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Abstract

This paper addresses the effect of local indentation/impact damage on the bearing capacity of foam core sandwich beams subjected to
edgewise compression. The considered damage is in a form of through-width zone of crushed core accompanied by a residual dent in the
face sheet. It is shown that such damage causes a significant reduction of compressive strength and stiffness of sandwich beams. Ana-
lytical solutions estimating the Euler’s local buckling load are obtained for two typical modes of damage. These solutions are validated
through experimental investigation of three sandwich configurations. The results of the analytical analysis are in agreement with the
experimental data.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

With the appearance of sandwich structures, the prob-
lem of their local bucking has become entrenched in the
design process, since the core layer provides a limited sup-
port for the in-plane compressed face sheet. The local
buckling (wrinkling) onset in virgin sandwiches has been
investigated in many studies, e.g. Ref. [1], and a number
of analytical approaches have been proposed [2]. The less
studied problem is related to the case of a face-core debond
or local damage in the core, when the virgin core support is
reduced. Under in-plane compression, the load bearing
capacity can degrade significantly from that of a perfectly
bonded panel. Thomson and Mouritz, Ref. [3], measured
reduction of up to 50% in stiffness and 80% in strength
when the damaged sandwich composite beams were loaded
in edgewise compression. Effect of a sub-interface imperfec-
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tion in the core on the local buckling phenomenon has been
investigated by many in the past [4], though not many ana-
lytical solutions have been worked out. The proposed solu-
tions can roughly be divided into two general groups.

The simplified approach is based on the assumption that
the sub-interface imperfection constitutes a local face-core
debond, Refs. [5–9]. The virgin core is usually modelled as
the Winkler foundation (in this formulation the problem
has first been solved by Hetényi, Ref. [10]). This approach
produces simple solutions but, in a general case, can with
success be used only for the particular case of a manufac-
ture debond. Furthermore, the Winkler model provides
satisfactory results not for any sandwich configuration.

The more precise but rare approach includes modelling
the crushed core. For example, Wadsworth et al. [11] stud-
ied the problem using the Winkler foundation with varying
stiffness. The governing equation was solved using the
finite-difference method, and the results were found in good
agreement with the test data. The disadvantage of the
reported solutions is the use of the Winkler model with
varying foundation stiffness for the crushed core, since it
requires a sophisticated experimental characterization [14].
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The present paper extends the previous work by the
authors [12–15] to investigate in more detail the local buck-
ling phenomena in sandwich beams containing a sub-inter-
face damage in the foam core. The purpose of this study is
to present analytical methods that can predict reduction in
the load bearing capacity. The proposed approach yields
simple analytical solutions even when accounting for the
effect of the crushed core. The analytical results are com-
pared with test data for sandwich beams indented/
impacted with a rigid cylinder. The analytical estimation
of the residual strength gives satisfactory predictions with
an accuracy acceptable for engineering purposes.

2. Experimental study

Experimental study was initially conducted to investi-
gate the physical phenomena of local damage and local
buckling in sandwich beams and thus to provide essential
input for the analytical modelling. The object of study were
flat beams with thick rigid foam cores and thin glass-
fibre (GFRP) faces; the beams’ in-plane dimension was
47 · 270 mm. These specimens were locally indented/
impacted causing local bending of the face sheet accompa-
nying by the core crushing and then subject to an edgewise
compression, as described below in detail.

2.1. Sandwich configurations

We used three sandwich configurations fabricated by
means of vacuum infusion. The core materials were Roha-
cell WF51, and Divinycell H60 and H130 rigid closed-cell
foams. The face laminates were quasi-isotropic GFRP
Table 1
Basic mechanical properties of the sandwich constituents

Configuration Material Thickness, mm Young’s modulus

1 WF51 50 85a

GFRP 2.4 19,300b

2 H60 50 88a

GFRP 2.4 19,300b

3 H130 40 135a

GFRP 1.6 15,800b

a Out-plane compression.
b In-plane tension.
c Conventional value, in-plane compression (ASTM D3410).

(a)

Fig. 1. A sandwich beam subject to local inde
sheets. The Young’s moduli of the faces were measured
according to ASTM D638M. The moduli, yield stresses
and yield strains of the core materials were obtained from
uniaxial compression tests (ASTM D1623-78). The Pois-
son’s ratios were estimated by the laminate theory (for
the faces) or taken from the core manufacturers data sheets
[16,17]. The material data is listed in Table 1.

