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We study erosion depth and sediment fluxes for wave-induced sheet-flow, and their dependency on grain
size and streaming. Hereto, we adopt a continuous two-phase model, applied before to simulate
sheet-flow of medium and coarse sized sand. To make the model applicable to a wider range of sizes
including fine sand, it appears necessary to adapt the turbulence closure of the model. With an adapted
formulation for grain–carrier flow turbulence interaction, good reproductions of measured erosion depth
of fine, medium and coarse sized sand beds are obtained. Also concentration and velocity profiles at var-
ious phases of the wave are reproduced well by the model. Comparison of sediment flux profiles from
simulations for horizontally uniform oscillatory flow as in flow tunnels and for horizontally non-uniform
flow as under free surface waves, shows that especially for fine sand onshore fluxes inside the sheet-flow
layer increase under influence of progressive wave effects. This includes both the current-related and the
wave-related contribution to the period-averaged sheet-flow sediment flux. The simulation results are
consistent with trends for fine and medium sized sediment flux profiles observed from tunnel and flume
experiments. This study shows that the present two-phase model is a valuable instrument for further
study and parameterization of sheet-flow layer processes.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Under high waves sand in the near-shore zone is transported as
sheet-flow. The main characteristics of this phenomenon are that
bed forms are washed away and that the motion of sediment
extends down to several grain diameters below the initial bed level
(erosion depth). This moving layer with high concentrations of
sediment (sheet-flow layer) is held responsible for the larger part
of the sediment transport. Good predictions of wave-induced
sediment transport rates are of utmost importance for coastal engi-
neering work. Therefore, it is relevant to gain detailed insights in
sheet-flow characteristics and transport mechanisms and to
develop tools to quantify transport rates in the sheet-flow regime.

Usually, morphodynamic models make use of (semi-)empirical
sediment transport formulas (e.g. [45]). These formulas are gener-
ally based on sets of experiments with a limited number of wave
and bed conditions. Besides, most of these experiments have been
carried out in oscillating flow tunnels, while it has become clear
from recent flume experiments that free surface effects not
included in these tunnel experiments can largely affect the
transport rates and underlying processes. Detailed numerical
models can be helpful to investigate parameter values that have
not been investigated experimentally and to improve the insight
in underlying processes. Subsequent parameterization of the
numerical model results can help to improve the physical basis
of these transport formulas.

For these process-studies and parameterizations various types
of numerical models are available. Here we mention (quasi) single
phase and continuous two-phase wave boundary layer models. In
single phase or suspension models, particles are, apart from the
settling velocity, assumed to move with the fluid velocity, and sed-
iment concentrations are determined from an advection–diffusion
equation with a fixed-level lower boundary condition that relates
the near-bed concentration or vertical sediment flux to the local
shear stress through an empirical reference concentration or
pick-up function. Models of this type have been very helpful to
investigate the influence of e.g. the wave shape [26,47], grain size
[21], stratification [10] and free surface effects [6,18,27,35,36] on
boundary layer flow and/or sediment transport. Besides, they have
been applied to predict bar migration [22,28]. An important lesson
from these studies – in line with empirical findings of [12,43] –
concerns the phase-lag behavior of fine sand: due to a small
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settling velocity fine sand can be stirred up during the flow motion
in one direction but (partly) transported during the reverse motion.
For velocity skewed oscillatory flow (modeling e.g. 2nd order
Stokes waves), this can result in net offshore transport for fine sand
compared to onshore transport for medium and coarse sized sand.
Another lesson concerned the contribution to onshore sediment
transport by ‘progressive wave streaming’, an onshore directed
bottom boundary layer current under influence of vertical orbital
motions in the horizontally non-uniform flow beneath progressive
waves [38]. For medium sized sand, this process leads to increased
onshore transport rate compared to what is found in tunnels. How-
ever, for fine sand it can even reverse the net transport direction
from offshore (in oscillatory flow) to onshore (under progressive
waves) [6,18,35].

Notwithstanding these valuable insights in sand transport
behavior, the principle set-up of these models implicates that they
cannot solve the details of the sheet-flow layer, like the fluctuating
position of the bed, the shape of the flux profile up to this level and
the adapted flow and sediment dynamics in the region of high sed-
iment concentrations [18]. Alternatively, sheet-flow models have
been developed based on theory for continuous two-phase flow.
These models describe the motion of water and sediment from
the immobile bed into the suspension layer with individual mass
and momentum equations and mutual interactions between the
phases. In principle, this makes it possible to simulate sediment
suspension processes without empirical functions for reference
concentrations or sediment pick-up and without any need to dis-
tinguish between bed load and suspended load. Examples of this
type of models are [4,14,30,37,35]. Differences between the various
two-phase models appear in the closures of respectively the turbu-
lent stresses, either with mixing length, one-equation or two-equa-
tion turbulence closures, and interparticle stresses, either modeled
with rheological equations like Bagnold’s expressions for the vis-
cous and inertia regime ([5], see also [1]), or using the concept of
‘granular temperature’ from collisional granular flow theory for
the energy of the particle fluctuations [32]. Next, differences are
found in the modeling of the particle–fluid interaction, both on
the level of momentum equations (e.g. different descriptions of
the drag force, omission of the added mass force) and concerning
the particle influence on the carrier flow turbulence. Two-phase
models, in principle all able to deal with oscillatory flows of
different shape, have been applied in e.g. process-research on the
influence of the wave shape [31], and for parameterization of the
vertical sediment flux [54]. So far only [55] considered progressive
wave streaming and other free surface effects by including hori-
zontal and vertical advection in fluid, sediment and closure equa-
tions. However, this two-phase model – like many others – has
been validated and is applicable for medium and coarse grains
only.

As discussed above, fine sand can show a transport behavior
under influence of wave shape and progressive wave effects
significantly different from medium and coarse sized sand. To
further improve sediment transport formulas, responsible
processes need to be understood and parameterized. Therefore, it
is the objective of this paper to predict sheet-flow layer behavior
under progressive waves for sand sizes ranging from fine to coarse
(0.1–0.5 mm). Characteristics we are especially interested in are
erosion depth, sheet-flow layer thickness and the vertical distribu-
tion of the (wave- and current related components of the) sedi-
ment flux. Hereby, the dependency on grain size and the
influence of progressive wave effects are central questions. To
study this, we adopt the two-phase model of [55] and extend its
applicability to fine grains by implementing an improved formula-
tion for the particle influence on the fluid turbulence. We thus
combine the advantage of continuum two-phase models over sin-
gle-phase models in predicting the entire flux profile, with both the
inclusion of progressive wave effects and the simulation of fine
sand dynamics.

