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Growth of semigroups in discrete and continuous time
by

ALEXANDER GOMILKO (Torun), HANS ZWART (Enschede) and
NIELS BESSELING (Enschede)

Abstract. We show that the growth rates of solutions of the abstract differen-
tial equations @(t) = Axz(t), #(t) = A 2(t), and the difference equation z4(n + 1) =
(A4 I)(A — I)"txq(n) are closely related. Assuming that A generates an exponentially
stable semigroup, we show that on a general Banach space the lowest growth rate of the
semigroup (eA_lt)tZO is O(v/t), and for (A4 I)(A—I)"H™ it is O(/n). The similarity
in growth holds for all Banach spaces. In particular, for Hilbert spaces the best estimates
are O(log(t)) and O(log(n)), respectively. Furthermore, we give conditions on A such that
the growth rate of ((A+ I)(A —I)™")™ is O(1), i.e., the operator is power bounded.

1. Introduction. Let X be a Banach space and let A be a closed,
densely defined operator on X. For this A we consider the abstract differ-
ential equation

(1.1) #(t) = Az(t),  2(0) = xo.

Assuming that A generates a strongly continuous semigroup on X, for any
xo € X, this equation possesses a unique (mild) solution (see e.g. [§]). An
important property of the solutions, and thus of the corresponding semi-
group, is the boundedness of the trajectories. In this paper we study the
relation between the boundedness of the solutions of and those of the
differential equation

(1.2) i(t) = A" e(t), x(0) = o,
and of the difference equation

(1.3) z(n+1)=V(A)z(n), x(0)=xo.
Here V denotes the Cayley transform of A, i.e.,

(1.4) V=V(A)=A+DA-1)""

where [ is the identity operator.
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If X is finite-dimensional, then (under the condition that A is invertible)
the solutions of f share the same stability properties. In particular,
if one of these equations has only bounded solutions, then so do the others. If
A is an injective linear operator on a Banach space X with dense range gen-
erating a uniformly bounded analytic Cp-semigroup, then it is well known
that A~! also generates such a semigroup [14]. On the other hand, it was
shown in [I3] that there exists a Banach space X and an injective linear op-
erator on X with dense range generating a uniformly bounded Cp-semigroup
whose inverse does not generate a Cy-semigroup. In Hilbert spaces, if
and have only bounded solutions, so does (see [2, O [11]). We ex-
tend this result by showing that if and have all solutions bounded,
then so does the difference equation z(n+1) = V(6A)z(n) for all § > 0, and
the bound is independent of § > 0. Furthermore, the converse holds. If
and the difference equations x(n+1) = V(6 A)z(n) have only bounded solu-
tions, and sup,, 5~ ||V"(dA)|| < oo, then the solutions of are bounded.
For Banach spaces such positive results are not known. However, we show
that if there exists a generator of an exponentially stable semigroup for
which the solution of grows as ¢(t), then on the same Banach space
there exists a generator of an exponentially stable semigroup for which the
solutions of grow as g(n). The converse of this result also holds.

We end this section with some notation. £ = £(X) denotes the set of
densely defined, closed linear operators on X and £ = L£(X) denotes the
algebra of bounded linear operators on X. By G = G(X) we denote the set
of generators of uniformly bounded Cp-semigroups and by Gexp = Gexp(X)
the set of generators of exponentially stable Cp-semigroups acting on X. If
A € G, then (e?*);>¢ is the strongly continuous semigroup generated by A.

2. Growth of the Cayley transform. In this section we investigate
the growth of the power of the Cayley transform, as defined in . We
study this growth for infinitesimal generators of uniformly bounded semi-
groups and of exponentially stable semigroups, i.e., for A € G(X) and
A € Gexp(X).

LEMMA 2.1. For the Cayley transform (1.4) we have the following esti-
mates on the Banach space X. If A € G(X), then

VAl

If A € Gexp(X), then
VAl
(2.2) ilelg e < 00.

