRFWRUDO GLVVHUWDWLRQ� 7ZHQWH 8QLYHUVLW\� (QVFKHGH�

1HWKHUODQGV�

)R[� -� �3�� 	 *ODV� &� $� :� ������� %D\HVLDQ HVWLPDWLRQ RI D PXOWLOHYHO ,57 PRGHO

XVLQJ *LEEV VDPSOLQJ� 3V\FKRPHWULND� ��� ��������

)XOOHU� :� $� ������� 0HDVXUHPHQW HUURU PRGHOV� 1HZ <RUN� 1<� -RKQ :LOH\ 	 6RQV�

,QF�

*HOIDQG� $� (�� 	 6PLWK� $� )� 0� ������� 6DPSOLQJ�EDVHG DSSURDFKHV WR FDOFXODWLQJ

PDUJLQDO GHQVLWLHV� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

*HOIDQG� $� (�� +LOOV� 6� (�� 5DFLQH�3RRQ� $�� 	 6PLWK� $� )� 0� ������� ,OOXVWUDWLRQ

RI %D\HVLDQ LQIHUHQFH LQ QRUPDO GDWD PRGHOV XVLQJ *LEEV VDPSOLQJ� -RXUQDO RI WKH $PHULFDQ

6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

*HOPDQ� $�� &DUOLQ� -� %�� 6WHUQ� +� 6�� 	 5XELQ� '� %� ������� %D\HVLDQ GDWD DQDO\VLV�

/RQGRQ� &KDSPDQ 	 +DOO�

*HOPDQ� $�� 0HQJ ;� �/�� 	 6WHUQ� +� 6� ������� 3RVWHULRU SUHGLFWLYH DVVHVVPHQW RI

PRGHO ¿WQHVV YLD UHDOL]HG GLVFUHSDQFLHV� 6WDWLVWLFD 6LQLFD� �� ��������

*HPDQ� 6�� 	 *HPDQ� '� ������� 6WRFKDVWLF UHOD[DWLRQ� *LEEV GLVWULEXWLRQ� DQG

WKH %D\HVLDQ UHVWRUDWLRQ RI LPDJHV� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG 0DFKLQH

,QWHOOLJHQFH� �� ��������

*LONV� :� 5� 	 5REHUWV� *� 2� ������� 6WUDWHJLHV IRU LPSURYLQJ 0&0&� ,Q :�5� *LONV�
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6� 5LFKDUGVRQ� 	 '�-� 6SLHJHOKDOWHU �(GV��� 0DUNRY &KDLQ 0RQWH &DUOR LQ SUDFWLFH �SS� ���

����� /RQGRQ� &KDSPDQ 	 +DOO�

*ROGVWHLQ� +� ������� 0XOWLOHYHO VWDWLVWLFDO PRGHOV ��QG HG��� /RQGRQ� (GZDUG $UQROG�

*UXEHU� 0� +� -� ������� ,PSURYLQJ HI¿FLHQF\ E\ VKULQNDJH� 1HZ <RUN� 1<� 0DUFHO

'HNNHU� ,QF�

+RLMWLQN� +�� 	 %RRPVPD� $� ������� 2Q SHUVRQ SDUDPHWHU HVWLPDWLRQ LQ WKH

GLFKRWRPRXV 5DVFK PRGHO� ,Q *� +� )LVFKHU 	 ,� 0ROHQDDU �(GV��� 5DVFK PRGHOV� IRXQGDWLRQV�

UHFHQW GHYHORSPHQWV DQG DSSOLFDWLRQV �SS� ������� 1HZ <RUN� 1<� 6SULQJHU�

-RKQVRQ� 9� (�� 	 $OEHUW� -� +� �������2UGLQDO GDWD PRGHOLQJ� 1HZ <RUN� 1<� 6SULQJHU�

9HUODJ� ,QF�

/LQGOH\� '� 9�� 	 6PLWK� $� )� 0� ������� %D\HV HVWLPDWHV IRU WKH OLQHDU PRGHO� -RXUQDO

RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� �����

/LX� -� 6�� :RQJ� +� :�� 	 .RQJ� $� ������� &RYDULDQFH VWUXFWXUH RI WKH *LEEV VDPSOHU

ZLWK DSSOLFDWLRQV WR WKH FRPSDULVRQV RI HVWLPDWRUV DQG DXJPHQWDWLRQ VFKHPHV� %LRPHWULND� ���

������

/RUG� )� 0� ������� $SSOLFDWLRQV RI ,WHP 5HVSRQVH 7KHRU\ WR SUDFWLFDO WHVWLQJ SUREOHPV�

+LOOVGDOH� 1HZ -HUVH\� /DZUHQFH (UOEDXP $VVRFLDWHV� ,QF�� 3XEOLVKHUV�

/RUG� )� 0�� 	 1RYLFN� 0� 5� ������� 6WDWLVWLFDO WKHRULHV RI PHQWDO WHVW VFRUHV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\�

0DF(DFKHUQ� 6� 1�� 	 %HUOLQHU� /� 0� ������� 6XEVDPSOLQJ WKH *LEEV VDPSOHU� 7KH

$PHULFDQ 6WDWLVWLFLDQ� ��� ��������

0F'RQDOG� 5� 3� ������� 1RQOLQHDU IDFWRU DQDO\VLV� 3V\FKRPHWULF PRQRJUDSKV� ���

0F'RQDOG� 5� 3� ������� /LQHDU YHUVXV QRQOLQHDU PRGHOV LQ ODWHQW WUDLW WKHRU\� $SSOLHG

3V\FKRORJLFDO 0HDVXUHPHQW� �� ��������

0F'RQDOG� 5� 3� ������� 1RUPDO�RJLYH PXOWLGLPHQVLRQDO PRGHO� ,Q:� -� YDQ GHU /LQGHQ

	 5� .� +DPEOHWRQ �(GV��� +DQGERRN RI PRGHUQ ,WHP 5HVSRQVH 7KHRU\ �SS� ��������� 1HZ

<RUN� 1<� 6SULQJHU�

0XWKpQ� %� 2� ������� /DWHQW YDULDEOH PRGHOLQJ LQ KHWHURJHQHRXV SRSXODWLRQV�

3V\FKRPHWULND� ��� ��������

3DW]� -� 3�� 	 -XQNHU� %� :� ������� $SSOLFDWLRQV DQG H[WHQVLRQV RI 0&0& LQ ,57�

0XOWLSOH LWHP W\SHV� PLVVLQJ GDWD� DQG UDWHG UHVSRQVHV� -RXUQDO RI (GXFDWLRQDO DQG %HKDYLRUDO
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