The set-up of the paper is as follows: Section 2 describes the
background and set-up of the model. Section 3 describes the data
selected for model validation. Section 4 shows validation tests on
erosion depths for various grain sizes and explains why the model
adaptation proposed in this study improves the model
performance for fine sand. Next, Section 5 discusses a model-data
comparison on time-dependent concentration profiles and time-
dependent and wave-averaged velocity profiles, the latter both
with and without progressive wave streaming. Subsequently, in
Section 6 the model is applied to investigate trends in sediment
flux profiles for fine and medium sized sand both without and with
progressive wave streaming. Finally, Sections 7 and 8 respectively
provide a discussion and summary of the conclusions.

2. Model formulation

2.1. Model background

The two-phase model we adopt here has been developed origi-
nally by Hsu et al. [29] for dilute sediment transport in steady and
oscillatory flow. It has subsequently been extended with inter-
particle stress formulations to model sheet-flow of massive parti-
cles [30]. Amoudry et al. [3] have applied the model to sheet-flow
of coarse and medium sized sand, meanwhile pointing at the limits
for application to fine sand. The model applicability has been
extended by Yu et al. [55] from horizontally uniform flow as pres-
ent in oscillatory flow tunnels to horizontally non-uniform flow as
present under propagating waves.

The model can be classified as a 1DV two-phase model with a
two-equation (k–e) fluid turbulence and an interparticle stress clo-
sure using the ‘granular temperature’ concept. The turbulence
averaged momentum equations have been derived using Favre-
averaging. In Favre-averaging, ensemble-averaging is applied to
the momentum per unit mass of each phase instead of the velocity.
As a result, the correlation between concentration and velocity
fluctuations, commonly called turbulent suspension flux, appears
in the momentum equations instead of the continuity equations
[40]. The horizontal non-uniformity has been accounted for within
the 1DV approach by the transformation:
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which assumes that the waves propagate (with c the propagation
velocity) without changing their form. Below, the model equations
are given in the averaged and transformed form, as solved by the
numerical model.

2.2. Governing equations

The continuity equations for the fluid (f) and sediment (s) phase
are:
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with / the volumetric concentration of sediment and u and w
the (Favre-averaged) velocity components in horizontal (x) respec-
tively vertical (z) direction. The momentum equations of the fluid
phase in the x- and z-directions can respectively be written as:



Table 1
Coefficients turbulence model.

Symbol Meaning Value

rc Prandtl–Schmidt number 0.7
rk, re, cl ce1, ce2 Coefficients in turbulence

model
1.0; 1.3; 0.09; 1.44; 1.92
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with Pf the fluid pressure, g the gravitational acceleration, qf the
fluid density, and sf

xz and sf
zz the shear and normal stresses of the

fluid phase. The fluid stresses include both the viscous and turbu-
lent stresses, the latter modeled using the Boussinesq hypothesis.
The last two terms of both equations originate from interface
momentum transfer by drag. Hereby, the second term appears as
a result of the ensemble-averaging: parallel to the Boussinesq
hypothesis, the correlation between concentration and velocity
fluctuations is modeled using a gradient transport [40], with mft

the eddy viscosity and rc the Prandtl–Schmidt number (see [34]
for an elaboration hereof). The closure for mft is discussed later. Drag
parameter b [kg/m3/s] is a function of particle diameter d, fluid den-
sity qf, relative velocity magnitude Ur ¼ u!f � u!s

�� �� and particle Rey-
nolds number Rep ¼ Urd=mf :

b ¼ qf Ur
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A concentration dependent correction factor ð1� /Þ�n is added
to account for increased drag under influence of surrounding par-
ticles [44]. Herein, coefficient n depends on / and Rep and is com-
puted following [17] (p. 200).

The fluid motion is driven by the horizontal pressure gradient.
In the earlier versions of the model, a periodic pressure gradient
was computed from a prescribed periodic horizontal velocity in

the free-stream Uf
1 using @Pf =@x ¼ �qf 1� Uf

1=c
� �

@Uf
1=@t. Addi-

tionally, it is now also possible to force the model to match any
prescribed velocity signal uf(t) at z = zmatch, where uf(t) consists of
both the periodic and mean velocity component and zmatch can
be either outside or within the wave boundary layer. This adapta-
tion has been realized to facilitate model-data comparison, also for
experiments with velocity profile measurement that do not extend
up to the free stream. In this procedure the pressure gradient is
determined iteratively considering also the momentum exchange
by shear and vertical advection around z = zmatch, and includes
the effects of the condition that the time-mean flow rate in a closed
facility must be zero. See [34] for details and accuracy tests. In both
cases, the vertical fluid velocity is solved from the fluid continuity
equation, while the fluid momentum equation in z-direction is
used to determine the vertical pressure gradient, needed to solve
the sediment motion (see Eq. (8)).

The momentum equations of sediment phase in the x- and
z-directions are respectively
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with qs the sediment density and ss
xz and ss

zz the shear and normal
sediment stresses, discussed later.

2.3. Closures for the fluid and particle stresses

The fluid stresses are modeled using the Boussinesq hypothesis,
with the eddy viscosity defined as:

mft ¼ Cl
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f
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ð9Þ

The two-equation turbulence model to compute the fluid phase
turbulent kinetic energy kf and the turbulent dissipation rate ef is
described with the transport equations:
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with specific density s = qs/qf. The first three terms on the
right-hand side of the transport equations describe respectively
production, diffusion and dissipation. The last two terms describe
modifications to the standard k–e model due to interactions
between the sediment and the fluid flow turbulence through drag
[11,15,16]. Because of their importance to this study, the back-
ground of these terms is briefly summarized in Appendix A.1. The
fourth term can be seen as the buoyancy production/dissipation
due to sediment-induced density stratification. The fifth term is a
damping term that models the drag-effect on the carrier flow turbu-
lence of sediment particles that cannot completely follow the
turbulent fluid velocity fluctuations due to particle inertia. In this
term, a is a parameter to characterize the degree the particles fol-
low the fluid fluctuation. Or more precise: a is the ratio between
the ensemble averaged correlation of fluid and particle velocity
fluctuations and the ensemble averaged correlation of the fluid
velocity fluctuation with itself. a has a value between 0 and 1,
where a = 1 denotes completely passive particles, yielding no
drag-induced turbulence damping.