Furthermore, the estimates are sharp: there exists a Banach space X and
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an operator A € G(X) such that

VA
and there ezists a Banach space X and an Acxp € Gexp(X) such that
[V (Aexp) |

Proof. For A € G the powers of V= V(A) are given by the expression
(see e.g. [9])

(2.5) vi=1- e 2L (e at, n=1,2,...,
0

where Lg) are the first generalized Laguerre polynomials, i.e.,

n

(1) ()
Lg)(t) = kzo (k+1)! ' El(n — k)

From (2.5)), we obtain

(2.6) Vol <1+M e 2L ()]dt, neN,
0

where M = sup; ||e*]|. On the other hand, the well-known estimates [I]
for the Laguerre polynomials give

S e*t/2|L£ll_)1(t)| dt <en'’?,  neN.
0

Combining this with (2.6]), we obtain the inequality ([2.1)).
Next, let A € Gexp(X). Then there exist M,w > 0 such that

(2.7) le®|| < Me™', ¢ >0.
From ([2.5) and (2.7)) we find that
Vol <1+ M § e L ()]at, neN.
0

Then using the estimate (see [16, Ch. 6, §3])
L)) < e/l 450, peN, t >0,

we have
o

V™| <1+ Ment/ S et 24734 L Y2 dt < 14 ¢, Mnt/4,
0
where the constant ¢, > 0 depends only on w > 0. This proves ({2.2)).
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It remains to show that the estimates are sharp. We follow a reason-
ing similar to the one in [5]. For , we choose the Banach space X =
Li(R) and the differentiation operator D, i.e., (Df)(s) = f'(s), with do-
main D(D) = W} (R), the Sobolev space. It is well-known that D is the
infinitesimal generator of the unitary shift, i.e.,

(Pf)(s) = f(s +1), steR.
Then, by (23),

(VHD))(s) = f(s) — | e 2L (0 f(s +t/2)dt,  seR,neN.
0

From this, using the appropriate formula for the norm of an integral operator
on L (see [12, Th. XI.1.4]), we obtain

(2.8) LIV Ol > § e AL (0l neN.
0

On the other hand, according to [1], there exists a constant ¢ > 0 such that

o0

(2.9) e 2Ln(t)|dt > cn'/?,  neN,
0
where L, (t) are the usual Laguerre polynomials. Next, using the relations
dLn 1
(1) = LD, La(0) = 1,
we obtain
00 00 t
(2100 (e 2L (1) dt < | e*f/Q(g 1LY (s)] ds + 1) dt
0 0 0
<2 S C_S/Q‘LSEI(S”dS—FQ, n e N.
0

From ({2.8)—(2.11) we have the estimate
V(D) lLyw) > en'/?, neN,
for some constant ¢; > 0. Hence the estimate (2.1]) is sharp.
Now we show that (2.2) is sharp. We choose A to be minus the differen-
tiation operator on X = L1(0,1), i.e.,
(Af)(y) = —f'"(y),  D(A)={f e W(0,1)] f(0) = 0}.
Furthermore, we define Ag = 2A— 1. Then Ag is the generator of a nilpotent

Co-semigroup, and thus in particular Ay € Gexp(X). The Cayley transform
of Ay equals

(2.11) V(A)) = (Ag+D(Ag— D) t=AA-D =T+,
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where J the classical Volterra operator,
Yy

(JF) () =\ f(s)ds.

0
From [I5] we have

(2.12) (I + )"ty 00) <0 n— oo

Combining (2.11)) with (2.12) shows the sharpness of the estimate (2.2)). m

If A€ &(X) is such that A= € £(X) and (A —I)~! € £(X), then it is
easy to see that V(A4) = —V(A~!). We end this section with an extension
of this result.

LEMMA 2.2. Let A € £ with spectrum o(A) contained in the half-plane
{A € C|ReA <0}. Let V :=V(A) be the Cayley transform of A. Suppose
that for some s € R the inverse of A — isl exists as a densely defined
operator, i.e., (A —isI)~! € £. Define

(2.13) Ag = (—isA+I)(A—isI)™',  D(As) =ran(A —isI).
Then

(2.14) Ay = —isl + (s> +1)(A —is]) "t €&,

and the Cayley transform of As satisfies

(2.15) Vi:=V(4As) =a(s)V, a(s)=(is—1)(is+1)71,

where |a(s)| = 1, and hence the growth rates of V™ and V' are the same.

Proof. From the assumptions on A and the definition of Ay, it follows
that A5 € £ and o(A;) lies in the half-plane Re A < 0.

Equality (2.14]) is easy to show, and so we concentrate on the other one.
Using the equality

Ag—T=—(is+1)(A—IT)(A—isl)™},
we find that
(As —I)7' = —(is+ 1)1 (A —isl)(A-1)"*
= —(is+ 1) " +a(s)(A-1)""
Thus
V(A) =T+2A, — D' =a(s) I +2a(s)(A-1)"'=a(s)V. u

REMARK 2.3. From ({2.14)) we conclude that (A —isI)~! is the generator
of a Cy-semigroup if and only if A, is. Moreover,

(2.16) leAst]] = [lelHHDA=BDTI g >,

The following is easily proved by using the definition of A (see (2.13])).