2.2. Indentation and impact testing of sandwich specimens

Indentation tests were conducted in an Instron universal
testing machine at cross-head displacement rate of 2 mm/
min. To limit the overall bending, the sandwich beams were
entirely rested on a rigid plate. The load was applied
through a steel cylindrical indenter of 25 mm in diameter,
as shown in Figs. 1(a) and 2(left). Four specimens were
used in each set of indentation magnitude; per 1.75, 2,
2.5, 3, 4, 5, 6, 8, and 10 mm.

Typical load–displacement curve sampled during the
tests is shown in Fig. 3(left). Here, the path A–B corre-
sponds to the pure elastic response of a specimen. At the
point B, the onset of core crushing occurs, and the follow-
ing path B–C exhibits a progressive growth of a crushed
core zone. Undergoing relatively high deflection (8,
10 mm), the faces emitted popping sounds, presumably
indicating microscopic failure of individual fibres in the
vicinity of the contact with the indentor. Upon unloading
represented with the path C–D, a residual dent was
observed in the face. The maximum magnitude of this dent
was measured taking the displacement from the testing
machine that corresponds to zero load during 10 min (path
D–E). It was observed that the residual dent was time-
, MPa Poisson’s ratio Yield strain Yield stress, MPa

0.42 0.012a 0.9a

0.25 0.002c 44.3c

0.32 0.012a 0.8a

0.25 0.002c 44.3c

0.32 0.014a 2.3a

0.25 0.002c 42.8c

crushed
core zone

dial
gauge

(b)

ntation (a) and edgewise compression (b).



Fig. 2. A sandwich beam of second configuration subject to local indentation (left) and edgewise compression (right).
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Fig. 3. Applied load vs. face deflection response for first sandwich configuration (left) and max. residual dent vs. mean damage length for indented
specimens (right).
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depended, and its magnitude decreased by up to 50% dur-
ing the first minute. Then, the dent became stabilized, and
the point E thus presented the steady magnitude of the
residual dent. As it is proved below in Section 2.5, the tran-
sient instability of the residual dent should be attributed to
specific properties of the crushed core.

Besides the static indentation tests, a number of speci-
mens were subjected to localized transverse impacts. The
impact tests were conducted in a drop-weight test rig with
the same impactor tip and support conditions as in the
quasi-static indentation tests. The total impact mass was
kept of 7.8 kg, and the impact energy was varied by chang-
ing a drop height assuming the ideal free fall. Six impact
energies were used; 6.6, 13.3, 20, 26.5, 33.3, and 40 J. After
rebound, the impactor was captured to avoid a secondary
impact of a specimen. Series of 4–5 specimens for each
impact energy were tested.

2.3. Results of indentation and impact tests

Observation of the tested specimens revealed a limited
damage (fibre delamination and matrix cracking) in the
face nearby the contact area with the indenter/impactor.
As has been shown in the previous study by one of the
authors, Ref. [13], a such damage decreased the bending
stiffness of the face only by 5% in comparison with intact
laminate (for the first sandwich configuration). Thus, the
damage was mainly manifested in the form of the crushed
core and residual dent in the face as shown in Fig. 4(a).

Impacted specimens with H60 or H130 foam core have
shown the same damage as in the static tests, and thus were
not investigated further. In the specimens with WF51 foam
core, the impact damage was observed as a through-width
cavity surrounded by the crushed core as shown in
Fig. 4(b). Nucleation of this cavity could be caused by
rapid straightening of the face after the impactor rebound
and related effects in the crushed core (WF-grade foams are
relatively brittle even in undamaged state). The cavity was
located some small distance below the face, since core cells
at the interface were enriched and, thereby, strengthened
by the adhesive. The cavity formation resulted in almost
zero (max. 0.2 mm) magnitude of the residual dent as com-
pared to the static indentation tests. The residual dent was
measured after several hours after the impact tests moving
a dial gauge over the face surface.

The crushed core zone was clearly observed during and
after the tests, since it had specific appearance and color.
The mean measured damage lengths, 2a, are summarized
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in Fig. 3(right) as functions of the maximum residual dent,
wr

0. The ratio of the damage depth, d, to the damage length,
2a, was 0.05–0.14, 0.11–0.15, or 0.11–0.21 for first, second,
and third sandwich configurations, respectively. The test
results showed only a minor scatter, with a maximum
divergence from the average values of less than 10%. In
the impacted specimens with WF51 foam core, the cavity
length, 2b, was approximately 1/2 of the overall length of
the core damage, 2a. The same proportion was observed
between the cavity depth, dc, and the damage depth, d. A
more detailed data for the first sandwich configuration
can be obtained in Ref. [13].