The question how to include the effect of sediment on the car-
rier flow turbulence is answered in different ways in literature.
Some authors propose modifications of the turbulence model coef-
ficients. Amoudry et al. [3] e.g. adopted a particle concentration
and inertia dependent Ce2. Following [55], we apply the model with
the standard (clear fluid) values for Cl, Ce1, Ce2, rk and re (see
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Table 1), and strive after modeling the sediment effect entirely
through the description of the physical interaction mechanisms
of buoyancy and drag and parameters therein. The sediment
related Ce3 = 1.2, based on [16]. Fluctuation correlation coefficient
a is expressed as a function of the parameters Tt and Tp,
respectively

Tt ¼
1
6

kf

ef
and Tp ¼

qs

b
ð12Þ

which denote the characteristic time-scale of the fluid turbu-
lence and the particle response time. The latter is a measure of
the time to accelerate a single particle from rest to the velocity
of the surrounding fluid by drag. A relative small Tp yields a large
correlation between particle and fluid fluctuation (a ? 1). Based
on [48], Yu et al. [55] applied

a ¼ 1
ð1þ Tp=TtÞ

ð13Þ

In this study, we propose

a ¼ 1

1þ c1ðTp=TtÞ2
ð14Þ

with coefficient c1 set to 1.2 after calibration. This model
adaptation is based on considerations on limit behavior, a new
analytical derivation and validation tests, and, though small, turns
out to be essential to extend the model’s applicability to fine sand.
We return to this issue in Section 4. Finally, following examples for
density stratified flow, the buoyancy term in the epsilon equation
is switched off for stable stratifications (e.g. [46]).

The sediment (particle) stresses result from interparticle inter-
actions. The way particles interact differs throughout the water col-
umn. For the closure of the sediment stresses, various regions have
been discerned [20,56], for which different descriptions of the par-
ticle stress are needed. High in the water column, the concentration
of suspended sediment is very low (dilute region). In that region,
particle–particle interactions can be neglected and the particle sus-
pension is supported by turbulent mixing only. In the region below,
the particles move more or less independent of each other, but
occasionally transfer momentum trough binary collisions (colli-
sional region). Between the immobile bed and the collisional region,
a transition region is present where the grains are able to move
slowly, but stay in contact with several other grains (quasi-static
regime of enduring contact). This is typically the case when the sed-
iment volume concentration / is between the random close-
packing and random loose-packing value, i.e. between 0.635 and
0.57. In this regime, there is transfer of momentum through friction
and normal stress – like in a solid – while the material is moving
like fluid though with low mobility. See Fig. 1 for a schematization.

In the collisional regime, the behavior of the grains is modeled
using the kinetic theory of granular flow. This theory is based on
kinetic theory of gases describing the behavior of molecules,
extended to account for slightly inelastic collisions and interstitial
fluid (e.g. [33]). Key elements are a constitutive relation of particle
stresses for moving identical, frictionless, slightly inelastic, colliding
spherical particles and a transport equation for the energy of the par-
ticle velocity fluctuations or ‘granular temperature’ H, respectively

ss
ij ¼ �ps þ ns

@us
k

@xk

� �
dij þ ls

@us
i

@xj
þ
@us

j

@xi

� �
ð15Þ

and

qs 1� us

c

� �
@/H
@t
� /H

c
@us

@t
þ @/Hws

@z

	 


¼ ss
xz
@us

@z
þ ss

zz
@ws

@z
� @Q
@z
� cþ 2b/ðakf �HÞ ð16Þ
In the latter equation, the first two right-hand side terms
represent production of particle velocity fluctuations by shear. Q
represents the flux of the fluctuation energy and c the dissipation
from inelastic collisions. The fifth term describes the effect of fluid–
sediment interaction, with 2buakf a source due to fluid turbulence
and �2buH a sink due to drag. The symbols ps, ns and ls in the first
equation denote granular pressure, bulk viscosity and shear viscos-
ity. Note that Q, c, ps, ns and ls itself are also functions of the vol-
umetric sediment concentration /, the granular temperature H
and properties of the sediment. In the region of enduring contact,
the main assumption of the kinetic theory (binary collisions) is
no longer appropriate. Therefore additional closures are adopted
in that regime introducing increased shear viscosity to account
for the effect of frictional bonds and extra normal stress due to
packed identical spheres in Hertzian contact. See [30] for a com-
plete description of the closures, parameters and boundary
conditions.
2.4. Solution method

A key feature of the present two-phase model is that the flow
field is resolved from within the immobile bed (including the por-
ous bed) to the free stream: the bottom boundary conditions for
the fluid phase variables (homogeneous Dirichlet conditions for
uf and wf and standard equilibrium conditions for k and e) are
applied at the bottom of the computational domain, and fluid
velocity and turbulence, though small, can be non-zero within
the immobile bed. At the top, homogeneous Neumann conditions
are applied for uf, k and e. The instantaneous location of the immo-
bile bed level is determined by a Coulomb failure criterion and is
subsequently used as bottom boundary for the particle phase. At
en below that level the particle velocities us and ws are set to zero.
The equations are solved numerically using a grid size that is fine
and uniform in the lower part of the domain (typically
Dz = 0.3 mm) and gradually increases in the upper part. The time
integration is carried out using a predictor corrector method with
all equations solved consecutively within every step. Hereby, time
step Dt is dynamically adapted to both guarantee stability and
limit the computational time. Usually 25 wave periods are simu-
lated to ensure convergence of the (wave-averaged) results.
3. Data

To test the model for both a range of grain sizes and progressive
wave effects, two data sets have been selected, referred to as ODO
and SCH. Set ODO originates from sheet-flow experiments in the
Aberdeen Oscillatory Flow Tunnel (AOFT) [42,43]. It contains
detailed measurements of the sediment concentration c(z, t)
throughout the sheet-flow layer obtained from Concentration
Conductivity Measurements (CCM). Both sinusoidal and velocity-
skewed oscillatory flows were generated both with varying period
and energy, and sand beds of various compositions were investi-
gated. This included beds of well-sorted fine, medium and coarse
sized sediment (median grain size d50 respectively 0.13, 0.27 and
0.46 mm) and mixtures hereof. During the mixed-sediment exper-
iments, an Ultrasonic Velocity Profiler (UVP) was present with
which detailed information has been obtained on the horizontal
velocity u(z, t) inside the oscillating boundary layer. Set SCH results
from full scale wave flume experiments in the Hannover Large
Wave Flume (GWK) [49]. Regular velocity-skewed waves were gen-
erated for varying wave periods T and wave heights H and sent over
a horizontal sand bed with a water depth h = 3.5 m above it. Set SCH
contains two series, with sand beds with a median grain size d50 of
0.245 and 0.138 mm respectively. During both series, both CCM and
UVP were applied – among other instrument – providing



Fig. 1. Schematization of vertical regions.
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concentration measurements and, for the first time, detailed
information on boundary layer velocities under full scale progres-
sive waves over a mobile bed. For both sets, averaged transport
rates have been derived for each condition from bottom profile
measurements with Echosounders.

