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Abstract. A proof'that the prepotential for pure N = 2 Super-Yang—Mills theory associated with
Lie algebras B, and C, satisfies the generalized WDVV (Witten—Dijkgraaf— Verlinde — Verlinde)
system was given by Marshakov, Mironov, and Morozov. Among other things, they use an associ-
ative algebra of holomorphic differentials. Later It6 and Yang used a different approach to try to
accomplish the same result, but they encountered objects of which it is unclear whether they
form structure constants of an associative algebra. We show by explicit calculation that these
objects are none other than the structure constants of the algebra of holomorphic differentials.
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1. Introduction

In 1994, Seiberg and Witten [1] solved the low energy behaviour of pure N =2
Super-Yang-Mills theory by giving the solution of the prepotential 7. The essential
ingredients in their construction are a family of Riemann surfaces £, a meromorphic
differential Agw on it and the definition of the prepotential in terms of period
integrals of Agw

. oF ,
ai:/ ASW, 8_: ASW, (1.1)
A; a; B;

where 4; and B; belong to a subset of the canonical cycles on the surface £ and the g;
are a subset of the moduli parameters of the family of surfaces. These formulas define
the prepotential F(ay, ..., a,) implicitly; here r denotes the rank of the gauge group
under consideration.

A link between the prepotential and the Witten—Dijkgraaf—Verlinde—Verlinde
equations ([2, 3]) was first suggested in [4]. Since then an extensive literature on
the subject has been formed. It was found that the perturbative piece of the pre-
potential F(ay, ..., a,) for pure N = 2 SYM theory satisfies the generalized WDVV
equations ([5-7])

FiF Fy=FF Fi Vijk=1,....r (1.2)
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where the F; are matrices given by

PF

P gt

Moreover, it was shown that the full prepotential for simple Lie algebras of type
A, B, C, D ([8]) and type E ([9]) and F ([10]) satisfies this generalized WDVV system*.
The approach used by It6 and Yang in [9] differs from the other two, due to the type
of associative algebra that is being used: they use the Landau-Ginzburg chiral ring
while the others use an algebra of holomorphic differentials. For the A, D, E cases,
this difference in approach is negligible since the two different types of algebras
are isomorphic. For the Lie algebras of the B, C type, this is not the case and this
leads to some problems. The present Letter deals with these problems and shows
that the proper algebra to use is the one suggested in [8]. A survey of these matters,
as well as the results of this Letter can be found in the internal publication [11].

The Letter is outlined as follows: in the first section we will review It6 and Yang’s
method for the A, D, E Lie algebras. In the second section, their approach to
B, C Lie algebras is discussed. Finally, in Section 3, we show that Itdo and Yang’s
construction naturally leads to the algebra of holomorphic differentials used in [8].

2. A Review of the Simply Laced Case

In this section, we will describe the proof in [9] that the prepotential of four-
dimensional pure N =2 SYM theory with Lie algebra of simply laced (ADE) type
satisfies the generalized WDVYV system. The Seiberg—Witten data ([1, 12, 13]) con-
sists of

e a family of Riemann surfaces X of genus g given by
Z-I—ﬁ: Wx,uy,...,u), 2.1
z

where W is a particular function which is polynomial for Lie algebras A,,
rational for D, and contains some radicals for the exceptional algebras.
Furthermore, u is a scaling parameter of the physical theory, r is the rank
of the Lie algebra and the u; its Casimirs, which play the role of moduli par-
ameters for the family of surfaces.

e a meromorphic differential Agw on the surfaces, called Seiberg—Witten differ-
ential. It is defined by

asw = x &2 (2.2)
z

and has the property that disw/du; is a holomorphic differential modulo exact
forms.

*The generalized WDVYV equations for G, are trivial.
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e a particular subset {4;, B;} containing 2r of a set of 2g canonical homology
cycles.

From this data, one can implicitly construct the prepotential by first defining

a; = % ASW, Fi=q@Q Asw (2.3)
A B

and noting that the period matrix dF,/da; is symmetric. This implies that F; can be
thought of as a gradient, which leads to the following definition:

DEFINITION 1. The prepotential is a function F(ay, ..., a,) such that

d
y _OF

= 2.4
= o (2.4)

We also define a system of third-order nonlinear partial differential equations:

DEFINITION 2. Let f: C" — C, then the generalized WDVYV system ([4, 5]) for f'is

fiIKTUs=fK7 e, Yijell, ..., 1), (2.5)
where f; are matrices with entries.
83f(a1, co,ay)
. A 2.6
Vil da;0a;day (2.6)

and K = )",_, oyf; is an invertible linear combination of them.
The main result of this section is the following proposition:

PROPOSITION 3. The prepotential satisfies the generalized WDVV system.
Proof. We will prove that the prepotential satisfies this system by showing the
existence of the following:

(1) an ‘invertible metric’ K,
(2) an associative algebra with structure constants Cg,
(3) a relation between the third-order derivatives of F and the structure constants:

(Fu = CjiKu. (2.7)

LEMMA 4. If conditions (1)—(3) are met, then F satisfies the generalized WDVV
system.