2.4. Edgewise compression of sandwich specimens

The edgewise compression tests were performed accord-
ing to ASTM C364–94; the test set-up is schematically
shown in Fig. 1(b). The edges of the specimens were rein-
forced with tabs and milled to ensure that they were flat
and parallel. The specimens were compressed between
two steel plates at the cross-head displacement rate of
2 mm/min. A dial gauge was used for measuring the out-
plane displacements at the centre of the residual dent as
shown in Fig. 1(b). Since the in-plane stiffness of the faces
was much greater than that of the core layer, the compres-
sive stress r in the faces was calculated as

r ¼ P=2hf b; ð1Þ
where P is the total load sampled from the press, hf is the
face thickness, and b is the beam width.

The behaviour of the specimens with indent- or impact-
induced damage under edgewise compression was found to
be mainly depended on the magnitude of the residual face
dent, wr

0, and size of the core damage, 2a. The following
failure modes were observed:

Classical wrinkling in the manner of abrupt bifurcation
leading to a complete disintegration of a sandwich struc-
ture. This failure mode was common for specimens with
WF51 or H60 core having small residual dent (including
all impacted specimens with WF51 core). The wrinkling
wave pattern was well manifested by the foam core
which remained on the detached faces.
Face yielding which resulted in abrupt yielding failure of
the face laminate. This was exhibited by the indented
specimens with H130 core having small residual dent
and damage size. This face failure mainly took place
near the tabs and could thus be explained by the stress
concentration.
Failure in the core due to overall bending initiated by the
local buckling in the damaged area. The indented beams
with WF51 and H60 cores (having considerable damage
size and residual dent) exhibited a progressive dent
growth, which was indicated by the dial gauge. The final
abrupt failure could be attributed to out-plane tensile
fracture of the core on either side of the residual dent,
Ref. [18], or to shear fracture in the core layer,
Fig. 2(right).
Face breaking in the manner of plastic hinge. The
indented beams with H130 core having considerable
damage size and residual dent exhibited the progressive
dent growth but failed at the dent centre, due to the
maximum bending moment in the face sheet.

The first two failure modes are characterized by negligi-
ble dent growth prior to final failure. A typical load–dis-
placement response for this case is shown in Fig. 5. The
load curve is close to linear up to failure, although a reduc-
tion in the overall stiffness is observed at the final stage of
the curve. This change can be associated with non-linear
deformations in the face under a high stress. A typical
load–displacement response of a specimen exhibited the
dent growth (third and fourth failure modes) is shown in
Fig. 6. At a certain moment, the dent growth rate increased
abruptly as can be seen in Fig. 6(right). Simultaneously, the
overall stiffness decreased, Fig. 6(left), and the overall
bending occurred. The overall stiffness was estimated as
the tangent to the load curve as shown in Figs. 5(left)
and 6(left). As Fig. 7(left) depicts, the drop in stiffness
due to local buckling was twice greater that should be asso-
ciated with the overall bending.

For comparison, a number of virgin specimens and spec-
imens with fabricated sub-interface delamination (intro-
duced as 2-mm height cut in the core) were also tested.
The undamaged specimens with WF51 or H60 core failed
by the wrinkling mode, and the ones with H130 core—by
the face yielding. It appeared, therefore, that the failure
mechanism of the sandwich beam remains unchanged (face
wrinkling or yielding), when the damage covers a relatively
small area (i.e. when the damage length is less than the
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Fig. 5. Results from the edgewise compression tests; a typical load–displacement response (left) and the residual dent growth (right).
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Fig. 6. Results from the edgewise compression tests; a typical load–displacement response (left) and the residual dent growth (right).
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developing wrinkling wavelength). Increasing the damage
area caused substantial change in the edgewise compres-
sion properties, namely the local buckling in the damaged
zone followed by an instantaneous drop in the overall
stiffness.
Fig. 7(right) shows the drop in the ultimate (at failure)
stress in the face, rult, in comparison with that of the vir-
gin specimens, rvirgin. As can be seen, the failure by the
wrinkling or face yielding does not alter seriously the ulti-
mate stress. Contrary, the failure due to global bending
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initiated by the local buckling reduces the ultimate stress
up to 40%. However, the ultimate load is obviously depen-
dent on the beam length in the latter case. Also, the for-
mula (1) is valid up to the local buckling or face failure
onset.