Because of the range of grain sizes, set ODO is most suitable to
validate grain-size dependent model behavior for erosion depth
and concentration profiles. The UVP-measurements of set SCH
provide unique material to validate the model’s ability to predict
progressive wave effects on the flow, including streaming. In prin-
ciple, vertical profiles of the horizontal sediment flux can be
obtained by combining the (UVP-)velocity and (CCM-)concentra-
tion measurements. However, obtaining flux profiles is not always
straightforward: the flux profiles for set ODO as given by O’Donog-
hue and Wright [43] have been determined using the velocity
information from the mixed sand tests under the assumption that
these velocities are representative for the various bed conditions.
The distinct results of Schretlen [49] for flow above fine and
medium sized sand show that this assumption is not appropriate,
especially concerning the mean current and thus the current
related flux. For set SCH, quantification of the fluxes is complicated
by uncertainty concerning the z-level of the measured concentra-
tions and not well-understood deviations of the observed medium
sized sand concentration profiles in some tests compared to earlier
experiments for medium sized sand under velocity-skewed waves
by Dohmen-Janssen and Hanes [13]. For these reasons, the primary
Table 2
Overview of selected validation cases and characteristic parameter values.a

Name Set T d50 zmatch U0 uon,red uoff,red urm

[s] [mm] [mm] [m/s] [m/s] [m/s] [m

CA7515 ODO 7.5 0.46 49 �0.030 1.36 �0.93 0.8
MA7515 ODO 7.5 0.27 49 �0.030 1.36 �0.93 0.8
FA7515 ODO 7.5 0.13 49 �0.030 1.36 �0.93 0.8
1575medi SCH 7.5 0.245 40 �0.063 1.42 �0.59 0.6
1575fine SCH 7.5 0.138 40 �0.109 1.67 �0.78 0.8

a Parameter definitions: T: wave/oscillation period; d50: median grain size; U0: wave a
the velocity only (u(t) � U0); uon,red and uoff,red: maximum onshore respectively offshore
semi-excursion A =

p
2urmsx�1; flow Reynolds number Re = A

p
2urmst�1; relative rough

hmax = ½fw u2
on;red(Dgd50)�1 with fw = exp{5.213A/k�0:194

N � 5.977} [57]; mobility paramete
model validation will focus on erosion depth and concentration
measurements from set ODO, while streaming profile predictions
will be tested with set SCH. An overview of selected cases and
characteristic parameter values is given in Table 2.
4. Model-data comparison on erosion depths

4.1. Grain size dependent erosion behavior

Fig. 2(b) shows time-series of the erosion depth de of sand beds
of well-sorted fine, medium and coarse sized sand under velocity-
skewed oscillatory flow (condition FA7515, MA7515 and CA7515
of set ODO). Fig. 2(c) and (d) show simulation results for the ero-
sion depth from respectively the original and the adapted model,
with the new a-function proposed in this study. In all simulations
the modeled flow velocity is forced to match the UVP-measured
horizontal velocity at zmatch = 49 mm above the original still bed
level, shown in panel (a) (measurements above mixed sand bed,
X1A7515). From the results, the position of the lowest model grid
point with non-zero sediment velocity is taken as the erosion
depth.

The original model results in Fig. 2(c) show erosion of the sand
beds beneath both the onshore and offshore phase of the
oscillatory flow, and a reduction of de during flow reversal. This
is a correct reproduction of the experimentally observed
s A RE A/kN hmax W qs,meas qs,comp

/s] [m] [–] [–] [–] [–] [10�6 m2/s] [10�6 m2/s]

1 1.37 1.6E6 1.5E3 1.1 1.8E2 34 17
1 1.37 1.6E6 2.5E3 1.7 3.0E2 36 19
1 1.37 1.6E6 5.3E3 3.0 6.3E2 �88 �20
8 1.15 1.1E6 2.3E3 2.1 2.3E2 42 33
0 1.36 1.5E6 4.9E3 4.3 5.8E2 70 104

veraged horizontal velocity; ured : reduced velocity signal, i.e. the oscillating part of
value of ured; urms: root mean square of the complete velocity signal; water particle
ness parameter A/kN with indicative roughness height kN = 2d50; Shields number
r W = 2u2

rms(Dgd50)�1.



Fig. 2. Erosion depth de for sand beds of coarse (d50 = 0.46 mm), medium (0.27 mm)
and fine (0.13 mm) sized sand under velocity skewed oscillatory flow. Panel (a)
horizontal fluid velocity at z = zmatch; (b) experimental results; (c) and (d)
simulation results. Conditions: CA7515, MA7515 and FA7515, see Table 2.
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sheet-flow layer behavior (panel b). However, the model results
show fast and relatively deep erosion for the coarse grains and only
little erosion for the fine grains, which is contradictory to what we
intuitively expect for varying grain size and especially for fine
grains clearly not in line with the experimental results. Contrary
to the original model, the results of the adapted model (d) correctly
show the largest erosion depths for fine sand beds. Next, the min-
imum erosion depth for coarse and medium grains coincides with
the reversal of the flow (see panel a), while this minimum occurs
later and is deeper for fine sand. Also these features of the new
model results are consistent with the data. They reflect the typical
phase-lag behavior: the slow settling of fine sediment causes large
amounts of sand still in suspension at the moment of flow reversal,
preventing the bed level from returning to the original still bed
level. Although this process might still be slightly underestimated
by the model – indicated by e.g. the larger difference between the
fine sand erosion maxima beneath the two velocity peaks in
the model results compared to the data – we can conclude that
the adapted model shows a significantly improved grain size
dependent erosion behavior, which is of utmost importance to
extend the model’s applicability to fine sand.
4.2. The role of fluctuation correlation coefficient a

The relevant difference between the original and adapted model
concerns the fluctuation coefficient a in the drag related grain
influence on the flow turbulence. Here we discuss why we have
focused on this closure to improve the pick-up behavior for fine
sand and explain why the proposed formulation leads to improved
results.

Sediment pick-up is related to bed shear stress, unsatisfactory
pick-up behavior is therefore probably related to inaccurate (time
dependent) bed shear stress. The total bed shear stress is influ-
enced both by turbulent and intergranular stresses, with increasing
importance of the first for decreasing grain size. The original model
[30] has been validated on coarse grains, from which can be con-
cluded that the intergranular stress formulations are satisfactory.
Therefore, the first sub-model to be reconsidered to improve the
grain-size dependent model behavior is the turbulence closure
(see also [3]). Besides, the modeling of concentration effects on
the carrier flow turbulence is subject of discussion in literature
(e.g. [50]).