278 A. Gomilko et al.

REMARK 2.4. If for some s € R, s # 0, the operators (A — isI)~! and
(A+is™ )"l arein &, then A;1 = A_ 1.

3. Relation between the Cayley transform and eA_lt, general
case. As stated in the introduction, we relate the stability properties of

the differential equations ([1.1)) and ([1.2]), and the difference equation (|1.3)).
In this section we show that if there exists an A such that all solutions

of (1.1)) are exponentially stable, but for some 2y € X the solution of (1.2)
is unbounded, then it is possible to construct an infinitesimal generator Ay

such that with this new operator all solutions of ((1.1)) are exponentially
stable, but for some 2y € X the solution of (|1.3) is unbounded. The proof
is based on the following observation.

Let A € G(X) and let V be its Cayley transform. Then using the equality
V =1+2(A-1)"" we have

(3.1) eV* = e A-DT Lc .
Hence if V' is power bounded, then
Hez(A—I)*lH < Mellzl-Rez)/2 _ MeRsin2(0/2)’ > — Re € C.

Thus in particular, Het(A*I)_1 || < M,t>0.Soif V is power bounded, then
the operator (A — I)~! lies in G.
The following theorem shows that growth bounds on V™(A) for A €

A—l

Gexp(X) yield similar growth bounds for (e *);>.

THEOREM 3.1. Let X be a Banach space and assume that for every
A € Gexp(X),

(3-2) V*(A) < Mag(n), neN,

where g is a non-decreasing function, not depending on A, i.e. 0 < g(a) <
g(B) for all0 < a < (3, and M4 is a constant not depending on n. Then for
any A € Gexp(X) the semigroup (eAilt)tZO satisfies a similar estimate:

(3.3) e )| < Mag(2et/w), t>0.

Here the (positive) constant w is such that —w is larger than the growth
bound of A, i.e., there exists an M > 0 such that ||et|| < Me™*t, t > 0.

Proof. By Lemma 2.1 we may assume that g(n) < co(1+ /n). For w as
in the statement, it is easy to see that

Ag = 2w A+ T € Gexp(X).
Furthermore, V(Ag) = I +wA~!. Hence



Growth of semigroups 279

(3.4) A7 = eteV A0, > 0.

Since Ag € Gexp(X), the powers of V(Ap) satisfy the estimate (3.2)). From
this and Stirling’s estimate, we have, for t > 1,

(3 5) HeV(AO)t’ < Zt HV (AO)H < My Zg t

9
P> (n> )
n>2et n<2et

> n .t '
1 [ > 2971(\/)% + g(2et) Z } = ¢y + c19(2et)e

|
“— nl
Here we have used the assumption g(n) < co(1+ /n). From (3.5) and (3.4)
we obtain the estimate (3.3). =

There are several consequences of this result. We start with the rela-
tion between power boundedness of V(A) and the uniform boundedness of

(e )0

COROLLARY 3.2. Suppose that on the Banach space X there exists A €
Gexp(X) such that A™' & G(X). Then there exists Ay € Gexp(X) such that
V(Ap) is not power bounded.

Proof. It V(Ay) is povver bounded for every Ay € Gexp(X), then we can

choose g(n) = 1 (see (3 ) Thus by Theorem [3.1] . A1l € G(X) whenever
A € Gexp(X). This contradlcts the assumptions. =

If X is finite-dimensional, then the function g in Theorem [3.1] can always
be chosen to be a constant. However, this constant may depend on the
dimension of X: see e.g. equation (35) in [I0]. Hence from the theorem we
see that the dependence on the dimension of the supremum of ||e4” ||, ¢ > 0,
and [[V™(A)||, n € N, is the same.

Using this theorem, we obtain different proofs for some estimates found
in the literature. The first result, which can be found in [17], follows from
the previous theorem and Lemma [2.1}

COROLLARY 3.3. Let X be a Banach space and A € Gexp(X). Then
e < 1+ Mot'/t, t>0,
where My does not depend on t.

For Hilbert spaces it was shown by Gomilko [9] that g in (3.2) can be
chosen to be log(n+2). Combining this with the theorem gives the estimate
found in [18].
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COROLLARY 3.4. Let X be a Hilbert space and A € Gexp(X). Then
e < Molog(t+2), t>0,

with My independent of t.