The results sampled from the edgewise compression
tests are summarized in Figs. 8 and 9. The stress associ-
ated with the local buckling was determined as the inter-
cept between an extension of the region with steady-state
dent magnitude (no dent growth) and a tangent to the
region of maximum and constant dent growth, measured
by the dial gauge as shown in Fig. 6(right). For large dam-
age, the tests revealed the reduction factor in the critical
stresses up to 3. The scatter in the buckling data did not
exceed 10%. In Fig. 9(right), a typical dependence is
shown of the face dent growth (initial, at the moment of
buckling, and ultimate) on the damage length. It is inter-
esting to note that the ratio of the face dent at the moment
of buckling to the initial (residual) one was almost con-
stant for each sandwich configuration; respectively, this
ratio was 1.17, 1.48, and 1.22 at the average with maximal
deviation of 11%.
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2.5. Uniaxial compression/tension testing of foam cores

The cylindrical specimens with diameter 50 mm were cut
from the core blocks in the out-plane direction and then
bonded to metallic fixtures of an Instron universal testing
machine. The specimens were loaded under 2 mm/min pre-
scribed displacement rate in several steps as shown in
Fig. 10(left). First, the specimens were loaded in compres-
sion until the foam was fully crushed, see path A–C (region
A–B represents the elastic response). Compressive loading
was followed by unloading of the specimens and eventual
loading in tension (path C–D). This was followed by
10 min relaxation control (path D–E) and secondary com-
pression (path E–F). The more detailed description and
analysis of these tests are given in Ref. [20].

For further analytical analysis of the local buckling, the
path E–F should be considered in more detail, since it char-
acterizes the core reaction during the inward growth of the
face dent. This path contains two distinct linear regions
and can roughly be approximated with two moduli, E 0

and E00, as shown in Fig. 10(right). The test data reveals
that these moduli are dependent on the strains at the initi-
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Fig. 10. Stress–strain curves sampled from the uniaxial compression/tension tests on H130 foam specimens; full-scale (left) and zoomed (right).

Table 2
Stiffness of the crushed core under secondary compression

Configuration Initial
strain eE

Modulus E 0,
MPa

Modulus E00,
MPa

1 2 1 2 Mean 1 2 Mean

1 0.10 0.20 8.2 7.8 8.0 0.04 0.1 0.07
2 0.10 0.20 20.3 15.0 17.7 0.8 1.2 1.0
3 0.06 0.12 63.2 46.0 54.6 2.2 3.4 2.8
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ation of the reloading, eE, i.e. on the position of point E.
This is shown in Table 2, where the moduli are given for
two sets of the residual strains eE. Considering the ratio
between max. residual dent, wr

0, and the damage depth, d,
in the indented sandwich beams, the residual strains in
the crushed core are 0.06–0.16, 0.06–0.14, and 0.06–0.12
for first, second, and third sandwich configurations, respec-
tively. But an accurate calculation of the moduli is beyond
the scope of the present paper. Hence, in the following, we
use mean values E 0 and E00 taken from Table 2.

3. Analytical study

Reasoning from the experimental study, the present
analytical approach is focused on the local buckling in
the face expressed in an unstable dent growth. The wrin-
kling failure and yielding fracture of the face laminate (typ-
ical for small damage lengths) are not discussed below.

3.1. Physical modelling

The geometry of the model is shown in Fig. 4, where the
face sheet in the damage area and its geometrical parame-
2a x

C
σhf

DfC

(a)

Fig. 11. The modelling approach for the case of (a) face-crushed core debo
schematically.
ters are represented. Only bending is considered, and the
interface shear stresses are neglected. Assuming also that
hf� 2a, the physical model can be composed as shown
in Fig. 11, i.e. as simply supported and elastically clamped
beam of unit width. The elastic clamp is used to model the
reacting moment from the undamaged part of the sandwich
structure. The beam is subject to an edgewise compression
by the ‘‘dead’’ end force rhf (per unit width of the beam),
where r is the compressive stress in the face. The critical
(in the Euler’s sense) value of r is to be determined.