The modeled physical mechanisms of grain-turbulence interac-
tion are buoyancy and drag. They appear in the k–e turbulence
model in the fourth and fifth RHS-term in Eqs. (10) and (11). For
coarse grains, the grain inertia is relatively large (large Stokes
number) while the concentration of suspended sediment will be
relatively small, causing drag to be the most important interaction
mechanism. Very fine particles will move easily with the flow and
yield steeper concentration profiles, making buoyancy the norma-
tive mechanism. The focus on the drag term is based on sensitivity
tests in the domain of our interest (d50 � 0.1–0.5 mm, T � 2–10 s
and Uf

1 is order 1 m/s). For case FA7515 of set ODO e.g. tests with
a 50% reduced drag-induced damping term yielded a drastic
increase of the bed erosion, while effects were nearly absent for
such a reduction of the buoyancy term. So for fine sand cases tur-
bulent stresses are indeed increasingly important over intergranu-
lar stresses for sediment pick-up, while drag is still dominant over
buoyancy for damping of near-bed turbulence.

Within the drag term, relevant model parameters are a, b, n and
Ce3. The reason to focus on fluctuation coefficient a is that the a-
function of Eq. (13) can be questioned based on the following the-
oretical consideration: Small particles will completely follow the
fluid motion, while large particles are hardly accelerated by a
velocity difference. Therefore any function for a should be 1 for
infinitesimal small Tp/Tt and approach zero for infinitively large
Tp/Tt. This is true for the original a-function from Eq. (13). However,
it may also be expected that no effect of drag on turbulence is pres-
ent for particles perfectly following the fluid fluctuation. This is not
true when applying this function. This can be seen after substitut-
ing the expression b = qs/Tp from Eq. (12) into the drag terms of the
turbulence model, showing that the damping effect of drag on k
and e is proportional to (1 � a)/Tp. For infinitesimal small Tp/Tt

and a from Eq. (13), (1 � a)/Tp does not approach zero, but 1/Tt

(see Fig. 3). As a result, in the concentrated region near the bed
the damping term may become very large for small Tp, strongly
suppressing the near bed turbulent kinetic energy and stresses,
resulting in under-predicted erosion of fine sand beds.

An alternative is available from literature: [9,11] proposed an
exponential function:

a ¼ expð�BTp=TtÞ ð17Þ

applied successfully in modeling a turbulent jet with suspended
particles, with B a calibrated coefficient of about 0.08. For this func-
tion (given B < 1), the behavior of (1 � a)/Tp for small Tp/Tt already
improves. Consistently, implementation of this function within the
present two-phase model also led to improved erosion behavior for
fine sand (see [34]). However, its limit (1 � a)/Tp = B/Tt still yields
grain effects on turbulence for infinitesimal small Tp/Tt.

This is not the case for the a-function of Eq. (14) proposed in
this study. This newly proposed function not only fulfills the limit
requirements (see Fig. 3), but is also provided with a theoretical



Fig. 3. Particle–fluid fluctuation correlation coefficient a (upper panel) and the accompanying damping proportionality (1 � a)/Tp (lower panel) as function of the relative
particle response time Tp/Tt. a-Function 1: Eq. (13), the original model formulation; a-function 2: Eq. (17), an alternative from literature; a-function 3: Eq. (14), the new
formulation proposed in this study. Settings: B = 0.15 (a-function 2); c1 = 1.2 (a-function 3). Computations with Tt = 1.0 s.
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basis. This is shown in Appendix A.2 where we derive this a-
function from the fluid and particle momentum equations through
transfer functions.

We can thus explain the improved results of the adapted model
shown in Fig. 2 from a reduction of drag-induced turbulence damp-
ing, especially for simulations with fine grains: For identical Tt, a
smaller grain size results in a smaller Tp/Tt (see Eqs. (12) and
(6)). For smaller Tp/Tt, the newly proposed a-function shows less
damping effect, i.e. (1 � a)/Tp is smaller than for the original func-
tion (see Fig. 3), resulting in more t.k.e. and more erosion. Note that
estimation of the effect of changes in the turbulence model is com-
plicated by the fact that Tt actually varies strongly with position
and time in the strongly oscillating flows investigated here (com-
pare [39]), and is itself also influenced by the drag effect.
5. Model-data comparison on concentration and velocity

5.1. Time-dependent concentration profiles for medium and fine sized
sand

Further model-data comparison comprises a validation on time-
dependent concentration profiles. Figs. 4 and 5 compare measured
and computed profiles at various phases of a velocity skewed oscil-
latory flow for respectively medium and fine sized sand (condition
MA7515 and FA7515 of set ODO). In the figures, phase t/T = 0.0
marks the beginning of onshore flow in the free stream, compare
Fig. 2(a).

We conclude from the figures that, both for medium and fine
sized sand, the model is able to reproduce the concentration
profiles rather well: Firstly, the vertical position of the toe of the
concentration profile, where / = 0.6, is followed reasonably well
by the model. This result is in line with Fig. 2(d) for the erosion
depth de. Next, the model results show a decreasing / beneath
the original still bed level and an increasing / above during
increasing (absolute) flow velocities, which is also consistent with
the data and reflects typical sheet-flow layer behavior. A closer
look to the profile shapes shows that the best model-data agree-
ment is found for medium sized sand, in particular during offshore
flow (i.e. negative velocities, 0.42 < t/T < 1.0). In some other profiles
(e.g. FA7515, t/T = 0.21), the simulation results show a large verti-
cal concentration gradient just above the instantaneous erosion
depth and a smaller concentration gradient at higher levels, while
the data show a more linear profile. This could point at fine sand
being stirred up too much after mobilization. At t/T = 0.44, the fine
sand concentration profile is nearly horizontal, which could point
at a too strong collapse of the profile during flow reversal. This is
in line with the slight underestimation of the erosion depth during
offshore flow mentioned before. The profile shape is determined by
the balance between mixing and falling, highly related to the tur-
bulence stresses. Although turbulence measurements are not avail-
able, a further check of the turbulence model could be possible
from model-data comparison on (ensemble-averaged) velocity
profiles, shown next.
5.2. Time-dependent and wave-averaged velocity profiles

Fig. 6 shows vertical profiles of horizontal velocity from the bed
to the free stream at various phases of the flow for condition
FA7515 of set ODO. Firstly, we observe that the course of the veloc-
ity profile from the bed to the free stream is generally followed
well by the model. This includes the phase lead of the near-bed
velocity over the free stream (most clear for t/T = 0.0 and 0.44),
and the location in the upper part of the profile above which veloc-
ity shear is nearly absent. The latter means that in general the
model is well capable to predict the boundary layer thickness,
and thus the turbulence intensity. Model-data differences are the
largest for t/T = 0.0 and 0.08, i.e. around the off- to onshore flow
reversal and subsequent acceleration. Here (and to a lesser extend
during on- to offshore flow reversal) the simulated profiles show a
rather constant velocity gradients in the lowest part of the domain.
These features point at an underestimation of the vertical momen-
tum transfer in this area, which, like earlier discussed erosion and
concentration observations, can probably be explained by underes-
timated turbulence intensities near the bed during flow reversal.