The following theorem can be seen as the converse of Theorem

THEOREM 3.5. Assume that for every A € Gexp(X),

_1 ~
le? | < Mag(t),
where g is a non-decreasing function, not depending on A, i.e., 0 < g(a) <
g(B) for all 0 < o < B, and My is a constant not depending on t. Then for
every A € Gexp(X) satisfying ||e|| < Me™*! for w > 1, there exists for all
a>1 an My 4 such that
V(A < Ma,ag(an).

Proof. By Corollary we may assume that g(t) < co(1 + t'/*). Let
a > 1. Since a — 1 — log(a) > 0, there exists an € € (0,1) such that
(3.6) ae < a—1—log(a).
Secondly, the function e~ (1=9)%"~1 ¢ > 0, has a maximum at 7 = %‘; and
is decreasing for ¢t > 7. We now choose
(3.7) ti=a(l—e)Tr=a(n—1).
Since o > 1, and since (3.6) holds, we have t; > 7 for n > 2.

We define A; = (A + I). By the assumption on A, we have A; €
Gexp(X). Furthermore,

V(A= A+ DA-T)' =24,24, —2I) ' =1 - AH L
Hence
1

— 7n OO p— 71 nf
(3.8) V™A= I(I-AH) ™| < | el et at
0

~ t1 ~ [e%e)
M M
- _Ai)' [ etg(tyentar + o _Ai)' | e tg(yr L at.
) ' t1
On the time interval from 0 to t;, since g is non-decreasing, we have
~ t1 ~ 0
My _ _ My g(tl) fm— ~
3.9 L tgiytntar < =2 | e dt = Mo, g(th).
39) Gl eteortar s TREE ¢ a9(t)

On the time interval from t; to co we use two observations. First,
n! > (n/e)", neN,
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and secondly, by the choice of ¢; (see (3.7)),
e~ (1—e)tyn—1 < e_(l_a)o‘(”_l)(oz(n — 1))”_1 for t > t1, n > 2.
Combining these, we find that for n > 2,

Ma, T 4 oone
o i)' | e lg(t)t" " at
i
n—1 oo
< MAl < i 1) S e*(lfe)ttnflefstg(t) dt
n 0
n—1 e e}
< MA1< e 1) e—(l—e)a(n—l)(a(n _ 1))n—1 S 6_€tg(7f) dt
n —_—

t1
o0
_ MAl (e—(l—a)a-i-la)n—l S e—atg(t) dt.
t1
Using we see that e~(1=9)etly < 1. Thus
o o
Ve fgt)t" " dt < My, | e ='g(t) dt = M,
t1 t1

with M, independent of n. Combining ({3.8)—(3.10) gives
V(A < Ma,g(tr) + Ma.

Since t; = a(n — 1) and since g is non-decreasing, we can find a constant
M, 4 such that ||[V"(A)|| < My ag(an), which proves the result. m

Ma,
(n—1)!

(3.10)

4. Growth of V"(A) and (e*'*);>0 in Hilbert spaces. In the previ-
ous section, we have investigated the growth of V(A) and (¢4 '*);>o under
the condition that A € G(X), with X a Banach space. In the following, we
take for X a Hilbert space with the inner product (-,-), and to clearly dis-
tinguish the results from those of the previous sections we denote our space
by H.

It is known (see [11], [9], [2]) that if a bounded operator on a Hilbert
space is the generator of a uniformly bounded semigroup, then its Cayley
transform is a power bounded operator. We state this in a lemma for future
references.

LEMMA 4.1. Let A € L(H) be the generator of a uniformly bounded
semigroup. Then V(A) is power bounded.

If A generates a uniformly bounded semigroup, but A is unbounded, then
it is unknown whether the above result holds. However, if A and A~! each
generate a uniformly bounded semigroup, i.e., A € G(H) and A~ € G(H),
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then V(A) is power bounded. We present a new proof of this theorem; for
that we need some facts on Lyapunov equations. For the proof we refer to
[6l, Exercise 4.29] or [7), Section IL.6].

LEMMA 4.2. Let QQ be a bounded operator on H. If there exists a non-
negative P € L(H) which is a solution of the Lyapunov equation

(4.1) O*PQ—P = —I,
then > o0 o |Q"x||? is finite for all x € H.

Conversely, if 3" |Q"x||? is finite for every x € H, then there erists
a unique solution of (4.1). Furthermore, this solution is positive, and

(1.2) (Pr,z) =3 Q"all%.
n=0

Under the assumption that A > 1 and A\, A\~! are in the resolvent set
p(A) of A, we consider the following two Lyapunov equations:

(4.3) AW = 1M = AP - A — P =T,
(4.4) N1 -AHY P —AHY Py =T,
where Q~* indicates (Q*)™!, or equivalently (Q~1!)*.