Two variants of this general model are considered
below; b = a and b = 0. The first variant, Fig. 11(a), repre-
sents the case when the core damage contains a cavity elim-
inating the core support over all damaged zone. The second
variant, Fig. 11(b), represents the case of continuous sup-
port from the crushed core. In both variants, the modelling
approach assumes no influence of the residual dent in the
face on the buckling behaviour. This assumption may be
adopted, since the experimental study shows that (1) the
buckling shape coincides with the shape of the residual
dent, and (2) the residual dent is less than the face thick-
ness, and no considerable dent growth occurs prior to the
buckling onset.

3.2. Mathematical modelling and ‘exact’ solution

for the case b = a

The mathematical model is composed using the thin
plate Kirchhoff theory. The governing equation of the
cylindrical bending written for the midplane rotation hf is

Dfh
00
f ðxÞ þ rhfhfðxÞ ¼ 0; ð2Þ
C
σhfC

crushed core (E ν), 
(b)

nd and (b) perfect interfacial bonding. The buckled face sheet is shown
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where for the plane strain formulation Df ¼ Efh
3
f =

12ð1� m2
f Þ. The elastic clamp condition is

x ¼ �a : Dfh
0
fðxÞ ¼ �ChfðxÞ; ð3Þ

where C is the rotational stiffness, which is determined be-
low in Section 3.6.

Eq. (2) has a non-trivial solution of the following view:

hfðxÞ ¼ A � sinðkxÞ; ð4Þ

where, according to Eq. (3), the parameter k is the root of
equation

tanðakÞ ¼ �ak=k; where kðaÞ ¼ aC=Df ; ð5Þ

at that the least non-zero root corresponds to the Euler’s
stress at the first buckling mode. This stress is determined
substituting Eq. (4) into Eq. (2) as

rcr ¼ Dfk
2=hf . ð6Þ

Figs. 8 and 9 show a comparison of analytical results ob-
tained using Eq. (6) with the experimental data. As can
be seen, the solution (6) provides quite correct estimation
of the Euler’s stress in the face at large damage lengths.
The exception are several sets of specimens having moder-
ate damage length and no cavity; this case is investigated
further. The experimental data for specimens with fabri-
cated debonds is in better agreement with the analytical
solution than for the indented or impacted specimens. This
fact can obviously be explained as by some reduction in the
face stiffness due to impact or indentation, as well as by
some influence from the crushed core. These effects are
eliminated in the specimens with fabricated debond, in
which the face stiffness is virgin, and the damage length is
equivalent to the cavity length.

The use of Eq. (6) also provides good agreement with
the experimental results given in Ref. [21] for debonds
implanted using non-stick teflon inserts. Though, the
referred study contains only 2–3 values of the critical stres-
ses for each sandwich configuration, at that only 1–2 points
can be attributed to the range of elastic deformations in the
face sheet.

3.3. Mathematical modelling and ‘exact’ solution

for the case b = 0

If no cavity is formed after unloading (b = 0), Fig. 11(b),
the local buckling behaviour is somehow affected by the
damaged core. This case can be investigated using the gov-
erning equation

Dfhf 000ðxÞ þ rhfh
0
fðxÞ ¼ rifðxÞ; ð7Þ

where item rif represents a supporting effect of the crushed
core. This function can approximately be obtained consid-
ering an elastic half-plane with the boundary deformed
according to (4). The half-plane behaviour is described by
the static Lamé equations for isotropic elastic continuum
2ð1� mÞ o
2w

oz2
þ ð1� 2mÞ o

2w
ox2
þ o2u

oxoz
¼ 0;

2ð1� mÞ o
2u

ox2
þ ð1� 2mÞ o

2u
oz2
þ o

2w
oxoz

¼ 0;

ð8Þ

where m is the Poisson’s ratio of the crushed core. The
unknown functions u � u(x,z) and w � w(x,z) are displace-
ments in the longitudinal, x, and transversal, z, directions,
respectively. The solution of Eq. (8) can be represented as

u ¼ e�kzðK1 þ K2kzÞ þ ekzðK3 þ K4kzÞ
� �

sinðkxÞ;
w ¼ e�kzðC1 þ C2kzÞ þ ekzðC3 þ C4kzÞ

� �
cosðkxÞ.