To check the model’s ability to deal with the various streaming
mechanism, Fig. 7 shows a model-data comparison on wave aver-
aged flow profiles for both tunnel (ODO) and flume (SCH) experi-
ments, the latter with beds of both fine and medium sized sand.



Fig. 4. Comparison of measured (circles) and computed (line) sediment concentrations at various phases of the flow for condition MA7515.

Fig. 5. Comparison of measured (circles) and computed (line) sediment concentrations at various phases of the flow for condition FA7515.
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Most important observation is that for all conditions the model
clearly produces the onshore mean current beneath the original
still bed level, which results from differences in erosion depth
between on- and offshore flow. The reproduction of this feature
typical for sheet-flow under velocity skewed oscillations/waves is
an important improvement compared with earlier streaming pro-
file predictions with a single-phase/suspension model [35]. Next,
for all three cases both model and data show a strong velocity gra-
dient and an offshore current just above the original bed level. This
phenomenon is explained from differences in turbulence intensity
between on- and offshore flow beneath the velocity-skewed waves
(wave shape streaming) [36,52]. We conclude from the results that,
saving a slight underestimation for condition 1575medi, this
turbulence asymmetry is generally reproduced correctly. Finally,
note the local minimum around z = 20 mm for the flume case data
and the model results in panel b. This feature is explained from the
contribution of progressive wave streaming. We therefore con-
clude that this typical progressive wave effect is also reproduced
correctly. The importance to account for these effects is underlined
by an additional simulation for case 1575fine neglecting them
(dashed line).

5.3. Evaluation

The model reproduces a number of important experimentally
observed sheet-flow and boundary layer characteristics. This



Fig. 6. Comparison of measured (circles) and computed (line) horizontal sediment velocities at various phases of the flow for condition FA7515.

Fig. 7. Comparison of measured (circles) and computed (lines) wave-averaged horizontal velocity U0 for condition FA7515 (tunnel), 1575fine and 1575medi (both flume).
Dashed line in panel b: simulation in tunnel mode, i.e. with progressive wave effects switched off.
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includes the boundary layer thickness, the phase lead of the near
bed flow, the wave shape streaming and the progressive wave
streaming. It also includes the erosion depth asymmetry and the
connected onshore current in the bottom part of the sheet-flow
layer (the pick-up layer). Also the tilting behavior of the concentra-
tion profile (decreasing concentrations beneath and increasing
concentrations above the original still bed level during wave
phases with increasing (absolute) flow velocities) is reproduced.
With this feature, the model shows typical sheet-flow layer behav-
ior. Nevertheless, model-data differences are observed in the shape
of some concentration and velocity profiles around flow reversal,
possibly indicating room for further improvement of the turbu-
lence model.

5.4. Sensitivity tests

We conclude the validation with a sensitivity analysis. The ear-
lier model adaptation focused on the parameter a. Here we study
Ce3, rc, b and n, which all potentially influence erosion, turbulence
and the stirring-settling balance and appear in the grain–turbu-
lence interaction terms in Eqs. (10) and (11). The results are shown
in Fig. 8, which presents for each test a time series of erosion depth
de, a vertical profile of sediment concentration / during maximum
onshore flow (t/T = 0.21) and a vertical profile of fluid velocity u
just after off- to onshore flow reversal (t/T = 0.0). All tests simulate
condition FA7515 of set ODO. The results for de show that the ero-
sion during maximum on- and offshore flow increases with
increasing Ce3 and rc. We explain this behavior as follows: an
increasing rc leads to a decreasing reduction of k from the buoy-
ancy term, Eq. (10), term 4. An increasing Ce3 leads to increasing
reduction of e and thus a decreasing dissipation rate of k. For both
changes, the larger turbulent kinetic energy induces increased bed
shear stresses, leading to larger erosion depths. Obviously, Ce3 is
much more influential than rc, consistent with the expected dom-
inance of drag effects over buoyancy effects in the concentrated
region near the bed. Drag parameter b is present in various parts
of the model description, but the tests show that the effect of a
reduced/increased b on maximum erosion is very small. The same



Fig. 8. Sensitivity tests for coefficients in the grain–carrier flow turbulence interaction terms. Column (1) time varying erosion depth de; column (2) concentration profile at t/
T = 0.21, maximum onshore flow; column (3) velocity profile at t/T = 0.02, just after offshore to onshore flow reversal. Row (a) data condition FA7515 of set ODO; row b–e
respectively sensitivity tests for coefficients Ce3, rc, b and n. Reference simulation: Ce3 = 1.2, rc = 1.0, b = 1.0 � b from Eq. (6), n following [17]. These tests use the a-function
from Eq. (17), with B = 0.15.
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applies for n that affects the model through the drag coefficient b.
In both cases, the dominant effect seems to be the reduction of the
settling velocity, which causes a slower return of the bed level
towards the initial still bed level and will result in increased phase
lag effects. The main conclusions from the sensitivity tests are that
the maximum erosion depth de is relatively sensitive for changes in
Ce3 and that the return speed of the bed level to the initial still bed
level is affected by n and to a smaller degree by b. However, except
for Ce3, changes in these parameters do not really affect the shape
of the investigated concentration and velocity profiles.

6. Sediment fluxes for fine and medium sized sand in tunnel
and flume

Next, we apply the model to investigate trends in sediment flux
profiles under influence of grain size variation and progressive
wave effects. Hereto, we compare the sediment flux profiles com-
puted for condition MA7515 and FA7515 of the oscillating flow
experiments of set ODO with simulations for these same
conditions, but now including the effects of the horizontally non-
uniform flow field under progressive waves. This is realized by
including again the advective terms in the fluid and sediment
momentum equations and fluctuation energy equations. Here by,
we adopt c = 5.6 m/s, belonging to a wave with T = 7.5 s in 3.5 m
water depth.
Fig. 9 shows profiles of the instantaneous sediment flux both
during maximum onshore flow (a and d) and maximum offshore
flow (b and e), together with profiles of wave-averaged sediment
fluxes (c and f). The first row shows results for medium sized sand,
the second row for fine sized sand. Each panel contains flux results
obtained from an oscillating flow simulation, a progressive wave
simulation and the flow tunnel experiments.