For the Cayley transform we consider the following Lyapunov equation:
A—1
A1
In the following lemma we will manipulate these Lyapunov equations.

Every Lyapunov equation can be written using the inner product. For in-
stance, (4.3]) is the same as

()\2—1)<P1()\I—A)_13:1, (AI—A)_1$2>—<P1:B1,:BQ> = —(x1,22), x1,29 € H.
Choosing zp = (Al — A)~txy, € D(A), k = 1,2, we rewrite this as
(A2 = 1)(Prz1, z2) — (PL(AT — A)z1, (A — A)zo) = —((A — A)z1, (M — A)z9).
Simple algebraic manipulations imply that this is the same as
— (P1Az1, Azo) + N(Py21, Aza) + N(P1Az1, 22) — (P21, 22)
= —((AM — A)z1, (M — A)zq).

To simplify notation, we introduce for A € £(H) and P € L(H) the bilinear
form By[A, P] on D(A) as

(4.6)  B\[A, P|(z1, 22) := AM(PAz1, z9) + A\(Pz1, Azg)
—<PA21,AZQ>—<P21,ZQ>, Zl,ZQED(A).

Using it, we see that reads

(4.7)  By[A, P1](z1,22) = = (M — A)z1, (A — A)zg), Vz1,29 € D(A).

(4.5) V(A)*PyV(A) — Py = —1.
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In an analogous way, (4.4) is equivalent to
(4.8) BA[A, Pg](zl, ZQ) = —<(I — )\A)Zl, (I — )\A)ZQ), VZl, 29 € D(A),

and (4.5)) is equivalent to
(4.9)

)\ +1
By[A, Py)(21,22) =

2
In the rest of this section we use the notation R(A,\) = (\[ — A)~!

<(A I)Zl,(A I)ZQ> Vz1,22 S D(A)

LEMMA 4.3. Let A € (1,00) be such that A\, \"! are in the resolvent set
p(A). Furthermore, assume that 1 € p(A).

(1) The Lyapunov equation (4.3) has a bounded solution if and only if
(4.4) has a bounded solution. Furthermore, the solutions are related
via

(4.10) Py = (I —XA)*(M — A)*Pi (I — NA)Y(N — A)~!
) If (4.3)) has a bounded solution, then a bounded solution of 18
given by
(4.11) Py = 2A<P1+P2+>\I I).

Proof. (1) Let Pi € L(H) be the solution of (£.3) (or (4.7)) and let Q

denote the bounded operator
(4.12) Q=T —NA )R (A NP (I — NA)R(A,N).
Then, using the relations
[(I = AAHR(A*, N)]* = (I — M A)R(A, N),
and
(I = ANA)R(A, N Az = AR(A,N)(I — NA)z, z€ D(A),
we find that
B4, Q)(1052) = BalA, RUR(AN = A, RAN = )z
(A~ AYR(A, NI = M)z, (A~ AR(A N~ AA) )
—((I — )\A)zl, (I — )\A)ZQ) Vz1, 22 € D(A).
So, the operator P, = @ is the solution of (4.4]) and ( .

(2) Let P; and P be the solutions of (4.7] and ([1.8), respectively, and
let @ € L(H) be defined as

Q=P +P+(\—1)I
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Then
By[A, Q](21, 22) = By[A, P1](21, 20) + BA[A, Pa] (21, 22)
+ ()\ — 1)B)\[A I](Zl,ZQ)

— (M = A)z1, (AL — A)zo) — (I — ANA)z1, (I — NA)z2)
+ (A — D)[A(Az1, z2) + A(z1, Azo) — (Az1, Aza) — (21, 22)]
= ANA+ 1)[(Az1, 22) + (21, Aza) — (Az1, Aza) — (21, 22)]
= = AMA+D{(A=Dz1,(A—=1)z), Vz1,20 € D(A).

Thus if we choose Py = (20)~1Q, then we obtain

A+1
2
and we see that Py is the solution of (4.9) and thus of (4.5)). =

REMARK 4.4. Looking at the proof of the above lemma we can make
some remarks.

(1) In the above proof we did not use the fact that A > 1, and so
Lemma [4.3) holds for all A € R such that A, A\~! € p(A). For \> =1 < 0
the equations and will no longer be Lyapunov equations, but
Sylvester equations. Since we only need the relations for A > 1, we have
presented the proof for this case only.