ð9Þ

The boundary conditions are

z ¼ 0 : u ¼ 0; w ¼ A cosðkxÞ;
z!1 : u! 0; w! 0;

ð10Þ

that yields

C3 ¼ C4 ¼ K1 ¼ K3 ¼ K4 ¼ 0; K1 ¼ A. ð11Þ
The other two constants are determined substituting Eq.
(9) into Eq. (8) as

C2 ¼ �K2 ¼ A=ð3� 4mÞ. ð12Þ
Finally, the normal interface stress is determined as (for the
plane strain state)

rif ¼
Eð1� mÞ

ð1þ mÞð1� 2mÞ
ow
oz
þ m

1� m
ou
ox

� �
¼ �E1Ak cosðkxÞ;

ð13Þ
where E is assumed to be the Young’s modulus of the
crushed core in the direction of the cells compacting during
the foam core crushing. This assumption is conservative,
since the in-plane (perpendicular to the direction of the
cells compacting) modulaes of the crushed WF- and H-
grade cores are almost the same as those of undamaged
cores [19]. The factor E1 is

E1 ¼
2E

ð1þ mÞð3� mÞ or E1 ¼
2Eð1� mÞ

ð1þ mÞð3� 4mÞ

for the plane stress or strain states, respectively. The Eu-
ler’s stress at the first buckling mode is determined substi-
tuting Eqs. (4) and (13) into Eq. (7) as

rcr ¼ Dfk
2=hf þ E1=khf ; ð14Þ

where k is as before the least non-zero root of Eq. (5).
The results through Eq. (14) are presented in Figs. 8 and

9. When calculating the factor E1, we used mean values of
the modulus E 0 from Table 2 and m = 0.5. In general, Eq.
(14) predicts the Euler’s stress with good accuracy for the
beams with moderate damage lengths and without cavities.
This is because these specimens had minor inward growth
of the residual dent up to the moment of buckling; thus,
the core reaction followed the relatively large modulus
E 0, see Section 2.5. In the beams having large damage
lengths (i.e. 2a > 28 mm for third sandwich configuration),
a considerable residual dent growth was provoked, as
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shown in Fig. 9(right). This caused a noticeable reduction
from E 0 to E00 in the core support, as shown in Table 2
(for first configuration in 25 times) and, as a result, drastic
drop in the local buckling stress. This effect is depicted in
Figs. 8 and 9, where the results by Eq. (14) using E00 are
shown for second and third sandwich configurations.

It should also be pointed out that for investigated sand-
wich configurations, at small and moderate damage
lengths, the proportional limit of the face material is
reached well before the elastic buckling occurs. This fact
is indicated by the load curves sampled from the edgewise
compression tests, Section 2.4. The results by Eq. (14) can
thus be improved accounting for the secant modulus of the
face material but this is beyond the scope of this study.

3.4. Limit solution for the case of large damage

in the core

It is obvious, the undamaged part of the structure has no
influence on the buckling stress after the damage length
exceeds a certain limit. This limit can be calculated taking
derivation of Eq. (14) with respect to k. This gives

k� ¼ 1=xn

ffiffiffi
2

3
p

; xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Df=E1

3
p

; ð15Þ
where E1 is the reduced modulus from the second part of
the path E–F, Fig. 10. Combination of Eqs. (15) and (5)
then provides the damage length 2a0, at which the face be-
comes wrinkle as an infinite beam supported by an elastic
half-plane with the properties of crushed core. The Euler’s
stress for this model is determined substituting Eq. (15)
into Eq. (14) as
0 0.2 0.4 0.6 0.8 1
0

0.5

1
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k1/(1+k1)

aλ

Fig. 12. Roots of Eq. (5) (left) and ratio �f ðkÞ=ef ðkÞ (right) as functions of rest

Table 3
Threshold parameters of the local buckling (analytical estimation)

Configuration Modulus E00, MPa rcr by Eq. (16), MPa 2a0, mm

1 0.07 2.8 629
2 1.00 16.1 249
3 2.80 29.9 110
rcr ¼
3ffiffiffi
43
p xn

hf

E1; ð16Þ

that gives the lower limit (threshold level) in the case of the
local damage in the core. The results by Eq. (16), as well as
by Eqs. (5) and (15) are presented in Table 3. It is seen that
for the investigated sandwich configurations the damage
length 2a0 cannot be exceeded without a serious damage
in the face. It should be pointed out that Eq. (16) is similar
to the solutions obtained for the uni-directional face wrin-
kling in undamaged sandwich structures, Ref. [2].