Firstly, note that the oscillatory flow simulations produce
instantaneous and period-averaged sediment flux profiles with
an order of magnitude and profile shape comparable to the results
of the tunnel experiments. This is the case both for the medium
and fine sized sand cases. The period averaged results for fine sand
are slightly shifted in onshore direction compared to the data,
which is directly connected to the earlier observation that for the
fine sand condition the erosion depth asymmetry in the model
results is larger than in the data. For medium sized sand, the wave
averaged flux is underestimated in the lowest part of the profile,
resulting from model underestimation of the erosion depth asym-
metry in this case. Comparison between the results for oscillatory
flow and progressive waves over medium sized sand beds (row 1)
shows that the differences in the instantaneous profiles are only
small. The period-averaged differences are relatively larger, show-
ing an increased onshore sediment transport rate under progres-
sive waves. For fine sand, we find increased onshore sediment
fluxes from progressive waves during maximum onshore flow



Fig. 9. Vertical profiles of the horizontal sediment flux /us . (a and d) during maximum onshore flow; (b and e) during maximum offshore flow; (c and f) period averaged.
Upper row: for medium sized sand condition MA7515; lower row: for fine sized sand condition FA7515. Circles: oscillatory flow tunnel experiment; black line: oscillatory
flow simulation; gray line: progressive wave simulation.
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(panel d), especially in the lower part of the profile. Also the period
averaged sediment flux is much larger and clearly onshore directed
(f), where the integrated flux in oscillatory flow data and
simulation was negative/offshore. Finally, this oscillatory flow –
progressive wave difference for fine sand is considerably more
significant compared to the difference for medium sized sand (val-
ues: medium sized sand: 19 � 10�6 ? 57 � 10�6 m2/s; fine sand:
�20 � 10�6 ? 127 � 10�6 m2/s). The observations from the model
results confirm the trend observed by Schretlen [49] for increased
onshore transport rates in flume experiments compared to tunnel
experiments.

In Fig. 10, the period-averaged sediment flux h/usi is divided in
a current related and wave related component, respectively h/ihusi
and he/eusi to study the background of the found differences.
Clearly, the most important difference appears in the current-
related contribution to the fine sand sediment flux (right panel).
However, for fine sand, also the wave-related contribution is
affected. Note that below the initial still bed level in general the
current-related flux is onshore directed, which is a result of the
erosion depth asymmetry under velocity skewed waves/
oscillations.
7. Discussion

The results of this study, especially Section 6, provide valuable
insights in the behavior of the sheet-flow layer due to grain size
variation and progressive wave effects. For sediment transport
prediction within morphodynamic modeling systems, it will be
very useful to further quantify and parameterize the wave-induced
erosion depths and sediment fluxes, including the distribution of
the horizontal flux over the vertical profile. Our study shows that
this two-phase model can become an instrument to do this, espe-
cially when the behavior around flow reversal could be improved
further. What possibilities are present for further improvement
and what potential limitations do exist for application in our
domain of interest?

Concerning the model formulations, it should be noted that the
particle stress closure model has been formulated originally for
coarse grains [32]. It is a question whether this closure from colli-
sional theory is still valid in our domain of interest. On the other
hand, the importance of this part of the model formulations
decreases with decreasing grain size and it was recently shown
by Amoudry [2] for medium sized grains and moderate flow that
these stress closures could be exchanged with alternative formula-
tions without noteworthy effect on the results.

Considering the turbulence closure, note that the terms to
account for particle influence have actually been introduced for
very small particles in dilute suspensions. Larger particles could
in principle result not only in turbulence damping but also
turbulence production, which might invoke the need to add other
terms or to adapt the coefficients (Table 1, row 2) of the standard
turbulence model terms. However, this is not relevant in the
domain of our interest. Nevertheless, indications exist that the
Stokes number does not suffice to capture the drag-effect on turbu-
lence and alternative time scale ratios are proposed (e.g. [51]) and
could be considered in the future. Simultaneously, there are more
fundamental questions concerning the validity of any k–e-model in
the high-concentration region and inside the bed, where the flow
might become laminar, and around flow reversal in rather high fre-
quent and vehement oscillations, where a temporary strong reduc-
tion of k–e turbulence production term occurs. With our



Fig. 10. Current related (continuous line) and wave related (dashed line) contribution to the period averaged sediment flux h/usi. Black: oscillatory flow simulations; Gray:
progressive wave simulations. (Left) for medium sized sand condition MA7515; (right) for fine sized sand condition FA7515.

Fig. 11. Contourplot of time-scale ratio Tp/Tf for density ratio qs/qf = 2.65 as function of the fluid time scale Tf and the grain size d. For grain sizes of our interest (fine to coarse
sand, 0.1 < d < 0.5 mm), the time scale ratio is about unity for turbulent motions.
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application, we might be pushing the k–e-model beyond its limits:
features of shear instabilities [7,23] and short and sudden concen-
tration peaks around flow reversal [42] have been observed in
wave boundary layer experiments. These feature can in principle
not be captured by the k–e-turbulence model, and their impor-
tance may increase with decreasing grain size (see also [41], who
predicted the turbulence generation during flow reversal using a
turbulence-resolving model, and [19], who modeled the concentra-
tion peak with an adaptation to the original k–x model of [53]).
Although the shear instabilities themselves will not be reproduced
by the k–x model either, some authors suggest that a k–x closure
is better able to deal with the strong shear and turbulence transi-
tions in oscillatory flows (see e.g. [8,19]). Therefore implementa-
tion of a k–x equivalent of Eqs. (10) and (11) might be an
interesting next step in modeling sheet-flow beneath waves within
the concept of a turbulence-averaged continuous two-phase
model.

8. Conclusion

In this study, we predicted erosion depths and sediment fluxes,
and their dependency on grain size and streaming with an Eulerian
two-phase model. Our first conclusion is that the model results for
erosion are very sensitive to the modeling of the grain influence on
fluid turbulence. With a new grain induced turbulence damping
function proposed in this study, we extend the applicability of
the model towards finer grain sizes and obtain a correct grain size
dependent behavior and good reproduction of measured erosion
depths of coarse, medium and fine sized sand beds.