(2) The equality can be written in a different form. First of all,
for all 21, 29 € D(A) it can be equivalently written as

<P2()\I - A)Zl, ()\I - A)ZQ> == <P1 (I - )\A)Zl, (I - )\A)2’2>,

BA[A, Py(21,20) = — 2 ((A— D)z1, (A — D)z), V21,25 € D(A)

(4.13) ()\2 — 1)<P2z1, Z2> — B,\[A, PQ](Zl, 22)
= (/\2 — 1)<P1A21, A2’2> — B)\[A, Pﬂ(zl, ZQ).

Substituting the Lyapunov equations (4.7) and (4.8]) in (4.13)), we find, after
simple calculations, that

(4.14) <(P2 — I)Zl, 2’2> = <<P1 — I)Azl, AZQ), Vzl, 29 € D(A)
Assuming that Py or P is non-negative, we find by Lemma[4.2]and equations
@3). (1) and (EI0) that

Z(AQ —D)|(M = AH™T(I = NA) 2|2 = (P(I — MA) Lz, (I — MA) L)
n=0

= (PyN — A)la, (M- A)7lz) = Zw — DA — A" (N — A)"Lz|?

for all x € H.
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From [I1, Theorem 8.3] we have the following result.

LEMMA 4.5. Let X be a Banach space and let T € L(X). Denote the
dual space by X* and the dual operator of T by T*. Suppose that for all
r€ X and z € X*,

(4.15) sup (1—r ZIIT%II2 < M(T) |||,
rel0,1) n—=0
(4.16) sup (1—7) Z” (T*)™z||>r®™ < M(T*)| 2|2
relo, 1) n—0
Then

|77 < ey/MT)M(T7), neN.

THEOREM 4.6. Let A € E(H) with o(A) C {\ € C| Re(\) <0}, and let
V =V (A). Suppose that the inverse of A exists and A~ € &.

(1) For x € H and X\ > 1 define

(417)  Ga(w;A) = 15 Z "IRMA, Nz|)? + |[RM (A7 Nz

Then

(418)  Galwi) + =53

1 2(1 — TQ) = n n
lz)|* = T Z IVz|*r?", =z € H,
n=0
where A = (1+12)/(1 —12), r € (0,1).
(2) If A, A=Y € G, then V(A) is power bounded and

(4.19) IV(A)] < ;(1 L M2+ M12>,

where M = sup;~g ||e|| and My = sup, |le? ]

Proof. The proof of the first item can be found in [9, Theorem 2]. How-
ever, we present a new proof using Lyapunov equations. Note that there is
a typo in the corresponding theorem of [9].

Proof of (1). Note that G z(z; \) is finite for any x € H, because for
A > 0 the spectra of AR(A, \) and AR(A™1, \) are outside the disk |u| < 1.
Thus by Lemma [4.2] there exists a unique solution of the Lyapunov equation
(4.3). Furthermore, this solution satisfies
o
(4.20) (Puz, ) = (N = 1)"||R(A,\) x|,
n=0
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Similarly there exists P» € L(H), the unique solution of (4.4)), satisfying

e}

(4.21) (Pyr,z) = 3 (N2 — D) R(A™Y, A",

n=0

By Lemma the operator Py defined by (4.11]) is the unique solution
of (4.5)). Since Pj, P» are positive and A > 1, we find that P, > 0, and so

by Lemma
— (A—1 o2
(4.22) (Pra,z) = HV x|

A+1
n=0
Writing (4.11)) as
(Pr+ P+ M — Dz, x) =2\ (Pyz,x),

and substituting (4.20))—(4.22]) we find that

Y2 = 1)"R"(A,A w||2+z )" IR (AT N + (A = D)
n=0 n=0

— (A—1\"
=2A — |2,
> (351) vl
n=0
Dividing by A? and substituting A = (1 + r?)/(1 — r?) on the right-hand
side, we obtain (4.18]).