3.5. Approximate solution

The Ritz method can be utilized for an approximate
study of the problems, which are solved above in exact for-
mulations. For this, the midplane rotation of the buckled
face is taken in the following view:

hfðxÞ ¼ p sinðpx=2aÞ þ k sinðpx=aÞ; ð17Þ
which satisfies the boundary condition (3). The total energy
of the model is

P ¼
Z a

0

Dh02f � rhfh
2
f þ kzw2

f

� �
dxþ kh2

f ðaÞ ¼ 0. ð18Þ

Here, the parameter kz is the elastic foundation modulus,
which represents the supporting effect of the crushed core.
This modulus can approximately be calculated as, Ref. [2],

kz ¼ 0:282E
ffiffiffiffiffiffiffiffiffiffiffi
E=Df

3
p

; �kz ¼
kz

Df

a
p

� �4

. ð19Þ

Substituting (17) into the energy functional (18) gives the
following solution for the Euler’s stress in the face:

rcr ¼
p2Df

a2hf

ef ðk1Þ;

ef ðkÞ ¼ 3p2=4þ 10k þ 3k2 þ �kzð12p2 þ 64k þ 9k2Þ
3p2 þ 16k þ 3k2

. ð20Þ

For comparison, Eqs. (14) and (16) are suitable to be
rewritten as
0 0.2 0.4 0.6 0.8 1
0.99

0.992

0.994

0.996

0.998

1

k1/(1+k1)

ra
tio

raining parameter k. No influence of the crushed core is assumed (kz = 0).
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Fig. 13. Roots of Eq. (5) (left) and ratio �f ðkÞ=ef ðkÞ (right). The supporting effect of the crushed core is accounted for.
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rcr ¼
p2Df

a2hf

�f ðkÞ;

�f ðkÞ ¼ ðak=pÞ2ð1þ E1=k
3DfÞ; if k P k�;

ða=pxnÞ2ð3=
ffiffiffi
43
p
Þ; if k 6 k�.

(
ð21Þ

Ratios �f ðkÞ=~f ðkÞ are presented in Figs. 12 and 13. Fig. 12
shows that at kz = 0 the error of the approximate solution
(20) is negligibly small (<1%). Thus, this closed form for-
mula can be employed instead of the implicit one (6).
Fig. 13 shows more poor agreement (within 20%) between
exact and approximate solutions at kz 5 0. Obviously, this
relatively large discrepancy can be explained by the use of
rough estimation (19) which was derived from a particular
problem of local loading of an infinite beam resting on an
elastic half-plane that models a very thick core, Ref. [22].

3.6. Calculation of the rotational stiffness C

The preceding solutions require the rotational stiffness C

introduced in Eq. (3). This stiffness can approximately be
determined considering the bending of an infinite face of
unit width bonded to an elastic half-plane and loaded by
an axial stress r and a line bending moment M as shown
in Fig. 14(a). Denoting the Dirac delta-function as d, the
governing equation for the face deflection wf is given by
the thin plate Kirchhoff theory as
z (antisymmetry)

x

undamaged core:

M=1

Df

E c,νc

(a)

Fig. 14. Geometry and load cases in the
Df w0000f ðxÞ þ rhf w00f ðxÞ ¼ �Md0ðxÞ � rifðxÞ; 0 6 x 61.

ð22Þ
Applying further the sine Fourier transformation to Eq.
(22), we have

Dfx
4wF

f ðxÞ � rhfx
2wF

f ðxÞ ¼ Mx� rF
ifðxÞ. ð23Þ

The image of the face rotation hf is obtained as

hF
f ðxÞ ¼ xwF

f ðxÞ. ð24Þ
The image of the core reaction, rF

if , is determined through
the Lamé equations assuming zero longitudinal displace-
ment and given deflection, wf, of the face. The Fourier-
transformed system (8) produces the following relation be-
tween the images of the face deflection and normal stress at
the interface [23]:

rF
ifðxÞ ¼ E1xwF

f ðxÞ; ð25Þ
where the parameter E1 has the same view as in Eq. (13)
but assumes the use of the Young’s modulus, Ec, and Pois-
son’s ratio, mc, of the virgin core.

The closed-form solution for the original of the face
rotation is obtained substituting Eq. (25) into Eq. (23),
deriving wF

f and applying the inverse cosine Fourier trans-
formation to Eq. (24). The solution for the max. rotation
(under the bending moment) reads
z (symmetry)

x

undamaged core

M=1

a

(b)

analytical (a) and FE (b) modelling.
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hf ¼ cM
Z 1

0

�xd�x
�x3 � rg�xþ 1

; ð26Þ

where �x ¼ xxn is the dimensionless variable of the Fourier
transformation, and

c ¼ 2=pE1x2
n 	 4:0h�2

f ðEcE2
f Þ
�1=3

;

g ¼ x2
nhf=Df 	 3:3ðE2

cEfÞ�1=3.