Proof. Associativity of the algebra can be expressed through an identity on the
matrices formed by the structure constants

GG = GG (2.8)
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which, due to (3), also reads

FK'"FK' = FK F K (2.9)
and multiplying by K from the right gives the desired result. O

The rest of the proof deals with a discussion of conditions (1)-(3). It is well known
([14]) that the right-hand side of (2.1) equals the Landau-Ginzburg superpotential
associated with the corresponding Lie algebra. Using this connection, we can define
the primary fields ¢,(u): = —3W /du; and the chiral ring:

DEFINITION 5. The chiral ring is an associative algebra defined by

$1) ) = Chu)he ) mw@g) 2.10)

Instead of using the u; as coordinates on the part of the moduli space we’re interested
in, we want to use the ¢;. For the chiral ring this implies that in the new coordinates

ow ow ouy 0 0 ow ow
JOWN (LAWY by o e (DWW
oa; da; da; 0a; 7 Qu day ox

d(a)pi(a) = Cg(a)@((a) mod <%>

@.11)

which again is an associative algebra, but with different structure constants
Cj(a) # Cf(w). This is the algebra we will use in the rest of the proof.

For the relation (2.7), we turn to another aspect of Landau—Ginzburg theory: the
Picard-Fuchs equations (see, e.g., [15] and references therein). These form a coupled
set of first-order partial differential equations which express how the integrals of
holomorphic differentials over homology cycles of a Riemann surface in a family
depend on the moduli.

DEFINITION 6. Flat coordinates of the Landau—Ginzburg theory are a set of
coordinates {#;} on moduli space such that

2 -
oW = 8—QU (2.12)
8[,‘8[j 0x
where Q; is given by
ow
$(P(1) = CDG(1) + Qij— - (2.13)

The fact that such coordinates indeed exist will not be discussed here. In terms of
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these coordinates, the following set of Picard—Fuchs equations hold [16]

d Lsw PO AAsw
ot; A 2.14
o [?g 3t ] i Atk [ﬁ oty ] (2.14)

for any cycle I' € {4;, B;}. These equations were derived by making use of the chiral
ring, expressed in the flat coordinates, and therefore the structure constants
Cl’-]‘-(t) appear. Making a change of coordinates to the @; and using the fact that
the a; satisfy (2.14), one finds

0 oAsw 0 oAsw| da
— = Cl(a) — . 2.15
da; M 801_,] D3, M 8am] o, 2.15)

Taking I = By, we get

Fie = Ci@)Kur, (2.16)

which is the intended relation (2.7). The only thing that is left to do is to prove that
K, = (0a,,/0t,)F i 1s invertible. This will not be discussed here. O

In conclusion, the most important ingredients in the proof are the chiral ring and the
Picard-Fuchs equations. In the following sections, we will show that in the case of
B,, C, Lie algebras, the Picard—Fuchs equations can still play an important role,
but the chiral ring should be replaced by the algebra of holomorphic differentials
considered by the authors of [8]. These algebras are isomorphic to the chiral rings
in the ADE cases, but not for Lie algebras B,, C,.

3. Ito and Yang’s Approach to B, and C,

In this section, we discuss the attempt made in [9] to generalize the contents of the
previous section to the Lie algebras B,, C,. We will discuss only B,, since the situation
for C, is completely analogous. The Riemann surfaces are given by
B Wae(x, u)

Z+=
z X

3.1)

where Wpe is the Landau-Ginzburg superpotential associated with the theory of
type BC. From the superpotential, we again construct the chiral ring in flat
coordinates, where

14 14
Bly=="0C 4080 =l + 0 [3%} (32)

However, the fact that in the right-hand side of (3.1) does not equal the sup-
erpotential is reflected by the Picard—Fuchs equations, which no longer relate
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the third-order derivatives of F with the structure constants C ;‘i(a). Instead, they read
Fi = Cjl@)Ku, (3.3)

where Kj; = (da,,/0t,)F i and

~ L\ 2nt, -
Ci(t) = Ci(t) + Dj; 5 — . k(). (3.4)
n=1

The Dj; are defined by

Q; = xDj;¢, (3.5)

and we switched from E‘l’j(a) to C‘fj(t) in order to compare these with the structure
constants Cﬁ;(z). At this point, it is unknown* whether the Cf;(t) (and therefore
the Cf;(a)) are structure constants of an associative algebra. This issue will be

resolved in the next section.

