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Web search engines need to deal with hundreds and thou-
sands of pages which are relevant to a user’s query. Listing
them in the right order is an important and non-trivial task.
Thus Google introduced PageRank [1] as a popularity mea-
sure for Web pages. Besides its primary application in search
engines, PageRank also became a major method for evaluat-
ing importance of nodes in different informational networks
and database systems.

The definition of PageRank is as follows
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where i = 1,...n, PR(:) is the PageRank of page i, d; is the
number of outgoing links of page j, the sum is taken over
all pages j that link to page i, D is the set of pages without
outgoing links (dangling nodes), n is the number of pages in
the Web, and c is the damping factor, which is a constant
between 0 and 1.

Most experimental studies of the Web agree that in-degree,
the number of incoming links of a page, and PageRank fol-
low similar power laws with exponent a = 1.1. It is clear
from the definition (1) that the PageRank of a page depends
on the popularity and the number of pages that link to it.
Thus it could be expected that the distribution of PageRank
should be related to the distribution of in-degree. It is also
clear that PageRank is a global characteristic of the Web,
which should depend on out-degrees, correlations, and other
characteristics of the underlying graph. We study the influ-
ence of in-degrees, out-degrees and dangling nodes on the
PageRank distribution [3, 4]. We model the relation bet-
ween these variables through a stochastic equation inspired
by the definition of PageRank (1). To this end, we view the
PageRank of a random page as a random variable R with
E(R) = 1. We formally describe the concept of power law in
terms of regular varying random variables. Thus, we take a
non-negative, integer and regularly varying random variable
N for the in-degree of a random page. We consider a ran-
dom variable D (effective out-degree), which represents the
out-degree of a page that links to a particular randomly cho-
sen page. We note that D is not the same random variable
as the out-degree of a random page. Further, we assume
that the fraction of the total PageRank mass concentrated
in dangling nodes, equals the fraction of dangling nodes po.
Then the PageRank R is a solution of the following stochas-
tic equation:
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Here N, the R;’s and D;’s are independent; the R;’s are
distributed as R, the D;’s are distributed as D. As before,
c € (0,1) is the damping factor.

We use recent results on regular variation [2] to obtain
PageRank asymptotics. To this end, we provide a recur-
rent stochastic model for the power iteration algorithm com-
monly used in PageRank computations. We start with ini-
tial distribution R(?, satisfying E(R(®) = 1, and for every
k > 1, we define the result of the kth iteration through the
distributional identity
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where N, R:S-k—l) and Dj, j > 1, are independent.
Then we obtain the PageRank asymptotics after each ite-
ration.

THEOREM 1. If P (R(O) > x) = o(P(N > z)), then for
all k> 1,

P(R® > z) ~ CkP(N > z) as z — oo,
where C, = (—C—(—l;—m’l)a Z;:; d°y, and b = dE (1/D%).

Thus we clearly show that the power law of in-degree re-
mains a major factor shaping the PageRank distribution.
The difference between the power laws is in the multiplica-
tive constant Cx, which depends mainly on the fraction of
dangling nodes, the average in-degree, the power law ex-
ponent, and the damping factor. As we can quantify from
Theorem 1, the out-degree distribution has a minor effect
on the PageRank tail behavior.

Our theoretical predictions also show a good agreement
with experimental data on the different Web samples [4].
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