We conclude from model-data comparison on concentration
and velocity profiles that the model is able to reproduce a number
of important sheet-flow and boundary layer characteristics. This
includes the tilting motion of the concentration profile during
the wave, which is important, because this behavior reflects the
typical structure of the sheet-flow layer, with respectively a pick-
up layer with decreasing concentrations and an upper sheet-flow
layer with increasing concentrations under increasing (absolute)
flow velocities. As a result, the model is able to produce fluxes over
the entire sheet-flow layer, also below the original bed level. Next,
the model reproduces the phase lead of the near-bed flow over the
free stream and the maximum thickness of the boundary layer. We
also find the experimentally observed positive streaming inside the
sheet-flow layer, the negative current at slightly higher levels –
both resulting from velocity-skewness – and the progressive wave
effect on the streaming profile. The model reproduction of the first
feature is an important improvement over earlier streaming profile
predictions with single-phase models.

In a model investigation on trends in sediment flux profiles
under influence of grain size variation and progressive wave
effects, we found period-averaged sediment fluxes increasingly
onshore directed under influence of wave progression, both for
medium and fine sand. The effect is most drastic for fine sand.
We conclude from decomposition of the period-averaged sediment
flux profile in a current-related and wave-related contribution, that
the major part of the increased onshore transport of fine sand can
be attributed to the current-related contribution. This underlines
the need to account for progressive wave streaming in numerical
models and sediment transport formulas. Finally, we conclude that
the present two-phase model is a valuable instrument for further
study and parameterization of sheet-flow layer processes.
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Appendix A. Drag-related terms in the turbulence model

A.1. Grain–fluid turbulence interaction terms

The influence of the drag force on the ensemble-averaged
energy of the fluid fluctuations appears in the equation for turbu-
lent kinetic energy as:

DRAGk ¼ �b /Duf euf � eus
� �

þ /Duf Duf � Dusð Þ
h i

ð18Þ

Hereby the overbar denotes ensemble-averaging, while eu and
Du denote respectively the (Favre-)ensemble-averaged and fluctu-
ating velocity vector of either fluid (f) or sediment (s). The first term
is modeled using the gradient transport assumption. Hereby, the
contribution of the horizontal concentration gradient and slip
velocity is neglected compared to the vertical. Next, equilibrium
is assumed between vertical drag and gravity, which transforms
this drag contribution to a buoyancy term as appears in Eqs. (10)
and (11), fourth term.

�b/Duf euf � eus
� �

� b
mft

rc

@/
@z

ewf � ews
� �

� ðqs � qf Þg
mft

rc

@/
@z

ð19Þ

In modeling the second term, the triple correlation between
concentration and velocity fluctuations is neglected (compare
[11]), and the correlation Duf Dus is expressed in the correlation
Duf Duf � 2k through parameter a. This yields:

�b/Duf Duf � Dusð Þ � �b/Duf Duf � Dusð Þ

¼ �b/ð1� aÞDuf Duf � �2b/ð1� aÞk ð20Þ

appearing in Eqs. (10) and (11), fifth term.

A.2. Derivation of a-functions

The next step is to find an expression for a. Assuming for the
turbulent/fluctuating motion of fluid and sediment (considering
one direction):

Duf ¼ Re dDuf eixt
� �

; Dus ¼ Re geiudDuf eixt
� �

ð21Þ

with g the amplitude ratio and u a phase difference between
grain and fluid motion, the ratio of the ensemble averaged correla-

tions becomes a ¼ Duf Dus=Duf Duf ¼ g cosðuÞ.
Expressions for g and u can then be derived from transfer

functions. These functions result from the coupled momentum
equations of fluid and sediment, see [24,25]. The formulation of
these momentum equations is of course depending on the forces
taken into account. For a volume, partly filled with fluid and partly
with sediment, that accelerates under influence of a pressure gra-
dient and where fluid and sediment interact through drag, the
momentum equations read:

ð1� /Þqf
duf

dt
¼ �ð1� /Þ dP

dx
� /bðuf � usÞ ð22Þ

/qs
dus

dt
¼ �/

dP
dx
þ /bðuf � usÞ ð23Þ

which after substitution can be written as:
dus

dt
þ aus ¼ b

duf

dt
þ auf ; with a ¼ 1þ /

ð1� /Þ

� �
b
qs

; b ¼
qf

qs

ð24Þ

Alternatively, when neglecting feedback of sediment on the
flow in case of small concentrations (/! 0), a becomes a = b/
qs = 1/Tp. Considering only acceleration of the sediment through
drag between sediment and a fluid moving with a given velocity,
b = 0. (Likewise, the coefficients will change when accounting for
additional forces not considered here, like the added mass force,
see [25]).

Considering fluid and sediment motion as a summation of Fou-
rier components with angular frequency x and defining for each
component uf ¼ buf eixt and us ¼ geiubuf eixt , it follows from Eq.
(24) that for each component:

geiu ¼ ixbþ a
ixþ a

ð25Þ

From this, g and u can be computed:

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re2ðAÞ þ Im2ðAÞ

q
; u ¼ atanfImðAÞ=ReðAÞg ð26Þ

with A the RHS of Eq. (25). Multiplication of nominator and denom-
inator with (ix � a)/a2 yields distinct real and imaginary parts and
an expression for a:

geiu ¼
x2

a2 bþ 1
x2

a2 þ 1
þ i

x
a ðb� 1Þ
x2

a2 þ 1
;

a ¼ g cosðuÞ ¼ Re geiu� 
¼

1þ x2

a2 b

1þ x2

a2

ð27Þ

where the a coupled to the (time and location dependent) typical
turbulent time-scale Tt = 1/6 kf/ef through x = 2p/Tt is the one used
in the calculations.

When we consider only sediment acceleration by drag,
a ¼ b=qs ¼ 1=Tp and b = 0, and a reads:

a ¼ 1

1þ ð2pÞ2 Tp

Tt

� �2 ð28Þ

This provides the basis for the newly proposed a-function of
Eq. (14). Considering that also factors other than 1/6 are found in
literature to relate the fluid time-scale to the turbulence
parameters, we allow c1 of Eq. (14) to be used as tuning parameter.
Also the more complicated expressions for a resulting from
Eq. (27) with the alternative values of a and b have been studied.
This yielded no further improvement and is therefore not
elaborated here.

Finally, an estimation of the time scale ratio through our
domain of interest is given in Fig. 11. For simplicity, the particle
time scale is estimated from the viscous drag only, which yields:

Tp

Tf
¼ qs

b
1
Tf
¼ 1

2p
1

18
qs

qf

d2x
v ð29Þ

Eq. (28) shows that relevant changes in a occur for 10�1 < Tp/
Tf < 101. So the figure indicates that fluid–grain velocity differences
may be expected for the turbulent motions and thus that drag will
become relevant for the turbulence model.
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