Proof of (2). Since A and A~! are in G, the Hille-Yosida Theorem yields
constants M, My > 1 such that

(4.23) [IR*(A,N)] < M/\_’"ﬂ IRMA™L M < MIAT", A>0,n€eN
Substituting this in , we find that for any x € H,

M? + M}
(@24)  Ga(wi)) < Z [ ] el = a2+ apel
Next using elementary calculus, we find that
1472
S (0,1) <~ )\:m c (1,00)7T>0,
and
A—-1 1 2(1+r)
< - 1 > 2 1).
e Sy AL g 2R r e (0,1)

Using these estimates, we find from (4.18)) and (4.24]) that

o0
M?+ ME+1/4
(1-n S v < I e e o), ve
n=0
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Since the norm of the adjoint equals the norm of the operator, we see that
(4.23) also holds for A* and (A~!)*. Thus, using analogous considerations
for G a«(x; \), we have

> M?+ M2 +1/4
1— n(A* 2,.2n < 1
( T);HV (A% ||"r™ < 5
Since V(A*) = V*(A), we conclude from Lemma [4.5| that (4.19) holds. u
In the previous theorem we have shown that if A and A~! each generate

a bounded semigroup on the Hilbert space H, then V(A) is power bounded.
In the next theorem we give some other sufficient conditions.

THEOREM 4.7. Let A € E(H) with o(A) C {\ € C| Re\ < 0}. If either

(1) there exists an s € R such that is € p(A) and —R(A,is) € G(H), or
(2) there exists a non-zero s € R such that (A—isI)™t and (A+is~ 1)t
are in G(H),

|z||?>, r€(0,1), € H.

then the Cayley transform V(A) is a power bounded operator.

Proof. Assume that (1) holds. Equation defines A; € L(H). Com-
bining (1) with (2.16), we conclude that A; € G(H). Consequently, V(A;)
is power bounded by Lemma Now Lemma yields the equalities

V(As) = as)V(A), la(s)] =1,
and thus V(A) is power bounded as well.

Assume next that (2) holds. Then we can define A; and A_ -1 (see
). Furthermore, A;! = A_ 1. Moreover, from (2) and it follows
that As, A_,—1 € G(H). Applying Theorem we conclude that V(A;) is
power bounded, and Lemma [2.2 shows that so is V(A). =

We remark that condition (2) is not stronger than (1), since in (1) it is
assumed that (A—isI)~! is a bounded operator, whereas in (2) this operator
is assumed to be an infinitesimal generator.

The following theorem extends the second statement of Theorem (4.6

THEOREM 4.8. Let H be a Hilbert space and let A € G(H). Assume fur-
ther that the inverse of A exists and lies in £. Then the following statements
are equivalent:

(1) For all € > 0 the operator —R(A,¢) is in G(H) and there exists a
constant My > 1, not depending on € > 0, such that
e~ A < My, t>0.
(2) A=t e G(H).
(3) For all § > 0 the Cayley transform V(§A) is power bounded and
there exists a constant C > 1, not depending on §, such that

(4.25) IVP(A)| <C, n=0,1,2,....
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Proof. The implication (1)=(2) follows from the second Trotter-Kato
approximation theorem (see [8, Theorem I11.4.9]). Moreover, ||| < Mj,
t > 0, where M is the constant from (1).

(2)=-(3). If A generates a bounded semigroup, so does J A. Furthermore,
sup [|e”]| = sup [le*|| = M
>0 >0

Similarly,
sup [l = sup [l = M.
>0 >0

By Theorem [4.6{(2), V' (§A4) is power bounded, with bound independent of §.

Thus we have proved (4.25) with C' = £(M?% + M2 + 1/4).
(3)=(1). Using (4.25)), we see that for any § > 0,

(4.26) VOV < cet, ¢ > 0.

Let € > 0. By (3.1), we have
672€tR(A,€) — e2t(5’1A71)*1 — efteV(sflA)t

Choosing § =¢~! and combining this with (4.26)), we find that [|!(42)|| < C
for all t > 0. Thus we have obtained (1). m

In the above theorem we have shown that for A € G the inverse lies in

G if and only if (A — eI)~! € G for some (or all) ¢ > 0. Furthermore, if
A1 € G, then e(A=<D7't ig hounded by a constant independent of ¢ and e.
We would like to extend this result to (A — AI)~! for A € C with Re()\) > 0.
This w111 be the subject of Theorem [£.10} In that theorem we show that
e(A=ADTH g uniformly bounded in ¢, but the constant depends on \. For

the proof, we need the following relation between the semigroups generated
by A and by A™! (see [I7]). For A € Gexp we have

(4.27) Ay = \/S Jl(f}r> xds, t>0,z€H.

Here J; is the Bessel function of the first kind and of the first order.
Besides equation (4.27)), we need the following lemma.

LEMMA 4.9. Let f : [0,00) — H be a continuous function with exponen-
tial decay. Define

. T (27
(4.28) f(r)=vr ) ——F—
VT

For this transformation, the following Parseval identity holds:

(4.29) [ 12
0

f(t)dt, =>0.