4. The Identification of the Structure Constants

The method of proof that is being used in [8] for the B,, C, case also involves an
associative algebra. However, theirs’ is an algebra of holomorphic differentials
which is isomorphic to

30,0 =40, mod (x5~ W) @)

In the rest of this section we will show that

THEOREM 7. |C(r) = y4(0)

Proof. Starting from the multiplication structure in (3.2) we find (see (3.5))

Di(D);(1) = Cr(O(t) + Dl (1)x0- Wse (4.2)

we will rewrite it in such a way that it becomes of the form

P{DP(1) = CEN (1) + Pylxd: W — Wacl. (4.3)

*Except for rank 3 and 4, for which explicit calculations of 6‘5(2) were made in [9].
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As a first step, we use (3.4)

¢:¢; =[Ci- ¢+ D; - ¢x3, W],
~ L\ 2nt, -
= Ci_ ['E i n N i’ ‘(”
|:( b n=12r_1c) ¢+D ¢X8’ BC:|

~ " Ont, -
:|:Ci'¢_Di‘er_lCn'¢+Di'¢xaxWBCj|
n=1

4.4)

J

J

The notation ¢ stands for the vector with components ¢, and we used a matrix
notation for the structure constants.

The proof becomes somewhat technical, so let us first give a general outline of it.
The strategy will be to get rid of the second term of (4.4) by cancelling it with part
of the third term, since we want an algebra in which the first term gives the structure
constants. For this cancelling, we’ll use Equation (3.4) in combination with the
following relation which expresses the fact that Wpe is a graded function

W, ’ W,
x aBC + > 2nt, 5 BC — 2 W (4.5)
X o [

Cancelling is possible at the expense of introducing yet another term which then has
to be cancelled, etc. This recursive process does come to an end however and, by
performing it, we automatically calculate modulo xd,Wpgc — Wpe instead of
xax Wgc.

We write (4.4) by splitting up the third term and rewriting one part of it using (4.5):

1 1
[D; - ¢x0x Wpc]; = [_ml)i px0 Wge + <1 + ﬁ)Di © X0y WBC]

J

Di : 2VD,‘
= [_ 2r _ 1 ' ¢(2rWBC - Zznln¢”) +2r — 1 . ¢x8x WBC}

n=1

J
(4.6)

Now we use (4.2) to work out the product ¢, ¢, and the result is

. D. r -
¢’[¢j = |:Ci'¢_2r_l 1 Zzntn(cn ¢ —C, ¢>_
=1
b ! - (4.7)
i roi
- % —1 : gzntnl)n : ¢xax WBC:| +—1 : [xax Wge — WBC]j'

2r —
b
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We now use (3.4) again to rewrite the second term in the first line:

= D; - "\ 2mt,, -
¢i¢)j = |:Ct : ¢_ 27— 1 : Zzntn(_Dn : 2 —1 Cm ! ¢+Dn '¢xaxWBC)j| +
n=1 j

m=1
2}"Dl‘
2r—1

+ [xdx Wgc — Wi, (4.8)
Note that by cancelling the one term, we automatically calculate modulo
x0, Wpe — Wpae. The expression between brackets in the first line seems to spoil
our achievement but it doesn’t: until now, we have written

"\ 2nt, -~
|:_Di : ;2}’— 1 Cn '¢+Di '¢X8XWBC:|.' (49)
= j
By using the same procedure we can now rewrite
_D -Xr:ﬂé~¢+D PO (4.10)
n m:12r_1 n n x "V BC '- .

J

This is a recursive process. If it stops at some point, then we get a multiplication
structure

r

by =D Chohy + Py(xd W — Wac) 4.11)
k=1

for some polynomial P; and the theorem is proven. To see that the process indeed

stops, we refer to the lemma below. O

We note that each step in the recursion causes multiplication by D;, and these
matrices have a pleasant property:

LEMMA 8. The matrices D; are nilpotent.
Proof. One finds ([9]) that the degree of Q is

deg(Qy) = 2r + 1 = 2(i +). (4.12)

Dividing this by x, we get an object of degree 2r — 2(i + ). The Df; are defined
through (3.5) and if we can show that for j > k we can’t divide Q;;/x by ¢, we have
shown that D; is nilpotent since it is strictly upper triangular. Since

deg(¢y) = 2r — 2k, (4.13)

we find that indeed for j > k the degree of ¢, is bigger than the degree of Q;;/x and
since they are both polynomials, we can’t divide the two. This finishes the proof
of the lemma. ]
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5. Conclusions and Outlook

In this Letter, we have shown that the unknown quantities él’; of [9] are none other
than the structure constants of the algebra of holomorphic differentials introduced
in [8]. Therefore, this is the algebra that should be used, and not the Landau-
Ginzburg chiral ring. However, the connection with Landau-Ginzburg can still
be very useful, since the Picard—Fuchs equations may serve as an alternative to
the residue formulas considered in [8].
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