The rotational stiffness is calculated as the inverse value of
the rotation under the unit bending moment. For the sim-
plest case of zero axial stress r, the improper integral in Eq.
(26) can be derived analytically, and we have

C ¼ 0:75
ffiffiffi
3
p

E1=3
1 D2=3

f 	 0:2h2
f ðEcE2

f Þ
1=3. ð27Þ

The solution (27) was calibrated using the FE package Cos-

mosM 2000. A sketch of a two-dimensional FE model is
shown in Fig. 14(b). Since the debond was situated sym-
metrically, only half of a sandwich beam was considered.
The model was meshed using 2-node beam elements
(BEAM2D) for the face and 4-node shell elements (SHELL4)
for the core. The face was composed of one element
through the thickness and 50 elements along the face.
Twenty elements were used through the thickness of the
core. The mesh was refined towards the point of applica-
tion of the unit bending moment. Results of the linear-elas-
tic FE analysis were used in the preceding analytical
calculations; the rotational stiffness was taken of 2.56,
2.21 and 1.21 kN for first, second and third configurations,
respectively.

The results of the FE analysis are shown in Fig. 15(left),
which depicts the effect of the core thickness on the rota-
tional stiffness of the FE model normalized to the value
obtained analytically using Eq. (27). For moderate and
large core thickness, it is seen that the analytical solution
gives stable deviation in 35% for all sandwich configura-
tions. Thus, a correction factor of 0.7 can be used to fit
Eq. (27) without the FE analysis. Fig. 15(right) demon-
strates also the effect of accuracy in determination of the
rotational stiffness C on the Euler’s stress given by Eq.
(6). The graph indicates that this effect is small for rela-
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Fig. 15. FE-verification of Eq. (27) (left) and influence of the rotationa
tively compliant faces (third configuration), while rigid
faces (first and second configurations) exert stronger
dependence.

The presented FE study does not account for in-plane
compression of the face. However, the particular analysis
using Eq. (26) shows that this effect reduces the rotational
stiffness not much. This is proved for relatively low com-
pressive stresses relating to the local buckling in the speci-
mens of the investigated configurations. Also, the solution
can be improved accounting for inelastic compressive
response of the face material, as well as accounting for
finite thickness of the core. The later case has been investi-
gated in study [12], though it was seen from Fig. 15(left)
that for the case of relatively thick and soft core its thick-
ness was of small importance.

4. Conclusions

The edgewise compression response of sandwich beams
with indent- or impact-induced damage was experimentally
and analytically investigated in this paper. The particular
focus was posed on the stability of the face sheet within
the damaged zone. The main results can be outlined as
the following:

• The experimental study revealed that a typical damage
consists of sub-interface zone of crushed core and residual
dent in the face sheet. Almost no delamination was
observed in the face. For one sandwich configuration sub-
ject to impact loading, the core damage contained also a
relatively large cavity; this effect reduced considerably the
residual face dent.

• Under edgewise compression, the specimens with rela-
tively small damage failed, depending on a configuration,
by abrupt wrinkling or yielding (compressive fracture) of
the face. These failure modes coincided with ones for
undamaged specimens of the same sandwich configura-
tions. When the damage length exceeded a certain size,
the failure mechanism changed suddenly to local buckling.
The local buckling occurred in the damage zone and was
provoked by the residual dent in the face. This failure mode
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caused a substantial reduction in the compression load
capacity and overall stiffness. For moderate damage
lengths and small residual dents, a strong supporting effect
of the crushed core was revealed.

• Two analytical solutions predicting the Euler’s stress
are presented. The first solution assumes no influence of
the crushed core on the face buckling and thus gives con-
servative estimation of the Euler’s load. The second, more
refined solution, assumes perfect bonding between the face
and the crushed core and thus yields the upper limit of the
Euler’s load. For investigated sandwich configurations, it is
found that taking into account the supporting effect of the
crushed core rises considerably the Euler’s load for the
face. The proposed solutions demonstrate good agreement
with experimental data. As believed by authors, these solu-
tions can also be utilized for the strength assessment of the
sandwich beams with honeycomb or corrugated cores.
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