A dr
Lo TP e

0
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Proof. The statement follows easily from the Parseval identity

V IHIA)Prdr = | |f ()t at
0 0

for the (first order) classical Hankel transformation

HIf)(7) = \tf (&) i(rt)dt,  f € La((0,00);t dt),
0
combined with the relation

f(r) = VT (H(f0))(V7),
where fo(t) = (1/t)f(t2/4). m
Hence we can extend the transformation (4.28) to all functions for which
the left-hand side of (4.29) is finite.

THEOREM 4.10. Suppose A, A= € G(H). Furthermore, choose M, M
such that 1
le )| < M, [l < My, Ve 0.

Then for any X\ = & + i1 with € > 0, the bounded operator —R(A,e + iT) is
in G(H), and moreover for all t > 0,

2
(4.30) |l RS+ < 21 e2(M? + M? +1/4)2 + M? log<1 + 0 2)}
Proof. From Theorem [4.§]it follows that —R(A, ) € G(H) for any € > 0,

and moreover
(4.31) e~ A= < (M2 + ME41/4), t>0.

Next, by (4.27)), for any x € H we have

: T2Vt :
(efR(A,s)t _ efR(A,erzT)t)x =/t S ‘h(\[s)[em —1]e %e As . ds, t>0,
s
0
and thus by Lemma

RAesin 2 4t T
(4‘32) SH( —R(Ae)t R(Aa+ |2 S

—2€tH€At:L,H2 dt.
0
Since
TIL=e™P o T sin®(7/2) o °
| — dt =4 | — e dt—log<1+42)
0 0
by for any x € H we obtain the estimate

o0 2
(@33) [ (AN Rzt SM%og(HjEz)nxu?
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For ¢t > 0 and x € H, we have

t

1 S He*SR(A,eJriT)xHZdS
t 0
2 : 2
< gg ”(e—R(A,a)s o e—R(A,e+z7')s)$|’2 ds + ;S ”e—R(A,e)st2 ds
0 0
t
< 28 ”(e—R(A,s)s _ e—R(A,6+iT)S)m||2 % + 2”1,”2 igg ||6—R(A,5)t”2

0
2

2

e

< 2M? log<1 + 4752> ol + 5 (M2 + M+ 1/2)% |,

where we have used (4.33]) and (4.31)). Thus for any x € H and t > 0,

1 , e? 72

tUwSMA“”Mwwss{2<M2+A@+4/®2+mw%%(1+4Q)MMW.
€

0

The analogous estimate holds for the adjoint semigroup (e_tR(A*va_”)t)tzo.
Then, by [4, Proposition 3.1], we obtain the statement (4.30)). =

In the above theorem we have assumed that A and A~! are in G(H).
The same result holds if we assume that there exists a A € C satisfying
Re(\) > 0, A # 0, such that A, (A — M)~ € G(H). The proof is very
similar.

In this section we have concentrated mainly on the implication A €
G(H) = sup, ||[V™"(A)|| < co. We have been able to prove it under extra
conditions formulated in terms of A~'. In the following theorem we show
that a (partial) converse holds as well.

THEOREM 4.11. Let A generate an exponentially stable semigroup on
the Hilbert space H and let V(A) be power bounded. Then A~1 generates a
bounded Cy-semigroup.

Proof. We define A1 = A — I. Then it is clear that
V(A)=(A+D(A-T)"' =T4247"
Thus »
24 = e~V < My, Mg = sup [V (A)])
n>0

SO A;l generates a bounded semigroup. Since A generates an exponentially
stable semigroup, we have
o0 o
dt dt
e = etal? T = § (1= e e?al? T < oo
0 0
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Combining this with (4.27) and Lemma we find that for every x € H,
o0

- - dt
S e My — e ltl'”2 — < o0

0

Since A1_1 generates a bounded semigroup on H, we conclude as in the proof
of Theorem that A~! generates a bounded semigroup. m

In the previous two theorems, we have related the growth of a semigroup
with a perturbed one. For the discrete counterparts of these results, we refer
to [3]. Combining Theorem and we obtain the following corollary.

COROLLARY 4.12. Let A € Gexp(H) and let V(A) be power bounded.
Then V (aA) is power bounded for all o > 0.

Proof. By Theorem we know that A~! generates a bounded semi-
group. It follows directly that so does (aA)~!. Combining this with the fact
that also awA generates a bounded semigroup, we conclude by Theorem
that V(aA) is power bounded. =
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